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MAXIMAL FACTORIZATION OF OPERATORS ACTING IN
KOTHE-BOCHNER SPACES

J.M. CALABUIG, M. FERNANDEZ-UNZUETA, F. GALAZ-FONTES AND E.A.
SANCHEZ-PEREZ

ABSTRACT. Using some representation results for Kéthe-Bochner spaces of
vector valued functions by means of vector measures, we analyze the maximal
extension for some classes of linear operators acting in these spaces. A factor-
ization result is provided, and a specific representation of the biggest vector
valued function space to which the operator can be extended is given. Thus,
we present a generalization of the optimal domain theorem for some types
of operators on Banach function spaces involving domination inequalities and
compactness. In particular, we show that an operator acting in Bochner spaces
of p-integrable functions for any 1 < p < oo having a specific compactness
property can always be factored through the corresponding Bochner space of
1-integrable functions. Some applications in the context of the Fourier type of

Banach spaces are also given.

1. INTRODUCTION

The effective computation of the maximal domain of operators that are defined
on a certain class of Banach spaces is an important topic in functional analysis.
For instance, some classical problems on almost everywhere convergence of trigono-
metric series in spaces of integrable functions can be understood as an attempt of
finding the bigger function space preserving this property. This problem has some-
times a solution —that is, there is a maximal space satisfying the given property,
see for example Ch.4 and Ch.7 in [22]—, but in other cases such a space does not
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exist. For instance, compactness of the operator has been one of the properties
studied from this point of view, for which there is no such maximal factorization
[21] (see also [5]).

In recent years, some effort has been made for the determination of the maximal
domains —also called optimal domains— of some classical operators in the class of
the order continuous Banach function spaces. The most widespread technique for
giving a representation of such spaces is based on vector measures and integration.
Generalizing this method, in this paper we are interested in the analysis of the
existence of the optimal domain of operators acting in Kothe-Bochner spaces of
vector valued integrable functions X (i, Y), for the class of all such spaces of function
having values in a fixed Banach space Y, where X (1) is an order continuous Banach
function space over a finite measure space (Q, %, u).

In this paper we prove the following maximality result: under some additional
requirements, given a Banach space valued operator T : X (u,Y) — E, we can find
a maximal space Z(n,Y) such X(n,Y) C Z(n,Y) and T can be extended to it
preserving continuity. A complete description of such space is given, as a Kothe-
Bochner space in which the functional part is a space L' of a vector measure defined
by the operator (Theorem 6). If some additional compactness property is required
for the operator, the optimal factorization space can be characterized as a specific
L'-space, of a scalar measure in this case (Theorem 12).

Actually, our analysis involves factorization of bilinear maps through the point-
wise product of functions in X (u) and vectors in Y, and a linear map acting in a
Kothe-Bochner function space. Therefore, our method combines factorization of
bilinear operators and integral representation of linear maps. As a consequence,
we prove that under a compactness requirement for the operator —to be right-
uniformly-compact—, a continuous linear map acting in a Bochner space LP(u,Y)

can be factored through L'(x,Y") (Corollary 14).



MAXIMAL FACTORIZATION OF OPERATORS IN KOTHE-BOCHNER SPACES 3

2. PRELIMINARIES AND NOTATION

Since the original work of Bochner [3] on integration of vector valued functions
was published in the first part of the 20th century, Kothe-Bochner spaces have
been fixed as a relevant tool in functional analysis. Let us recall now the definition
of Kothe-Bochner space (sometimes also called mixed norm spaces, see Ch.7 in
[16]). Fix a finite measure space (€, %, p). If X (p) is a Banach space consisting of
(equivalence classes of) measurable functions, then we say that X (u) is a Banach
function space if it is an ideal of measurable functions and has a Riesz norm. That
is, if ¢ is a measurable function, f € X(u) and |g| < |f], then we always have
g € X(u) and ||g]| < ||f]l- Thus, we follow the standard definition given in [19,
p.28] under the name “Ko6the function space”. A Banach function space is order
continuous if each decreasing sequence f, | in it converging almost everywhere to
0, converges to 0 also in the norm.

If X(u) is a Banach function space and Y a Banach space, the Kéthe-Bochner
space X (p,Y") is defined to be the space of (u-a.e. classes of) strongly measurable

functions f :  — Y satisfying that w ~ || f(w)|ly € X (u), endowed with the norm

£l x (y) = ||Hf||Y(w)||X(u)'

The reader can find more information in [6, 7, 18]. A particular relevant case of this
class of spaces are the Bochner spaces of p-integrable functions, in which X (u) =
LP(u) for a finite measure u. These spaces allow a tensor product representation

that will be relevant for this paper. It is well-known that

LY(n,Y) = L' (1) @xY,
the completion of the projective tensor product (see for example Proposition 1.8.6
in [18]; see [9] for more information about topological tensor products). For the
case of 1 < p < oo, a similar representation can be obtained, but the projective
norm 7 has to be substituted by the so called natural norm A,, defined in the

obvious way by using the LP-norm.
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The study of the relation of vector measure integration and representation of
operators was started by Bartle, Dunford and Schwartz in the foundational paper
[2]. The corresponding theory of integration was fixed by [17] and other authors
(see [22] and the references therein), and has found a lot of applications, mainly by
using the integral representation of operators that if provides.

Our notation is standard. For a Banach space X we write as usual Bx for its
closed unit ball and X* for its dual space. We will consider finite measure spaces
(Q,%, 1), and Banach space valued measures v : ¥ — X on the measurable space
(©,%). Once the vector measure v is fixed, we can define the family of scalar mea-
sures given by the variations |(v, 2*)| of all the scalarizations (v, 2*)(-) := z*(v(-))
of the measure v, x* € Bx~.

If v is a vector measure, the reader can find in [11, Chapter IX]) the definition
of Rybakov measure. Such a positive finite measure can be written as the variation
|{v, z*)| of a scalar measure as (v,x*) for a certain norm one element z* € X* such
that v and |(v,z*)| are equivalent, that is, they have the same null sets.

A function f : Q — R is integrable with respect to v if it is measurable and
integrable with respect to all the scalar measures (v, z*)|, * € X*, and satisfies

that for each A € ¥ there exists a vector [ 4 fdv € X such that

/Afd<u,x*>=</Afdu,x*>, e X"

The space L' (), whose elements are the (classes of) integrable functions with re-
spect to v, is an order continuous Banach function space over any Rybakov measure

p. Its norm —that is a lattice norm— is given by the formula

111y = supf / |fldl{v,2*)] - 2* € Bx-}.

The expression

170y =sup] [ £avl],
A A
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gives an equivalent norm for L!(v), that is not a lattice norm. Moreover, if E is a

Banach lattice, we can compute the norm by the formula

sy = | | 171l
Q

The space L!(v) has also a weak unit, the function xq. The reader can find this
and a complete explanation of related concepts in [22, Ch.2 and Ch.3].

Let us mix now both classes of function spaces to get a representation that will be
relevant for the paper. It must be said that, by a well-known representation theorem
for Banach function lattices, every order continuous Banach function space with a
weak order unit can be written isometrically and in the order as a space L!(v)
of a vector measure v (Proposition 3.9 in [22]). Recall that we are considering
a measurable space (,%) and a vector measure v : ¥ — X over it. If Y is
a Banach space and u is a scalar Rybakov measure for v, we will consider the
Kéthe-Bochner space L'(v,Y) := X(u,Y), where X (u) = L'(v). Note also that
the order continuity of L!(v) allows to deduce that simple functions are dense in
the corresponding Kothe-Bochner space with the norm defined by the expression
above (see for example [15, Lema 1.51]). Operators acting in Kéthe-Bochner spaces
is a classic topic of current interest. The interested reader can find recent papers on
this subject, for example on special classes of operators on these spaces [1, 12, 13],

and on the integral representation of such operators ([14, 20]).

3. LINEAR OPERATORS ACTING IN KOTHE-BOCHNER SPACES, BILINEAR MAPS

AND REPRESENTATION OF MAXIMAL KOTHE-BOCHNER SPACES

We will show two representations of the space of integrable functions that will
become the optimal domain of an operator T" acting in a Kéthe-Bochner space. In
fact, we will consider maximality for the bilinear map given by any linear operator
like this, following some ideas presented in [4] and [23]. In order to do that, we will
consider vector measures on {*°-spaces as well as operator-valued measures. One of

the spaces is the one composed by integrable functions with respect to an operator
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valued vector measure, that we will denote by L'(vr,). Since the description is
not giving a direct information about its structure, we describe another space of
integrable functions —L!(mp)—, in this case with respect to a positive vector
measure with values in an £*°-space. The definition of the norm in this space gives
a clear description of how the space is constructed, starting from the operator 7.
We begin by proving that both spaces L!(vr,) and L*(mp) actually coincide.

Let X (u) be an order continuous Banach function space over a finite measure
and let Y and E be Banach spaces. Consider a bilinear map B : X (u) xY — E. It
defines a linear operator Tp : X (u) — L(Y, E) in the usual manner—Tg(f)(:) :=
B(f,)—, that has an associated vector measure vy, : & — L(Y, E).

On the other hand, let us show that a related ¢°°-space-valued measure can be
defined in the following simple way. Note first that for each y € Y, the map B(x.,y)
given by A — B(xa,y) is a countably additive vector measure, by the continuity
of B and the order continuity of X (u). Moreover, for each y € Y and 2/ € Bg-, we

can also consider the scalar measure
vayvx/(A) = <B(XA,y),$/>7 A S E

This allows to define the positive finitely additive measure by means of the
semivariations of these measures as

mp(A) = (|mB,y,x,|(A)) € (*(By x Bp-).

yEBy ,x'€Bpx
Let us show first that it is well-defined. Clearly, each measure A — (B(xa,y),z’)
is countably additive by the order continuity of X (). On the other hand, if we fix
A€ we get

sup  [(B(xa,y),2)| < 1Bl Ixallxq 9l < 1Bl Ixallx ) < oo
yEBy ,x'€Bpx

Therefore, the set function mp : ¥ — ¢*°(By X Bg-) is well-defined. Let us show

now that in fact the vector measure mp is countably additive.
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Lemma 1. For a bilinear operator B : X(u) X Y — E and an order continuous
Banach function space X (p) over a finite measure p, the function mpg defined as

above is a countably additive vector measure.

Proof. Take a disjoint sequence of measurable sets (A4;)2,. Let us show that
tim s (U2, A9 5 = 0.

Indeed, for y € By and 2’ € By~ we have that there is a measurable set C' C U°, A;

such that

|mB,y,x'|(UfinAi) = mB,y,x’(C) - mB,y,x/(UfinAi \O)

<|[B(xc,Ylle + [1B(xue, anc:Wlle < 2Bl Ixoe, 4l x ) lylly-

Since X (u) is order continuous, this gives a uniform bound that converges to 0.

Thus, we get the result. O

Lemma 2. Let B : X(u) XY — E be a Banach space valued bilinear map. Suppose
that X (u) is an order continuous Banach function space over a finite measure p.
Consider the vector measures mp and vy, associated to B and defined as above.

Then the corresponding spaces of integrable functions coincide, that is
L'(vr,) = L' (mp).
Moreover,
W Meremsy < 201 Mzt e,y < 20 lzrime) < 4101 [zt ms)-

Proof. First notice that, by Lemma 1, mp is a countably additive vector measure
and so L'(mp) is well-defined. Consider a simple function f = > | Aixa,, where
Aq,..., A, are disjoint sets, and note that

Wl wry,) = sup [[Te(fxa)(W)lle = sup [[B(fxa,y)lEe-
A,yeBy A,y€By
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On the other hand, for each couple (y,2’) € Y x E* the Hahn decomposition of a

measure gives a set Cy ,» € X such that the following inequalities hold.

Wy = s ([ fdim,)

€X,yeEBy,x'€Bg=

= AeE,yeSBI;l/I,)x’EBE* (</Ancy,x/ de(X{.},y),:v’> + </Amc;m, de(X{_},y))(E/>)

< sup |B(fxanc, ...v)le+ sup 1B(fxance ,-y)lEe
AeX,yeBy ,x'€Bpx ' A€X,yeBy ,x'€Bp= v

<2 sup |[[B(fxay)lle =2/ @)

A,yEBy
<2 sup </de(x{.},y),x/>§2 sup /\fldlmB,y,m/
A€eX,yeBy ,z'€EBpx A YyEBy ,x'€EBpx JQ
=2Wflonm <4 s [ gl
AeX,yeBy,x'€Bgx JA

Taking into account that simple functions are dense in both spaces, the result is

obtained. These computations give also the inequalities among the norms. [l

The next result is a version of Proposition 3.1 in [4]. We write it for the aim of
completeness. Recall that it is said that B is p-determined if for every A € 3, the

set function supcc 4 yep, [1B(Xc,¥) |l equals 0 if and only if u(A) =0

Lemma 3. Let B: X(u) XY — E be a Banach space valued bilinear map, where
X (u) is an order continuous Banach function space over a finite measure . Con-

sider the vector measure vy,. Then

(i) there is a Rybakov measure n for v, such that n < u, and
(ii) the inclusion/quotient map [i] : X (u) — L (vry) given by [i](f) = [flur,
for f € X(p), is well-defined and continuous, and ||[7]|| < || Bl
(iii) If p is equivalent to the Rybakov measure n —that is, to vy, —, then [i] is

injective. This happens if and only if B is p-determined.

Proof. (i) We consider the vector measure vy, : X(u) — L(Y, E). By Rybakov’s
Theorem (see Ch.IX in [11]) we have that for every E-valued countably additive
vector measure m we can find a measure n = |(m, 2’| for a certain #’ € Bg+ such

that m and 1 have the same null sets. Applying this to vy, we get the result.



MAXIMAL FACTORIZATION OF OPERATORS IN KOTHE-BOCHNER SPACES 9

(ii) In general, we have that for measurable sets A and C,
lvrsl[(A) = sup [lvr, (C)lzev,E)
cCcA

= sup [[Te(xc)lecovmy = sup  [[B(xc,y)lle < sup [|Bl|Ixcll < [ Blllxall-
CCA CCA,yEBy ccA

Thus, since X (1) is a Banach function space we have that ||x4|| = 0 if and only if
1(A) =0, and then ||v,||(A) = 0. Therefore, for a couple of measurable functions
f,g € L°%pu) such that f = g p-a.e., we have that f = g also n-a.e., and so
[i](f) = [i](g). The map [¢] is then well-defined. Moreover, taking into account the
equivalent norm for the space L (vr,), if f € X (1),

(L ey = sup 1 Ta(fXA)leevey = sup  [IB(fxa,y)lle < 1Bl lx -
Aex A€, yEBy

This proves (ii).

(iii) Just note that, if u is equivalent to the Rybakov measure 1, we have that
for any couple of y-measurable functions, f = g p-a.e. if and only in f = g n-a.e.
Then, since 7 is equivalent to vr,, we have that f = g p-a.e. if and only if [f] = [g],

what gives the injectivity of [i].

We will write Iy : Y — Y for the identity map.

Proposition 4. Let B : X(u) XY — E be a Banach space valued bounded bilin-
ear map, where X () is an order continuous Banach function space over a finite
measure space (2,3, u). Consider the vector measure mp. Then B can be factored

through the following scheme,

B
X(p)xY —— E.

[i] x/
v B

Ll(mB) xY

Moreover, this factorization is optimal, in the sense that for any order continuous

Banach function space Z(n) over the measure space (2, %, 1) such that
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1) n< p, and
2) B can be factored through Z(n) x Y by [i] x Iy,

we have that Z(n) =, L' (mp).

Proof. This is a direct consequence of Lemma 3. Indeed, recall that by Lemma 2,
LY(mp) = L'(vr,), and write By for the bilinear map B extended to Z(n) x Y.
Since the measurable space where both vector measures are defined is the same,
we get that vy, = vp,. By assumption, we have that the inclusion/quotient map
[i] : X (1) — Z(n) is well-defined and continuous, and on the other hand, by Lemma
2 we have that the inclusion/quotient map [iz] : Z(n) — L' (v, ) = L'(mp) is

also well-defined and continuous.

In general, we cannot translate the optimality of L!(mp) for the factorization of
B in the sense of Proposition 4 to a factorization of a linear operator acting in a
Kothe-Bochner space as T : X (u,Y) — E. However, there are some cases for which
we have that the factorization of the bilinear operator By : X (i) X Y — E defined

as
BT(f7y):T(f'y>7 fEX(M), y ey,

can be used to construct a factorization for the operator T. We will write Tp :
X(p) — L(Y, E) for the linear operator induced by the bilinear map Bp. The next
result shows that the required property is what we call to be right-dominated, and
is written in terms of inequalities. As the reader will see, this is some sort of Banach
space version of the positive operators for the case of operators between Banach
lattices.

We will say that a bounded linear operator T': X (u,Y) — E is right-dominated
if there is a constant K > 0 such that

Ir)ls < 5| 2o |, £ € XY
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Ezample 5. Suppose that simple functions are dense in X (u,Y"). An easy example
of a right-dominated operator is given by the linear operator Ty : X(u,Y) — E
defined for simple functions by To(> i, x4, - ¥i) = iy S(xa;) - (i, yo), where E
is a Banach lattice, S : X(u) — FE is a positive operator and y,Y™* is a norm one
functional.

Indeed, take a simple function f = Y"1 | x4, - y;- Then

ITo(H)lle = |l Z S(xa,) - (Wi vo)lle = 1S xa: - (Wi vo)) s

i=1

n n
<SG xai - lwil)le = S 1S~ xa, - llyill) - v wo) |2
i=1

i=1

= sup [ Br, (Y xa, - llwill- 9)lle = 1(To) s (1 f (w)lly)l v, o).

yEBy i=1

Therefore, Ty is right-dominated for K = 1.

Another relevant situation in which we can translate the optimality obtained for
the factorization of bilinear maps to a linear operator acting in a Kéthe-Bochner
space is when Brp is right-uniformly-compact. This will be explained later. Let us
show first the optimal factorization for right-dominated operators. We will explain
it for the case of p-determined operators. Another version is available without this
assumption, just changing inclusions by inclusion/quotient maps, in the spirit of

Lemma 3.

Theorem 6. Let X (u) be an order continuous Banach function space over a finite
measure . Let T : X(u,Y) — E be a p-determined right-dominated operator.
Then T can be factored through the Kéthe-Bochner space L' (vr,,Y) as

T
X(w,Y) —— E.

i /
v T

Ll (VTB 5 Y)



12 J.M. CALABUIG, M. FERNANDEZ—UNZUETA7 F. GALAZ-FONTES, E.A. SANCHEZ-PEREZ

Moreover, this factorization is optimal, in the sense that for any Kothe-Bochner
space Z(n,Y) such that Z(n) is order continuous —for n equivalent to p— and
such that T can be extended to Z(n,Y), we have that Z(n,Y) C L*(vr,,Y).

Proof. Note first that T can be used to define a bilinear map B : X(u) x Y — E

as B(f,y) :==T(f -y). The continuity of T gives that

1BU. e =17 -z < 171 | Pl = 1711 Dxgo Iy

X(u,Y

and then B is continuous. Thus, we can consider the associated measure v, : ¥ —
L(Y, E). Take a function f € X(p,Y). Then, by Lemma 3( (ii) and (iii) ), we have

that

1oy vy = 1@ sy < IBI @]y = 1B o

On the other hand, note that by the order continuity of both spaces X (u) and
LY (vr,,), the first mentioned space is dense in the second one, and so we only need to
define the extension 7' for f € X (u,Y). Then we can use the formula T'(f) = T(f).
Let us prove that it is continuous when it acts in L!(vr,,Y). Identifying the tensor
product of the space X (u) ® Y with a subspace of X (p,Y"), we can take a simple
function f = >"" x4, @y € X(u) @Y C X(p,Y), for disjoint measurable sets
Aq,...,A,. The tensor product is dense in the Kéthe-Bochner space, and so simple

functions are too. Then since T is right-dominated, we have that

17Dz = ITWDlle < K | ToUlF)v) | g = KIS Ta 0, - 190 2y
i=1

< K sup | ;TB(XAmAHZ/i”Y)HL(Km = K sup| ;VTB (A N Dyilly || £y )

yZ”Y) dVTB ||£(Y,E) <K ”fHLl(UTB,Y)'

=ng‘pH/A (;Xm

Thus, the inequality holds for every f € L'(vg,,Y).
For the optimality of the factorization it is enough to take into account Lemma

3. If X(pn) C Z(n), then the vector measure v, generated by the bilinear map B
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when defined from Z(n) x Y coincides with v, . Therefore, by Lemma 3 we have

that Z(n,Y) C L*(vr,, ) = L' (vr,), which finishes the proof. O

4. MAXIMAL EXTENSIONS OF RIGHT-UNIFORMLY-COMPACT OPERATORS ACTING

IN KOTHE-BOCHNER SPACES

We will show in what follows that better results —without the restriction for
the operator to be right-dominated— can be obtained under some compactness
assumptions. The next results show that in this case, we can extend operators
acting in the class of K6the-Bochner spaces to the spaces that are in a sense maximal
in this class: Bochner spaces of integrable functions. Using our general result, we
will prove some maximality theorems that concern the general theory of operators
on spaces of vector valued functions, providing concrete results for relevant classical
spaces.

Let B: X(u) xY — E a continuous bilinear map. Let us define a new topology
for X (u) given by the (semi)norm

Ifls:= sup ||B(fxa.v)le, fe€X ().
AeX yeBy

Let us assume in this section that || - ||p is a norm, what happens if B is u-
determined. The resulting space is then a normed space. Note that such a bilinear
map B can always be used to define a continuous bilinear map B : (X (), |-||z) % E,
B = B. Indeed, the continuity of B and the fact that X (u) is a Banach function
space give that for every f € X(u) and y € Y,

IB(f,9)lle = IB(f,9)lle < LS (B xas I < (115 Iyl

X,z€

Recall that an operator from a normed space to a Banach space is compact if it
carries the unit ball inside a compact set.
Let us start by proving a result on the relation between the compactness proper-

ties of a bilinear map B : X (u) X Y — E and the associated operator T : X (u) —
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L(Y,E). We will consider the following compactness-type property for a bilinear

map B, that characterizes when the associated map T'p is compact.

Definition 7. We will say that the bilinear operator B : X x Y — FE is right-
uniformly-compact if for every sequence (z;) C Bx there is a subsequence (z;,);
such that for every € > 0 we find a natural number j such that for every sequence
as ((z4, — xik,yik))jgk C X x By we have that ||B(z;, — x4, 4, )||e < €.

In the same way, we will say that the bilinear operator B is left-uniformly-
compact if the symmetric property holds, that is, if the bilinear map B* : Y x X — E

defined as B'(y,z) = B(xz,y), is right-uniformly-compact.

The next result shows that this property gives a characterization of the com-

pactness of Tg. We write the standard proof for the aim of completeness.

Lemma 8. Let XY and E be Banach spaces. Then the following statements hold
for a bilinear operator B: X xY — FE.
(i) B is right-uniformly-compact if and only if its associated linear operator
Tp: X — L(Y,E) is compact.
(ii) B is left-uniformly-compact if and only if its associated linear operator Tge :
Y — L(X,E) is compact.
(iii) If B is right-uniformly-compact and left-uniformly compact, then it is com-

pact.

Proof. (i) Suppose first that B is right-compact. Take a sequence of elements
(z;) C Bx and consider the subsequence (z;,) with the given properties. Fix € > 0.
Then there is j; associated to €/2 such that there is a sequence (yz);j<x C By

satisfying that for every k > ji,
1T8(zi;, ) — To(zi)lleev,my < 1By, — 2, v )le +6/2<e/2+¢/2=ec.

Therefore, (TB (xlj)) is a Cauchy sequence, what means that Tg is compact.
Conversely, take a sequence (z;) C X. If Tg(Bx) is relatively compact there

is a subsequence (z;,) such that (Ts(z;,)) is a Cauchy sequence in E. Therefore
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for every e there is j such that ||Ts(zi;) — T(%:,)|lcv,p) < € for each k > j,
that is, for every sequence (yx) C By, ||B(wi; — i, yr)lle < €. That is, B is
right-uniformly-compact.

The proof of (ii) is similar.

(iii) Take a sequence (z;,y;) in Bx X By. Then, since B is right-uniformly-
compact, we have that there is a subsequence (z;;) with the explained properties.
In particular, the subsequence ((chk,ylk)) ., satisfies that for every ¢ > 0 there is jo
such that for k > jo,

1B(wi;, — iy, yir 2 < e

Note also that in fact ||B(xi;, — i,,y)|[r < € for all y € By. Now we use the
fact that B is also left-uniformly-compact. Then there is a subsequence of (y;,)
—we use the same notation for it—, such that for every € > 0 there is j; such that
| B(2iys Yi;, — Yir)ll e < € for each k > j;.

Write jo := max{jo,j1}. Then we have that for ki, ka > jo,
||B(xik1 > Yy, ) - B(xikQ > Yi, ) HE

< ||B($ik17yjk1) — B(®iy,, Yir,, ) + B4y, Yiy,,)
—B(i,,, Yiy,) + B(®i;,, Yy, ) — B(wiy, yik2)||E
<|NB(®i;, — @iy Yiu, M+ 1B @iy, — @iy, s i, )+ (1B, 5 Yin, — Yir,) |
<|B(@iy, — @ijy» Yir M+ 1B @iy, — @iy, s Yir, M+ 1By, — 2455 Yy, )|
B (i;, — @iy, s Vi, )| + 1B(iy,, vis, — Y, |+ 1B @iy, yin, — viy, )l < 6e.

Therefore, (B(zi,,y:,)) is a Cauchy sequence in E, what implies that B is a

compact bilinear operator.
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Ezample 9. Recall that if f is a Bochner integrable function in L!(u, X), we can

define its k-th Fourier coefficient by means of the vector valued integral

fk) = /Qf(t)e”” du(t), keZ.

Let IT be the torus, and consider Lebesgue measure p on it. Note that for f = h-x,
h e LP(I) and z € X, we have that f(k) = 2 - hy. Following the natural continuous
Fourier operators from LP(II) to ¢¢" provided by the Hausdorff-Young inequality,
a Banach space X is said to have Fourier type p for 1 < p < 2 if the map I, :
LP(I1, X) — (7 (X) given by

L,(f) = (f(K)) epy £ € LP(ILX),

is well defined and continuous (see for example [8] and the references therein). Let
1 < s < p’ and take the real number r that satisfies 1/r + 1/p’ = 1/s. Take a
positive sequence 0 < o = (o) € £", and consider the map M, : ' s given by
Mo ((ri)r) = (agrg)k- It is clearly well-defined and continuous. Recall that Pitt’s
Theorem states that every operator from /N 03, for s < p’, is compact (see [10]
for example for this result and some generalizations). Consequently, M, is compact.
Let us write also M, for the same operator but defined from £'(X) — ¢5(X) in
the natural way. We consider now the operator M, o I, : LP(II, X) — ¢°(X).
The associated bilinear map B, s : LP(II) x X — ¢5(X) is given by By, (h,z) =

(akﬁk ST = (akﬁk)k - . Notice that for B, ; we can consider the operator

TB LP(H)—)L(X7€S(X)),

p,s

that is given by the formula
Tg, .(h)(x) := By s(h,2) = (zaphy)r = x (aghy), € £5(X), he LP(ID), = € X.

Let us remark that the functions h above are scalar, and so the map h (akﬁk)k is
the standard Fourier operator F,, : LP(II) — o’ composed with the multiplication

map « : ¢ — ¢, But this composition is compact. Indeed, note that for every
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h e LP(ID),

ey = sup [|z]| - || (onhi)les-
reEDLX

T8, .(P)||lLx,esx)) = sup [z - (axhy)
r€EBx

In other words, T, , factors through the map M, o F, : LP(II) — £*. Since this

map is compact, we get that T, is compact. Lemma 8 gives then that B, s is

right-uniformly-compact.

Let us explain now an easy example whose generalization will become the moti-
vation of the rest of the paper. We are interested in determining when the optimal
domain of a given operator acting in a Koéthe-Bochner space is a Bochner space.
The next case will show that this happens when the original bilinear map can be
factored through a scalar functional in a certain way; we will show that this situa-
tion can be generalized to the case when this kind of factorization is done through

a compact operator.

Ezample 10. Fix a finite measure space (2,3, ). Let R : Y — F be a norm one

operator. Let X (u) be an order continuous Banach function space—the particular

case X (u) = LP(p) will be studied later on. Consider the bilinear map B : X (u) x

Y — E given by B(f,y) := (fﬂ f d,u) -R(y), that is obviously continuous. Then the

operator Tp : X(u) — L(Y, E) is given by Tp(f)(:) := (fQ fdu) “R(4), feX(p).
Note now that

1flai= _sw 1BUxawl=sw| [ fdu]- sw R
€X,yeBy Aex ' JA yEBy

~ sup |/AfdML fe X

and this expression is equivalent to the standard norm in L ().
Note also that ¢(-) := [, (-)du defines a linear functional on L'(u), and so
Tg: (X(w), |- lB) = L(Y, E) can be factored as

(X (1), |- 1) = L'(1) = R =5 L(Y, E),
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where S(r)(-) = r - R(:) for all »r € R. Therefore, Tp acting in (X (u),| - ||5) is
a compact map, what by Lemma 8 means that the extension of B, B, is right-
uniformly-compact.

On the other hand, it can be easily seen that |v, | = p, and the original bilinear

map B can be factored as
X(p) xY —; LY () xY =53 E,
where B : L'(|vp,|) x Y — E is defined by continuity from B.

Let us give a general version of this result under the assumption of right-uniform-
compactness of the bilinear map B for the norm || - ||z in the left space of the

Cartesian product.

Proposition 11. Let X (u) be an order continuous Banach function space over a
finite measure p. Let B : X(u) XY — E be a Banach space valued bilinear map
such that B : (X(u),| - |lB) X Y — E is right-uniformly-compact. Then B can be
factored through the bilinear map B LY (|vr,|) XY — E defined by continuity from
B, and this factorization is maximal.

Moreover, if B : (X(u),|| - ||lg) x Y — E is also left-uniformly-compact, or

compact, its linearization
Ly LY(jvr,|)®rY — E,
18 compact too.

Proof. Since B is right-uniformly-compact, we have by Lemma 8 that the oper-
ator T : (X(u), |- [[8) — L(Y,E) is compact, and it is indeed the integration
map for the vector measure vr,. Therefore, using Proposition 3.48 in [22], we get
that L'(vry) = LY(Jvrg|) (see [22, §3.3] for more explanations about this result).
Proposition 4 gives the result.

We can get a proof of the last statement within the circle of ideas of the Krein-

Milman Theorem. Indeed, first recall that L!(|vr,|,Y) = L' (Jvr,|)@,Y. Note that
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the unit ball of the projective tensor product is the closed convex hull of its extreme
points, which are the single tensors as f®y for || f|| < 1 and ||y|| < 1. Using Lemma
8, we have that the range of Bis a relatively compact set, and its closed convex
hull is then also compact. This set contains m Thus, we get that
Ts(L (Jvry|,Y)) is relatively compact, and so the operator T is compact.

O

Using some known results on vector measure integration and the previous de-
velopments, we are ready to prove the main result of this section. Recall that, if
T : X(u,Y) — E is an operator, the formula Br(f,y) :=T(f-y), f € X(n), y €Y,

provides a continuous bilinear map from (X (u), | - ||5;) X Y to E.

Theorem 12. Let X (u) be an order continuous Banach function space over a finite
measure p. Let T : X(u,Y) — E be a u-determined Banach space valued linear
operator such that the associated bilinear map By : (X(u),| - |8) x Y — E is
right-uniformly-compact. Then the operator T can be factored through the Bochner
space L' (v, |,Y) as

X(1,Y) —— E.

7 T

Ll(‘VTB|7Y)

Moreover, if By is also left-uniformly-compact, or Bt is compact, this extension is
compact and mazximal.
In addition, there is an integral representation for T, that is, there exists a |vrg |-

Bochner integrable function ¢ : Q — L(Y, E) such that

79 = ([ Fodwr, ). 1L (ur,l)yey.

Proof. The proof is direct just using the previously obtained results. Given an
operator T : X (u,Y) — E, we can define a bilinear map By : X(u) XY — E by
Br(f,y)=f-y, f € X(u), y € Y. By Proposition 11, we get the optimal factoriza-

tion for By through B : L'(Jvp,|) x Y — E. This map can be linearized through
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the projective tensor product, that coincides with the Bochner space L'(|vr,|,Y)

as
B
Ll(‘I/TBD XY ——= FE.
©
't T
Li(lvrs |, Y)

This gives a factorization for the original operator T, that is clearly maximal: if
there is any other Kothe-Bochner space Z(n,Y) to which T can be extended as
T1, the associated bilinear map factors through the scheme above. This, together
with the fact that Z(n,Y) C L'(vr,,Y) = L*(|vr,|,Y) by Lemma 3, gives that T}
factors through L!(|vr,|,Y). Proposition 3.48 in [22] gives the integral representa-
tion of the operator written in the last part of the statement of the theorem. This

finishes the proof.

Ezample 13. Following with the setting explained in Example 10, fix X (u) = LP(u),
1 < p < o0, and take as R a norm one operator R : Y — FE. Consider the linear
map T : (S, || - [|zr(u,y)) — E, where S are the simple functions over Y, that is
defined as T(f) = T(X 7y xa,ui) = Ry u(Ai)yi) for f = Y771 xa,yi- Note

that

IR m(A) wolle < I3 pA) willy < 3 (A il

- / 1S xasilly dis < w7 1 Fllzogury,

i=1

and so the map is continuous, what implies that it can be extended by continuity to
all the space LP(u,Y'). Note also that the bilinear operator Br coincides with the
map B that was given in Example 10 and was shown to be right-uniformly-compact
from (LP(u), | ||B;) XY to E. It was also shown that |vp, | = p, and so Theorem 12

gives the factorization through L'(p,Y) and the maximality of such factorization.
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The representation as a Bochner integral is given by the Radon-Nikodym deriv-

ative ¢(w)(y) := 1(w) R(y)

R(y), w e Q, y €Y, that is

779 = ([ 1o = ([ fan) R, 1Ll ey

This example provides a motivation for the following concrete result, that is
up to our knowledge new, and is one of the main outcomes of the present paper:
every linear operator from a Bochner LP-space LP(u,Y') with an associated right-
uniformly-compact bilinear map can be extended optimally to a Bochner L'-space.
Moreover, this space can be chosen to be evactly L'(u,Y) if the inclusion is sub-
stituted by a multiplication operator in the factorization diagram. For the aim of

simplicity we write it for u-determined operators.

Corollary 14. Let 1 < p < oo, and consider a linear operator T : LP(u,Y) = FE

such that it is p-determined and the associated bilinear map
Br: (X(u),|-8) xY = E
is Tight-uniformly-compact. Then T has an optimal factorization as

LP(nY) — E.

Ms/
' To

L', Y)

Proof. By Theorem 12, we have a factorization as

LP(nY) — E.

7 T

Ll(‘VTBLY)

On the other hand, since |vp, | < p, there is a p-integrable scalar function g > 0
—since the operator is p-determined—, such that d|vr, | = g du. Therefore, we can

factor the operator through the multiplication operator M, : LP(u,Y) — L' (u,Y),
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M, (f) = gf, since
[yl = [ flodn = [ Wfldvr]. 1€ 22y
Q Q Q
closing the diagram with Ty = T/ g. This gives the result. ]

It can be easily seen that the function ¢ in the previous corollary has to belong
to Lp'(u). The same result can be adapted for other classical families of Banach

function spaces, as Lorentz and Orlicz spaces.

Corollary 15. Let 1 < p,q < 0o and consider the Lorentz (Banach) space LP*%(u).
Consider a linear operator T : LP%(u,Y) — E such that it is p-determined and the
associated bilinear map Br : (X (u),| - |B) x Y — E is right-uniformly-compact.
Then T has an optimal factorization through the Bochner space L*(u,Y) as the one

giwen in Corollary 14.

Remark 16. Since the factorization given in Theorem 12 depends only on the as-
sociated bilinear map Br, the result can also be applied for spaces other than the
Ko6the-Bochner spaces, —for example spaces of vector valued integrable functions of
Pettis type—, whenever we can prove that these spaces are included in L*(|vr,|,Y)

and define the same bilinear map Bry.

5. APPLICATIONS: FOURIER TYPE OF BANACH SPACES AND BOUNDEDNESS
RESULTS FOR THE VECTOR VALUED FOURIER COEFFICIENTS OF BOCHNER

INTEGRABLE FUNCTIONS

Recall from Example 9 that a Banach space X is said to have Fourier type p
for 1 < p < 2 if the map I, : LP(II, X)) — 2" (X) given by f I,(f) = (f(k))kez
is well defined and continuous. Let us use our results to provide two applications

that give more information for the vector valued Fourier transform.

1) The bilinear map associated to I, is B, : LP(u) x X — £ (X), given by
By(h,z) = (hi)g - x, h € LP(IT), 2 € X. Note that it is always well-defined and
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continuous as a consequence of the Hausdorff-Young inequality, without assuming
the Fourier type p for X. The linear operator Tp, : LP(II) — L(X, 7" can also
be defined; it can be easily checked, as in Example 9, that ||Tg,(h)[lz(x,m) =
| (hi)kllpwr, h € LP(TI). Therefore, the associated vector measure vry, coincides
with the vector measure vp, defined by the Fourier operator F), : LP(II) — Iz
The optimal domain for this operator is presented in [22], where it is shown that

coincides with the space
F,(II) := {f c L) : (f/X\Ak)k € 7 for each Borel set A},
and the norm is given by

1, = sup I(Fxap)kllr,  f € Fy(ID),

see [22, Proposition 7.13]. Therefore, we have the continuous inclusion LP(IT) C
F,(I), and B, can be extended to F,(IT) x X — £ (X). Consequently, indepen-
dently of the Fourier type of X, for every strongly measurable function X-valued
function f that can be written as a pointwise limit f = >"°°, h;-z; with h; € F,(II),
x; € X and Y22 ||hsl| Loy | ] x < 00, the vector valued Fourier coefficients define

a sequence (fy)y that is in €7 (X).

2) Fix now a natural number n and consider the projection P, : % (X) —
(X)), Pu((x1)72,) := (zx)P_, for (z1)52, € £ (X). This operator is not compact.
However, if we define the bilinear map By, : LP(IT)x X — 2 (X) as By, = P,0B,,

we obtain that the associated operator

Tg,,, : LP(IT) = L(X, 2 (X)),

p,n

given by the formula Ty, (h)(z) := Bpn(h,x) = (hy)j_, - = € £ (X), h € LP(IT),
z € X, has finite range, so it is compact, that is, By, is right-uniformly-compact

(Lemma 8). The operator is not p-determined, but in this case a look to the proof
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of Lemma 14 shows that Corollary 14 holds also for a positive function g, that is

not in general g, > 0. Therefore, we obtain the next uniform domination result.

Corollary 17. Suppose that X has Fourier type p for 1 < p < 2. Let n € N
and assume that the Banach space X has Fourier type equal to p. Then there is a
function 0 < g, € L¥' (IT) such that the multiplication operator M, : LP(II, X) —
LY(I1, X) is well-defined and continuous, and there is a constant K,, such that for

every f € LY(IT, gdp, X),

1)zl iy < Ko [ Ml
II
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