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ABSTRACT

Recently Zhu and Zhai studied the concepts of cone b-norm and cone b-
Banach space as generalizations of cone b-metric spaces and they gave
a definition of ¢-operator and obtained some new fixed point theorems
in cone b-Banach spaces over Banach algebras by using ¢-operator. In
this paper we propose a notion of quasi-cone over Banach algebras,
then by utilizing some new conditions and following their work with
introducing two mappings T and S we improve the fixed point theorems
to the common fixed point theorems. An example is given to illustrate
the usability of the obtained results.
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1. INTRODUCTION

The notion of b-metric was proposed by Czerwik [12, 13] to generalize the
concept of distance. The analog of the famous Banach fixed point theorem was
proved by Czerwik in the frame of complete b-metric spaces, see also [9, 10, 11].
In [19] E. Karapinar generalized some conclusions on the cone Banach space,
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in the literature [2] and obtained the existence results of fixed points for self-
mappings. Also, the cone metric space over Banach algebra, proposed by Liu
and Xu (see [23]) and they considered some fixed point results on such new
space.

In 2001 Hussain and Shah [17] introduced the notation of cone b-metric
space. Many researchers continued the work of Hussain and Shah, and proved
some fixed point theorems and common fixed point theorems for multiple op-
erators on these new spaces, and also used them to investigate the existence of
the solutions of fractional integral equations (see [3, 5, 4, 6, 8, 14, 15, 16, 18,
24, 25, 27, 28, 26, 20, 21]).

Recently Zhu and Zhai [30] studied the concepts of cone b-norm and cone b-

Banach space as generalizations of cone b-metric spaces. Also they introduced
the operator ¢ and obtained some new fixed point theorems in cone b-Banach
spaces over Banach space utilizing the ¢-operator.
In this paper by introducing a notion of quasi-cone over Banach space and also
with applying different conditions we examine the existence of some common
fixed points of two self-mappings S and 7 that has led to the development of
similar results in the literature.

2. PRELIMINARIES

Let (E, || - ||) be a real Banach space, P C E a cone and 6 be the zero of E,
also there is a partial ordering < such that £ < ( iff ( — & € P. Write £ < ¢
for ( — £ € intP, where intP is the interior set of P. We say that P is normal
if there exists N > 0 such that § < ¢ < ¢ implies || £ |[< N || ¢ ||, for &,¢ € E.
P is called to be solid if intP # @.

Definition 2.1 (see [17]). Let X # @ and s > 1, a mapping o: X x X — E is
a cone b-metric if;

(i) 0 < o(§,¢) with § # ¢ and (&, () = 0 iff § = (;

(i) 0(&, ¢) = o(¢, €);

(i) (&, ¢) < s[o(&:m) + o(n, Q)]
for all £,¢,n € X. The pair (X, p) is said a cone b-metric space, in short,

CBMS.

Lemma 2.2 (see [17]). If (X, ) is a CBMS. Then;

(pl) If ¢ € € and ¢ < n, then £ < 1.

(p2) If ¢ < ¢ and ¢ < n, then & K 1.

(p3) If 6 < & < ¢ for ¢ € intP, then £ = 0.

(p4) If c € intP, 0 < &, and &, — 0, then there exists ny such that &, < ¢ for
n > ng.

(p5) Suppose 0 < ¢, if 0 < 0(&,,€) < ¢, and (, — 0, then eventually o(&,,§) <
¢, where & € X and {£,}.>1 is a sequence in X.

(p6) If 0 < &, <, and &, = &, C, — ¢, then & < ¢, for each cone P.

(p7) If ¢ < A where £ € P and 0 < A\ < 1, then £ = 0.

Definition 2.3 (see [19]). Let X be a vector space over R. For a cone P C E
and a mapping || - ||g: X — E if we have;
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() | € l[e=> 0 for & € X and || £ [|ln= 0 iff £ = 6;

(i) [| €+ Clle<|[ & e + [ € |lw for &, ¢ € X;

(iii) || k¢ [[e=] K[|l ¢ [le for k € R.

Then || - || is said a cone norm on X, and (X, || - ||g) is said a cone normed
space (CNS). If we set 9(¢,¢) =|| £ — ¢ ||g, then every CNS is a CMS.

Definition 2.4 (see [19]). Let 1 < s < 2, X be a vector space over R, cone
PCE. If || - ||p: X — E satisfies;

(i) [[ € ][>0 for £ € X and || £ |lp= 0 iff £ = 0;

() | €~ C llp=I| C — & [Ip for £,C € X:

(i) | €+ llo< [l £ Ip + | € 1p] for £,¢ € X;

(V)| k& [lp=| K [*[| € [[p for k € R.

Then we call || - ||p a cone-norm on X, and (X, || - ||p), we call it a cone-normed
space (CNS). Obviously, each CNS is a CMS. In fact, we only need to set

o(&: Q) =1 €= C e

Definition 2.5 (see [30]). Suppose that (X, || - ||p) is a cone b-normed space,
P C E is a solid cone, £ € X and {{,},>1 is a sequence in X. Then;

(i) we say that {£,}.>1 converges to ¢ if for ¢ € E with § < ¢, there is a natural
number N satisfying || £, — £ |[p< ¢ for n > N. We denote nh_)rr;o & =& or
& = &

(i) we say that {&,},>1 is a Cauchy if for ¢ € E with § < ¢, there exists a
natural number N satisfying || &, — &, ||[p<< ¢ for all n,m > N;

(iii) we say that (X,]| - ||p) is complete if every Cauchy is convergent.

Lemma 2.6 (see [30]). Suppose (X, || - |lp) is a cone b-normed space, P is a
solid cone, £ € X and {€,},>1 s a sequence in X. Then the following conclu-
sions hold:

(i) | & — € |lp— 0(n — 00) iff {€.} converges to €.

(i)l & — &m |lp— O(n,m — 00) iff {&,} is a Cauchy.

Lemma 2.7 ([29]). Suppose (E,| - ||) is a real Banach space and P is a
normal cone in E, then there is an equivalent norm || - ||1, which satisfies
0 <<= |1 C |1, for &, ¢ € E, that is, norm || - ||1 is monotonous.
Remark 2.8. Suppose E is a linear space, || - ||; and || - ||2 are two given norms
in E, we say that || - ||2 is stronger than || - |1 if || & [l2— 0 = & |1—
0 (n — o0). If || - ||2 is stronger than || - |1, and || - ||1 is stronger than || - ||2,
then || - || is equivalent || - ||2-

Definition 2.9 ([29, 7]). Let E be a real Banach algebra, that is, for £, (,n € E,
a €R,

(i) &(Cn) = (€Q)m;

(ii) E(C+m) =E&C+&n, (E+On=En+ (s

(iii) a(§¢) = (a&)¢ = (aQ)&;

(@) [ € I<ITE NS II-
If Banach algebra E with unit element e, such that (e = e£ = £ for all £ € E|
then || e ||= 1. If every non-zero element of E has an inverse element in E, then

E is called a divisible Banach algebra.
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Definition 2.10 ([7]). Let E be a Banach algebra with unit element e and
P C E be a cone. P is called algebra cone if e € P and for each &, € P, £¢ € P.

In our following discussions, £ = (X, || - ||p) is a cone b-Banach space, P is
a solid cone and S is a operator defined on D of X. Let E := (E, || - ||) be a
divisible Banach algebra with unit element e. Let Pg be a normal algebra cone
in E with a normal constant N.

Definition 2.11. Let (E, || - ||) be a divisible Banach algebra. Pg is a normal
algebra cone in E. We call the mapping ¢ : P — Py is a ¢-operator if it
satisfies

(i) ¢ is an increasing operator;

(i) ¢ is a continuous bijection and has an inverse mapping ¢! which is also
continuous and increasing;

(i) $(€ + ) < (&) + ¢(C) for all €, ¢ € P;
(iv) $(£C) = B(£)(C) for all €, ¢ € Pr.
Remark 2.12. By Definition 2.11, the part of (iii), we can get ¢~ (&) +¢~1(¢) <

¢71(E + ) for all £,¢ € Pg. In fact, note that ¢(£ + ¢) < ¢(€) + ¢(¢) for all
€, € Pg and ¢! is also a continuous and increasing operator, then

¢ H(P(E+ Q) < ™M ((€) + 0(C)),
which yields that
E+C <7 Ho(E) + 8(0))-
Hence,
¢~ H(B(€)) + o (6(C) < 671 (D(E) + ¢(C))-

Since ¢ : Pg — Py is a continuous bijection, thus ¢~ (£)+¢71(¢) < ¢~ 1(€+0),
for all ¢,( € Pg.

Remark 2.13. By Definition 2.11, the part of (iv), we can obtain ¢~1(£(¢) =
¢_1(§)¢_1(<)7 for all £,( € Pg.
Indeed, from ¢(£¢) = ¢(&)@(() for all £,¢ € Pg and ¢! : P — Pg is also a
continuous, we get
¢~ 1 (8(£0)) = ¢~ H(8(€)¢(C)),
which yields that
£ =071 (6(6)0(C))-
Then
¢~ H(9(€)o™ (€)= o (#(©)9(C))-

Thanks to that ¢ : Pg — Pg is a continuous bijection, ¢=1(£¢) = ¢~ 1(£)p~1(¢),
for all ¢, € Pg.

Remark 2.14. For example, let E = R, a divisible Banach algebra, Py = {¢ €
E | £ > 0} be a normal cone in E, suppose ¢ : Pg — Pg, defined by ¢(§) = fé
and then ¢~ 1(&) = &5, for & € Pg. We can prove it also satisfies the above
conditions.
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3. MAIN RESULTS

Theorem 3.1. Let X be a cone-b-Banach space with the coefficient 1 < s < 2,

E1 and Ey be divisible Banach space with identity elements e and ez, also Py,

and Pg, be normal algebra cones in E; and Eq (respectively). If D and D' C X

with DND’ # & are closed and convez, also ¢ : Pg, UPg, — Pg, UPg, is

¢-operator and T : D — D', §: D' — D satisfying the followings

(3.1) o(o(n, SE)) + d(o(n', TE)) < kid(o(n, £)),
d(o(&',Tn)) + ¢(o(&, Sn')) < kag(o(&', 1)),

for all £,m € D, &,n € D, where ¢(2%¢1) < k1 < ¢(25FLey) , ¢(2%es) < ko <
#(25tey) in Py, and Pg, (respectively). Then S and T have a common fized
point in DND’.

Proof. Let & € D,y € D’ be arbitrary. We introduce two sequences {&,}, {n,} €
DUD’, defined by

& = 771+2T§1 eD,
S

Ny = €1+2 m e D,

53 = n2+2852 € DI7

m=Sim e,

Eon = 772n71+27—£2n71’ n=1.9 ...

Now = Ezn—1+257]2u—1 n=1,2--,
g?n-‘rl = 7]2n+28£2n7 n= 17 2a )
Nont1 = 52”%7-772"’ n=12---.
We get
N2n + SE2u
N2 — S&2n = 2(12, — (%)) = 2(M2n — E2nt1),
§2n + 7-7]271
§on — T2 = 2(£2n - (f)) = 2(§2n - 772n+1)7
Nont1 + T&any1
Nant1 — T&ant1 = 2(N2ny1 — (%)) = 2(N2nt1 — E2nt2)s
Eant1 + S12a
Soantr1 — SM2nt1 = 2(§2nt1 — (%)) = 2(2041 — N2nt2)s
which is equivalent to
0(n20, S&2n) = || n20 — S&an HPEl

= [ 2(m2n — &2041) ”PE1
2° || m2n — S2nt1 ||PE1
= 2°0(n2n,&2nt1)s
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0(&2n, Tm2n) = || &20 — Ti2u [P,
= |1 2(§20 — M2041) [P,
= 2° | &2n — n2ut1 |lp,
= 2°0(2n, M2nt1)

and

(3.2) 0(n2nt1, Té2ut1) = || m2ut1 — T&2ut1 [Py,
= [ 2(m2n+1 — E2042) [Py,
= 2° | m2ns1 — Eons2 [P,
= 25@(77271-‘1-17 £2n+2)7

(3.3) 0(&2041,SM2041) = || L2nt1 — Sn2ut1 |Ipg,

= || 2(§20+1 — M2042) [Py,
= 2° ” §2nt1 — M2nt2 ||PE1
= 2°0({2nt1, M2nt2)-
Substituting & = £2,,& = 2,41 and N = 12,7’ = N2,41 in (3.1), we can obtain
d(0(N2n, Séan)) + P(0(N2nt1, Té2n41)) < k10(0(M21, E20nt1))-
We get
&(2%0(N2n, E2nt1)) + H(2%0(N2n11, E2nt2)) < k1d(0(N2n, E2n41))-
According to the condition (iii) of ¢-operator,
¢(28(Q(7’2n7 £2n+1) + 9(77211—‘,-1752114-2))) S kl¢(@(n2na §2n+1))~
Remark 2.13 and the property of ¢~! operator, we can get

2°(0(N2n, E2nt1) + 0(N2nt1, E2nt2)) < &7 (K1) 0(N2ns €201,
by simplifying, we get
¢~ (k1)
25
Substituting &' = &2, = &2u41 and 1§ = 12,1 = N2,41 in (3.1). Then one can
obtain

0(M2n+1,E2n42) < ( —e1)o(M2n, E2n41)-

d(0(Eans T2a)) + O(0(&2n41, SN20t1)) < k20(0(E20, N2nt1))-
By (3.2) and (3.3) we get
d(2°0(&2n, M2nt1)) + A(2°0(E2011, M2nt2)) < kad(0(E20y N2nt1))-

According to the condition (i) of ¢-operator,

¢(26(Q(€2n7 n2n+1> + Q(§2n+17 772n+2))) S k2¢(tg(§2nv n2n+1))'
By Remark 2.13 and the property of ¢~! operator, we can get

2°(0(E2n, N2nt1) + 0(E2nt15 M2nt2)) < & (ko) 0(E2n, 2nt1),
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by simplifying, we get

¢~ (k2)

TR €2)0(§2ns M2n+1)-

0(&2n415 M2ng2) < (

Thus, 0(N24+1, E2nt2) < k1o(N20, E2nt1) and 0(§2nt1, N2012) < kb0(E2n, M2nt1),

1 ~1
where k] = ‘1’275)’“) —ep and kb = @ 2£k2) — e5. Repeating this relations, we get

(3.4) 0(N2nt1, Eanta) < k5 K " 0(m, &),
0(E2nt1, M2nr2) < k"KL " 0(61,m2).

For any m > 1,p > 1, we have one of the following two cases:
(iYym+p=2r—1, r>1,r € N, then we get

o(Mmtp:&m) < 8[o(Mm+p, Emtp—1) + 0(Emtp-1,&m)]
< SQ(nmﬂn fm+pfl) + SQ[Q(ferp*lv 77m+p72) + Q(nm+p727 Em)]
< 50(Mmps Emp—1) + 529(§m+p—17 Nmtp—2) + 539(77m+p—27 Em+p—3) + -
57 062y M) + 577 011, Em)
< sky R o0, €) + 57K 0laum) + 5Pk RY P o(ne &) + -+

P YT L2 o ) 4 PRSP TE o, 1)
_ (sk/2T72k/1r71 + Sgk/2T74k/1r73 4ot Sp_lk/22r7p72k/12r7p71)g(n2’ 61)
H(s2kY TR T e P TLRTTI T RLP T o(,m)

yr—2;,r—1 s2 ptl
ke Tk (ere2 — i)
= = o(n2,&1)
€1€2 = TRy
(k3k1)

274T7—37,7—2 2 p—1
s ky Ky (erer — grryz)
_|_ 2™

2 9(627771)'
162 = i

(i) m+p=2r, r > 1,7 € N, then we get

0(&m+p,m) < S[0(Emtps Mmtp—1) + 0(Tm4p—1,7m)]
< 50(&mtps Mmtp—1) + SQ[Q(nm+p—1>€m+p—2) + 0(Em+p—2,1m)]
< 50(&mtps Mmp—1) + 329(77m+p717 Em4p—2) + 33Q(§m+p72v Nm+p—3) +
+57 7 0(Mm+2, Emr1) + 577 0(Emr 1, m)
< sk TR oG, m) + S7RE IR Po(n, €0) + PR o(&am) + -+

_ 2r— 2r— _ 2r—p—1,/2r—p—1
+57 7 kT TR (e, €0) + 8RR o€m)
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= (sky TR SR TR T e T TP T ol m)
(2K TR T+ P R ) 02, &)

yr—1;,r—1 s2 ptl
ke k(12 — )
= = 0(&2,m)
€1€2 = TR
(k3R7)

2147 —27y1—2 52 p—1
s°k k €163 — s ) 2
2 K (@162 — e

+ o(n2,&1)-

52
G

Since ¢(2%e1) < kb < ¢(2°FLey) in Py, and ¢(2%e2) < k] < ¢(25Fey) in P,
with 1 < s < 2, we know 6y <kl < ey, 01 < k] < eg, thus 0 < sea — k}, < sea,
01 < se; — ki < sej. Further,

k™" = 02 [|=I1 k™" [I<Il &5 177,

(3-5) (R0 (M (R A

since 0 < kb, < eg, 01 < k] < e; and Pg is a normal cone in E, by Lemma 2.7
we know there is an equivalent norm || - ||; and thus

(3.6) 0 <[l k5 [h<[l ez 1=1,
0 <[k i<l ex = 1.
By (3.5) and (3.6), we get
k5" =0 1<l k5 I3 "= O((r — p) = o0),
(3.7) R = 01 <l K5 117" —= 0((r — p) = o0).
From Remark (2.8) and (3.7),
155" = 02 1<l 5 [|”P= 0((r — p) — 00),
Ik =00 [[<I & 77— 0((r — p) — 00).
Thus,
lim &, = s,

(r—p)—o0
lim K77 6. (3.8)

(r—p)—o0

Let 61,65 < ¢ be given. By (3.8),

1 2 +1 _9 1 2 -1

skb" Tk (ereq — (k;w)pz 2K TR (e1eg — W)pz

2 o(n2, &)+ - o(&2,m) — 01,

Q162 = mR? @12 = mR)?
2 ptl r—1;,r—1 2 p—=1
skb K (e1ea — i) 2 2k TR T (erea — i) 2
GAAL 2 R AL
L 9(527771)4‘ 2 Q(7727£1) — 927

_ e e
€162 = TR CLEL ™ TRk
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as (r — p) — oo. Making full use of Lemma 2.2 (p4), we find mg € N, such
that

-1 2 ptl -2 -1 2 p—1
Sk/zr k/lr(€162 — (k;w)pZ SQkéT k‘i’r (6162 — (k/;w)pQ
52 9(772751)+ 52 9(527771) <¢,
12 = wmR? 162 T R
2 ptl -1 -1 2 p=1
Skérkllr(eleg — (kljw)pQ S2k/2T kllr (6162 — (késw)pQ
Q(§27771)+ Q(7727£1) < C,

o e
€162 = TR CLEL ™ ThgR)?

for each m > mg. Thus

-1 2 ptl -2 -1 2 p_1
Sk/zr k/lr(61€2 — (k;w)pQ SQkéT kiT (6162 — (k/;w)pQ
52 9(772751)+ 52 9(527771) <,
e = wmR? S CGAEAL
2 ptl -1 -1 2 p—1
skérkllr(eleg — (kljw)pQ S2k/2T kllr (6162 — (késw)pQ
9(527771)4‘ Q(7727£1) < C,

_ e e
€162 = TR CLEL ™ TRk

for m > mg and each p. Considering the upper relations we can get;
0(EmpsEm) < 5(0(Emtps M) + 0(Nm + &m)),
Q(nm+p, nm) < S(Q(nm-i-p, Em) + 0(Em + nm))'

Now by Lemma ?? part (pl), we can claim that {£,} and {n,} are Cauchy
sequences in D. Note that D and D’ are closed and convex and {&2,}, {n2.}
converges to some (, (', that is, &s,,7m2, — (,¢’ € DUD’'. Regarding the
inequality

0(¢, Snant1) < s[0(C; Eant1) + 0(E2nt1, SM2ut1)],

o(¢", Tanv1) < slo(¢' s m2us1) + 0(N2nt1, T2041)],
and from (3.3), we obtain

(38) Q(C? Sn2ﬂ+1) S S[Q(C? §2n+1) + 289(52114»17 n2n+2)]7

o(¢', T&2ur1) < s[o(¢'s n2ar1) + 2% 0(M2041, E2012)],
let n — o0, then Sngy41 — ¢, T&2,+1 — (. Finally, replacing 19,11 = ¢ in
(3.8). Then one can obtain

#(0(¢, 8C)) < s[o(C, Eant1) + 2°0(E2nt1, M2nt2)]
and if ¢ = {2,141
(0(¢',TQ)) < slo(¢’, n2ns1) + 2°0(N2nt1, E2nt2)]s

and by making use of the property iv of ¢-operator, we obtain, ¢(e;) =
e1,d(ez) = ea. So we get

¢(Q(<78CI) = €1,
p(o(¢', TC) = e

Therefore as n — oo, we can obtain S¢' = (,7¢ = ¢’. Hence considering
¢ = (', we conclude ¢ = T¢ = SC. k&
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Corollary 3.2. Let X be a cone-b-Banach space with the coefficient 1 < s < 2,
E be a divisible Banach algebra with identity element e, and also Pg be a normal
algebra cone in E. If D C X is closed and convez, ¢ : P — Pg is an ¢-operator
and §,T : D — D are mappings satisfying the conditions

(3.9) P(o(n,S88)) + ¢(o(n, TE)) < ké(o(n,€)),
#(0(&,Tn)) + ¢(o(&,Sn)) < ko(o(€,n)),

for all £,m € D, where ¢(2%¢) < k < ¢(2°t1e) in Pg. Then S and T have a
common fixed point in D.

Proof. If in Theorem 3.1 we set, T = S and D = D', considering the condition
of (3.10) and by the proof similar to the proof of Theorem 3.1 we deduce the
result. |

Example 3.3. Let X = R? and E = R? endowed with partial ordered & =
(61,82) < C=(C1,¢) fF &1 < (1,6 < Q. FP ={(£1,62) € E: & >0, >0},
we define || (£1,&) |lp= (| & |%,] & |?). Then (X,]| - ||p) is a cone b-Banach
space with s = 2.

For £ = (£1,&2) and ¢ = ((1,¢2) we define; £.¢ = (£162,(1¢2). By the the
mentioned definition P is a Banach algebra and E := (E,|| - ||) is a divisible
Banach algebra with unit element e = (1, 1), because £e = €€ =&, ||e]| = 1 and
hence e is a multiplicative identity. If we put ¢ : P — P with ¢(§ = (£1,&2)) =
(V&1,V&2), then ¢ satisfies the conditions (i)-(iv) of Definition 3.4. Also we set;
o6 =1 €~ C o= (| (61~ G1 2| & — G ). 0(6. 4) = nf{o(.C) : C € 4)
and S¢ = %, TE = %. Now we define the region D as the following;

&7

| < 2. 8|77n gn‘ ‘é.n |+‘€n_

_ 3
- {(g‘mlrln) . |77n 2 ‘+|

Obviously D is closed and convex.

<(n,85>> (o(n,T€)) < é(oln, %)) o(o(n. )
< o(|m |2 2 — £12) + ¢ — &%, e — 2°?)
= (|lm — ||772—*|) (\771—*\ N2 — ETD

= (Im — &1 +1m = & — S+ 2 — 2]

< (= §1+lm = &0 I — 21+ e — &),
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also
<@Tm 6(0(¢,S >>¢u,%> o0&, 1))
< G161 — B2, e — 2 P) 4 plEr — B2 (& — 2P2)
=U&—LH&—2D + (16— B, 162 — 1)
= (|& — 1|+|§1—%|»|§2—%2|+|§2—LD
< (6 = B+ 16— ) 16 — Bl +le — 5.
Considering

$(2°) = $(4,4) = (2,2) <k < ¢(2°"'e) = ¢(8,8) = (2v2,2v2),
we should have

2 2
(I = S|+ lm = S| In2 = %+ 2 — 7))
< (28,2.8)(Im — &l [n2 — &af) = (2.8[m — &1, 2.8[n2 — &2),

(60— |+ €1 — B, le2 — 2] + &2 — 7))
< (2:8,2.8)([&1 — ml, [§2 — n2]) = (2.8[&1 — M, 2-8|82 — m2]).

So according to the definition of region D the conditions of Corollary 3.2 are
satisfied. Hence S and 7 have a common fixed point.

Corollary 3.4. Let X be a cone-b-Banach space with the coefficient 1 < s < 2,
E be a divisible Banach algebra with identity element e, and also Py be a
normal algebra cone in E . If D C X is closed and convez, ¢ : Pp — Pg is an
¢-operator and T : D — D is a mapping satisfying the condition

d(o(n, Tn)) + d(0(§, TE)) < kdlo(n,€)),

for all £, € D, where $(2%¢) < k < ¢(2°Tte) in Pg. Then T has a fized point
in D.
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