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1 Introduction

A macroscopic spatio-temporal model of the brain dynamics is presented. It is here called as the
spatio-temporal response model (STRM), and also the quantum brain model, due to its eigen-
values and eigenfunctions quantization are quantized due due the boundary conditions. Thus,
the quantized prediction of the spatio-temporal brain activity (STBA) from a known initial
one is possible with this model. Its mathematical structure is a generalization of the temporal
response model (TRM) that predicts the temporal brain activity (TBA) as a consequence of
several stimuli [1]:

WO — G(h - y(t) + X pi - si(t) - y(t) — i i e - si(@) - y(x)da } 0
y (to) = Yo

In (1), t is the time, and y(t), b and 1, are respectively the TBA, its tonic level and its
initial value. The TBA is measured with the psychological variable called as General Factor of
Personality (GFP) [1]. Besides, s;(t) , i = 1,2,...,n, are the different stimuli, which can be
of different natures: the amount of non-consumed drug by cells, a sound, a view, etc., which
can hold different mathematical temporal functions. In addition, a(b— y(t)) is the homeostatic
control, i.e., the cause of the fast recovering of the tonic level b, being @ the homeostatic control
power of this control; p; - s;(t) - y(t) are the different ezcitation effects, which tend to increase
the temporal brain activity, being p; the excitation effect powers; g; - [ e si(x) - y(x)dx are
the different inhibitor effects, which tend to decrease the temporal brain activity and are the
cause of the its slow recovering, being ¢; the inhibitor effect powers and being 7; the inhibitor
effect delays.
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2 The spatio-temporal response model or quantum brain

The STRM is obtained as a generalization of the TRM. To do this, consider in Eq. (1) that the
TBA variable y(t) must be substituted by a function that represents the STBA as a spatial-
density depending on the time ¢ and on the three spatial rectangular variables r = (1, 2, z3).
Then, the time derivative in Eq. (1) must be a partial time derivative. The W(¢,r) be the
STBA variable, thus, the starting hypothesis is that:

y(t) = ( / / i xpz(t,r)dr>l/2 — (U(t,r), (1, 1))/ 2)

In (2), D is the integration domain that depends on the brain geometry considered, and “(,)”
represents the inner product. In addition, the spatial dynamics in (1) is introduced as a diffusion
term through a Laplacianne function of W(t, r):

t

OV (t,r)

5 = a-(w(r)—\ll(t,r))—i-zi:pi-si(t)-\lf(t,r)—zi:qi-/ote = -si(2) -V (x,v)dr+oV3U(t,r) (3)

U (to,1) = &(r) (4)

Note in (3) that the tonic level b in (1) has been substituted by w(r), i.e., a spatial function,
unknown by the moment. In addition, o is the diffusion coefficient, here considered positive-
valued, while the other parameters are also positive-valued and conserve the same meanings
than in (1), i.e., a instead a, p; instead p;, ¢; instead ¢; and 7; instead 7;. However, they are
related in a way provided below. The initial condition Eq. (4) must be provided through the
spatial distribution of brain activity in the instant ¢ = #y. In addition, the boundary conditions
must be also provided, but they depend on the brain geometry considered. They are provided
in Section 4 for an idealized box-brain geometry, which considers that the spatial flow through
the brain walls cancels. Observe that the spatio-temporal response model provided by Egs. (3)
and (4) can be considered as a generalization of the cable model for a pulse translation on a
neuron axon [2], from an only spatial direction to the three spatial dimensions of the brain.

3 Analytical solution of the spatio-temporal response
model: the idealized box-brain

Eq. (3) is not separable due to it is a non-homogeneous equation as a consequence of the
term a - w(r) (known as the non-homogeneous equation source). However, this problem can be
overcome by the method of eigenfunction expansions. This method considers the solutions of
the associated homogeneous spatio-temporal response model for a function W, (¢, r), which does
not have the source:

T _ _a.q]h(t’r)_i_;pi.si(t).\I/h(t,r)—;qi'/ote

rz—t
i

-si(x) - Up (2, v)de +0- V2t r) (5)

Then, Eq. (5) is so separable by a product:
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whose substitution in (5) provides:

p'(t) - i * Si L i tex:it - 8;(x) - pla xza-VQQ<T>
o) +a ;pz z(t)+p(t)2i:qz/0 () - p(x)d ) (7)

In order to Eq. (7) holds, both members of the equation must be a constant. Let A be this
constant. The temporal part of Eq. (7) does not play any role in the solution of the non-
homogeneous Eq. (3). However, from the spatial part of (7):

VQ(r) = jQ(r) (8)

Eq. (8) is the Helmoltz equation, which can be solved by separating variables for several
coordinate systems, and it is fundamental in the solution of Eq. (3). The solution considered
for Eq. (8) is the use of the rectangular coordinates for an idealized box-brain geometry of
dimensions L; (length, from back to forebrain), Ly (width, from side to side of brain) and L3
(height, from down to up brain):

r = (21,29, 23) € [0, L1] x [0, Lo] x [0, Ls] 9)

Thus, separating variables in Eq. (8) as: Q(r) = Qq(x1) - Qa(z2) - Q3(z3) and subsequently
dividing by the product Q;(z1) - Qa(z2) - Q3(23):
1 d?Q 1.d*Q 1 d*Q3 A

1 1 18 A 1
0 d? T d T o (10)

In order to Eq. (10) holds, each member of the addition must be a constant. These constants
must be negative-valued to obtain an oscillatory dynamics, thus let —k? be, i = 1,2, 3, these
constants:

1 d*Q; 5
— = k- =1,2,3. 11
O d? M 1= b 1
And from (10) and (11):
A= —o(ki+ k5 + k). (12)
Also, from (11):

being A; and B; (i = 1,2, 3) arbitrary constants.
With the boundary conditions that the spatial flow through the brain walls cancels in Eq. (4):

a\Ijh(ta I‘)
aZL'i

OV (t,r)

’ 8ZEZ

=0 i=1,23 (14)
z;=0 z=L;

which provide, from Eq. (13):

T mi=1,2,... 400 =123 (15)

Eq. (15) represents the quantization of the eigenvalues of the associated homogeneous spatio-
temporal response model, as function of three positive integers. Note that the integers are

restricted to vary in the range n;, = 1,2,..., 400 (i = 1,2,3), thus, the constants k; are as
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well positive-valued. On a hand, k; = 0 has not physical sense, and the integers varying in the
range n; = —1,—2,...,—o0 (i = 1,2, 3) will duplicate unnecessarily the solutions. In addition,
the separating constant A from Eq. (12) becomes quantized, which can be rewritten as A, nyn,
(from now onwards the expression n; = 1,2, ..., +o0 is over understood):

o =02+ ()" (3))

As a consequence of (16), the solution of Eq. (8) is a superposition of the eigenfunctions:

3 . .
Qninans (1) = [ sin (WLnZ 56'1) (17)
Note that the eigenfunction Eq. (17) define an orthogonal base, due to:
(Qﬂlnzns (I‘), Qmlm2ma (I‘)) = ///D Qnmzns (I‘) ’ lemzms (r)dr
= ﬁ /Li sin(Lnia:t) sin(zﬂm
B =170 Ll ‘ L

 LiLyLy

] 5n1m1 5n2m2 5n3m3-

Thus, the corresponding orthonormal base is given by the eigenfunctions:

Qn nan (I‘) 8 /2 3 . TNy
innzn' (I‘) = - i 3 = ( ) H Sin < ZL’Z> . (19)
’ (innzn;;a Qn1n2n3)1/2 Ll ’ L2 ’ L3 =1 LZ
Such that, from Eqs. (8) and (19):
2 )\n1n2n3
\4 Qmmna(r) - pu Qmmm(r) (20)
(Qn1n2n3 (I‘), Qm1m2m3 (I‘)) - §n1m15n2m25n3m3 (21)

S S S = (o) S S S e () @)

ni=1ng9=1n3=1 ni=1ng=1n3=1i=1

That is, )‘"{% are the eigenvalues of the operator V? with associated eigenfunctions Q,,;,ns-
These eigenfunctions are fundamental to find the solutions of the non-homogeneous spatio-
temporal response model given by Eq. (3) by the following expansions:

= i i i nn1n2n3(t) ’ Qn1n2n3(r>

n1=1n9=1n3=1 (23)

o

i 2 2 . m™-n
B <M) Z Z Z nN1n2n3 )'izl_Ilsnl( Ll

ni=1ngs=1n3=1

)
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w(r) = i i i Cn1n2n3 ) Qnmzm(r)

ni=1ngs=1n3=1

8 1/2 oo oo o0 3 ‘ T
— <L1 I, L3> Z Z Z Chynons .il_[lsm( I xz)

ni=1ngs=1n3=1

(24)

Such that:

Mo (1) = ((£, 1), Qs (1)) = <8_>1/2 f[ /0 "t 1) -sin (QWL' ”x> dr; (25)

i=1 (

o 0 8 /2 3 L, /21 m; J 5
s = (00) Qe (0) = () L[ty o (P ) (26)

In the beginning, the two sides of Eq. (3) are multiplied by €2,,m,ms(r) and taken the inner
product (,):

UANCES CYRDYSRIED ST Py
2 @)

t o—t

- Z%’ . /0 SE Sl(l’) * Tninang (I)dl’ +a- C’711”2713

The initial conditions for the integro-differential Eq. (27) are given by Eq. (25) in t =t and
by Eq. (4):

Tninans (to) = (\I} <t07 ’I") 7Qn1n2n3 (’l")) = (¢(r)v Qn1n2n3 (I‘))

8 V2 L (27 (28)
_(Ll-Lg-L3> 11_11/0 ¢(r).s1n< I :E,-)dx,-

In conclusions: the solution of the spatio-temporal response model given by Eqs. (3) and (4)
is provided by the expansion Eq. (23), where 7, ,,n,(t) is given by Eq. (27), with initial
conditions Eq. (28), and Cy,nyn, by Eq. (26). Note that the functions €, ,,,,,(r) are given by
Eq. (19), considering the geometric idealized case of a box-brain.

4 Steady solution of the spatio-temporal response model

The steady solution of the spatio-temporal response model W) (r) is provided as t — oo,
which corresponds for the idealized case that no stimuli are influencing on brain, i.e., when

si(t) =0, in Eq. (3):

\Ij(s)(r) = lim W(t,r) = Z Z Z tEeroo Ningns () nyngns (T) (29)

t
—+oo ni1=1ngs=1n3=1

In this case, when s;(t) = 0, Eq. (27) becomes:
ﬁqlumng (1) + (@ = Aynang) Manans () = @ - Cryngng (30)
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Eq. (30) has a simple analytical solution:

t
Tninang (t) = ei(aiAnlnzns)(titO) (nnmgns (tO) +a- kmnzns / e(a_/\"1"2"3)(x_t0)dx)
to

= Tlninan 12 e*<a7)‘n1n2n3)(t*t0) w (1 - e(a)‘n1n2n3)(tt0)>
TIninans ( 0) + (a_ )\nln2n3)

Note in Eq. (31) that, from Eq. (16), a — Ay nons > 0 due to Ayynyn, < 0. In addition, it tends
to the steady state n{®)  (t) as t — +oo:

ninans

(31)

(s) _ a- Cn1n2n3 32
nn1n2n3 ( _ )\n1n2n3). ( )

And from Eq. (29):

oo oo 0

‘IJ(S)( )_ hm \Ij Z Z Z 77n1n2n3 : n1n2n3 =a Z Z Z %QHITQ?R(I')
ninang

t=+oo ni=1ns=1n3=1 ni=1n9=1n3=1 Cl—
8 1/2 oo - Cyinom 3 Ton;
=() zzzmnsm( ).
Ll.LQ'L?’ ni=1ng=1n3= 1 _)\nln2n3)z 1 LZ

(33)

5 Relationship between the spatio-temporal response model
and the temporal response model

The relationship of the solutions of both models, taking into account Eqs. (2) and (23):

yQ(t):(‘If(t,r Z Z Z Z Z Z nnans (T)) Qoymoms (7)) * Nninons ()

ni1=1ng9=1n3=1mi=1mo=1m3z=1

' nm1m2m3(t) = i io: io: 777211n2n3(t)

ni=1ns=1n3=1

(34)
That is:

0o 0o oo 1/2
_ (z 5> nzmnxt)) 5

ni1=1ng=1n3=1

From Eq. (38) the hypothesis of the isolated existence of the time functions v, n,n, (t) can be
state as the projection:

Yninans (t) = (\I]nmzng (t,r), U(t, I‘))l/2 = Tninans () (36)

Such that:

o0

Voo (1) = s () Dormrs (0 90 = 3 53 s (1) (37)

ni=1ngs=1n3=1
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Due to 7,,nyns(t) hold the integro-differential Eq. (27), with initial conditions Eq. (28), the
functions Y, nyns () hold the equations:

y;unz’n;a (t) = (—CL + )‘mnzns + Zpi ’ Si@)) ynmzns Z% / e Tl “Si )'ynmzns (x)dx+a'0n1n2n3

(38)
1/2 3 11 - n;
Yranans (fo) = (L1 L,- Lg) / sin L ) do (39)
The corresponding temporal steady states of Yn, n,n, () are, from Eq. (32):
(s) _ a- Cn1n2n3 40
yn1n2n3 (a _ )\n1n2n3> ( )
In fact, reorganizing Eq. (38) to obtain the mathematical structure of Eq. (1):
' — (4 — )\ @ Cringny -
Yninans (t) = (a nmzns) \ Yninons (t) + sz : SZ(t) *Yninans (t)
a — ninans i (41)

- qu / € o $i(Z) * Yninang () dx

With initial conditions (28) in (41). Then, by comparing Eqs. (1) and (41), the following
equivalences can be derived:

— — 7 a - Cn1n2n3 — — —
a — anlngng =a— )\nlngng; b — bn1n2n3 - (42)

o P =Dy i =4 T =T,

- )\nanTLg

In Eq. (42) the parameter values dp,nyn; and by n,n, are quantized, such that, by Eq. (16),

Aninans = —or? ((Ef + (%)2 + (zz)2> in=1,2,...,+00. Particularly, note that the quan-

tized 17))\””2”3 parameter values coincide with the values provided by Eq. (32), such as it must

be held by the theory coherence. Note that only these parameters, p,nyn, and by, nyn,, Which
represent biological properties of the brain, are quantized, but not those that are related with
the stimuli dynamics, such that p;, ¢; and 7;.

6 Calibration of the STRM

There are several ways to observe experimentally the STBA. One of the most important ways
is Neuroimage, which has had to develop the brain mappings, by using the Talairach and MNI
coordinates [3] to measure the STBA by measuring the change of some important biological
indicators in the brain, such as oxygen, blood, etc. In fact, one of the crucial aims of the
Neuroimage technic is the study of the brain resting state [4], which can be identified with the
steady state U()(r) of Eq. (33). The information that Neuroimage would provide about the
mathematical structure of the brain resting state would be a first way to validate the quantum
brain model presented. However, in general, to validate the STRM the Neuroimage technic
needs the ¢(r) function knowledge, in order to obtain the initial conditions 7,,,,ns (to) through
Eq. (28). And the same problems happen with the EEG (electroencephalogram) technic [5],
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which measures the STBA by the electrical potential.

However, a first result can be provided for the STBA by its relationship with the TBA through
the identities Eq. (42). Due to the ¢(r) is unknown, the calibration of Eq. (41) is done with
the initial condition of the experimental design presented in the beginning.

One subject consumed 10 mg of methylphenidate, and the GFP was observed every 7.5 minutes
during 180 minutes (3 hours), with the 5 adjectives scale, GFP-FAS [6], in the interval [0,50].
The initial condition was also observed before consumption, with value gy, which is considered
as initial condition of Eq. (41) instead the unknown one of Eq. (28). Assuming that no
methylphenidate is present in the organism, the temporal function of the methylphenidate [1]
is given by:

s ={ Falerme ) at? "

The calibration of Eq. (41) by generating random numbers is provided graphically in Figs. 1
and 2.
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Figure 1: GFP response, Y, n,ns(t), to the Figure 2: MF evolution s(t) of Eq. 44 in

10 mg of MF versus time. Experimental the organism.
values (dots) and theoretical values (line).
R2=0.94.

The results of the calibration provide the following parameter values: o = 0.011510165332;
f = 0.011069991532; a = 0.312844518371; Cy nyns = 15.580863173952; p = 0.057535289406;
g = 0.000000125055; 7 = 0.035782907172; M = 10.0; o = 0.000432176762; n1 = 1; n2 =
1; n3 = 1. These values permit to obtain the results of the corresponding eigenfunction
Uoinons (6, 1) (nl = 1;n2 = 1;n3 = 1) of Eq. (37). Two graphical representations are provided
in Figs. 3 and 4:
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Figure 3: STBA result for U, ,,n,(t,r)  Figure 4: STBA result for U, ,,n, (1)
with n1=1; n2=1; n3=1: t=88.5846 (in-  with nl=1; n2=1; n3=1: t € [ty,T] for

stant of maximum TBA) for x3=L3/2. r=(L1/2,Ly/2, L3/2).
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