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Abstract: The purpose of this study is to introduce a new type of extended metric space, i.e., the rectangular
quasi-partial b-metric space, which means a relaxation of the symmetry requirement of metric spaces,
by including a real number s in the definition of the rectangular metric space defined by Branciari.
Here, we obtain a fixed point theorem for interpolative Rus-Reich—-Ciri¢ contraction mappings in
the realm of rectangular quasi-partial b-metric spaces. Furthermore, an example is also illustrated to
present the applicability of our result.
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1. Introduction and Preliminaries

In the year 1968, Kannan [1] extended the well-known Banach contraction:

d(G9,Gn) < pld(8,GO) +d(n,Gy)] foralld,n € M,

where p € [0, %) In 2018, Karapinar [2] established the generalized Kannan-type contrac-

tion by using the interpolative approach and proved that such an interpolative Kannan-type
contraction mapping owns a fixed point in a complete metric space. Let us recall that
given a metric space (M, d), a self-map G: M — M is called an interpolative Kannan-type
contraction map, if:

d(Go,Gry) < p[d(0,G)]* - [d(n,Gy)]}™* forall 8,5 € M\ Fix(G)

where Fix(G) = {z € M: G z = z}. Recently, Karapinar/Agarwal/Aydi [3] introduced
the following notion of interpolative Rus-Reich-Ciri¢ contractions in the context of partial
metric spaces [4], which keep symmetry as one of their intrinsic properties.

Theorem 1 ([3]). In the setting of partial metric space (M, d), if a self-map G: M — M is an
interpolative Rus—Reich-Ciri¢-type contraction, i.e., there are constants p € [0,1) and a, 8 € (0,1)
such that:

d(Go,Gy) < pld(8,y)1P[d(8, GO))* - [d(y, Gy)]'™* P forall 9, € M\ Fix(G),
then G owns a fixed point.

In the year 2000, Branciari [5] introduced the notion of the rectangular metric space by
replacing the triangle inequality with the quadrilateral inequality in the definition of the
metric space. It was noticed by Suzuki [6] that the topological structure of the standard
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metric space and that the rectangular metric space are not comparable. In 2019, Karapinar
[7] defined the interpolative Rus—Reich—Ciri¢ contraction map on the rectangular metric.
Interesting work has been done by several authors [8-19] enriching this research field.
Firstly, we recall some basic definitions and concepts on the rectangular metric space.

Definition 1 ([5]). Let M # @. Consider r: M XM — R™ such that for all 9,7 € M and u,
ve M:

(r1)  r(9,n) = 0iff 0 =y (identification),

(ro)  r(8,1)=r(y,09) (symmetry),

(r3)  r(8,n) <r(®u)+r(uv)+r(v,n) (quadrilateral inequality).

(M, r) is called a rectangular metric space.

Example 1. Let M =[1, o). Define r(9, 1) = | In(d9/y) 1.
Here, 1(8/) =0 = In ¢ = In 1, which gives ¢ = 1.
Again, r(0/n) =r(n/9).
Furthermore, r(19/17) < (8, u) +r(u, v) +r(v, 5).
As|In(d/n )| =|Ind— Iny| < |[Ind—Inu+ Inu— In v+Inv— In %|.
It can be observed that |In (}7—9)| < |Ind—Inu| + [In u—Inv| + |In v—In %|.
Therefore, (r3) holds. Thus, (M, r) is a rectangular metric space.

Definition 2 ([7]). Let (M, r) be a rectangular metric. Then:
(i) Asequence {0,} C M convergesto® € Mifr(8,9) = lim r(0,0,).
n—oo

(i)) A sequence {0,} C M is called a Cauchy sequence if for every € > 0, there exists a positive
integer N = N(¢) such that r(8y,8y) < €forall n,m > N.

(iii)) (M, r) is said to be complete if each Cauchy sequence in M is convergent.

Definition 3 ([7]). Let (M, r) be a rectangular metric space. We say that a mapping G: M— M
is continuous at u € M, if we have GO, — Gu (in other words nli_r)r(}or(Gﬂn, Gu) = 0), for any

sequence {0, } in M that is convergent to u € M, that is 8, — u.

Proposition 1 ([7]). Suppose that {0y} is a Cauchy sequence in a rectangular metric space such
that 1}31010 r(8y,u) = nh_r}r;o r(8y,2) =0, where u, z € M. Then, u = z.

The following definition gives room for the lack of symmetry in the spaces under
study. Let us recall that quasi-metric spaces [20] satisfy the same axioms as metric spaces,
but with the requirement of symmetry.

Definition 4 ([21]). A quasi-partial b-metric on a non-empty set M is a function qpy: MxM —
R™ such that for some real number s > 1 and all 9,1, € M:

(QPb1)  qpy(9,9) = qpy(8,17) = qpy (1, 7) implies & = 1,
(QPb)  qpy(0,9) < qpyp(9,7),
(QPb3)  gpp(8,9) < qpu(n,9),
(QPby)  qpp(0, 1) < slapy(8,8) +apu(,1)] —aps(T, 0).

(M, qpy) is called a quasi-partial b-metric space. The number s is called the coefficient of (M, qpy).

Lemma 1 ([22]). Let (M, qpy) be a quasi-partial b-metric space. Then, the following hold:
(i) ifgpy (0, 1) =0, then ¥ = 1.

(i) if ¢ =n,then qpy (8, 1) > 0and qp, (y, 9) > 0.
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Definition 5 ([23]). Let (M, qpy) be a quasi-partial b-metric. Then:
(i) asequence {0,} C M converges to & € M if qp, (9, 9) znlgn qpy(8,95).

(i)  asequence {0,} C M is called a Cauchy sequence if lirg qpp(On, Om) exists.
n,1m— 00

(iii) a quasi-partial b-metric space (M, qpy,) is said to be complete if every Cauchy sequence {0, }
C M converges with respect to Tgp, to a point @ € M such that:

‘Wb(ﬁ/ 19) = n%gwqr)b(ﬁn/ 19111)-

(iv) amapping f: M— M is said to be continuous at &y € M if, for every e > 0, there exists:

0 > 0 such that f(B(8y,06)) C B(f(),e).

Lemma 2 ([23]). Let (M, qpyp) be a quasi-partial b-metric space and (M, dqpy) be the corresponding
b-metric space. Then, (M, dqpy,) is complete if (M, qpy,) is complete.

Lemma 3 ([24]). Let (M, qpy) be a quasi-partial b-metric space and G : M— M be a given mapping.
G is said to be sequentially continuous at z € M if for each sequence {0, } in M converging to z,
we have: G, — Gz, that is, gpy (G, Gz) = qpp(Gz, Gz).

2. Main Results

We start this section by introducing the notion of interpolative Rus-Reich-Ciri¢-type
contractions in the setting of the rectangular quasi-partial b-metric space.

Definition 6. A rectangular quasi-partial b-metric on a non-empty set M is a function rqpy,:
MxM — RY such that for some real number s > 1 and all 9,1,u,0 € M:

(RQPby)  rqpy(9,9) = rqpy(8,17) = rapy(i7,1) = 1 =1,

(RQPby)  rqpy(8,0) < rqpy(8,11),

(RQPbs)  rqpy(9,8) < rqpy(1,9),

(RQPby)  rqpy(8,17) < s[rgpu (9, u) + rqpy (u,0) + rgpy(v,1)] = rqpy (i, 1) = rqpy (v, 0).
(M, rqpy) is called a rectangular quasi-partial b-metric space. The number s is called the

coefficient of (M, rqpy).

Example 2. Let M = [0, 1]. Define rqpy, (8, n)= 19 — 5| + 0.

Here, rqpy, (9,9) = rqpy(9,1) = rqpy(n,m) — S =nas® =0 —ny|+8 = 5 gives
v =1.

Again, rqpy, (8,8) < rqpy, (8, ) as 8 < | 0 —y| + 0, and similarly, rqp, (8,9) < rqpy (17,9)
as ¥ < |y —0|+nfor0<9 <.

Furthermore, rqpy (9,17) + rqpp(u, u) + rqpy(0,0) < s[rqpy (8, u) +rqpy(u, v) + rqps (v, 1))
as [0 —y|+0+u+o<[[0—ul+0+|u—vl+u+|v—n[+0
It can be observed that
| §- | +0+u+v = | S-uru-v+v-n | +0+u+v <1 0-ul+lu-vl+1v-n | +0+u+o.

Therefore, (RQPby) holds. Thus, (M, rqpy) is a rectangular quasi-partial b-metric space with
s=1.

Example 3. Let M = R. Define rqpy(8,7) = [0 — 5| + |8 + |0 — n|? forany (8,7) € M x M
with s > 2. Here, we can show that (M, rqpy) is a rectangular quasi-partial b-metric space.
Ifrapy(8,9) = rqpy(8,17) = rapy(n, 1) = 9 = 1.
Furthermore, rqpy(9,9) < rqpy(9,1), which satisfies (RQPb,).
Next, rqpy(9,8) = [8] < [0 — |+ [8] +[8 — |
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Since,

18] — | < [(|8] = In])]
<[¢ -]

<[9—nl+[0 -7
which proves (RQPb3).
Now, (RQPby) follows from,
rapy(8, 1) + rapy(u, 1) +rapy(0,0) = [0 — | + 8] + [0 — 4> + |u] + [0]
218 = ul + Ju = o] + o =y + o — u> + Ju — o] + o — [?)

<
< srqpy(0,u) +rqpy(u,v) +rqpy (v, 1)].

Definition 7. Let (M, rqp;) be a rectangular quasi-partial b-metric space. A self-mapping G on
M is called an interpolative Rus—Reich-Cirié-type contraction, if there are p € [0,1) and positive
reals o, B with « + B < 1 such that:

rapy(G9, Gry) < plraps(9,1)1P.[rapy (9, Gﬁ)}‘"-[%mmw, G )
forall 9,7 € M \Fix(G).

Theorem 2. Let G: M— M be an interpolative Rus—Reich—Cirié-type contraction on a complete
rectangular quasi-partial b-metric space (M, rqpy), then G has a fixed point in M.

Proof. Let ¢y be an arbitrary point in M. Consider ¢, by ¢, = G"(9) for each positive
integer n. If there exists ng such that ¢, = ¢, 1, then ¢, is a fixed point of G, and we are
done. Throughout the proof, we assume that ¢,, # ¢,41 for each n > 0.

We shall prove that V}grolorqpb(yn, tnt1) = 0.
By substituting the values ¢ = ¢, and n = p,,_1, we find that:

WPb(ﬁnH, &n) = T’qu(Gﬁn, Gﬁrzfl)
1 o
< plraps(9n, 8u-1)1P-[rqpy (On, GBI [ rapy (n—1, 1)) P

@
< plrp1(Bn, 801 Irap (B, B0 )]* S rapy (B, B)] P
< [rgpp (81, 00)]' = "[rqpp (9n, O s1)]"-
We get,
[rps (O, B1)] " < plrapy (81, 8n)]' ®)
Therefore, we conclude that,
74Py (9, Ons1) < prapy(n-1, ) forall m > 1. 4)

Thatis, {rqpy(9%,+1, %)} is a non-increasing sequence with non-negative terms.
Eventually, there is a non-negative constant L such that lgll rqpy (%41, %) = L.
n—oo

Note that L > 0. Indeed, from (4), we deduce that:

1qpp (O, Omy1) < prqpe(Bng1, 0n) < p"rqpy (S0, 81). (5)

Since p < 1 and by taking n — oo in the inequality (5), we deduce that L= 0.
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Now, we shall show that
nh_g}o rqpp(0n, 0ny2) =0

Using (4) and (5) and the quadrilateral inequality, we have
rqpy(Ont2, 0n) = rqpp(GOy11, GO,_1).

IA

} [qub n+1rGl9n+1)} [ mpb(ﬂn—lrcﬂn—l”l_a_ﬂ

rqpp (Bn+1, 0n—1)]P
B
B

(
[rqpb( n+1s n+2)]a[r‘7ph(l9nflrﬂn)]liaiﬁ
rqpe [rapy (8, B1))* [rapy (Bu—1, )] 4P

rqpp(Ons1, 801)1P [rapy (951, 84)]' P 6)

(¢
[rapy(Ont1,On
[rapy (8,
[rap
[srapy( n+1,19n+z) + 51qpy (Bng2, 0n) + 57qPy (00, 05 1) 1P [rapy (81, 8)) 7P
[
[s

~1)
)]
n+1r )}
~1)]
stapy(On+2, ) + 2rsqpy (8n, 04-1))P [srapp (B2, Ou) + 2rsqpy(On, 0y—1)]' P

(rqpp (812, On) + 2rqpp(On, 04 -1))]

P
P
P
P
P
P
P
srqpy (B2, 0n) + 2p51qpy (On, On—1)

ININCIN IN IAN AN IA

Therefore,
rqpp(Ont2, On) < ff;srqpb(l?n,l%_l),for alln > 1.
We shall prove that {8, } is a Cauchy sequence, that is nlgn 1qpp(On, Onyp) = 0 for all

peN.
Case 1. Let p = 2m. By the quadrilateral inequality, we find:

1qpp(On, Onrom) < s[rapp(On, On1) +1qpp (1, Ont2) + 1qpp(Ons2, Onrom)]

< s[rqpy (9, Buy1) +Gpp (Sus1, Onr2)] + 7 [rapy (Sns2, Bn13) + 4Py (B g3, Oura) +
qpy (On-+4, Ontom)]

< s[rapy (Hn, Ons1) + r9P6 (Bns1, 0u12)] + 52 [rapy (On12, 8nr3) + 74Py (Onia, tusa)]
+ 5 [rqpy (8n+as Buvs) + 1Py (M5, Bnvs) + 74Py (Bnve, Brvom)]

< s[rqpy (8n, Ons1) + 700 (Sui1, Bur2)] + -+ " [rgpy(S2m -4, B2m—3)
+ 1ps (823, 92m—2)] + ™ [rgpy (Sn 1 2m 2, Oy 2m)]

< slp"rqpy (B0, 1) + 0" rapy (80, 81)] + % [0" P rapy (80, 81) + p" Prapy (90, 01)] + ...+ (7)
s [p" A rqpy (80, 81) + 0" Orqpy (90, 91)] 4. +5" 02" rapy (S0, 1) + o Crapy
(80,81)] + ™ p" 2" 2rgpy, (9, 81)

< s0™[1 4502 + 52t 4. Jrgpp (80, 81) + s0™ 1 + 5% 4 520 + ... Jrqpp (00, 01)
sl gm0 (3 9

’; 50" rqpy (S0, 81) + (50)2" 0" 2rqpy (8, 1)

1+
1qpp (On, Opsram) < <

1+ _
<1 552 so"rqpy (80, 01) + 0" rapy (S0, 81)
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Case2. Letp =2m+1.

13 (On, Onrom+1) < s[rqpp(On, Ons1) + rqpy(Sns1, Onv2) + (rqpp (Ons2, Ontomsn)]
< s[rqpy (9, Bus1) + 1aps (Bus1, Onr2)] + 7 [rqp (Fur2, Ou13) + 74Py (Buys, Sura) +
rqpp (Hnva, Ony2ms1)]
< s[rqpy(9n, 8us1) + 1qpy (Fus1, Onr2)] + 2 [rqpp (G2, 8u43) +1Gpp(Bnss, Opsa)] + -+
s"rqpp (Sn-+2ms Ont2mi1)]
< slp"rgpy (0, 81) + 0" rapy (80, 81)] + 57 (0" rqpy (80, 01) + " P rapy (S0, 01)] + ..
+5°[0" rqpy (80, 81) + 0" Prqpy (80, 91)] + - + "0 rgpy (80, 81)
< sp"[1+sp + 520t + .. Jrqpy (%0, 01) + 50" 11 + 502 4+ 520t + . ]rqpy (00, 81)]

_1t+pe
=12 rqpy (%o, 91)

Therefore,

B so"rqpy (8o, 81)- ®)

”Wb(ﬂn, l9n+2m+1) < 1_ sz

By (7) and (8), Jgrgorqpb(ﬁn, Onyp) = 0.
Thus, {8, } is a Cauchy sequence. Since (M, rqp;) is complete, there exists z € M such
that lijrl 0, = z. Next, we shall prove that z is a fixed point of G.

n—oo

Letd =0, and = z,
rqpp(0ns1, Gz) = rqpy(Goy, G2)

< [rapy(9n,2)]P - [rqpy (80, GO,)]" - [%me(Zr Gz)|' . 9

Letting n — oo in (9), we conclude ]}gr;orqpb(ﬁn, Gn) = 0.
By Proposition 1, we get Gz = z. [

Example 4. Let M = {0,1,2,3}. Consider the complete rectangular quasi-partial b-metric as
rapy(9,17) = |9 — | + 9, that is:

rgqpp(%,y) 0 1 2 3
0 0 1 2 3
1 21 2 3
2 4 3 2 3
3 6 5 4 3
, 01 23 -
We define a self-map G on M as G: <O 01 0) as shown in Figure 1.

Choose o = % B

= % and p = %.
Case 1: Let (8,n) = (1,1). We have:
1 1-a—p
rqpy(G8, Gny) < plrapy (1, 17)1P [rgpy (9, G8)]* [gmpb(ﬂ, Gn)]
1 1/6
19161, 61) =0 < plogpy (1, D]l (1, G112 | Srgpu(1,61)|

Case 2: Let (8,1) = (3,3):

1 1/6
1163, G3) = 0 < ploap (3,31 (3, G32 | Srape(3,63)|
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Thus, zero is the fixed point of G in the setting of the interpolative Rus—Reich—Ciri¢-type contraction.

Figure 1. Zero is the fixed point of G.

Problem 1. Let (M, rqpy) be a complete rectangular quasi-partial b-metric space. Consider a
family of self-mappings G,: M— M, n > 1,and s > 1 such that

‘ 1 1=ai=pj
rqpy(Gi9, Giip) < pi i[raps(8,1)]P - [rqpy (9, Gi8)] - [gmpb(me)} :

What are the conditions on 0ijr %is B for Gy, to have a fixed point?

Definition 8. Let (M, rqp;) be a rectangular quasi-partial b-metric space. A self-mapping G on
M is called an interpolative Kannan contraction, if there are p € [0,1) and positive reals « € [0,1)
such that

rqpy(G8, Gip) < plrapy (8, GO))*.[Erapy(y, Gy)]t—*
forall 8,1 € M\Fix(G).

Theorem 3. Let G: M — M be an interpolative Kannan contraction on a complete rectangular
quasi-partial b-metric space (M, rqpy), then G has a fixed point in M.

We skip this proof as it is similar to Theorem 2.

3. Conclusions

In the present study, the authors investigated the interpolative Rus-Reich—Ciri¢ con-
traction mapping and its variants to attain the fixed point on a new metric space known
as the rectangular quasi-partial b-metric space. Interpolation in fixed point theory is an
advanced and widespread technique, which is acknowledged in several research areas such
as metallurgy, earth sciences, and surface physics, etc., due to its application potential in the
approximation of signal sensation analysis. The present research will find its place in these
applications. Determining the fixed point for a non-self mapping and fractal interpolants
will be an interesting work for future study.
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