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Ensemble smoother with multiple data assimilation to
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Abstract

The source location and the time history of a pollutant released in an aquifer
are very relevant information for the design of effective remediation strate-
gies. Usually, their identification requires solving an inverse problem when
the only available information about the groundwater contamination event
is a sparse set of concentration data collected in the aquifer at a few points
downstream from the source. Here, a novel approach is proposed to solve the
inverse problem: the use of the Ensemble Smoother with Multiple Data As-
similation (ES-MDA) in the context of source contamination identification.
This method is used for the simultaneous determination of the time history
and the source location of a pollutant release based on observed concentra-

tion data and a calibrated numerical model of groundwater flow and mass
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transport in the aquifer. The ES-MDA is demonstrated in two case studies.
The first one is based on an analytical solution of the flow and transport
equations, aimed at the estimation of the source location and the release his-
tory of a nonreactive pollutant spreading in a two-dimensional homogeneous
aquifer from a point source. For this case, different alternatives are consid-
ered for the spatial distribution of the observation points, the concentration
sampling frequency, the ensemble size and the use of covariance localization
and covariance inflation techniques in the formulation of the smoother. The
purpose of this case is to test the new approach, analyze its performance
and also to identify the conditions that render the problem ill-posed and,
therefore, without solution; also, in this case, a new spatiotemporal iterative
localization is presented. In the second case study, we use real data collected
in a laboratory sandbox that reproduces a vertical cross-section of an uncon-
fined aquifer with two-dimensional quasi-parallel flow between constant-head
boundaries. The results show that the location, time and number of obser-
vations, the ensemble size and the application of covariance localization and
covariance inflation techniques have an impact on the final solution. A well-
designed monitoring network and the application of covariance corrections
improve the performance of the ES-MDA and help avoiding ill-posedness
and equifinality. The application to laboratory data validates the poten-
tial of ES-MDA to simultaneously estimate the time history and the source
location of a pollutant released in groundwater in real cases.

Keywords: Inverse modeling, Ensemble Kalman filter method,
Groundwater contaminant source, Covariance localization, Stochastic

analysis
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1. Introduction

Monitoring, protection and restoration of aquifers have received a lot of
attention in the past decades, thanks to the growing interest in environmental
issues and the importance of groundwater quality for water supply. The first
steps in any remediation strategies of a polluted aquifer should be the iden-
tification of the source location and the release history of the contaminant.
They would allow to identify the cause of the contamination, to implement
an effective remediation plan and to share the costs among the responsible
parties.

When groundwater contamination is first detected, the source location
and the release history are usually unknown. Recovering these variables
from sparse data of the spatial distribution of the pollutant concentration
in the aquifer is a type of inverse problem. Inverse problems are inherently
ill-posed, which means that the solution is generally non-unique and could
be not stable to small perturbations of the data. Several deterministic and
stochastic methods have been proposed to solve this problem. The first cat-
egory includes Tikhonov regularization (Skaggs and Kabala, 1994); nonlin-
ear optimization with embedding (Mahar and Datta, 1997); non-regularized
nonlinear least squares (Alapati and Kabala, 2000); progressive genetic al-
gorithms (Aral et al., 2001); constrained robust least squares (Sun et al.,
2006) and heuristic harmony search algorithms (Ayvaz, 2010). The sec-
ond category includes probability-based methods such as statistical pattern
recognition (Datta et al., 1989); minimum relative entropy (Woodbury and
Ulrych, 1996; Woodbury et al., 1998; Cupola et al., 2015); geostatistical ap-
proaches (Snodgrass and Kitanidis, 1997; Michalak and Kitanidis, 2004a,b;
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Neupauer et al., 2000; Butera and Tanda, 2003; Butera et al., 2006, 2012;
Gzyl et al., 2014; Cupola et al., 2015); empirical Bayesian methods combined
with Akaike’s Bayesian Information Criterion (Zanini and Woodbury, 2016);
Bayesian global optimization (Pirot et al., 2019) and ensemble Kalman filter
methods (Xu and Gomez-Hernéndez, 2016, 2018; Chen et al., 2018; Xu et al.,
2020).

However, only a few of the presented studies allow to simultaneously
identify the source location and the release history of a groundwater contam-
inant. The method proposed by Aral et al. (2001) used a progressive genetic
algorithm to solve an iterative nonlinear optimization problem, in which the
source location and release history were explicitly defined as continuous un-
known variables and contaminant concentrations were used as observations.
Sun et al. (2006) combined a constrained robust least squares estimator with
a global optimization solver for iteratively identifying release histories and
source locations on the basis of concentration measurements. Ayvaz (2010)
used an optimization method based on the heuristic harmony search algo-
rithm to identify locations and release histories for pollution sources, mini-
mizing residuals between the simulated and measured contaminant concen-
trations. All these methods are deterministic and do not allow to quantify
the uncertainty of the results.

Butera et al. (2012) applied a Bayesian geostatistical approach for the
simultaneous identification of the release function and the source location
based on concentration data. The methodology has then been tested by
Cupola et al. (2015) on real data collected in a laboratory sandbox. The

method requires a preliminary delineation of possible sources and some hy-
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potheses about the structure of the unknown release function. The approach
aims to recover the contaminant release history considering all the possible
sources simultaneously and selecting the location where the highest amount
of pollutant is estimated. The method adopts a transfer function approach
for the solution of the forward problem (Butera et al., 2006).

We propose a new procedure for the joint identification of the source
location and the release history of a pollutant in an aquifer: the use of
an Ensemble Smoother with Multiple Data Assimilation (ES-MDA) in the
context of contaminant source identification. The ES-MDA, introduced by
Emerick and Reynolds (2012, 2013a), has been mainly applied to reservoir
history matching problems (Emerick and Reynolds, 2013b; Fokker et al.,
2016; Zhao et al., 2016), but its popularity is growing also in hydrology
(Lan et al., 2018; Li et al., 2018, 2019; Kang et al., 2019; Song et al., 2019;
Todaro et al., 2019; Bao et al., 2020). It is an iterative data assimilation
method based on the Ensemble Kalman Filter (EnKF), initially proposed
by Evensen (1994). In particular, the ES-MDA is a variant of the Ensemble
Smoother (ES) proposed by van Leeuwen and Evensen (1996). Unlike the
EnKF, which performs a sequential update one step at a time assimilating the
data as they are collected, the ES and the ES-MDA simultaneously assimilate
all the available observation data. Also, the ES-MDA iteratively assimilates
the same data multiple times leading to better results for strongly nonlinear
problems than the ES, which performs a single global update (Evensen, 2018).

The main advantages of the ES-MDA are: i) its capability to be used
with almost any forward model for the solution of inverse problems; ii) the

possibility of being implemented with parallel computing, and iii) its ca-
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pability to select a best estimate under different criteria and to assess its
uncertainty, through the analysis of an ensemble of realizations. Compared
with the Bayesian geostatistical approach (Butera et al., 2012), the ES-MDA
does not require the explicit time-consuming calculation of sensitivity matri-
ces to solve the inverse problem, since they are embedded in the covariance
matrices of the ensemble. Moreover, it allows the simulation of groundwater
flow and mass transport even in complex cases.

As all the inverse approaches, also the proposed method computes the
unknown parameters based on the knowledge of observed data. In this work,
the parameters to identify are represented by the spatial coordinates of the
contaminant source location and the time-discretized release history; the
observations are sparse concentration data measured at different monitoring
locations and times. Notice that, in general, piezometric head data will be
available, which could also be assimilated and used in the solution of the
inverse problem; it is not the case in the laboratory experiment described
next, for which no piezometric head data were available.

Two applications of the ES-MDA are presented. First, the ES-MDA is
used to solve a synthetic case from the literature with the purpose of show-
ing its capabilities and to obtain guidelines for its application to real cases.
Second, the ES-MDA is used to validate the methodology on experimental
data collected in a laboratory sandbox that mimics an unconfined aquifer.

The synthetic case study allows to investigate in detail the inverse pro-
cedure with a limited computational effort. In particular, we evaluated the
impact of the observation sampling scheme and different algorithm settings

in the context of ill-posedness of inverse problems. The ill-conditioning in-
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creases as uncertainties about the model increase and as the quantity and
quality of the observed data decrease. Therefore, it is important to design
a monitoring network that makes a good compromise between valuable in-
formation about the concentration evolution and the costs of monitoring
actions, which would limit the number of monitoring points.

The study also addresses the problem of undersampling present in
ensemble-based methods; it occurs when the ensemble size is so small that
it is not statistically representative of the variability of the unknowns. Al-
though large ensembles mitigates this problem, the computational cost in-
creases with the ensemble size; therefore, it is advantageous to solve the prob-
lem with the smallest possible ensemble. Covariance localization has been
developed to overcome this problem; it helps in removing long-range spuri-
ous correlations and mitigates the ensemble rank deficiency, allowing the use
of a small number of realizations. Localization can be achieved by different
ways (Houtekamer and Mitchell, 1998; Hamill et al., 2001; Anderson, 2007b;
Chen and Oliver, 2009). Covariance localization is generally based on the
spatial distance between parameter locations and observations; in this study,
parameters and observations are also time-dependent, furthermore the dis-
tance between them is not fixed since the source position is unknown, what
complicates the use of standard localization techniques. Todaro et al. (2019)
proposed a temporal localization considering time lapses rather than spatial
distances. A new localization approach is presented, which takes into account
both spatial and temporal distances and iteratively updates the distance be-
tween the unknown parameters and the observations. Covariance inflation

is also considered to overcome undersampling problems (Anderson and An-
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derson, 1999; Anderson, 2007a; Li et al., 2009; Liang et al., 2011; Wang and
Bishop, 2003; Zheng, 2009); it modifies the original ES-MDA adjusting the
ensemble spread to avoid smoother divergence.

Hence, the presented study aims to provide an efficient methodology to
solve the contaminant source identification problem. The manuscript is or-
ganized as follows: first, the forward problem, its solution and the ES-MDA
procedure are described. Then, the synthetic and the laboratory case study

are presented and discussed. The manuscript ends with some conclusions.

2. Methods

2.1. Forward problem

The forward problem is based on the groundwater flow and mass trans-
port equations. In particular, we consider an incompressible fluid in satu-
rated porous media and a non-reactive contaminant injected in the aquifer
at a point subject to advection and dispersion (Bear, 1972; Bear and Ver-
ruijt, 1987). Assuming a uniform porosity, initial condition C' (x,0) = 0, and
boundary condition, C'(co,t) = 0, where C' (x,t) [ML™?] is the solute concen-

tration, the transport equation can be solved by the convolution integral

C(x,t) = /0 s(x0,7) g (x,t —7T) dr. (1)

The term s (xg,t) [MT '] is the the contaminant flux injected into the aquifer

through the source located at xq given by

S (Xo, t) = CO (t) o (Xo, t) s (2)
where Cj () [ML™?] is the concentration of the released pollutant at time ¢

and qq (xo,t) [L3T7!] is the injection flow rate. The term g (x,t—7) is a

8
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Kernel function that represents the response at location x and time ¢ to a
pulse injection at the source location x¢ and time 7.

Defining with D (x) [L2T~!] the hydrodynamic dispersion coefficient ten-
sor and with v (x,t) [LT™!] the effective flow velocity, in two-dimensional
cases, with uniform flow, v, = 0 and constant dispersion coefficients, the
Kernel function can be determined analytically. With these assumptions,

the solution of Eq. (1) is

t
1
C’x,,t:/sx, T
(z,y,1) ; (0, Yo )47r D.D, (t —7)

(x—w0) —va (t—7))"  (y—w)°
FOxp [_ AD, (t —7) T 4D, (t—7) ar.

(3)

For complex cases in which the flow field is not uniform (for instance, non-
isotropic and heterogeneous aquifers), the advection-dispersion equation can
not be solved analytically and it is necessary to employ numerical methods.
Here, for the second case study for which the analytical solution cannot be
used, the flow equation is solved using the numerical model MODFLOW
(Harbaugh, 2005), and the transport equation with MT3DMS (Zheng and
Wang, 1999).

2.2. Ensemble smoother with multiple data assimilation

In this work, the iterative Ensemble Smoother with Multiple Data Assim-
ilation method (ES-MDA) is used to solve a parameter estimation problem
in which the unknown parameters are updated based on the available obser-
vations. The ES-MDA procedure is extensively described by Emerick and
Reynolds (2013a) and Evensen (2018); here, an overview of the method and

the scheme to perform the spatiotemporal iterative localization are presented.
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The vector of unknown parameters is defined as: X = (g, ys, 51, S2, -+, sk)T
where x, is the x-coordinate of the source, y, is the y-coordinate and

(81, 82, ..., Sk ) is the discretized-in time release history; the number of param-
eters to be estimated depends on the duration of the groundwater pollution
event to be simulated and the time step selected for the discretization. The
vector of observations (D) is composed of measured concentrations at differ-
ent times and monitoring locations. A first fundamental assumption is that a
reliable forward model is available since the relationship between parameters
and observations must be known; in our case, the forward model is repre-
sented by a calibrated groundwater flow and solute transport model, that is,
the parameters of both models will not be subject of further identification.
Having a calibrated flow and transport model is probably not a very realistic
assumption but the purpose of the current paper is the testing of the ES-
MDA for the identification of time-varying point contaminant sources. The
simultaneous estimation of the parameters controlling the flow and transport
equations is left for further investigation.

The ES-MDA scheme can be summarized in the three following steps:

1. Initialization step.
An initial ensemble of parameters must be defined taking into account
all the available prior information. Often, no data are available and
the ensemble is generated using prior distributions based on expert
knowledge. The release history is modeled as a continuous function
of time and, for this reason, imposing some degree of continuity in
the initial realizations will facilitate the identification process. This

can be achieved with proper parameterization of the time functions to
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be generated. The ensemble of the spatial coordinates of the source
is generated using random values selected over a uniform distribution
wide enough to bound the true location. After the initialization step,
the number of iterations has to be decided and the next two steps are

repeated as many times as iterations there are.

. Forecast step.

Each realization j of the ensemble is used as input to the forward
model and an ensemble of predictions (Y) at measurement locations
over time is obtained. For the first iteration, Y is generated using
the initial ensemble of parameters; then the ensemble of predictions is

generated using the updated parameters from the last iteration,
Y= (X)) (4)

The operator 1 (-) denotes the forward model and i is the iteration

index.

. Update step.

Parameters are updated for each realization of the ensemble j and

iteration ¢ according to the following equation
Xjit1 = Xji + Cxy (Cyy + aR) ™ (D + Vaie; — Y,),  (5)

where ¢; is the observation error, which is drawn from a Gaussian
distribution of mean zero and covariance matrix R, N (0,R); «; is a
coefficient that, at each iteration ¢, inflates the measurement error and
its covariance matrix. The values of a; are chosen following a decreas-
ing sequence; in this way, the magnitude of the updates for the first

iterations, when the misfit between predictions and observation may be

11
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too large, is small to reduce the magnitude of the initial updates; also,
the coefficients «; must satisfy the following expression (Emerick and
Reynolds, 2013a)

Sio

i=1

where N is the total number of iterations. Ck~ is the cross-covariance
matrix between parameters and predictions and Cis the autocovari-
ance matrix of predictions. They are computed from the ensemble at

each iteration 7 as

1 & _ _
ZXY = N, —1 Z ( Ji XZ) (YJZ YZ)T7 (7>
e =1
; 1 e — —\T
Y = 7 Z (Y —Y:) (Y —Y)) (8)
[ ]:1

where N, is the total number of ensemble realizations, X; is the en-
semble mean of the parameters and Y, is the ensemble mean of the
predictions. When covariance localization is applied, Eq. (7) and (8)

are modified as follows

Cg{Y = P§(Y © Cg{Ya 9)

Cyy = pyy o Cyy. (10)
where o represents the elementwise multiplication and pi~ and pyy
are correlation matrices based on spatial and temporal distances be-

tween parameters and observations and between observations and ob-

servations, respectively. The correlations in space (pkvy ., pyv.s) and

12
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time (pxv., pyv,) are computed independently and then coupled via

a Schur product
chY = chY,s O PXY ts (11)
PYY = PYY,s CPYY t- (12)

We use the fifth-order correlation function introduced by Gaspari and
Cohn (1999), which smoothly reduces the correlations between points
for increasing distances and cuts off long-range correlations above a

specific distance

where 0 represents the parameter-observation or observation-observation
distances in space (0%y.,, dyy,s) or time (dxy, dyy,). The spatial dis-
tances between parameters and observations are unknown since the
coordinates of the source are to be estimated; therefore, &%y, must
be updated at each iteration ¢ considering the source located at the
coordinates given by the ensemble means of xy and yy. The coeffi-
cient b characterizes the space (bs) or time (b;) distance at which the
covariances become zero.

At the end of each update step, linear relaxation and covariance infla-
tion are used to prevent smoother divergence. Linear relaxation reduces

the magnitude of the update at the end of an iteration. When linear

13
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relaxation is used the expression of Eq. (5) is replaced with

Xjir1 = (1 —w) X1 +wXj,, (14)

where w is a relaxation coefficient between 0 and 1. Covariance inflation
is applied using the scheme proposed by Anderson and Anderson (1999)
where the ensemble is linearly inflated around its mean by an inflation

factor (r) slightly larger than 1

Xjit1 =71 (Xjip1 — Xip1) + Xigr (15)

In this work, the update step is performed in log-space in order to
prevent the appearance of unphysical negative values. The vector of
parameters is log transformed before the update step and back trans-

formed into the parameter space before the forecast step.

Then, the scheme is repeated from step 2, after setting X,; = X;,_;, until

the last iteration.

3. Case studies

The proposed approach is demonstrated on two case studies. First, the
ES-MDA is applied to an analytical case study with the aim to show the
capabilities of the method to simultaneously identify a contaminant source
location and its release history in an aquifer. In this case, the forward model
requires a small computational time and the results can be compared with
a reference solution. This also allows to investigate different configurations
of the inverse algorithm, in order to determine the optimal setting to be
used for real cases. The second application validates the methodology on

experimental data collected in a laboratory sandbox experiment.

14
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3.1. Analytical case

The analytical case simulates a pollution event in an infinite homogeneous
two-dimensional aquifer, with uniform flow, as result of the injection of a
nonreactive contaminant at a point (Butera and Tanda, 2003). It is assumed
that the water discharge qo (xg,t) is of unit value and small enough such
that it does not affect the uniform groundwater flow. Therefore, the release
history s (xg,t), defined in Eq. (2), is equivalent to the concentration history
Cy (t). All quantities are considered with unspecified but consistent units.
The uniform velocity and the dispersion coefficients are assumed known:
v=1 D, =1and D, = 0.1. We use the same expression for the release
function s, (xo,t) used elsewhere (Skaggs and Kabala, 1994; Woodbury and
Ulrych, 1996; Snodgrass and Kitanidis, 1997; Butera and Tanda, 2003; Butera
et al., 2012; Zanini and Woodbury, 2016) to define the reference solution

S (Xo,t) =exp <—<t_5%0)> + 0.3 exp (—%)
(16)

(t — 190)°
0.5 ).
+ exp ( 08

The actual source location xq is xy = 50 and 39 = 20. The concentration
history has a total duration of 300; it is discretized into 101 intervals with
a time step of At = 3 resulting in a total number of parameters to be esti-
mated N, = 103 (the two spatial coordinates plus the 101 temporal solute
fluxes). The reference release function, depicted in Fig. 1, is used to obtain
the reference observations, which are computed by evaluating Eq. (3) using
numerical integration.

Different test cases are carried out to investigate the impact of the obser-

vation sampling scheme, ensemble size, covariance localization and inflation

15
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Figure 1: Analytical case: reference release history.

techniques. The test cases will be evaluated in terms of equifinality, that is,
when different source functions are identified that are consistent with the ob-
servations, and in terms of sensitivity to the initial ensemble values. For this
purposes, for each test case, 100 experiments were performed to identify the
source history changing only the random component of the initial ensemble
and the observation measurement errors. At the end of each experiment, the

performance of the method is evaluated using the following metrics:

- The Nash-Sutcliffe efficiency criterion (N SFE) to evaluate the agreement

between the actual and estimated release history:

Np—2 (=~ 2
'—p Xz —org
NSE = (1 DY o) > - 100, (17)

sz'vzpl_2 ($ri — 57“)2
where N, — 2 is equal to 101, the number of intervals used to discretize
s(t); s, represents the discretized source function and is the i-th actual
amount of released contaminant, 3, ; is the time average of the reference
1

release history (77— S V% 5,.4) and X; is the ensemble mean of the
p

i-th estimated amount of released contaminant (N% Zj\le X/, with X7

16
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the final estimate of parameter X; in realization j). The closer to 100,

the better.

The root mean square error (RMSFE) between observations and model

predictions:

RMSE = \/ Yizy (D~ Vi) (18)

m

where D; is the i-th observed concentration and Y is the ensemble
mean of the i-th predicted concentration (4 Z;V:el Y/, with Y7 the

prediction of Y; in realization j). The closer to zero, the better.

The spatial distance between the true and estimated source location

(L):

L=/~ w0 + @~ )’ (19)
where T, and 7/, are the ensemble means of the estimated spatial coor-

dinates of the source and (g, yo) is the true source location. The closer

to zero, the better.

These metrics are compared with reference threshold values to evaluate
the performance of the method. We consider three cases: i) good perfor-
mance when the reproduction of the observed concentrations is good, the
identification of the source location is good and the identification of the re-
lease function is good; ii) equifinality performance, when reproduction of
the observed concentrations is good, but neither the source location nor the

release function are well identified; iii) poor performance, otherwise:

i) Good performance when

RMSE < RMSEy,, and NSE > NSEp,q and L < Ly,

17
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Table 1: Threshold values used to define test criteria.

RMSE,,, 4o
NSEy,1 70
NSEy2 60
Lypy 5

ii) Equifinality performance when

RMSE < RMSEy,, and (NSE < NSEpo or L > Ly,.)
iii) Otherwise, fail.

There is not a standard criterion for the definition of metric thresholds to as-
sess goodness-of-fit (see e.g. Moriasi et al., 2007; Ritter and Munoz-Carpena,
2013). In this study, we consider the performance of the method to be good if
NSE>0.7 and unsatisfactory if NSE<0.6. The fit between predictions and
observations is considered to be good when the RM SFE is less than the max-
imum assumed error. Since the observation errors are normally distributed,
the maximum error is defined as 40, where o is its standard deviation. The
selected threshold values (RMSEy,,, NSE1, NSFEipea, L) are summa-
rized in Table 1. With these criteria, it is possible to define the percentage of
successful tests, tests with multiple solutions and failed tests for each case,

on the basis of the 100 experiments.

3.1.1. Impact of the observation network geometry and sampling frequency
The effect of the spatial distribution of the observation points is evaluated.
For this case, a large ensemble was used to avoid the need of using localization

or inflation techniques in the implementation of ES-MDA. The observation
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network geometries used, displayed in Fig. 2, are:

A. Concentrations collected at two monitoring points, located on the same
line as the source (y = 20) at points (150, 20) and (200, 20), and 31
sampling times from 7" = 0 up to T' = 450 with a time step At = 15.

The total number of observations is m = 2 - 31 = 62.

B. Concentrations collected at 21 monitoring points distributed on the
same line of the source (y = 20) at uniform intervals between z = 90
and x = 290; only one observation from each location at time 7' = 300.

The total number of observations is m = 22 -1 = 22.

C. Concentrations collected at four monitoring points distributed on the
same line of the source (y = 20) at z-coordinates 80, 115, 150 and
185, and the same 31 sampling times of set A. The total number of

observations is m =4 - 31 = 124.

D. Concentrations collected at four monitoring points vertically distributed
on the line x = 150 and at y-coordinates 11, 16, 21 adn 26; the sam-
pling times are the same as for sets A and C. The total number of

observations is m = 4 - 31 = 124.

A random observation error £ normally distributed with zero mean and
variance 5-1078 for all the performed tests is considered. The initial ensemble
of parameters is composed of 1000 realizations. The realizations of the source
coordinates are uniformly distributed random values selected in the range [5,

80| for = and [10, 30| for y. The realizations of the release history are normal
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Figure 2: Analytical case: location of the measurement points for sets A, B, C and D; the

red diamond is the actual source location.

functions described by the following expression:

F) = A+T (), (20)

o\ 2m

=

where ¢ is the time, A is a base amount of released concentration, I is
the volume under the Gaussian function of mean p and variance 2. These
coefficients are selected randomly from uniform distributions, A € U[1-1071°,
1-1073], T € U[10,40], u € U[89,210] and o € U[6,59]. The ES-MDA is run
with 10 iterations and a decreasing series of « values following the sequence
[113.33; 75.55; 50.37; 33.58; 22.39; 14,92; 9.95; 6.63; 4.42; 2.95].

Table 2 summarizes the results of the four test cases, T denotes the per-
centage of successful tests over the 100 synthetic experiments and E indicates
the percentage of synthetic experiments in which equifinality is detected.

The observation network geometry greatly impacts the final results. The
synthetic experiments that give reliable solutions (NSE>70 and L<5) are
less than 21% for observation sets A, B and C. Furthermore, equifinality

occurs in large proportions for cases A and B, and to a lesser extent for case
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Table 2: ES-MDA performance for observations sets A, B, C and D and ensemble size
N.=1000. T indicates the percentage of successful tests and E the percentage of tests that

present equifinality.

A B C D
T:10% T:19% T:21% T:98%
E:53% E:34% E:12% E:0%

C. Only in case D, the ES-MDA is able to identify successfully the source

location and the release function without equifinality.

3.1.2. Impact of the ensemble size and application of localization and infla-
tion techniques

The test cases designed to investigate the impact of the ensemble size,
covariance localization and inflation techniques make use of the observation
set D. We tested five ensemble sizes N, of 1000, 500, 250, 100 and 50 with
and without covariance corrections. The number of iterations, a values,
and distributions used to generate the initial ensembles are the same ones
used in the previous section. Covariance localization is applied using the
coefficients b, equal to 210 and b; equal to 300. The factor r used for the
covariance inflation is equal to 1.01. The results obtained from each set of
100 synthetic experiments are reported in Table 3. The ES-MDA performs
better for increasing ensemble sizes and when covariance inflation and lo-
calization techniques are applied. The percentage of successful tests is high
for large ensembles, with even better numbers when covariance corrections
are applied. The presence of equifinality is detected when the ensemble size

reduces, but the corrections on the algorithm help to reduce it. The effects of
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Table 3: ES-MDA performance for observation set D and ensemble sizes of 1000, 500, 250,
100 and 50, with and without corrections on the covariance calculation. T indicates the

percentage of succesful tests and E the percentage of tests that present equifinality.

N, without corrections with corrections

T:98% T:100%
1000

E:0% E:0%

T:85% T:96%
500

E:8% E:0%

T:71% T:87%
250

E:19% E:4%

T:46% T:64%
100

E:43% E:14%

T:20% T:45%
50

E:60% E:29%

a0 covariance and inflation techniques are more evident for small ensemble sizes;
a1 considering N, equal to 100, the percentage of successful tests is 46% for the
a2 experiments without corrections and 64% for those with corrections; multiple
a3 solutions are detected for 43% of the experiments without corrections and for
as  14% of those with corrections. The tests computed with the smaller ensemble
aos size (N.=50) lead to unsatisfactory results with a percentage of successful
ws tests lower than 45% and a high probability of equifinality.

a07 For the sake of brevity, we show only the results of one of the tests per-
a8 formed with a small ensemble size of 100 realizations and with corrections in
a0 the computation of the covariance. Among the 100 synthetic experiments,

a0 we selected as the best estimate of the release function the median of the
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Figure 3: Analytical case: actual and estimated release history with 95% uncertainty

interval resulting from a test performed with N, = 100 and observation set D.

successful tests, and we use the set of successful tests to build uncertainty
intervals about the median. In Fig. 3 the reference solution and the ensem-
ble median with its 95% uncertainty interval are depicted. Figure 4 shows
a comparison between observed and predicted concentrations at observation
locations. The ES-MDA reproduces quite well the release history and the
source location estimate is very close to the true one (z9=50, yo=20). The
NSE is 80.46% and the ensemble means of x and y coordinates are, respec-
tively, equal to 52.66 (£1.78, 95% uncertainty interval) and 20.00 (£0.06,
95% uncertainty interval). The test leads to a good match between observa-
tions and predictions with an RMSE at the last iteration equal to 3.3-1074

and a narrow 95% uncertainty interval.

3.2. Experimental case

The second case study uses a laboratory experimental dataset following

the work by Cupola et al. (2014). The experimental device is a sandbox that
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Figure 4: Analytical case: observed and predicted concentrations with 95% uncertainty

interval.

reproduces an unconfined aquifer characterized by two-dimensional flow in a
vertical plane. The sandbox has external dimensions of 120 cm x 14 cm x 73
cm and it is made of three parts along the longitudinal direction: upstream
and downstream tanks and an internal chamber of 95 cm x 10 cm x 70 cm,
which contains the porous media consisting of glass beads with diameter in
the range between 0.75 mm and 1 mm. The flow is governed by constant
upstream and downstream water levels equal to 59.9 ¢cm and 53.6 cm above
the horizontal bottom of the tank, respectively. Fluorescein sodium salt was
used as tracer solution and it was injected at a variable mass rate through an
injector located in the upstream part of the sandbox at coordinates z = 14.25
cm and y = 32.75 cm, that extends through the entire thickness of the sand-
box. The test had a duration of 2200 s; the injection started at time 310
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s and ended at 1800 s; the concentration of the fluorescein sodium salt is
constant and equal to 20 mg-1~!, while the flow rate changes over time. The
resulting mass rate ranges from 0 to about 55 ug-17! and presents three peaks
of different magnitude. The observed concentrations are recorded over the
entire sandbox by taking pictures with a digital camera and then converting
luminosity into concentration through image processing techniques (for more
details see Citarella et al. (2015)). Modeling is performed in two dimensions,
since no lateral movement orthogonal to the sandbox plane is expected. A
comparison between the results obtained with a two-dimensional model and
a three-dimensional one is reported by Uribe-Asarta (2019), showing no dif-
ferences between the two models.

The inverse methodology requires a calibrated numerical model able to
describe as accurately as possible the forward process. Groundwater flow
was modeled with MODFLOW 2005 (Harbaugh, 2005) and mass transport
with MT3DMS (Zheng and Wang, 1999). The effect of the injection on the
background flow is not negligible; therefore, a transient flow model is con-
sidered. The numerical model was preliminaryly calibrated by an inverse
procedure not reported here for brevity. After the calibration, and for the
purposes of the source identification, this model is used throughout. Table
4 summarizes the parameters of the flow and transport models and Figure
5 shows the hydraulic conductivity field after the calibration process. The
estimated field is slightly heterogeneous and conductivity is anisotropic, even
though the sandbox was filled with glass beads of almost the same size with
the intention of reproducing an isotropic homogeneous field. Our interpreta-

tion of the lower conductivity values towards the bottom of the sandbox is
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Table 4: Transport and hydraulic parameters of the numerical model.

Porosity 0.37

Average hydraulic conductivity (cm s71) 0.673

Ratio of horizontal to vertical conductivity (Kh/Kv) 3.267

Specific storage coefficient (cm™!) 1074
Longitudinal dispersivity (cm) 0.178
Transverse dispersivity (cm) 0.065

Hydraulic conductivity (cm/s)

10 20 30 40 50 60 70 80 90

x (cm)

Figure 5: Hydraulic conductivity field. The red diamonds denotes the actual source loca-

tion. The white dots are the monitoring points.

that it is due to additional compaction during the filling process.

Since the concentration of the contaminant is known, the estimation of
the release history is limited to identifying the injected flow rate. The release
duration is discretized into 72 intervals with a time step of At = 3 s result-
ing in a total number of parameters N, = 74, of which two are the spatial
coordinates of the source. The initial ensemble of parameters is made up of
81 realizations (N, = 81); the spatial coordinates of the source are random

values selected from uniform distributions x € U[5,30] cm, and y € U[30, 34]
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Figure 6: Experimental case: actual and estimated release history with 95% uncertainty

interval. Time 0 s represents the time at which injection starts.

cm. The initial realizations of the injected flow rate history follow expres-
sion Eq. (20), with parameters selected randomly from the following uniform
distributions, A € U[1 - 1071°, 1.107Y], T' € U[800, 1000], u € U[490, 1400]
and o € U[60,365]. The four monitoring points are vertically distributed on
the line x = 54.75 cm and at y-coordinates 29.00, 32.75, 34.75 and 36.75 cm.
For each monitoring point, the observed concentrations are recorded at 45
sampling times from 7' = 0 s to T' = 2200 s (total number of monitoring data
is m = 180). The random measurement error ¢ is assumed normally dis-
tributed with zero mean and variance 1-1072 (mg-17")2. The ES-MDA with
6 iterations and decreasing a=|63.0; 31.5; 15.8; 7.88 3.9; 2.0] is used for the
inversion. Covariance localization and covariance inflation are applied using
the coefficients b,=200, b;=2500 and r=1.01, and linear relaxation with the
coefficient w=0.1.

Figure 6 shows the results of the experimental case; the ensemble mean of
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Figure 7: Experimental case: observed and predicted concentrations with 95% uncertainty

intervals. Time 0 s represents the time at which injection starts.

the release history with its 95% confidence interval and the true solution are
depicted. The ES-MDA leads to a good agreement between the two curves
with an NSFE value equal to 98.34% and with a satisfactory representation of
peak magnitudes and times. The ensemble means of the x and y coordinates
of the source are, respectively, equal to 14.71 cm (£0.45 cm, 95% uncertainty
interval) and 32.91 cm (£0.14 cm, 95% uncertainty interval); the distance
between the true and estimated source location is less than 0.5 cm. In Fig.
7, the experimental and predicted observations are compared. The retrieved
source parameters reproduce quite well the observed concentrations with a
narrow 95% uncertainty interval; the RMSE at the last iteration is equal to

0.96 mg-1=1, which is comparable with the experimental observation errors.
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4. Discussion and Conclusions

In this paper, a novel application of the Ensemble Smoother with Multiple
Data Assimilation (ES-MDA) is proposed for the simultaneous identification
of the source location and the release history of a groundwater contamination
event from observed sparse concentration data collected downstream from the
spill. The procedure is tested by means of an analytical case study and an
experimental one.

The analytical case serves to demonstrate the capability of the ES-MDA
to solve this type of inverse problem and to analyze the impact of the different
settings on the final identification. The impact of the observation network
geometry and density, ensemble size, covariance and inflation techniques and
also the effect of different sets of initial realizations are investigated. The aim
was to find out a configuration that leads to a reliable solution and mitigates
the ill-conditioned nature of inverse problems. Equifinality is analyzed in
the analytical case, finding that there are some network geometries that
may lead to acceptable results (in terms of reproduction of the observed
concentrations) but with very different release functions.

The effect of the observation network geometry and density is evalu-
ated considering four sets of observed concentrations, a large ensemble size
(N.=1000) and the other factors being the same. The results show that loca-
tion, time and number of observations significantly impact the final solution
obtained by the ES-MDA; for the sets in which the observations are located
in a line parallel to the main flow direction, the percentage of successful tests
is low and equifinality is detected. Instead, for the set with the observations

in a line orthogonal to the main flow direction, the number of successful tests
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is 98% and the algorithm simultaneously estimates the release history and
the source location. We find that placing the observation locations in a line
orthogonal to the main flow directions is more informative than placing the
observation locations along the same line. In the latter case, it is easy to
think of multiple solutions that should lead to the same observations, for in-
stance, by estimating the source location in the direction orthogonal to flow
symmetrically with respect to the line of observations. This indicates the
importance of a good design of the observation network, since if observations
provide poor information, the ill-posed inverse problem is difficult to solve
and the impact of random factors increases; it is also noteworthy that, in
real cases, only a limited number of concentration measurements are avail-
able given the field sampling costs; for this reason, an optimal design of new
monitoring points has a great relevance.

The observation set orthogonal to the flow direction is used to check the
effect of the ensemble size and the application of covariance localization and
covariance inflation techniques in the performance of the ES-MDA. In this
paper, a new procedure to apply the covariance localization is presented. Co-
variance localization was commonly performed taking into account the fixed
spatial distance between observation-observation and parameter-observation
only; here, the spatial and temporal distances are both considered and, fur-
thermore, the parameter-observation spatial distance is iteratively updated
since the location of the parameters is an unknown of the problem.

The results show that the ES-MDA works better when large ensembles
and the correction to the covariances are used, demonstrating the capability

of the proposed spatiotemporal iterative localization to improve the ES-MDA
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performance. The percentage of successful tests increases with the ensem-
ble size and the covariance corrections and, at the same time, the chances
that equifinality happens decrease. Covariance inflation and, in particular,
covariance localization, overcome the undersampling problems noticed in the
ensemble-based methods; and for this reason, their effects are more evident
for small ensemble sizes. The tests performed with an ensemble size of 50
realizations lead to unreasonable results with a low percentage of passed tests
and a high percentage of tests with multiple solutions. We suggest to use, for
this type of problems, ensemble sizes greater than the number of unknown
parameters to identify.

It is noteworthy to point out that another aspect to take into account is
the impact on the solution of the errors on both the observations and the
model structure. Small measurement errors can improve the ES-MDA results
when the model is perfect and the observations are uncorrupted, as in the
synthetic case study. However, overfitting problems and ensemble collapse
can arise for real cases, which are always affected by uncertainty in the for-
ward model and measurement noises. In these cases, the modeler should use
an appropriate level of fit based on the quality of the available observation
and the model. The effects of the errors on the ES-MDA performance will
be investigated in future works.

The experimental case study uses real data collected in a laboratory test.
The experimental device is a sandbox that reproduces an unconfined aquifer
under controlled conditions; it allows to validate the ES-MDA methodology
in a real test case. The algorithm parameters, such as the monitoring network

and the ensemble size, were chosen after the results of the analytical study.
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For this case, the initial ensemble of source coordinates has been generated
considering a limited suspect area, which guarantees that all the realizations
of the ensemble are representative. This decision was taken based on prelim-
inary tests performed with large suspect areas. Even if it is not mandatory
that the initial ensemble contains the solution, a well designed ensemble helps
to reach better results.

The results prove the capability of ES-MDA to solve this type of inverse
problem in a real cases, when the available observations are usually noisy.
The method reproduces very well both the contaminant release history and
the spatial coordinates of the source; the NSE is about 98% and the distance
between the true and estimated source location is less than 0.5 cm.

To the best of our knowledge, this is the first work that uses a stochas-
tic method for the simultaneous identification of the source location and
the release history. It allows to assess the estimation uncertainty and to
directly estimate the spatial coordinates of the source, unlike, for example,
the Bayesian geostatistical approach that only identifies the most probable
location among a set of possible source points defined a priori.

Another innovative aspect of this work is the use of the ES-MDA method
for the estimation of time-dependent parameters. In hydrogeology, ensemble
Kalman methods are usually applied for the investigation of groundwater
field parameters that are time-independent such as porosity or hydraulic
conductivity. In this study, the parameters to be estimated are identified
performing a discretization in time of the release history of a contaminant
into an aquifer, which is time dependent.

In summary, the proposed procedure is a novelty method able to simulta-
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neously recover the release history and the source location of a groundwater
pollutant on the basis of sparse observed concentration data. A well-designed
monitoring network and the application of covariance localization and covari-
ance inflation techniques lead to satisfactory results and reduce the inherent

equifinality encountered in parameter estimation problems.
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