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1 Introduction

A matrix A = (—a;;) € R™*" is called totally nonpositive (negative) if all its
minors are nonpositive (negative) and it is abbreviated as t.n.p. (t.n.) see, for
instance, [4-8,13,15,16,19]. These matrices can be considered as a generaliza-
tion of the partially negative matrices, that is, matrices with all its principal
minors negative. The partially negative matrices are called N-matrices in eco-
nomic models [2,17]. N-matrices have similar applications and properties to
P-matrices, which are matrices with all its principal minors positive.

If, instead, all minors of a matrix are nonnegative (positive) the matrix is
called totally nonnegative (totally positive) and it is abbreviated as TN (TP).
These classes of matrices have been studied by several authors [1,10-12,14,18]
obtaining properties, the Jordan structure and characterizations by applying
the Gaussian or Neville elimination with applications in algebra, geometry
differential equations, economics and other fields.

There exist some relations between t.n.p. and TN matrices (or t.n. and
TP matrices). Concretely, in [13] a variety of open problems and unresolved
issues related to these classes of matrices are introduced. For instance, if a TN
matrix can be written as the product of two t.n.p. matrices. In [9], it is proved
that there exists a TN matrix associated with a realizable triple (n,r, p) and a
given sequence of the first p-indices. In order to study the relation between TN
matrices as the product of t.n.p. matrices, in this work we present an algorithm
to construct t.n.p. matrices associated with a triple negatively realizable and
a given sequence of its first p-indices.

Regarding to the nonsingular t.n.p. matrices we recall that all its entries are
negative except for —a1; < 0 and —ay,, < 0. If —ay; < 0, this class of matrices
has been characterized using their LDU factorization in [4] given a criteria to
determine if A is t.n.p. and reducing the number of minors that are checked
to decide the total nonpositivity of A. If —ay; = 0 but —a,, < 0, we obtain
a UDL factorization of A by permutation similarity. When the nonsingular
t.n.p. matrix A has the entries —a1; = —a,, = 0, a characterization in terms of
the signs of minors with consecutive initial rows or consecutive initial columns
was obtained in [15]. Moreover, in [7] A is characterized in terms of a quasi-
LDU factorization, that is, a LDU factorization where L is a lower block
triangular matrix, U is a unit upper triangular TN matrix and D is a diagonal
matrix. For rectangular t.n.p. matrices, there are characterizations in [6] when
—a11 < 0, and in [8] when —ay; = 0, using the full rank factorization LDU or
LDU, respectively. By [8, pp. 62] we consider from now on and without loss of
generality that we work with matrices which have nonzero rows and nonzero
columns.

We recall that the rank of a matrix A € R"*™, denoted by rank(A), is
the size of the largest invertible square submatrix of A, and its principal rank,
denoted by p-rank(A), is the size of the largest invertible principal submatrix
of A. For n > 2, A is irreducible if there is not a permutation matrix P such
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BC
T _
that PAP* = oD

If n =1, A= (a) is irreducible when a # 0.

, where O is an (n — ) x r zero matrix (1 <r <n-—1).

Proposition 1 FEvery t.n.p. matrix without zero rows and columns is irre-
ducible.

Proof Let A = (—a;;) € R™*™ be a nonsingular t.n.p. matrix. It is well-known,
see [4], that the entries of A are —a;; < 0, except for —ai1 < 0 and —ay, < 0.
In this case the result follows.

If A is a singular t.n.p. matrix with —a;; < 0, then —aq,, < 0 and —a,; <0
for r = 2,...,n because otherwise A would have a zero row or column which is
a contradiction. If there exists —a;; =0, for ¢, =2,3,...,n, since A is t.n.p.
then —ag =0for s=4,04+1,...,nand t = 5,5+ 1,...,n. Hence,

A= A11 A12 i—1
- Agl O ’ﬂ—(l—l)

j=ln—-(G-1

and the result follows.

Now, suppose that —a;; = 0. If —a;; is the first nonzero entry in the first
row from the left, then the columns 2,3,...,7 — 1 are a linear combination of
the first one, and if —a;; is the first nonzero entry in the first column from
the top, then the rows 2,3,...,7 — 1 are a linear combination of the first one.
Analogously, if —a,,, = 0 and —ay,, is the first nonzero entry in the last column
from the bottom, then the rows t +1,t+2,...,n — 1 are a linear combination
of the last one and if —a,; is the first nonzero entry in the last row from the
right, then the columns s + 1,5+ 2,...,n — 1 are a linear combination of the
last one. Since A has not zero rows and columns, it has the following structure
by blocks:

In this case,
irreducible.

0 0 —ay; —Q1s | —Q1s41 —ai,
0 0 —Qi_1j * —Qi_1s|—Oi—1s41 * ' —Qi—1n
—ai1 —Qij—1 | —Q4 —Qjs | —Qis41 —Qin
—at1 —atj—1 —Atj —Ats | —Ats+1 —0in
Q411 0 TAp415—-1| T At415 0 —Qt41s 0 0
L —Qan1 _anj—l _anj —Qnps 0 0 a

as its associated directed graph is strongly connected, A is

O
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In Section 2 we study some linear dependence relations between columns
and rows of a t.n.p. matrix A = (—a;;) € R™*" with p-rank(A) = p and we
extend known results for I'TN matrices given in [9]. For this, we will distinct
between t.n.p. matrices with —a;; < 0 and t.n.p. matrices with —a;; = 0,
—a12 < 0 and —ag; < 0.

Definition 1 Let A = (—a;;) € R"*" be a t.n.p matrix. If —a;; <0, then A
is called a type-I t.n.p. matrix. Otherwise, if —a;; = 0, A is called a type-IT
t.n.p. matrix if —a15 < 0 and —as; < 0.

The definition of the sequence of the first p-indices of a matrix was given
in [9, Definition 1]. Now, we introduce that definition for t.n.p. matrices. We
follow the notation of [1], that is, for p € {1,2,...,n}, Q,, denotes the totality
of strictly increasing sequences of p integers chosen from {1,2,...,n}. If A is
an m X n matrix, @ € Qg m, S € Qi then Ala|f] is by definition the k x [
submatrix of A lying in the rows numbered by a and columns numbered by
B. Besides A[a] := Ala|a]. Furthermore, we denote by «; the i-th component
ofa, fori=1,2,...,k.

Definition 2 Let A € R™*" be a t.n.p. matrix with p-rank(A) =p. If Ais a
type-I t.n.p. matrix, we say that the sequence of integers o = {1,42,...,1,} €
Qp.n is the sequence of the first p-indices of A if for j =2,...,p we have

det(A[l, 12, .-, ij_l, ZJ]) <0,
det(A[l,ig, .. .,Z‘jfl,t]) =0, ’L'j,1 <t< ’L]

(1)

If A is a type-Il t.n.p. matrix, we say that the sequence of integers o =
{1,2,i3,...,ip} € Qp, is the sequence of the first p-indices of A if for j =
3,...,p we have (1) with iy = 2.

By Definition 2, @ = {1} can be the sequence of the first p-indices of a
type-I t.n.p. matrix A with p-rank(A) = 1. For the type-II t.n.p. matrices,
the sequence of the first p-indices includes, at least, the indices {1,2} and
therefore, does not exist a type-II t.n.p. matrix A with p-rank(A) = 1.

Next definition is an extension of [9, Definition 2| on a realizable triple
(n,r,p) associated with irreducible TN matrices. From now on, we consider
that io = 2 is the second component of the sequence of the first p-indices of a
type-II t.n.p. matrix.

Definition 3 A triple (n,r,p) is called (1,42,...,i,)-negatively realizable of
the type-I (type-II) if there exists a type-I (type-II) t.n.p. matrix A = (—a;;) €
R™ ™ with rank(A) = r, p-rank(A) = p, and {1,42,...,ip} (i2 = 2) as the
sequence of its first p-indices.

If a matrix A satisfies the conditions of Definition 3, then we say that A is
a matrix associated with the triple (n,r,p) (1,42,...,4,)-negatively realizable
of the type-I (type-II).
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In Section 3.1 we construct Procedure 1 to obtain an upper block echelon
TN matrix V € R"*"™ with rank(V) = r, p-rank(V) = p and the sequence
of its first p-indices given by {1,42,...,%,}. In Section 3.2, we use the known
results on t.n.p matrices and study the conditions so that a product of matri-
ces A = LDV will be a type-I (type-II) t.n.p. matrix associated with a triple
(n,r,p)(1,42,...,ip)-negatively realizable, where L € R"*" is a nonsingular
lower triangular TN matrix for type-I (a lower block triangular matrix for
type-II), D is a nonsingular diagonal matrix and V is obtained from Proce-
dure 1. Finally in the Appendix, we present Algorithm 2 to calculate V', and
Algorithms 3 and 4 to obtain type-I and type-II t.n.p. matrices, respectively.

2 Linear dependence relations between columns and rows of t.n.p.
matrices

In this section we consider the sequence of the first p-indices of A to study
the linear dependence relations between the rows and columns indexed by the
sequence of the first p-indices of A and the remaining of its rows and columns.

Theorem 1 Let A = (—a;;) € R™™ be a type-I t.n.p. matriz without zero
rows or columns. Applying row elementary transformations we obtain that A
is equivalent to the upper block TN matriz U given in this form,

= U1 le
S @

Proof Let A be the t.n.p. matrix with —a1; < 0,

—ai1 —a12 . —QA1np-1 —Qin
—az1 —Qa22 - —A2pn-1 —Aa2n
A= :
—Qap—1,1 —An—1,2 *** —O0p—1n—1 —An—1n
—0Qn,1 —Qp,2 ' —Opn-—1 —0Qnn

Applying the first iteration of the Gaussian elimination method, we obtain

—aii —ai2 e —a1n
0 —pdet(A[L2]) - —iodet(A[L2]1,n))
0 —L-det(A[l,n—1[1,2]) -+ —2—det(A[l,n — 1]1,n))
O _illdet(A[l,n\l,Q]) —(},Hdet(A[]wn])

If we denote u;; = %ﬂdet(A[LiH,j]) >0, fori,j=2,3,...,n, then

—a11 —aG12 * —Q1n
0 Uy -+ Uy
Al = )
0 ﬂn—l,Q e 'an—l,n

0 ﬂn2 e Unn
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and multiplying by (-1) the first row of A; we obtain

aix aiz - Qin
0 uge - U -
U= _ | Y11 Q12
N B B 0 U22
0 Un—1,2 **° Un—1,n
0 Up2 * Upn

Note that rank(U) = rank(A) because we have only used elementary transfor-
mations. Furthermore,

1) @1; =a1; >0 for j =1,2,...,n. Moreover,
'L_L'L'jZOfOfi:2737"'7n7j:1727"'7n‘
{ny, B, such that card(y) =card(f) —1<n—1,

det(U[1,7]8]) = — det(A:[1,7|6]) = — det(A[1,~]f]) > 0.
Vv, f such that v, 81 > 1,and card(y) = card(8) < n —1,

3) | det(T1B) = ——det(T[1,11,5]) =
aii

1 1
——det(A1[1,74]1,8]) = —— det(A[1,~]1,5]) > 0,
ail ail
therefore U is a TN matrix. O

Propositions 2 and 3 show the structure of the matrix U given in (2).

Proposition 2 Let U € R™" be the TN matriz given in (2). If tias > 0, then
the submatriz Ussg is irreducible.

Proof Since 652 > 0, we have:

1. 295 >0, for j = 3,4,...,n. If not, there would be uy; = 0, with 3 < j < n,
and then

det(T[L, 212, j]) = det <[“l2 “MD — g, < 0,
U929 0

which is a contradiction because U is a TN matrix.

2. U5 > 0 for ¢ = 3,4,...,n. In other case, if there exists u;,o = 0, with
3 <i<mn, we have

—a11 —ai2
All,2,i)1,2] = | —a21 —ax |, a>0,
—Qa1] — a2

then det(A[2, |1, 2]) = det [ Taa A } > 0, which is a contradiction
—Qa1] —ai2

because A is a t.n.p. matrix.
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From these results and taking into account that U is TN we deduce that
Ups > 0forr,s = 3,4,...,n. Thus, all entries of the submatrix Usy are positive
and by [10, Lemma 2.2] the TN submatrix Usz is irreducible. O

Proposition 3 Let U € R™" be the TN matriz given in (2). If tiag = O then,
Uss = O(n-1)x(n—1), 07 (2) has the following form,

~ i1y Urp Uss
U=|0 O O |, (3)
O O Uss

where all entries of the submatriz Uss are positive.

Proof Since tiss = 0, using the fact that U is a TN matrix, we obtain that
U9 =0 (or 4o = 0) for j = 3,4,...n, that is, the second row (or column) of
A is a linear combination of the first row (or column) of A, respectively. If the
remaining elements of Usy are equal to zero, then Uy = On-1)x(n-1)-

In another case, suppose that ;; is the first nonzero entry of U from the
top and from the left, 2 < i, <mn, (i,7) # (2,2). Reasoning as in Proposition 2
we obtain that all entries of the submatrix Uli,i +1,...,n|j,j +1,...,n] are
positive. That is, U has the following structure,

Ury Urg - Uj—1 Uy - Ulp—1 Uln
0 0 --- 0 0 --- 0 0
0— 0 O 0 70 ) 0 0
0 0 0 (2% Uin—1 Uin
0 0 e 0 ﬂnflj e anflnfl anfln
L 0 0 - 0 anj e annfl ﬂnn B
[@11 Ui Urs
=10 O _O
O O Uss

O

When a type-II t.n.p. matrix is considered, we apply the technique used in
Theorem 1 from the second row of A. The result is a matrix (4) with a similar
structure like the matrix (2).

Theorem 2 Let A = (—a;;) € R™™™ be a type-II t.n.p. matricz without zero
rows or columns. Applying row elementary transformations we obtain that A
is equivalent to the upper block TN matriz U given in this form,

~ [ Uns
o= @
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Proof Let A be the t.n.p. matrix with —a;; =0, —a12 < 0 and —ag; <0,

0 —ai2 -+ —aA1,p—1 —Q1p

—Qa21 —Q22 -+ —A2p—-1 —02n

A= | @31 —a32 *** —A3n-1 —Aa3n
—Qp,1 —0n2 " —0npn—1 —Ann

Now, we apply the first iteration of the Gaussian elimination method from
the second row of A and denote u;; = %ﬂdet(A[Q,iH,j]), for i = 3,4,...,n,
j=2,3,...,n. Multiplying by (-1) the first two rows of the resultant matrix

we obtain

0 aip - - aip
21 A22 - A2n
Ay = | 0 us2 - Usn
O ﬂn2 Tt ﬂnn

Finally, we permute the first two rows of Ay,

a21 Ag22 *- - A2n
0 a2 -+ amp b
U= 0 augg -+ Uzp | — |U11 Y12 .
0 Usa
0 ﬂnZ e ann

Now, we prove that U is a TN matrix following the same process as in The-

orem 1. Note that rank(U) = rank(A) because we have only used elementary
transformations. Furthermore,

1) t; = ag; > 0 for j = 1,2,...,n and uy; = ay; > 0 for j = 2,...,n.
Moreover,
1
Ui; = det(A[2,i|1,j]) >0 for i =3,4,...,n,j=2,3,...,n.
—asz1

2) The submatrix U[1,3,...,n[1,2,...,n] is TN because

det(U[1,7|8]) = — det(A[2,7]8]) = 0 ¥y, B, 7| = [8] - 1.

If we do not consider the first row of U, that is, Vv, 3, |y| = | 3| with y1 > 2,
we have that

1 _
7 If 61 >1—== Tdet<U[1a7|17ﬁ])
21

det(Uly|p]) =
—ai det(A[2,4]1, 8]) > 0.

3) Now, we consider the second row of U, then
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31) Vi,j=1,2,....n,
det(U[1, 2[4, §]) = — det(A1[1,2]i, 5]) = — det(A[L,2]i, j]) > 0.
3.2) Vv, B with |y = [B] — 2
det(U[1,2,7|f]) = —det(Ai[1,2,7]8]) = —det(A[1,2,7|8]) > 0.
3.3) ¥y, B with || = |8] - 1

1 _
fp>1—= Tdet(U[152a7|1aﬂ])

21

det (U2, = 1

e — L det(Ai[1,2,9]1,8)
ail
=~ det(A[1,2,41,8]) > 0.
a21
Therefore, U is a TN matrix. (I

Propositions 4 and 5 show the structure of the matrix U given in (4).

Proposition 4 Let U € R™" be the TN matriz given in (4). If iz > 0, then
the submatriz Ussy is irreducible.

Proof Since tigz > 0, @12; = ai; > 0 and U is TN, we have that iz; > 0, for
71=3,4,...,n.

Furthermore, u;5 > 0, for i = 4,5,...,n. In other case, if there exists
;0 = 0, with 4 < i < n, we would have

—a21 —a22
A[2, 3, Z|1, 2] = —a31 —as2 , a>0
—Qa21 —Qagy

then det(A[3, i|1, 2]) = det [ Tds1 Tas2 } > 0, which is a contradiction
—Qa21 —a22

because A is a t.n.p. matrix.

As a consequence, 4,5 > 0, for r =4,5,...,n, and s = 3,4,...,n because
U is TN.

So, all the entries of the submatrix Uz are positive. By [10, Lemma 2.2]
this submatrix is irreducible. O

Proposition 5 Let U € R"*" be the TN matriz given in(4). If iz = 0, then
the submatriz U[3,4,...,n(2,3,...,n] = O(n-2)x(n—1) o (4) has the following
form, o
Uy w1z Urg Uig

0 g Usz Uy (5)
O 0 O 0O |’

O O O Uy

where all entries of the submatriz U are positive.

U=
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Proof Since tizy = 0, using the fact that U is a TN matrix, we obtain that
g = 0 for i =4,5,...,n, or ug; = 0 for j = 3,4,...,n. Let @;; be the first
nonzero entry of U from the top and from the left, 3 < i < n, 2 < j < n,
(1,7) # (3,2). Reasoning as in Proposition 4 we obtain that all entries of
the submatrix Uli,i + 1,...,n|j,j + 1,...,n] are positive. That is, U has the
following structure,

_a21 a2 -+ A25-1 Q25 - A2p—1 A2n
0 ag--- aij—1 Q15 -+ QAlpn—1 A1n
0O 0 --- 0 o --- 0 0
U=0 0--- 0 0 -~ 0 0
0 0 - 0 @y - Up-1 Upn
0o 0 - 0 ﬂn—lj © Up—1n—1 Un—1n
0 0 -+ 0 Upj ~+ Upn—1  Upn |
[y 12 (213 (214
_ | 0 22 Uz Uny
O 0 0 0
| O O O Uy

O

Next Proposition is an extension of [9, Proposition 1] on TN matrices to
t.n.p. matrices.

Proposition 6 Let A = (—a;;) € R™*™ be a type-I (type-II) t.n.p. matriz with
prank(A) = p and let o = {1,2,...,p} be the sequence of the first p-indices
of A, then rank(A4) = p.

Proof Let A = (—a;;) € R™ " be a type-I t.n.p. matrix and let U be the TN
matrix obtained in Theorem 1. Since o = {1,2,...,p} is the sequence of the
first p-indices of A, then for j =2,3,...,p,

det(U[1,2,...,7]) = —det(A4;[1,2,...,4]) = —det(A[1,2,...,5]) >0,

that is, p-rank(U) > p.

We suppose that p-rank(U) = p + 1, then there exists ¢ > p, such that,

det(U[1,2,...,p,t]) > 0, hence

det(A[1,2, ..., p,4]) = —det(T[1,2,....p,1]) <0,

and p-rank(A) > p + 1, which is a contradiction. So, we conclude that p-

rank(U) = p, and a = {1,2,...,p} is the sequence of its first p-indices.

Note that {1,2,...,p — 1} is the sequence of the first (p — 1)-indices of
the irreducible TN matrix Uss. Applying [9, Proposition 1] to Uss, we obtain
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that rank(Usz2) = p — 1. As a consequence rank(U) = p and the result follows

because rank(A4) = rank(U).

Now, we consider that A = (—a;;) € R™*™ is a type-II t.n.p. matrix and
let U be the TN matrix obtained in Theorem 2. Since a@ = {1,2,...,p} is
the sequence of the first p-indices of A, then det(A[l,2,...,7]) < 0 for j =
2,3,...,p, that is,

det(U[l]) = a9y > 0,
det(U[l,Z]) = a21012 > O7

and for j =3,4,...,p

det(U[L,2,...,j]) = —det(41[1,2,...,5]) = —det(4[L,2,...,4]) > 0.

So, p-rank(U) > p.
We suppose that p-rank(U) = p + 1, reasoning like the proof of the type-I

t.n.p. matrix, we conclude that p-rank(U) = p, and o = {1,2,...,p} is the
sequence of its first p-indices.

If @3 > 0, by Proposition 4 we have that Usy is irreducible. Since a =
{1,2,...,p—1} is the sequence of its first (p— 1)-indices, applying [9, Proposi-
tion 1] to Upg, we obtain that rank(Uss) = p—1. As a consequence rank(U) = p,
which implies that rank(A) = p.

In the other case, since det(U[1,2,3]) > 0 we obtain that w33 > 0, and
by Proposition 5 all entries of the submatrix U[3,4,...,n] are positive. Since
a = {1,2,...,p — 2} is the sequence of its first (p — 2)-indices, applying [9,

Proposition 1] to U[3,4,...,n], we obtain that rank(U[3,4,...,n]) = p — 2.

Then rank(U) = p, which implies that rank(A) = p. |

Next Proposition is an extension of [9, Proposition 2] on TN matrices to
t.n.p. matrices.

Proposition 7 Let A = (—a;;) € R™*™ be a type-I (type-II) t.n.p. matriz
and let o = {1,2,...,q,q+t} be the sequence of the first (¢ + 1)-indices of A,
1<g<n—1andl<t. Then, each row (or column) ¢+ 1,q+2,...,q+t—1
is a linear combination of the first ¢ rows (or columns) of A.

Proof Let A = (—a;;) € R™ ™ be a type-l t.n.p. matrix and let U be the
TN matrix obtained in Theorem 1. We suppose that #oo > 0. Working in a
similar way to the proof of Proposition 6 we obtain that {1,2,...,q,q + t}
is the sequence of the first (¢ + 1)-indices of U. Since {1,2,...,(¢ — 1), (¢ —
1) + t} is the sequence of the first g-indices of Ui and Usg is irreducible,
applying [9, Proposition 2] to this matrix we obtain that each row (or column)
¢,q+1,...,(¢q—1)+t—11is a linear combination of the first ¢ — 1 rows (or
columns) of Uss. Then, each row (or column) ¢ +1,¢+2,...,q+t—11is a
linear combination of the first ¢ rows (or columns) of U and the result follows.
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If W9 = 0, then g = 1. Let %;; be the first nonzero entry of U from the top
and from the left, 2 < i,j <mn, (i,7) # (2,2), then ¢+t =1+t = max{4, j}
and we obtain the result from the matrix given in (3).

Now, we consider that A = (—a;;) € R™*" is a type-II t.n.p. matrix and
let U be the TN matrix obtained in Theorem 2. If ugs > 0, in a similar way
to the type-I t.n.p. matrices, we obtain that {1,2,...,q,q+t} is the sequence
of the first (¢ + 1)-indices of U. Since {1,2,...,(q — 1),(¢ — 1) + t} is the
sequence of the first g-indices of Usy and by Proposition 4 Uss is irreducible,
applying [9, Proposition 2] to this matrix we obtain that each row (or column)
g,q+1,...,(¢g—1)+t—1is a linear combination of the first ¢ — 1 rows (or
columns) of Uss. Therefore, each row (or column) ¢+1,¢+2,...,q+t—1isa
linear combination of the first ¢ rows (or columns) of U and the result follows.

If @iz = 0 and 133 # 0, then the submatrix U[3,4, ..., n] is irreducible and
applying [9, Proposition 2] the result follows. If 32 = 0 and @33 = 0, then ¢ = 2
and if @;; is the first nonzero entry from upper left, then ¢+t = max{7,j}. In
this case we obtain the result from the matrix given in (5). O

By Propositions 6 and 7 we extend [9, Theorem 10] from Ir'TN matrices to
t.n.p. matrices, reasoning in the same way.

Theorem 3 Let A = (—a;;) € R" " be a type-I (type-II) t.n.p. matric. If
prank(A) =p, 1 <p < mn, then

rank(A?) = p-rank(A) = p.
In particular, the size of the largest zero Jordan block is at most p.

As an immediate consequence of Theorem 3, we extend the relation between
the order n of an irreducible TN matrix, its rank r and its principal rank p
given in [9, Theorem 11].

Theorem 4 Let A = (—a;;) € R" " be a type-I (type-II) t.n.p. matric. If
p-rank(A) = p and rank(A) = r, then

pSrﬁn—’rn_p-‘. (6)

The maximum rank of a t.n.p. matrix A with p-rank(A) = p depends
on the sequence of its first p-indices, as in the case of Ir'TN matrices. In |9,
Algorithm 1] the authors present an algorithm that calculates the maximum
rank of IrTN matrices in function of its first p-indices. We can apply this
algorithm to t.n.p. matrices to obtain the maximum rank and we conclude
that this maximum rank reaches the upper bound given in (6) when its first
p-indices are distributed along the matrix equidistantly (it is not the only case,
but it is the most obvious).
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3 Construct a t.n.p matrix associated with a triple (n,r, p)
(1,%2,...,%p)-negatively realizable

In this section we consider Definition 3 of triple (1,42, ..,,)-negatively real-
izable of the type-I (type-II) and we give a method to construct t.n.p. matrices
associated with these triples.

In [9, Section 4] the authors prove that there exists an upper block echelon
TN matrix associated with a realizable triple and a given sequence of the first
p-indices. Now, in Section 3.1, a procedure to obtain this matrix is constructed.
Next, in Section 3.2, we use it to calculate a type-I (type-II) t.n.p. matrix
A € R™" with rank(A) = r and p-rank(A) = p associated with a triple
(n,r,p) (1,42,...,1p)-negatively realizable of the type-I (type-II).

3.1 Constructing an upper block echelon TN matrix V'

We give the following procedure to construct an upper block echelon TN ma-
trix V€ R™*"™ with rank(V) = r, p-rank(V) = p and the sequence of its
first p-indices given by {1,42,...,4,}. This procedure will be programmed as
Algorithm 2.

From now on and for simplicity, we use the following MatLab notation:
A(4,:) denotes the i-th row of A and A(:, j) denotes its j-th column; ones(n, m)
denotes the nxm matrix of ones; triu(ones(n, m)) denotes the upper triangular
part of ones(n,m); zeros(n,m) denotes the n x m zero matrix. Moreover, we
recall that a matrix is an upper echelon matrix if the first nonzero entry in
each row (leading entry) is to the right of the leading entry in the row above
it and all zero rows are at the bottom. A matrix is upper block echelon if each
nonzero block, starting from the left, is to the right of the nonzero blocks below
and the zero blocks are at the bottom. A matrix is a lower (block) echelon
matrix if its transpose is an upper (block) echelon matrix.

Procedure 1 Given a triple (n,r,p), this process constructs an upper block
echelon TN matriz V€ R™ ™ with rank(V) = r, p-rank(V) = p and the
sequence of its first p-indices is H = {1,12,...,%p}.
e Calculate s as the number of the consecutive first indices of the sequence H .
o [fs=1p and

e n= H(p), then V = triu(ones(n,n)) or

e n > H(p), then V = [triu(ones(s,n)); zeros(n — s,n)].
o If s % p then we construct an upper block echelon matrix V in the following
form,

V= [51], where v, i =s4+1,5+2...,n are the rows of matriz Vy.
2
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Construct the s X n matriz V7,

V1 = triu(ones(s, n)).

2. Construct an identity matriz of size n, G = eye(n).

Calculate qg=r—p,i=s+1,t=H(s+1),z=1and s=s+ 1.
While t < n do
4.1. if i < H(s) then compare t with the entries of H,

4.1.1. if t € H then vV = [zeros(1,t — 1) ones(1,n —t+1)] and for | =
t,...,i+1, step —1, construct E = eye(n), replace E(l,1—1) = —1,
E,. =F and replace x = x + 1;

4.1.2. ift ¢ H and q # 0 then v = [zeros(1,t — 1) ones(1,n —t + 1)]
and rename q = q — 1;

4.1.8. ift ¢ H and g = 0 then v\ = [zeros(1,n)];

4.1.4. renamet =141+ 1 andt =1+ 1.

4.2 if i > H(s) then rename s = s + 1,
4.2.1. while t < H(s), rename t =t + 1;
4.2.2. compare t with the entries of H and apply Steps from [{.1.1] to

[4.1.4].
For j =1,...,n, construct the rest of the rows of Va, v¥) = [zeros(1,n)].
Let w the largest value assigned to x. For x = w,...,1, step —1, obtain the

matric G = E; '« G.
Finally, the matriz V = G V.

Remark 1

1.

The matrix V constructed in Procedure 1 is an upper block echelon matrix
whose nonzero entries are equal to one. Thus, V is a TN matrix. On the
other hand, the matrices E, !, with z = w,w — 1,..., 1, are the inverse of
bidiagonal matrices and it is known that they are TN matrices (see, [14]).
Then, G = E;'E; - E;" is a TN matrix and as a consequence, V = GV
is also TN.

. In Procedure 1, to reach the rank ¢ = n —r we use the Step 4.1.2. In this

case, the procedure uses the first consecutive rows of the matrix V', which
are not used for the p-indices. Note that it is possible to choose other rows
to get the rank gq.

Now, we present two examples. In Example 1, Step 4.2.1. of Procedure 1 it

is

not applied and the process of construction of V is explained step by step.

In Example 2, Step 4.2.1. is necessary to obtain V' and we only show the
differences with the previous example.
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Ezample 1 Obtain an 11x11 upper block echelon TN matrix V with rank(V) = 7,
p-rank(V) =3 and H = {1,5,9} as the sequence of its first 3-indices.

In this case, s =1, p = 3 and s # p, then the upper block echelon matrix has
the structure V = “;1 } . Thus, we construct the first block matrices:
2

Vi=1111111111 1)1x11-
G = eye(11).
g=4,1=2,t=5,z=1and s =2.

Ll e

All results obtained in this Step are showed in the following table. n = 11
and H(2) =5,

t | i | Step | Result

5 2] 4.1.1. | v® = [zeros(1,4) ones(1,7)],
E =eye(11), E(5,4) = E(4,3) = E(3,2)=—-1, By =E, z = 2.
6 | 3|4.1.2. | v® = [zeros(1,5) ones(1,6)], ¢ = 3.
714|412 wﬁ—ha%(,)oququzz
8 | 5| 4.1.2. | v® = [zeros(1,7) ones(1,4)], ¢ = 1.
9 | 6| 42. | s=3, H(3) =09,
4.2.2 | v(® = [zeros(1,8) ones(l 1,

%)
E =eye(11), E(9,8) = E(8,7) = w6) —1,Ey,=E.
10 | 7 | 4.1.2. | oM = [zeros(1,9) 01165(1,2)]7
11| 8| 4.1.4. | v® = [zeros(1,11)],i=9,t =1

l\')

5. v = [zeros(1,11)], for i = 9,10, 11.

6. w =2, then, for z = 2,1,
° $:2,G=E2_1*G
° a:zl,GzEl_l*G

7. Finally, the matrix V = G x V.

Then, the matrix V is constructed:

(1111[1111111]
0000[T111[111
0000[1222(222
0000[1233(333
00001234444

V=10000/0000[T11
0000[0000|122
0000[0000|122
0000[0000|122
0000[0000[000

10000[0000[000 |
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Ezample 2 Obtain an 18x 18 upper block echelon TN matrix V' with rank(V') = 14,
prank(V) = 9and H = {1,2,4,7,8,10,11,12,15} as the sequence of its first
9-indices.

In this case, s = 2, p = 9 and s # p, then we obtain the matrix 1% using
Procedure 1.

1.

111111111111111111
011111111111111111

2. G = eye(18).
3.gq=5,1=3,t=4,x=1and s =3.

2x18

4. In this Step we only explain the differences with respect to Example 1.
Whent=6<n=18andi=5> H(3) =4, then by 42 s=s+1=4
and H(4) =17.

Ast =6 < H(4) = 7, then we rename ¢ = 7 and continue applying the
algorithm.

5. v' = [zeros(1,18)], for i = 17,18.

6. w =7, then, for x = 7,6,5,4,3,2,1 we calculate G = E; ! x G

7. Finally, the matrix V = G % XN/, being

[100000000000000000]
010000000000000000
001000000000000000
001100000000000000
000010000000000000
000011000000000000
000012100000000000
000001110000000000
000000011000000000
000000012100000000
000000001210000000
000000000111000000
000000000000100000
000000000000110000
000000000000111000
000000000000000100
000000000000000010

1000000000000000001 |

[111111111111111111]
g11111111111111111
ooor11r1iriririiiriz
oooo11111111111111
oooooo0o111111111111
oooooo011111111111
ooooooo0o01111111111
000000000111111111
oooooo000011111111
0000000000011 11111
000000000000111111
000000000000O11111
000000000000001111
000000000000000111
ooooooooo000000000
o0oooooooo000000000
000000000000000000

1000000000000000000 |
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and

(11111111 1411|1111 1117
Or1j111f1j11j1y1j11141111
0OoOf1 1111 1{1j1jrr1j1111
000(122(2|22(2|2|222|2222
ooojooOf1|11j1j1{1 1141111
000/000(1]|22|2(2|222(2222
000/000(1|34|4|4|444(4444
000[000|0[12|3|3]333[3333

V- 000[000/0[00]1|2]222]2222
T 1000[000[0[00|1]|3|444|4444
000/000/0[00]|0|1|344]4444
000[000/0[00]|0|0[123[3333
000/00O0J0[0O0|0jO|00OO(T 111
000[000/0[00]0j0]000[1222
000[000/0[00]0|0|000[1222

0 00[000J0[00]|0j0j00O0O[000DO
000[000/0[00]|0j0|000O[000O0

10 00{000/0[00J0[0]000[0000 ]|

In the Appendix, we present Algorithm 2 associated with Procedure 1 to
calculate the upper block echelon TN matrix V' € R™*" with rank(V) = r,
p-rank(V) = p and the sequence of its p-indices given by {1,492, ...,i,}. Using
Algorithm 2, the results of Examples 1 and 2 are obtained directly.

3.2 Constructing the t.n.p. matrix A = LDV

Our main result is given in Theorem 5 where we construct a type-1 (type-1I)
t.n.p. matrix A € R"*™ with rank(A4) = r and p-rank(A) = p associated with
a triple (n,r,p) (1,42, ...,1,)-negatively realizable of the type-I (type-II). For
that, we consider the TN matrix V' € R™*"™ constructed in Section 3.1 and
prove the following Lemma.

Lemma 1 Consider a lower echelon TN matriz Q € R™*™, with rank(Q) = r
and all entries that are not trivially zero are positive. Then, for all § > 0 it is

possible to construct an n X n nonsingular lower triangular TN matriz Q(9),
such that lims_0 Q(9) = Q.

Proof Suppose that we can apply to @ the Neville elimination process with
no pivoting until the k-th iteration. Then, we have the matrix

I, O
E(k)E(k—l) .. E(Q)E(I)Q =Qr = |:O Qk22:|

with some entries in its k + 1 column equal to zero.
Now, to apply the (k + 1)-th iteration of Neville elimination with no pivoting,
we change the k+1 column of @y in the following way:
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— Denote h = 1.

— If the first nonzero entry of the column is in the j-th row, with j > k+ 1,
replace the nonzero entries from position (k 4+ 1,k + 1) to position (j —
LEk+1), by 0Dt =5 withs =k +1,k+2,...,5 — 1.

— From the first nonzero entry to the last, replace the zero entries of that
column by §". If the zero and nonzero pattern is repeated in columns
consecutive to k 4+ 1, replace the zero entries of those columns so that to
apply Neville elimination process, the initial zero pattern to the right of the
column remains. For example, suppose that we have obtained the following
submatrix after one iteration of Neville elimination

100000
010000
022300
000000
000000
012512

Now, to apply again Neville elimination we replace the zeros in positions
(4,2) and (5,2) by 6". Since the zero and nonzero pattern of column 2
is repeated in consecutive columns 3 and 4, we replace these zeros in the
following form

100 0 00
010 0 00
022 3 00
06" 6" 35m/200

06h §" 357 /200
012 5 10

Applying Neville elimination we obtain the following submatrix

100
010
002 3 00
000 0 00/’
000 0 00
0017/210

00
00

o w oo

in which the zero and nonzero pattern in columns 3 and 4 remains.

— The zero entries bellow the last nonzero entry of the column are not re-
placed.

— Call the new matrix Q(d) and apply the Neville elimination process with-
out interchange of rows obtaining E;41)(6)Qk(8) = Qr11(9).

From Qp1(8) we construct Q4 1(d) changing its k+2 column in the following
way:

—h=h+1



On t.n.p. matrices associated with a triple negatively realizable 19

— If the column is a zero column, then replace the zero entry of the main
diagonal by 0", with » = n — j + h, where j is the column that is chang-
ing. Apply the Neville elimination process with E2y(0) = I, obtaining
Qr+2(0) = Qr11(9).

— If the column is a zero column with a nonzero entry in its main diagonal,
denote this matrix as Qp41(0) and apply the Neville elimination process
with E(k+2) (6) = I, obtaining Qr+2(d) = Qx+1(9).

— If in the k+2 column there are zero and nonzero entries, replace the nonzero
entries as similar way as the first case and denote the obtained matrix as
Qr+1(8). Applying the Neville elimination process without interchange of
rows we obtain Ej42(0)Qk+1(0) = Qry2(9).

The process is repeated until to arrive to the matrix @Q,,_1(8). Then, the matrix

Q((S) — E(*llE*1 .. EilEfl (6) s E(;1_2)((5)E71 (6)Qn—1(5)

) (@) (k)= (k+1) (n—1)

is a lower triangular TN matrix such that

where p;;() are polynomials in § with nonnegative coefficients such that

lim p;;(9) = 0.

Therefore, we have that lims_,0 Q(d) = Q. |

Ezxample 8 Given the 6 x 6 lower echelon TN matrix

100000
100000
110000
@= 110000(°
121000
122100

we construct a lower triangular nonsingular TN matrix using the method de-
scribed in Lemma 1.
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(1000007 100000
100000 000000
0= 110000 0 010000 column 2
T 1110000 ZHEET 1000000 h=1
121000 o11000| —
(122100 001100
(1000007 100000
060000 050000
~ 010000 000000| column 3
@)= 1950000 MQQ(‘S)* 000000| h=2
011000 001000 —
(001100 001100
(100000 100000
050000 050000
~ 0083000 0063000 column 4
@00 = 10042000 MQM)_ 000000| h=3
001000 000000 —
(001100 000100
100 000 100 000
060000 0560000
~ 006000 0062000 column5
@) =100 0400 MQ‘* =1000 400
00048200 000000 —>
(000 100 000000
100 0 00 1000 00
050000 050000
- 0060 00 0620 00| column 6
Q4(6) - 000 54 00 E(5)(5) _IQS((S) - 00 54 00 h:5
000 048°0 000050—>
000000 0000 00
100000
050000
- 00620 0 0
@s(0) = 00060 0
000 04°0
000 0 0 &

The lower triangular TN matrix is
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Q(8) = By Eg) () Eg) () By (6)E 5 (9)Q5(6)

172 (3) (4) (5)
1 0 0 0 0 0
1 4 0 0 0 0
|1 6+1 58 0 0 0
12641 §* + 6% + 52 5 0 0|’
12642 64 +2834+62+6+1 5% +26% 4 52 5° 0
12642 6*4+203+62+06+2 6*+30°+262+1 26°+46% 6°
such that
lim Q(4) = Q.
6—0

Remark 2 Note that if the TN matrix is a block lower echelon matrix, then
the process to obtain a nonsingular lower triangular TN matrix is the same. If
we have a block upper echelon matrix, then we transpose and apply Lemma 1.

Theorem 5 Let V = (v;;) € R" ™ be an upper echelon TN matriz with
nonnegative entries above the diagonal, with vi, > 0 and rank(V) = r.

1.

If L € R™ " s a lower triangular TN matriz with ones along the main
diagonal and positive entries below it, and D € R™ "™ is the diagonal matrix
D = diag(—dy,ds,...,dy) withd; > 0,i=1,2,...,n. If A = LDV with
—apn <0, then A is a type-I t.n.p. matriz with rank(A) = r.

If D € R™™™ is the diagonal matrizc D = diag(—dy, —da,ds, . ..,d,) with

d; >0,i=1,2,...,n and L € R"*"™ is the block lower triangular matriz
L O s 01
L=]%" - th Ly =
|:L21 L22 , wi 11 101

where the entries in the first column of Loy are positive, in the second one
are nonpositive, Lao is a lower triangular TN matriz with ones along the
main diagonal and positive entries below it, and such that

det(Lla|1,2,...,k]) <0,Va € Qi pn, k=2,3,...,n.

If A = LDV with —ay,, < 0, then A is a type-II t.n.p. matriz with
rank(A4) = r.

Proof 1. First consider the case —ay, < 0. Since V is an upper echelon TN

matrix we obtain the transpose and apply the process given in Lemma 1 to
obtain a nonzero upper triangular TN matrix V' (§) with a structure similar

to (7),
- [U(l)l ‘;%J '
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Thus,

A0) = 10v00) = | 7ofie | || [ s |

_ [ —divn —di1 V12 }

| =diLa1vi1 —di1Lo1Via + Lo Do Vao(0) |

It is not difficult to see that A(d)(n,n) = —ann + ¢nn(d), where ¢,,,(9) is a
polynomial in § with nonnegative coefficients such that lims_,g ¢nn () = 0.
Since —an, < 0, there exists dy such that A()(n,n) < 0, ¥§ < §p. Then,
A(9) is a t.n.p. matrix for all § < §p and

det(Alw|3]) = gin(l)det(A(é)[a\B]) <0, Va,B€ Qkn, k=1,2,...,n.
—
Hence, A is a type-I t.n.p. matrix and obviously with rank(A) =r.

Now, suppose that —a,, = 0 and consider the following matrix

—d1 — X
do
B=1L \%4
dn
—IV11 —IV12 ... —IVin
—.’L"Ulllgl —LL”Ulzlgl —$U1n121
_xvlllnl —.’E’Ulzlnl . _xvlnlnl

whose (n,n) entry is equal to —xl,1v1, < 0, because l,,; > 0 and vy, > 0.
Applying the previous case we obtain that B is a t.n.p. matrix for all
x > 0. Therefore, Va, 8 € Ok, k € {1,2,...,n}, det(Ble|f]) is a first
degree polynomial, i.e.

det(B[a|B]) = ca,pz + tas <0, Yz >0,
which implies that
Ca,8) ta,s <0, Va,B € Qpn, k€ {1,2,...,n}.

Since,
det(A[w|8]) = lim, o+ det(B[|8]) = ta,p <0,
Va,B € Qrn, ke{1,2,...,n},

we conclude that A is a type-I t.n.p. matrix with rank equal to 7.



On t.n.p. matrices associated with a triple negatively realizable 23

2. The proof is similar to the previous case but A(¢) is factorized as

A(6) = LDV (6)
0 1 0 —d1 0 0 V11 V12 ‘/13
= 1 O 0 0 *dg O O V29 ‘/23(5)
Ls1 Lo|Lss O O |Dss O 0O |Vs3(0)

From Procedure 1 we calculate an upper block echelon TN matrix V €
R™", with rank(V) = r, prank(V) = p and {1,49,...,4y} as the sequence
of its first p-indices. Now, we give a procedure to construct a t.n.p. matrix
A € R™*" with rank(A4) = r, p-rank(A) = p and with the same sequence of
the first p-indices. In this procedure we use the following MatLab notation:
tril(ones(n,n)) denotes the lower triangular part of ones(n,n); diag(v) when
v is a vector of n components, returns a square matrix of order n, with the
elements of v on the principal diagonal.

Procedure 2 Given a triple (n,r,p)-negatively realizable, this process con-
structs a t.n.p. matric A € R™*™ with rank(A) = r, p-rank(A) = p and with
{1,i2,...,1p} as the sequence of its first p-indices.

First, we use Procedure 1 and construct an upper block echelon TN matriz
V = (vij) € R™™", with rank(V) = r, p-rank(V) = p and {1,is,...,4p} as the
sequence of its first p-indices. Then,

1. For the type-I t.n.p. matrices:
(a) Construct a lower triangular TN matriz L = tril(ones(n,n)).
(b) Construct D = diag(—dy,1,...,1), with dy > 2212 Vjn.-
(¢c) A=L*xDxV.

2. For the type-II t.n.p. matrices:
(a) Construct the following TN matriz L € R™*™,

1-1
[Ln O fo1 R
L[L21L22}7 LULO}’ Lon = Do ®)
1-1

and Loy = tril(ones(n — 2,n — 2)). '
(b) Construct D = diag(—dq,—1,1,...,1), with d; > Z;”ZQ Vjn.
(¢c) A=LxDxV.

Proposition 8 Let A = LDV be a matriz constructed by Procedure 2. Then
A is a t.n.p. matriz, with rank(A) = r, prank(4) = p and {1,i2,...,4p} as
the sequence of its first p-indices.
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Proof By Theorem 5, the matrix A = LDV constructed by Procedure 2 is a
t.n.p. matrix if —a,, < 0. For the type-I t.n.p. matrices we have that

S
V2n,
g =[11 -+ 1]diag(—dy,1,1,...,1) [ vin | =—di + > 0jn <0,
0 j=2
L O -
and for the type-II t.n.p. matrices we have that
S
1
U3n
Gy =[1 =11 --- 1]diag(—dy,~1,1,...,1) v_: =—di+ Y v <0.
- 0 -

Therefore, A is a t.n.p. matrix. Obviously, rank(A) = r because L and D are
nonsingular matrices.

The matrix V' is computed by Procedure 1 with {1,42,...,7,} as the se-
quence of its first p-indices. Then, applying [9, Proposition 3] we obtain that
p-rank(A) = p and the sequence of its first p-indices is {1,142,...,4,}, where
io = 2 if A is a type-II t.n.p. matrix. O

Ezample 4 Obtain a type-I (type-II) t.n.p. matrix associated with the triple
(18,14, 9)-negatively realizable and o = {1,2,4,7,8,10,11,12,15} as the se-
quence of its first 9-indices.

From Example 2 we consider the matrix V', and following Procedure 2 we have
two cases:

e A type-I t.n.p.matrix. As > 22 v;,18 = 32 we choose, for instance, d; = —32
and obtain:

1
J
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A = tril(ones(18,18)) x diag([—32,1,1...,1]) * V =

[—32 —32 —32 —32 —32 —32 —32 —32 —32 —32 —-32 —32 —32 —32 —32 —32 —32 —327
-32 =31 =31 -31 =31 -31 -31 -31 —-31 —-31 —31 —31 —31 —31 —31 —-31 —-31 -31
-32 -31 —-31 -30 —30 —30 —30 —30 —30 —30 —30 —30 —30 —30 —30 —30 —30 —30
—32 =31 =31 —29 —28 —28 —28 —28 —28 —28 —28 —28 —28 —28 —28 —28 —28 —28
—32 =31 =31 =29 —28 —28 —27 —27 =27 —27 =27 =27 =27 =27 —27 =27 —27 =27
—-32 =31 =31 —29 —28 —28 —26 —25 —25 —25 —25 —25 —25 —25 —25 —25 —25 —25
-32 -31 -31 —29 —28 —28 —25 —22 —-21 —-21 —-21 —-21 —-21 —-21 —21 —-21 —-21 21
-32 =31 —-31 —29 —28 —28 —25 —21 —19 —18 —18 —18 —18 —18 —18 —18 —18 —18
—32 —31 —31 —29 —28 —28 —25 —21 —19 —17 —16 —16 —16 —16 —16 —16 —16 —16
—-32 —-31 =31 —29 —28 —28 —25 —21 —19 —16 —13 —12 —12 —12 —12 —12 —12 —12

—-32 -31 -31 —29 —28 —28 —25 —21 —-19 -16 —-12 -9 -8 -8 -8 -8 -8
-32 -31 =31 —29 —-28 —-28 —-25 -21 —-19 —-16 —-12 -8 —6 -5 -5 -5 —5
—-32 -31 -31 —29 —28 —28 —25 —21 —19 —-16 —12 -8 —6 -5 —4 —4 —4
—-32 -31 -31 —29 —28 —28 —25 -21 —-19 -16 -12 -8 —6 -5 -3 -2 =2
—32 -31 -31 —29 —28 —28 —25 —21 -19 -16 —-12 -8 —6 -5 -2 0 O
—32 -31 —31 —29 —28 —28 —25 —21 —19 —16 —12 -8 —6 —5 —2 0 0
—32 -31 -31 —29 —28 —28 —25 -21 -19 -16 —-12 -8 —6 -5 -2 0 O
L -32 —31 —31 —29 —28 —28 —25 —21 —19 —-16 —12 -8 —6 -5 -2 0o 0
e A type-II t.n.p.matrix. In this case, we choose, for instance, d; = —32
L is given by (8) and obtain:
A =L «diag([-32,—1,1...,1))*xV =
r o -1-1-1-1-1-1-1-1-1 -1 -1 -1 -1 -1 -1 -1

-32 =31 -31 —29 —28 —28 —-25 —21 —-19 —-16 —-12 -9 -8 -8
—-32 =31 =31 —29 —28 —28 —25 —21 —19 —-16 —12 -8 —6 -5
-32 -31 =31 —29 —-28 —-28 —-25 —-21 —-19 —-16 —-12 -8 —6 -5
-32 =31 =31 —29 —28 —28 —25 —-21 —-19 —-16 —12 -8 —6 -5
—-32 —-31 -31 —29 —28 —28 —25 —21 —19 —16 —12 -8 —6 —5
-32 =31 —-31 —29 —28 —28 —25 —-21 —-19 —-16 —12 -8 —6 -5
—-32 =31 —31 —29 —28 —28 —25 —21 —19 —16 —12 -8 —6 —5
| -32 =31 —-31 —29 —28 —28 —25 —21 —19 —16 —12 -8 —6 -5

-8
-5
—4
-3
-2
—2
—2
—2

-8
-5
—4
-2

0

0
0
0

—-32 —-32 —-32 —32 —-32 —-32 —-32 -32 —-32 —-32 —-32 —32 —32 —32 —32 —32 —-32
—-32 =31 —31 —30 —30 —30 —30 —30 —30 —30 —30 —30 —30 —30 —30 —30 —30
—-32 =31 —31 —29 —28 —28 —28 —28 —28 —28 —28 —28 —28 —28 —28 —28 —28
—32 =31 =31 —29 —28 —28 —27 —27 —27 =27 =27 =27 =27 =27 =27 =27 =27
—-32 -31 —31 —29 —28 —28 —26 —25 —25 —25 —25 —25 —25 —25 —25 —25 —25
—32 —-31 =31 —29 —28 —28 —25 —22 —21 —21 —21 —21 —21 —21 —21 —21 21
—32 —-31 —31 —29 —28 —28 —25 —21 —19 —18 —18 —18 —18 —18 —18 —18 —18
—32 —31 =31 —29 —28 —28 —25 —21 —19 —17 —16 —16 —16 —16 —16 —16 —16
—32 =31 —31 —29 —28 —28 —25 —21 —19 —16 —13 —12 —12 —12 —12 —12 —12

-8
-5
—4
-2

0

0
0
0

)

-8
)
—4
-2

0

0
0
0]

then

17
—32
—30
—28
—27
—25
—21
—18
—16
—12

In the Appendix we present Algorithms 3 and 4 associated with Procedure
2 to obtain the type-I and type-II t.n.p. matrices, respectively. Using these

algorithms, the results of Example 4 are obtained directly.
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Appendix

In this section, we construct Algorithm 2 associated with Procedure 1 to obtain
an upper block echelon TN matrix V' € R™*" with rank(V') = r, p-rank(V) = p
and the sequence of its first p-indices given by {1,42,...,i,}. To apply Algo-
rithm 2 we introduce Algorithm 1 given in [9, Algorithm 1] in order to know
the maximum rank of a matrix depending on the sequence of its first p-indices.

Algorithm 1 rmax = maxrank(n,p, H = [1,42,...,1p)])

1: W=[Hn+1;k=p;s=0;
2: for j=p:—-1:2do

3 f=WEH-W(E-1) -1

4 c=WyE+1)—-W(@{)—1+s;
5: if f < c then

6: k=k+f;

7 s=c— f;

8: else

9: k=k+c¢

10: s = 0;

11: end if

12: end for

13: Tmax = k‘
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Algorithm 2 V = TPV (n,r,p, H)

1: W =[H,n+1];
2: w = maxrank(n,p,W)
3:if r >w | r <pthen

o

62:

It is not a realizable triple

c=H—-[1:p]; g=c>0; h=g=ones(p,1); s=p—h;
if s == p then

if n == H(p) then
V = triu(ones(n,n));
else
V = [triu(ones(s,n)); zeros(n — s, n)];
end if
T=[s+1,H(s+1)];
for j=s+2:H(s+1) do

[a, b] = size(T);
T =[T;j T(a,b) + 1];
end for

fort=s+1:p—1do
for j=H(t)+1:H(t+1) do
[a, b] = size(T);
if T'(a,b) < n then
T = [T; 3, T(a,b) + 1];
while T(a + 1,b) < H(t+ 1) do
T(a+1,b) = T(a+1,b) +1;
end while
end if
end for
end for
[a, b] = size(T);
S =100];
for j=1:ado
m = ismember(7T'(j,b), H);
if m == 1 then
S = [S:TG, 1) T(,2))
end if
end for
[s1 s2] =size(S); S = S(2: s1,:);
Q=1[00]
for j=1:ado
m = ismember(7T'(4,b), H);
if m == 0 then
Q=[T(,1) T3, 2)k
end if
end for
lq1 q2] = size(Q); Q = Q(2 : q1,2);
for j=1:s1—1do
V(S(,1),5(,2) i) = 1;
end for
z=r—p;
for j=1:zdo
V(QU,1,Q(5,2) : n) = 1;
end for
G = eye(n,n);x = 0;
for j=p:—-1:s+1do
E =eye(n,n);x =z +1;
for i = H(j) : —1;S(sl —z,1) + 1 do
E(i,i—1)=—1;
end for
G=E"1x@G;
end for
V=GxV;

end if

63: end if
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Finally, we consider a triple (n,r,p)(1,is,...,%,)-negatively realizable of
the type-I (type-II), and we construct Algorithm 3 (Algorithm 4) to obtain a
type-I (type-II) t.n.p. matrix A associated with the given triple. These algo-
rithms are based on Procedure 2.

Algorithm 3 A =TNPI(n,r,p, H = [1,i9,...,1p))

: V=TPV(n,r,p,H);

: t=1[0 ones(1,n — 1)J;

: D = eye(n,n);

: D(1,1) = =t *x V(:,n);

. A =tril(ones(n,n)) * D*V;

Uk W N =

Algorithm 4 A =TNPII(n,r,p, H = [1,2,i3,...,1p])

: V=TPV(n,r,p,H);

: t=[0 ones(1,n — 1)J;

D = eye(n,n);

D(1,1) = —t*xV(;,n); D(2,2) =—1;

: L =1[01;10] zeros(2,n — 2);ones(n — 2,1) — ones(n — 2, 1) tril(ones(n — 2,n — 2))];
A=LxDxV;

AN S S

As we have seen in the proof of Proposition 8 to obtain a t.n.p. matrix
by Procedure 2 we only need that d; > Z;”ﬁ Vjn. As a consequence, from
Algorithms 3 and 4, we can obtain different type-I and type-II t.n.p. matrices
associated with the given triple by changing the value of D(1,1) and whenever
D(1,1) < =tV (:,n).
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