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Predicting the future state of disturbed LTI systems: A solution based on high-order
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Abstract

Predicting the state of a system in a relatively near future time instant is often needed for control purposes. However,
when the system is affected by external disturbances, its future state is dependent on the forthcoming disturbance;
which is —in most of the cases— unknown and impossible to measure. In this scenario, making predictions of the future
system-state is not straightforward and —indeed— there are scarce contributions provided to this issue. This paper treats
the following problem: given a LTI system affected by continuously differentiable unknown disturbances, how its future
state can be predicted in a sufficiently small time-horizon by high-order observers. Observer design methodologies in
order to reduce the prediction errors are given. Comparisons with other solutions are also established.
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1. Introduction

This note considers the problem of predicting the future-
state of the following LTI system:

z(t) = Ax(t) + Byu(t — h) + Bow(t), )
y(t) = Cpx(t) + Dyw(t);

by means of its standard solution:
t+T
2(t+T) = B(T)a(t) + / AT B (s — B)ds+
t
t+T
Jr/ AT B w(s)ds; (2)
t

where t represents the current time; 7' > 0 the prediction-
horizon; h > 0 a possible input-delay; z(t) € R™ the
system-state; u(t — h) € R™ the control input; w(t) € R?
an unknown disturbance-input; y(t) € RP the measurable
output; A, By, B, Cs, D, the nominal system matrices
of appropriate dimensions; and ®(T) £ AT,

Predicting the value of z(t + T') is often needed for
control purposes. For example, state-predictions are
extensively used for closed-loop input-delay compensa-
tion (Manitius and Olbrot (1979); Artstein (1982); Krstic
(2008, 2010); Mazenc et al. (2012); Li et al. (2014); Cao
and Oguchi (2017)); for controlling systems with delays
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and disturbances (Di Loreto et al. (2005); Sanz et al.
(2016b); Furtat et al. (2017); Santos and Franklin (2018));
for model predictive control (Mayne (2014); Binder et al.
(2019)); and, also, in other applications where estimates
of z(t+T) may be useful, such as collision avoidance (Poly-
chronopoulos et al. (2007)).

A remarkable problem with disturbed systems is that
w(s) should be known for s € [t,t + T in order to imple-
ment (2). This is not the case in almost all practical sce-
narios, where the future-disturbances are used to be un-
known and impossible to measure. By this reason, most
part of the previous works simply neglect the disturbance-
effect when predicting 2(t+1T'); but, as pointed out by Sanz
et al. (2016a), neglecting the disturbance-effect may lead
to significant errors in the computed predictions.

In an effort to reduce the prediction-errors caused by
the disturbances, some works have given solutions in or-
der to approximate the second integral in (2). Léchappé
et al. (2015) propose a state-predictor that substitutes this
integral by an error-term that compares the actual state
with the state-prediction made at ¢ — 7. Similarly, Sanz
et al. (2016a) propose a state-predictor that approximates
this integral by: ftt,T eA=9) B w(s)ds; being @(t) an es-
timate of w(t+ T) that is computed with a disturbance
observer, a tracking-differentiator and a Taylor expansion.
Both methods have been proved to give better predictions
than simply neglecting the disturbance-effect.

This paper shows that, if the disturbance is (r + 1)-
times, r € NU{0}, continuously differentiable, then
Eq. (2) can be directly approximated by conventional high-
order LTT observers. This result provides a novel observer-
based state-predictor that is easily implementable and
which yields to better accuracy than the solutions
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of Léchappé et al. (2015) and Sanz et al. (2016a).

The rest of the paper is organized as follows: Section 2
contains some preliminaries. In Section 3, the integrals
in (2) are rewritten so that a(¢t + T') is expressed in terms
of the actual system and disturbance states —where by dis-
turbance state is understood its current value together
with its first r-derivatives. In Section 4, a high-order
LTT observer whose output is an almost direct estimate
of z(t + T') is proposed. Section 4.1 contains LMI-based
design methodologies in order to reduce the prediction er-
rors. Section 5 establishes comparisons with respect to the
methods of Léchappé et al. (2015) and Sanz et al. (2016a)
and, finally, Section 6 highlights the main conclusions.

2. Preliminaries

Let us consider the following assumptions:

Assumption 1. The disturbance, w(t), is (r + 1)-times
continuously differentiable with [|w( 1 (#)|| < €,.; Vt € R.

Assumption 2. The control action, u(¢), is piece-wise
constant and it is defined for all ¢ € [t — h, t + T — hJ.

Asm. 1 considers disturbances with a certain degree of
differentiability. Smooth disturbances, polynomial-type
perturbations, or unknown system-inputs that are gener-
ated by exogenous dynamical-systems may satisfy it. Dis-
continuous or statistical-type perturbations are excluded
as they are not differentiable at some —maybe none— points.

Asm. 2 implies that the control action is generated dis-
creetly and it is introduced to the system via a Zero-
Order-Hold (ZOH) —which is actually the case in almost all
computer-based control applications (Astrém and Witten-
mark (2013)). Also, it states that all its jumping instants,
tp € [t—h,t+T —h], k€N, and its associated control
values, ux € R™, are well-defined and, for prediction pur-
poses, they can be considered as known. This is summa-
rized in the following definition:

Definition 1. Let ¢, € R, £k € {1,...,N}, NeN; be
the set of time-instants, with t; >t—h, tp <tgpy1,
ty <t+T — h; such that:

u(@) =up € R™, Vo € [t — h,t1),
u(¢) = up € R™, Yo € [tg,tp41), 1 <k <N -1,
u(¢) =uy ER™, Vo € [ty,t +T — h).

3. A solution to the integrals in (2)

Under Asm. 2 and Def. 1, the interval [¢, t + T can be
divided into IV + 1 subintervals where the delayed control
action remains constant. Thus, the first integral equals to:

t+T
/ AT B (s — h)ds = Ty (t, t1 + h)uo+
t

N-1
+ ) Tults + hytegs + h)ug + Cu(ty + hyt + T)uy;
k=1

(3)

where, for any a < <t + 1T,

B
Tu(a, B) & / Y E

(t+T—a)Y —(t+T -5
Z[ j!( )

A1 B

On the other hand, the second integral cannot be di-
rectly computed as w(s) is not known for s € [¢t, t + T].
However, Ass. 1 allows to rewrite it as follows:

Lemma 1. Under Asm. 1:

t+T
/ eAT=9)B w(s)ds =
t
~ [ Lyi(T)B,w® O
Z%[W wi(T)Buw ()| + O (t); (4)

with Ty, ;(T) £ Yiso (Zf{i)]' AITI; and

BT (4T — 5)rt!
A wr- =92 _ (r+1)
O, (1) /t e+ T = 9Bl 5
(5)

Proof. Refer to Appendix A. O

The equalities (3)-(4) enable to rewrite (2) as:

z(t+T)=0(T)x(t) + Tu(T)we(t)+
Lu(tty, ... tn,t+Tuo—n + Or(t), (6)
where w,(t) £ [WT(t), &T(t), ..., 0T, wo_n 2
[ul, uf, ... u%]T and
. T+l
Fw(T) = [TFw,O(T)Bwa © mrw,r(T)BwL

Fu() = [Fu(t7t1 + h)7 1—‘u(ﬁl + h,tQ + h), .
JTultn-1+ hotn 4+ h), Tulty + bt + 1))

This proves the following result, which permits to di-
rectly approximate (2) by high-order observers:

Theorem 1. Under Assumptions 1-2. Let t+T,T > 0, be
a future time-instant. Consider the set of control inputs of
Definition 1 that have been, or could be', introduced to the
system during the time-interval [t — h, t +T — h]. Then,
for any given observations, &(t), @r(t), of x(t), wy(t), re-
spectively; the future-state, x(t +T'), can be predicted by:

2(t+T)=®(T)i(t) + To(T)@x(t)

+ T, (tt1,.. ., tn, t+Tuo—n, (7)
with an error equal to
z(t+T)—2@t+T) =0+ O.(t); (8)
where O,(t) 2 B(T)[a(t) — ()] + oo (T)[w (1) — & (1),

INote that, if T > h, then Def. 1 includes a set of future control
actions that could be introduced to the system.



Proof. The proof follows by subtracting (6) and (7). O

The error equation (8) indicates that the prediction er-
ror is caused by two terms: i) O,(t), which only depends
on the current observation errors, x(t) —&(t), wy (t) —&p (t);
and ii) O, (t), which, under perfect observation conditions
(i,e. O, = 0), represents the error caused by predict-
ing z(t +T) just with the actual disturbance state, w.,(t),
instead of computing it with the whole disturbance func-
tion, w: [t,t + T] — RY. This last term can be nicely seen
as the unavoidable error that appears as a consequence of
not knowing the future disturbance behavior.

By taking norms in (5), O,(t) can be bounded by:

Tr+2

100 < g e )

(r+2)
where 1 2 maxyeyyz) T (¢ & T — 5) B[}

It is seen that the size of O, (¢) mainly depends on the
prediction horizon and on the (r+1) disturbance-derivative
bound —defined in Asm. 1. On the other hand, O.(t) just
depends on how the estimates &(t), &, (t) are computed.

The next section considers a high-order LTI observer
that almost directly implements (7). In addition, a de-

sign methodology in order to quantify and reduce the term
O.(t) is also included.

4. A high-order observer for predicting xz(t + T
Consider the following observer:

i(t) = (A= LC)i(t) + Byu(t — h) + Ly(t),  (10)
§(t) = K(T)n(t), (11)

being 7(t) € RL, I =n+ (r + 1)g,

A A A B, I A OTqu IT(I S
A= [0 1 ] V= {quq Ogra) " T T Ouxrd]

I B,
Bu = [0(7-+1>qm
K(T) 2 [8(T) Tu(T)].

:| ’ C é I:C’:B DUJ OpXT‘q] ’

and L € RI*P a free-design matrix.

It can be checked that (10) is an Luenberger-type ob-
server for the augmented variable n(t) = [z (t), w,. T (t)]7;
which, under Asm. 1, satisfies:

0(t) = An(t) + Buu(t — h) + Buw ™+ (1), (12)

being By, £ [0gxntrqs 1g)7 -
Thus, the state-prediction (7) can be directly expressed
in terms of £(¢):
T +T)=E0t)+ Doty te, ... tn, t+T)uo—n;  (13)

and, by (10) and (12), the term O, (t) is given by:

LCO)e,(t) + Bow (1),
en(t),

éy(t) = (A

O.(t) = K(T) (14

being e, £ 1(t) — ().

The observer (10)-(11) provides two advantages. The
first one is that its output is an almost direct estimate
of z(t +T). It should be just corrected by I'y,(-)ug—n in
order to quantify for the effect of the control action.

The second one is that the knowledge of the dynam-
ics (14) can be exploited for design purposes, that is: de-
sign L so that O.(t) is minimized somehow. In fact, a
careless design of L may lead to undesirably large predic-
tion errors. By this reason, it is interesting to design it in
order to minimize O.(t).

The next section proposes a LMI-based design method-
ology to assure that ||O.(t)]| is ultimately bounded by ~e,,
being ~ a positive constant to be minimized.

4.1. An observer design methodology
For the observer design, let us consider that:

Assumption 3. (A, () is observable.
The observer design procedure is summarized as:

Lemma 2. Consider a bounded set, D, of the com-
plex plane defined by D £ {z eC | N+ zM+2*MT < 0},
where N = NT and M are real matrices’> and z* denotes
the conjugate of z. Under Asm. 1-3, let there exist positive
constants o > 0, 6 > 0, a symmetric and positive definite
matriz P € R and a matrizc Y € R>P such that

PA+ATP-YC-CTYT +25P PB,
BTPp -1,
P —aKT(T)K(T) = 0, (15b)

NeP+M®(PA-YO)+ M2 (PA-YO)T <0.
(15¢)

<0, (15a)

Then, if L = P~YY, the error term O.(t), in (14), ex-
ponentially approaches —with decay-rate d— to the ball

1
(e Ser\/ﬁa (16)

for any initial state, e,(to). Moreover, eig(A — LC) € D.

Proof. Define V (t) £ e,(t)T Pe,(t) as a Lyapunov func-
tion. Under Asm. 1, if there exist 6 > 0 such that:

V() +26V () — lw" D (1) < 0, (17)

then, for any e, (o), e,(t) exponentially approaches to the
ellipsoid £ £ {e,, eR! ’eZPen < ;—%} (Fridman (2014)).

By differentiating V(¢) and substituting (14), it is
proved that (17) holds if the LMI (15a) is satisfied.

Eq. (15b)  guarantees that  «fO(t)|? =
aey ()" KT Ke,(t) < e} (t)Pey(t). Therefore, it as-
sures that [|O,|? < 2f5 for any e, belonging to £.

Finally, as shown in Chilali et al. (1999), condition (15¢)
guarantees that eig(A — LCy) € D. O

2 Some examples of sets D are given in Chilali et al. (1999).



Remark 1. In order to minimize (16), Lemma 2 can be
optimized in order to maximize «d. This can be done by
standard LMI solvers. Condition (15¢), which forces that
eig(A — LCy) € D ~with D bounded-, avoids the numer-
ical divergence ||L|| — oo that may appear when max-
imizing «d. This constraint also permits to include in
the design process additional restrictions that are often re-
quired in practice, such as: maximum observer bandwidth
or maximum overshoot.

At this point, the following result has been proved.

Theorem 2. Under Assumptions 1-3. Let t+T, T > 0,
be a future time-instant. Consider the observer (10)-(11),
with L satisfying the conditions of Lemma 2, and the set of
control inputs of Definition 1 that have been, or could be,
introduced to the system during [t — h, t + T — h]. Then,
the future state, x(t + T), can be predicted by (13) with
an error equal to: x(t+T) — 2t +T) = Op(t) + Oc(t);
where O, (t) satisfies the bound (9), while O(t) is ulti-
mately bounded by (16); being both null for €, = 0.

5. Comparisons

This section compares the solution of this paper with
respect to Léchappé et al. (2015) and Sanz et al. (2016a).

Table 1 contains a brief summary of each method. The
solution provided by Léchappé et al. (2015) is the most
easily implementable as it does not need to implement any
observer. As shown in Table 1, this method is based on
replacing the disturbance-dependent integral in (2) by an
error-term that compares the actual state with the pre-
diction, x,(t) £ ®(T)z(t) + ftt+T eAUHT=9) B u(s — h)ds,
made at (¢t — 7). In this way, null prediction error is
assured for constant disturbances. On the other hand,
the predictor in Sanz et al. (2016b) —originally devel-
oped for matched disturbances— implements an observer
of order (r+ 1)g in order to predict w(t) ~ w(t+T).
This ?rediction is then used to approximate the integral
by: [, e2¢=*) B,w(s)ds; which can be numerically com-
puted as it just depends on the past values of @(t).

In contrast, the solution of this paper constructs an
observer of order n + (r 4+ 1)g which directly estimates
E(t) = D(T)z(t) + ftH_T eAt+T=5) B w(s)ds. This leads to
significant advantages in terms of implementation simplic-
ity and numerical accuracy; as shown in the next section.

~
~

Q | This approach Léchappé et al. Sanz et al.
0.5 1.7e-4 0.60 8.9e-4

2 0.043 2.23 0.21

4 0.66 3.47 2.82

Table 2: max; re[r,00){l|z(t +T) — 2(t + T)|}.

=3 ‘ ‘ ‘ ‘ ‘ ‘
i ---------- This approach ----- Lechape et al. ——Sanz et al.‘
Fiﬁ/ 27 \"\_ ,"/ \\"\. /."’/ \'\ ',-’/ “'\\ ]

| 7 \.\". ’!/' \\ ‘!.: \.\.‘ / \
Q 1¥¢ \I"\, ,"! \"\_ ,f"l .\."\, :”f |
- 1 2 3 4 5 6 7

t+ 7T

Figure 1: Prediction errors for Q = 2 rad/s.

5.1. Numerical simulation

For a numerical comparison, let us evaluate the pro-
posed observer-based predictor with the same example
considered by Léchappé et al. (2015); Sanz et al. (2016a):

:'c(t){_og ﬂ z(t)+m u(th)+m W),  (18)

with w(t) = 3sin(Qt); Q > 0 (rad/s); and z(0) = 0.

An accurate state-prediction is required in order to ap-
proximately implement a stabilizing feedback with Finite
Spectrum Assignment (FSA): u(t) = —[45, 18]&(t + T),
with T'= h. To satisfy Asm. 2, the control action is intro-
duced to the system via a ZOH with period 0.05 sec.

Table 2 and Fig. 1 contain the resulting prediction errors
with each method for different disturbance frequencies. It
can be seen that the solution of this paper leads to signif-
icant improvements in terms of accuracy.

In the simulations, the proposed solution has been im-
plemented according to Thm. 2, starting from 7(0) = 7(0),
with L =[10.28, 4.32, 512, 9680, 1.16e05, 7.96e05; 0.22,
58.8, 2960, 83900, 1.5e06, 1.38¢07] resulting from the opti-
mization of Lem. 2, with » = 3, D a disk centered at (0,0)
with radius 40 and da = 6.87e05. For a fair comparison,
the integral-term in x,(¢) has also been computed by the
ZOH method with sample period 0.05 sec. In addition, the
variable @(t) = w(t +T) of Sanz et al. (2016a) has been

observer observed . Type of
order variable computed prediction disturbances
Léchappé . _ Locally
et al. ) ) Bt +T) = zp(t) +2(t) — p(t = T) integrable
Sanz et al. (r+1)q o) = w(t+T) Ft+T) =ay(t) + [, A9 B,w(s)ds Asm. 1
This E(t) ~ ®(T)xz(t)+ R B
approach n -+ (T’ + 1)‘1 ftt-‘rT eA(t-i—T—s)wa(S)ds SC(t + T) - g(t) + 1_\u(')u()—N Asm. 1

Table 1: Comparison of different predictive strategies, where xp(t) = ®(T)z(t) + fttJrT eAttT=5) B u(s — h)ds.
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computed by Taylor with the same estimate @, (¢) given
by (10); while ftt_T eA(=%) B @(s)ds has been numerically
solved by the trapezoidal method with 100 intervals.

It should be noted that none disturbance information
has been used in order to compute the predictions. But,
if the bound €, in Asm. 1 was known, then Egs. (9), (16)
could be employed to get a numerical upper-bound for the
prediction error. Here, ¢, = 3Q% Thus, the error z(t +
T) — #(t + T) is ultimately bounded by 0.003562*; which,
if it is solved for 2 = {0.5, 2, 4} rad/s, it can be checked
that it is quite close to the resulting errors of Table 2.

6. Conclusions

This paper has developed a novel observer-based
methodology for future-state prediction in disturbed sys-
tems. The given solution is easily implementable and it
yields reduced errors if compared with other approaches.

The prediction-error of the given solution is proportional
to the parameter €, of Asm. 1. Thus, reduced errors will
be attained for disturbances with small €,., achieving null-
error for ¢, = 0. In addition —and independently of the
explicit value of €,— an observer design methodology has
been provided in order to minimize the prediction-errors.

The global requirement of Asm. 1 —i.e. ¥Vt € R— could
be relaxed just to a finite time-interval: ¢ € [to,t¢], being
ty —to > T and ¢, local bound. In this case, the results
of this paper would still being valid for ¢ € [to,t; — T7.
Finally, Theorem 1 and Eqgs. (10)-(11), (13) remain valid
for time-varying prediction-horizons, i.e. T £ T(t).

Appendix A. Proof of equality (4)

Let v; = tt+T A~teAtT=9) B () (s)ds. Under Ass. 1,
v; can be integrated by parts for any ¢ < r + 1; leading to:

v; = —A"FDB WO+ T) + A=V eAT B 0O (1) 4,4y

(A.1)
The recursive Eq. (A.1) allows to express vg as:
vo=—AT'Buwt+T) —...— A~ B M (t +T)
+ A7 eATBw(t) + ... + A=) AT B () (t)
+ Ur41-
(A.2)

Let h; = :+T (t#l_s)iw(r“)(s)ds. By Taylor, it holds
that:

TT
wt+T)=wt)+Tol) + ... + Fw<’“)(zf) + hy

Trfl

O+ e

Ot +T) =a(t) + Tot) + ... +

W (t+T) =W (t) + hg A3)
A3

Thus, by substituting (A.3) into (A.2), and after rear-
ranging terms, the integral vy results in:

vo=[—A""+ A_leAT} B,w(t)
+[-A2-TA + A2 BwM (1)

T2 A4
+ [— A A - iA"'_l — (A.4)

T’I"
= FA*1 + A" AT I B () (1)

+ Ur41 — AilehT — e — Ai(’Hkl)Bwho.

Equality (4) follows by: i) Noting that vy equals to the

integral in the LHS of (4); and ii) expressing eT as power-

series and cancelling the terms that are added and sub-
tracted in each term of the RHS of (A.4).
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