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Abstract Integrated management of water supply systems with efficient use of resources 
requires optimization of operational performance. Following the “divide and conquer” 
strategy, clustering of water supply networks into small units, so-called district metered 
areas (DMAs), allows the development of specific operational rules, responsible for 
improving the network performance. In this context, clustering methods congregate 
neighboring nodes in groups according to some similar features, such as elevation or 
distance to the water source. Taking into account hydraulic, operational and 
mathematical criteria to determine the configuration of DMAs, this work presents a 
hybrid model SOM+k-means as a clustering model, comparing four quality-clustering 
indexes, namely Silhouette, GAP, Calinski-Harabasz and Davies-Bouldin, to determine 
the optimal number of clusters. Furthermore, to identify the best DMA configuration, the 
particle swarm optimization (PSO) method is applied to identify the number and location 
of DMA entrances. A large benchmark water network, EXNET, is used to evaluate the 
proposed methodology. 
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1. INTRODUCTION 
Water supply systems play a key role in urban design, not only to ensure that citizens have 
access to such an essential good, but also for public safety reasons . The management of 
water supply systems has become increasingly complex in the face of the reduction of 
available natural resources, with the need to reduce energy consumption and water losses. 
The division of the distribution network into allows better 
management and increase of hydropower efficiency. However, such a division can be a 
complex task due to the size of the network and its peculiarities, such as the number of loops, 
the variation of the geometric dimensions and the modification in the hydraulic conditions, 
which may result in an inconsistent division if not considered [8].  
Several studies have been proposed in the literature for the development of tools aiming at the 
automatic division of networks.  presented a model based on graph theory for the 
decomposition of water supply networks. [24] proposed the decomposition of multiple 
sources with the definition of pre-defined zones of influence for the network segregation. [14] 
used a multi-agent-based method to divide a  suggested 

 learning methods. [8] proposed the automatic 
creation of boundaries for  
Intelligence, and the theorem of decomposition of complex systems [21]. [4] made use of a 

account energy efficiency criteria. [7] proposed a method based on graph theory combined 
with , also targeting energy 
efficiency criteria. [2] presented a social community detection linked with a multi-level 
optimization to improve the management of water distribution systems. 

k-means algorithm is the most prominent. It was 
initially proposed by [22], and has been widely applied for clustering problems due to its 
simplicity, versatility and speed of operation [29], emphasizing its ability to handle a large 
amount of data [13]. Moreover, with the advent of modern neurology and the consequent 
discoveries of brain behavior, mathematical models of imitation of the behavior of this organ 

[1,17,27] proposed the use of self-organizing maps that 
simulate the recognition of patterns by the brain for clustering, classifying, estimating and 
predicting various types of problems, with highlights to the study area of water resources. 
However, the creation s in water supply networks is not fully achieved from data 
clustering. s have been defined, the inputs of each of the districts need to be 
determined, thus enabling the installation of control elements, such as pressure reducing 
valves that ensure the full insulation of a district in cases of emergency or maintenance. 
Current propositions make use of clustering and optimizing models to determine the sectors, 
and minimizing structural and deterioration costs [9]. 
Following current trends, this study aims to develop and analyze a model of 
for water supply networks using mathematical criteria to define the optimal number of 
clusters. The model is based on a hybrid method, a combination of the self-organizing map 
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method (SOM) and k-means, with the purpose of determining the optimal cluster number of 
nodes with similar characteristics.  
In a second stage, the challenge of finding optimal entrances for 
Particle Swarm Optimization (PSO). The minimization of costs, reaching the minimal 
pressure in the network, is conducted, resulting in the best scenario considering mathematical 
criteria and minimal costs. 

2. METHODOLOGY 

2.1. Self-organizing maps 
Self-organizing maps have the main objective of processing input data in arbitrary dimensions 
and to bring them to one or two-dimension spaces through a transformation that guarantees 
topological similarity [11]. In general, the algorithm distributes a mesh of neurons within the 
feature space and along the iterations this mesh changes so that the synaptic weights are 
representative of the multidimensional space. The position, , of each node j of the network, 
also called a neuron, can be represented by: 

                                                                                      (1) 

where l is the total number of neurons in the network. 
The search for the best similarity between a weight vector and an input pattern can be 
written as the minimization of a distance between both vectors. The neuron that satisfies the 
optimal condition is called the winning neuron and has associated to it a topological 
neighborhood that will define an activation zone, thus making a parallel to the biological 
inspiration behind the algorithm. The criterion of similarity is given by: 

                                                                                                   (2) 

where   represents the winning neuron.  The weights of the winning neuron and its 
neighboring neurons are then adjusted according to the following equation: 

                                       ,                               (3) 

where  represents the iteration of the training step,  is the input pattern and  is the 
neighborhood nucleus around the winning neuron. 
The definition of the neighborhood usually follows the idea for which the activation of nearby 
neurons is greater than the activation of distant neurons. Figure 1 presents, in a simplified 
way, a self-organizing two-dimensional map with an m -dimensional input vector. The darker 
circle at the center represents the winning neuron and the gray scale shows the influence of 
the neighborhood in the adaptive process. 
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Figure 1: Example of a two-dimensional self-organizing map 

Once the actuation neighborhood is defined, each of the weights is updated so that the 
topological proximity information is considered. With the learning process finalized, each 
neuron will be close to a certain set of input data represented in the output space. Each of the 
neurons can then be defined as the center of a cluster with a set of data around it. 

2.2. k-means Algorithm 
k-means is an unsupervised learning algorithm used to group the points of a network 
according to similar characteristics. The main point is the determination of centroids for hte 
clusters, being recommended to be located farthest from each other, and then allocate the 

recalculate the position of the centroids and evaluate if there was a change in their positions, 
repeating the process until no change occurs.  input vector  is represented in equation (4) 
and the objective function to be minimized by k-means is represented in equation (5). 

                                                                                                                (4) 

Here each component of vector  represents a feature of the data. 

                                                      ,                                              (5) 

where is the Euclidian distance between a certain data  and the centroid , 
k is the number of centroids, and n is the number of nodes in the network. 

2.3. Hybrid method 
Clustering data with SOMs can result in large numbers 
optimal network partition. Therefore, the k-means algorithm is applied to achieve the ideal 

 
To take into account the previously clustered data from a SOM, k-means is applied to the final 
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position of each neuron. From the mathematical point of view, the final position of each 
neuron represents a set of data in the original feature space. From the computational point of 
view, the application of k-means to the neurons reduces the number of input data and, as a 
result, the process becomes fast. Finally, from the water distribution system analysis 
viewpoint, the reduction of the number of final clusters is important as it influences on how 
tractable .  
In this sense, k-means receives the final position of each neuron and group the neurons in a 
pre-defined number of clusters. The optimal number of clusters is obtained through quality 
cluster analysis, using a number of mathematical criteria. The results represented by the 
centroid of each group are used to classify all data. Figure 2 shows the complete process of 
network partitioning.  

 
Figure 2: Flowchart of the clustering method and optimal entrance definition 

2.4. Mathematical criteria for DMA creation 
The main goal in clustering data is to determine groups with defined characteristics that 
differentiate as much as possible one from the others. The more compact the groups, the better 
the clustering tend to be, as this allows for less ambiguity. Thus, some measures of clustering 
quality are presented in the literature to evaluate the compactness of the clusters and the 
distance between them. 
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2.4.1. Gap 
ap criterion [25] consists in obtaining a graph from the error measurements of the 

clustering procedure against the number of sectors of the network. The optimal number of 
sectors occurs when the greatest reduction of the related error occurs error 
reduction in relation to the number of sectors represents a higher gap value and, therefore, the 
optimal result occurs for the highest gap value, local or global, considering some tolerance 
limits. 
Clustering the data into k clusters, the process to define the gap value starts by calculating the 
measure of dispersion within each sector: 

                                                                                                                    (  

where  is the number of data in cluster , and  is the sum of the pairwise distances for all 
points in cluster . 
The gap value is defined as: 

                                                                                      (7) 

where  is the sample size and  is the number of clusters that maximizes , taking 
into account the sampling distribution. The expected value  is determined by the 
Monte Carlo method through a reference distribution and the  is computed by the 
sample data. 

2.4.2. Silhouette 
The Silhouette criterion [15,20] is a value given by the analysis of similarity of a point in 
relation to the data of the same sector when compared to the data of other clusters. The 
silhouette value ranges from -1 to +1, where low or negative values represent poor results and 
high values represent appropriate sectoring results. This value is given by: 

                                                                                                    (8) 

where  is the average distance of the  point in relation to other points in the same cluster 
and  is the smallest mean distance of the  point in relation to other points in different 
cluster. 

2.4.3. Davies-Bouldin 
The Davies-Bouldin criterion [5] is the ratio of distances within a given sector to distances 
between clusters. The Davies-Bouldin index is given by: 

                                                                                                       (9) 

where  is the ratio of distances within the same cluster  and the distances between clusters 
 and j. In mathematical terms: 
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                                                                ,                                                         (10) 

where is the mean distance between each point in the ith cluster and its centroid, is the 
mean distance between each point in the sector and its centroid, and is the Euclidean 
distance between the centroids of and jth sectors. The maximum value of  represents the 
worst sector creation performed, while the minimum value represents optimal district 
creation. 

2.4.4. Calinski-Harabasz (or VRC) 
The Calinski- [3], can be written as the 
relation between intra and inter-group distances, presented by equation (11), 

                                                         ,                                                      (11) 

where is the total variance between clusters, is the total variance within each cluster, 
k is the number of clusters and N is the number of observations. 

                                                                                                     (12) 

where k is the number of clusters, is the centroid of sector i, m is the overall average of the 
sample data, and  is the L2-norm (Euclidean distance) between the two vectors. 

                                                    ,                                            (13) 

where x is a sample data, is the i-th sector, is the centroid of the cluster and is 
the Euclidean distance between the two vectors. 
Well-defined sectors have high values of  and low values of . The higher the  
index, the better the sector creation for the data, as the optimum number of sectors is defined 
by the solution with the highest Calinski-Harabasz index. 

2.5. Optimal entrances definition 
The s 
and the installation of control and measurement devices, such as pressure reducing valves and 
flow meters. However, the closure of pipes modifies the hydraulic conditions and can harm 
the safe and continuous supply of water. Furthermore, the costs related with the closure of 
pipes and entrance devices are related to the diameter of the pipes where the devices will be 
installed. In this way, the choice of the set of closed pipes and entrances can be interpreted as 
an optimization problem, aiming to find the entrances with the lowest cost as possible while 
reaching the pressure limitation of the network.  
The cost of the entrance devices  can be expressed by: 

              (14) 

where  is the number of boundary pipes,  is the status of pipe , that means if the pipe 
corresponding to an entrance  or closed, and  is the cost of the 
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entrance device installed on pipe , with diameter . 
The optimal definition of entrances can be seen as the optimal definition of boundary pipes’ 
statuses and the optimization problem can be written as:  

 
                                                                                                                                         (15) 

 

where  is the minimal pressure required at the demand nodes, and  is the pressure at a 
node . 
The non-linearity of hydraulic equations turns hard the use of differential methods to solve the 
optimization problem. Particle Swarm Optimization  is one of the most common 
derivative-free, bio-inspired algorithms applied for water distribution network optimization 
[18,23].  

3. RESULTS AND DISCUSSION 
The methodology proposed in the paper was applied to the Exeter Network (EXNET) [28], 
composed of 1891 nodes, 3032 pipes, 7 water sources, with 2 major reservoirs, and 5 valves, 
with 3 check valves, 1 PRV and 1 throttle control valve. Figure 3 presents the topology of the 
EXNET. The hydraulic and topological features of the network are obtained by using 
Epanet2.0 [19]  

 
Figure 3

software 

The SOM was set to have a grid dimension of 25 rows and 25 columns with a grid layer 
topology, running for a maximum number of 4000 iterations and an initial neighborhood size 
set to 4 neurons. This architecture resulted from a previous sensibility analysis, considering 
the processing time and the efficiency of the network, measured by the quantization error.  
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3.1. Mathematical criteria 
Using the hybrid algorithm and considering the mathematical criteria, 4 network clustering 
were created. For each mathematical criterion, the quality of the district creation was 
evaluated using all the mathematical criteria, the quality indexes. Table 1 presents the index 
values for each of the mathematical criteria used, and Figures 5  the layout of 
the network and Silhouette criterion presenting the 
same layout. 

Table 1: Mathematical cr
each of the clustering criteria 

Clustering 
Criterion 

Quality Evaluation 
Silhouette Davies-Bouldin Calinski-Harabasz Gap 

 
Figure 4 in the EXNET using the Calinski-Harabasz mathematical criterion as 

the clustering criterion 
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Figure 5: Davies-Bouldin mathematical criterion as 

the clustering criterion 

 
Figure :  mathematical criteria as 

the clustering criterion 

3.2. Optimization 

cost involved for the optimal allocation of control valves and the insulation of the districts. 
Table 2 presents the results of the optimization for each of the mathematical criteria. 
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Table 2: Results of the optimization process for optimal entrance in terms of number of 
entrances and cost 

Criterion 
Number 
of DMAs 

Number of boundary 
pipes 

Number of control 
valves 

Cost 
($) 

Unitary 
cost ($) 

3.3. Discussion 
from the hybrid model presented well distributed 

and compact districts, representing a certain simplicity that facilitates the network 
management, which may result in an increase of overall efficiency of the water distribution 
system. ap , from 
the hydraulic viewpoint, with only 2 districts created, which does not represent a significant 
benefit to improve the management of the network. The Davies-Bouldin criterion presented a 
good result, with 9 compact well distributed districts throughout the network and good quality 
evaluation indexes. The Calinski-Harabasz criterion also presented a good result, with 12 
compact well distributed districts throughout the network and the best quality evaluation 
index. 
The total cost of entrance device installation represents an import investment for water 

scenari the 5). 
This happens because as there is an increase in the number of 
boundary pipes and the possibility to find entrances with smaller diameters increases, 
representing a cost reduction.  
Finally, considering the mathematical, hydraulic and implantation costs, although the 
Calinski-Harabasz criterion presented the best quality evaluation values, the scenario created 
by the Davies-Bouldin index can be looked as the most interesting one because it presents the 
lowest unit cost and good quality evaluation values. Furthermore, the partition of the network 

enables a more simplified operation and monitoring of the water distribution 
network. 

4. CONCLUSIONS 
seen as a classical clustering 

problem and has been treated in various ways for several researchers. This work presented a 
hybrid model, SOM+k-means, considering the topological similarity of the nodes and several 
mathematical criteria to find the optimal number of clusters.  
The topological similarity of the nodes in the water distribution network was essential for the 

resenting good quality 
evaluation indexes and ability to simplify the water supply network, showing itself promising 
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for water distribution management.  
Depending on the criterion used
it is up to the decision makers to choose the criteria that will be taken into account, 

 
The use of mathematical criteria can generate impracticable solution from the hydraulic 
viewpoint. For future works, hydraulic criteria should be taken jointly with the mathematical 
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