MODELLING FOR
ENGINEERING & HUMAN
BEHAVIOUR 2019

Edited by
R. Company, J.C. Corteés,



Modelling for Engineering
& Human Behaviour 2019

Valencia, 10 — 12 July 2019

This book includes the extended abstracts of papers presented at XXIst Edition of the Mathe-
matical Modelling Conference Series at the Institute for Multidisciplinary Mathematics “Math-
ematical Modelling in Engineering & Human Behaviour”.



[.S.B.N.: 978-84-09-16428-8
Version: 18/11/19

Report any problems with this document to ellonal@upvnet.upv.es.

Edited by: R. Company, J. C. Cortés, L. Jédar and E. Lopez-Navarro.

Credits: The cover has been designed using images from kjpargeter/freepik.

Instituto Universitario de Matematica
Multidisciplinar

This book has been supported by the FEuropean
Union through the Operational Program of the [Eu-
ropean Regional Development Fund (ERDF) / Eu-
ropean Social Fund (ESF)] of the Valencian Com-

munity  2014-2020. [Record: GJIDI/2018/A/010].
4 | R Fons Europeu de
GENERALITAT * * Desenvolupament Regional
VALENCIANA Sl
\\\ Conselleria d'Hisenda \ W Una manera de fer Europa

i Model Econdmic UNIO EUROPEA



Semilocal convergence for new Chebyshev-type
iterative methods

Abhimanyu Kumar *, D.K. Gupta®, Eulalia Martinez*, Jose L. Hueso? and Fabricio Cevallos*!

(b) Department of Mathematics,
Lalit Narayan Mithila University,

(5) Department of Mathematics,
Indian Institute of Technology Kharagpur,
(#) Instituto de Matemadtica Multidisciplinar,
Universitat Politécnica de Valencia,

(%) Facultad de Ciencias Econémicas,
Universidad Laica Eloy Alfaro de Manabi.

1 Introduction

In this paper, the convergence of improved Chebyshev-Secant-type iterative methods are stud-
ied for solving nonlinear equations in Banach space settings. Its semilocal convergence is
established using recurrence relations under weaker continuity conditions on first order divided
differences. Convergence theorems are established for the existence-uniqueness of the solutions.

Consider approximating a locally unique solution p* of
F(x) =0, (1)

where F is a continuous nonlinear operator defined on a non-empty open convex subset D of
a Banach space X with values in another Banach space Y. This is one of the most important
problems in applied mathematics and engineering.

The next family of iterative methods used for the solution of (1) is known as the Chebyshev-
Secant-type methods (CSTM).

e = T — [vp 1,28 F]7IF (1),
2 = T+ aye — i),
T = g — [Tho1, 25 F] 7 (BF (1) +9F(21)), (2)

where z_1, xg € D are two starting iterates and [z,y; F| € L(X,Y) satisfies [z,y; F](x —y) =
F(xz) — F(y) for x,y € D and = # y, for x = y, [z,y;F] = F'(z). Here, a, § and v are
nonnegative real parameters carefully chosen so that the sequence {x;} converges to p*.

le-mail: alfa2205@gmail.com

42



Modelling for Engineering & Human Behaviour 2019

The improved Chebyshev-Secant-type method (ICSTM) proposed by us is given for k£ > 0 by

Tp1 = ap — By 'F(zy), Bp = [1g, yi; Fl,
2k = T+ a(xpr — xp),
Y1 = x — By (BF (k) +F (2)), (3)

where xg,7y9 € D are two starting iterates and «, ( and v are nonnegative real parameters.
Considering &« = # = v = 1 we obtain the double step Secant method [1,2] with order of
convergence 1 + /2. It can be easily seen that the number of functions evaluations and the
corresponding divided differences used in CSTM and ICSTM are equal. The importance of the
ICSTM lies in the fact that for « = 8 = v = 1, its convergence order is 1 + v/2, while the
convergence order of the CSTM is 2.

2 Semilocal convergence of ICSTM

In this section, the semilocal convergence of ICSTM for solving (1) is established. Let B(x,r)
and B(x, ) denote open and closed balls with center at z and radius r, respectively. For suitably
chosen initial approximations xy and yg, we define a class S(0, 9,7, 0), where © > 0, § >0, n >
0 are some positive real numbers and o is to be defined. The triplet (F, zo,vy0) € S(0,6,n,0) if

[Ci] [lzo — yoll < © for wg,y0 € D.
[Cy] Byt € L(Y, X) such that ||By'|| < 4.
[Ca] 1By F (o)l < .

[Cy] ||([z, y; F] = [u,v; F])|| < o(||lx —u]|, ||y — v|]), where ¢ : R; x Ry — R, is a continuous
and non decreasing function in its both arguments for z,y,u,v € D.

[Cs] (1—03)=(1—a)yand a € (0,1].

[Cg] The equation
(L—g()t—=n=0
B M
1—6o(t,t+0)’
and M = max(aydo(n, ©), ado(n, ©),d0(n, ©), ayio(n, (1+p)n)), where p = aydo(n, ©),
has at least one positive root. The smallest positive root is denoted by R.

where, g(t)

[C7] g(R) € (0,0.618034...).
[Cs] B(xo, R) C D.

Lemma 1 For the improved Chebyshev-Secant-type method (ICSTM) proposed in (3) it is ver-
ified:

(i) F(zx) = al[zk, v; F] — Bi) (2k1 — xx) + (1 — a)F(z4).
(1) F(ps1) = ([Trr1, 215 F] = [20, yns F]) (000 — 7).
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Proof: The proof follows obviously by (3) and the application of the usual property of the
divided difference operator, [z,y, F](x —y) = F(z) — F(y), hence omitted here. O

Lemma 2 For method ICSTM proposed in (3) under conditions [C1]|—[Cs] and for (F,zo,yo) €
S(©,0,n,0), we obtain the following bounds:

(i) There ezists B,;l satisfying ||B,;1|| < m,
(1) Nzre — ]l < g(R)[|op — g,
(@i) Nye+1 — 2l < (L + g(R)|wns1 —

() Nyerr = gl < g(R)[wrsr — ],

s

(v) |lzrer — 2ol <D g(R)n < R,
=0
ket 1 '

(i) |ye+1 — 2ol <D g(R)'n < R,
=0

k
(vii) |z — zoll < g(R)'n < R.
j=0

Proof: The above inequalities can be proved by using mathematical induction. Using Lemma
1 and the definition of class S(O,d,n,0), we get ||x1 — zo|| < 1, |20 — 20| < 1 and

||?/1 - I0|| = ||I1 — o — OWBEIU(HZO - I0||, HIO - y0||)(56‘1 - IO)H
< (14 avdo(n,0)) ||lz1 — zo|| < (1 +g(R))n < R.

with [|yq — 21| < aydo(n, ©)||z1 —xo|| < g(R)||z1 —20]|. Thus, lemma holds for n = 0. Suppose
that it holds for some n < k. Now,

11 =By "Bl < do([lzx — woll, llyx — zoll + llyo — woll) < d0(R, R +0) < 1.

So using Banach’s lemma on invertible operators [3], it is verified

1 5
< :
1—60(R, R+ 0O)

1By

Using Lemma 1 once more, we get

lzn — 2l < B IF (2]

do(llzr = zhalls 1261 = Y[l

< — Tp_
= 1—60(R, R + ©) I = @il
< gB)|Jxr — zeall
Now,
lyse1 — el < Nowen — 2e — ayBylo(llze — @l lJoe — yelD) (@rs — 22) |
ay60 (||2e — @], |2k — yrll)

< [1 =

= ( T C60(R.R+ O) ker = o

< (4 g(R)|wprr — z]-
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This gives
1 — zeall < llavBito(llze — @, lloe — yell) (@i — z0) | < g(R)[|ann — 2.

Thus this proves (i)-(iv). (v), (vi) and (vii) can easily be obtained with the recursive use of
(i)-(iv). Hence, this proves the lemma. O

Theorem 1 Let F': D C X — Y be a continuous nonlinear operator, and consider the triplet
(F,z0,%0) € S(0,8,n,0) defined in section 2, with xq,yo € D verifiying conditions [Cy] — [Cs].
Then, by taking xo,yo as starting points, the sequences {xy}, {yr} and {zx} generated by (3)
are well defined and belong to B(xo, R) C D. Also, the iterate xy, y, and z, converge to
p* € B(zg, R) C D, where p* is the unique solution of (1) in B(zy, R) N D.

Proof: Using Lemma 1 and Lemma 2, we see that the iterates z; and y; are well defined and
belong to B(zg, R). It is sufficient to show that {z;} is a Cauchy sequence. For fixed k and
m > 1, we get

< lekem = Topmell + - A (TR —

< (9B 4 g(R)™ 2+ g(R) + 1) [l —

(9(R)™™ + g(R™ > + ...+ g(R) + 1) s —
(20 ) s~ .

Therefore z;, — p* as k — oco. Now, we show that p* is a solution of (1). From Lemma 1, we
get

|Zkrm — o]

IN

IF (@)l < Mo, o F] = [on, yrs Fl| |21 — 2ell — 0 as k — oo,

From the continuity of F, it is assured that F(p*) = 0. To show the uniqueness of p*, let p be
another solution of (1) in B(xg, R) such that F(p) = 0. For B* = [p*, p; F], we get

11 =By B[l < do([lax — woll: llye — @oll + llyo — wol) < 6o (R, R+ 6) < 1.

This shows that B* is invertible and from the identity [p*, p; F|(p* — p) = F(p*) — F(p), taking
norms on both sides, we get p* = p. This implies the uniqueness of p*. U

Keywords: Nonlinear equations, Divided differences, Semilocal convergence.
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