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It is known that the human visual system performs a hierarchical information process in
which early vision cues (or primitives) are fused in the visual cortex to compose complex
shapes and descriptors. While different aspects of the process have been extensively stud-
ied, such as lens adaptation or feature detection, some other aspects, such as feature fusion,
have been mostly left aside. In this work, we elaborate on the fusion of early vision prim-
itives using generalizations of the Choquet integral, and novel aggregation operators that
have been extensively studied in recent years. We propose to use generalizations of the
Choquet integral to sensibly fuse elementary edge cues, in an attempt to model the beha-
viour of neurons in the early visual cortex. Our proposal leads to a fully-framed edge detec-
tion algorithm whose performance is put to the test in state-of-the-art edge detection
datasets.
� 2021 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY

license (http://creativecommons.org/licenses/by/4.0/).
1. Introduction

The Human Visual System (HVS) has historically been a source of inspiration for researchers in computer vision. The
advent of Convolutional Neural Networks [1], featuring far more complex and powerful schemas than initial attempts for
image processing using neural networks [2], might seem to indicate that the ultimate simulation step has been reached:
the (yet modest) simulation of neural tissue. However, it is well known that the human visual system does not consist of
randomly connected layers of neural networks that cope with the information gathered by cones and rods. Instead, it fea-
tures a more evolved system in which information is subsequently analysed to detect basic shapes, which are further com-
bined to detect more complex structures. Ever since the experiments by Barlow [3] and Hubel and Wiesel [4], it is known
that the ganglion cells in the very retina use organised cell structures to seek for pictorial primitives. This study has been
repeated in different animals, with similar conclusions [5]. Specifically, humans are known to have center-surround recep-
tive fields at the retina, which are further combined at the Early Visual Cortex (V1) to compose lines, boundaries, etc. This
discovery had a massive impact in computer vision in the early 80’s, and in fact led to the introduction of the Marr-Hildreth
Laplacian-based edge detection method [6]. This edge detection method aimed at faithfully simulating the role of retinal
a 31006,
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ganglions using Laplacian (or, equivalently, Difference of Gaussian) kernels [7], in an attempt to simulate the early stages of
recognition in the HVS.

Different theories have been developed in the context of image processing, trying to mimic the features of the HVS. A rel-
evant case is the use of techniques from Fuzzy Set Theory to cope with ambiguity, noise and blurring [8]. These ideas are
often combined with bio-inspired optimization techniques [9]. In this way the inherent uncertainty of the edge detection
process is channelled, bringing better performance to edge detection. Other approaches in literature avoid the (human-
directed) modelling of the happenings in the HVS, relying instead on machine learning techniques (such as random decision
forests [10]) to somehow simulate the neural interaction in brain tissue. Although these detectors often give very good per-
formance and real-time detection, they do not attempt to mimic the HVS and require a training phase for model learning.

In general, (convolutional) neural networks deeply rely on the optimization of their weights, as well as on the presence of
multiple maxima in their parameter space, to mimic neural plasticity and reach good computational solutions. Some of these
networks have shown excellent performance, being close to or even surpassing human performance in statistical terms [11].
In addition, some have extreme difficulties in performing when the input data is significantly different from the training data
[12]. However, the artificial neural network might not be neither the only nor the best way to simulate the HVS, despite the
fact that most of this system is actually supported by neural tissue. Specifically, we believe that a system based on the extrac-
tion of primitive features, followed by some sensible fusion process, might have a better rapport with how the HVS actually
works.

We believe that a sensitive structure for object detection (in this case, for edge detection) is a multi-step algorithm
(Fig. 1), featuring the phases visual information undergoes in the HVS. First, visual data is to be set to the adequate level
of focus, a task which is carried out by the lens in the HVS. Then, some basic features are extracted from the resulting image,
representing the role of retinal ganglions. The third step consists of fusing the feature information to produce goal-oriented
representations, as it happens in successive layers of the visual cortex. Finally, the different stimuli need to be discriminated
among those actually corresponding to the presence of an object (edge) and those to be discarded. This thresholding process
embodies the basic spike firing profile of neurons in human neural tissue. The fact that this 4-phase schema becomes both
computationally handy and familiar [13] is not a random coincidence. In the early stages of computer vision, computational
solutions were highly influenced by advances in neuroscience and psychology. These solutions were further adopted by
researchers in upcoming decades, e.g. the edge detection frameworks by Bezdek et al. [13] and Law et al. [14].

Analysing the previous schema, it comes clear that some phases have been significantly more studied than others. While
image regularization (either adaptive or not) and feature extraction are well-covered in literature, feature fusion and thresh-
olding are notably understudied. Feature fusion is normally done trivially and, when studied in depth, it rather focuses on
solving the problems and computational challenges generated in previous phases of the algorithms. For example, famous
strategies such as edge tracking [15,16] or multiscale edge surfaces [17] are designed to cope with multiscale information,
while Di Zenzo-Cumani operators [18] are presented because of the multidimensional nature of colour inputs. Some authors
have indeed elaborated on the idea of intelligently fusing edge cues in an interpretable manner [14], but they are rather
exceptional.

In this work, we propose an edge detection algorithm which tries to simulate the information flow in the human visual
system for edge detection. This algorithm is faithful to the 4-phase schema presented above and is guided by two principia:
first, trying to keep all phases to the minimum complexity, in an attempt to mimic the basic unitary behaviour in human
neural tissue; second, using a sensible, adaptive feature fusion method to combine edge features. The first principium ren-
ders into a simplistic, interpretable edge detection structure. The second principium leads to edge cue fusion based on the
generalizations of the Choquet integral, an aggregation operator that has been intensively studied in recent years [19].

At this point, one question may arise:
Why do we decide to explore the usage of Choquet-based integrals in this context?
In order to bridge the gap between the HVS and edge detection, the Choquet integral and specifically its state-of-the-art

generalisations, may allow to better detect the presence of edges as they consider the relation between the elements to be
aggregated. On the one hand, the Choquet integral is defined based on a fuzzy measure [20], which presents the important
property of considering the interactions among the elements to be aggregated On the other hand, the use of the Choquet
integral and its generalizations for edge detection is novel, yet fully grounded on the characteristics of the problem.

The Choquet integral and its generalizations have been extensively applied in different problems in which the relation
between elements is needed, such as in multi-criteria decision making [21], deep learning [22], preference modelling
Fig. 1. Schema of the multi-step algorithm proposed along with the different equivalent HVS phases.
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[23], or multimodal brain-computer interface systems [24]. Moreover, the discrete Choquet integrals and its generalizations
presented excellent results in fuzzy rule-based classification systems (FRBCS) [25,26], both in theoretical and applied
contexts.

As edge detection consists, at a semi-local level, in the analysis of the relationship between pixels in each neighbourhood,
the use of the Choquet integral seems both theoretically appropriate and promising. Moreover, we envisaged that Choquet
integrals might be a good computational representative of neuronal behaviour in terms of both interrelation of the inputs
and profiling of the output. Hence, generalisations of the Choquet integral are taken as the keystone for edge cue fusion.

We pretend to introduce a novel approach to the edge detection problem combining the gravitational force smoother [27]
with the generalizations of the Choquet integral for the conditioning and feature blending phase of the Bezdek Breakdown
Structure (BBS) respectively.

The structure of this work is organized as follows. Section 2, presents some needed preliminary and base concepts. Sec-
tion 3, analyses some of the generalizations of the Choquet integral considered in the paper. Section 4 is devoted to present
the proposed methodology for edge detection. Section 5 shows some results of our proposal, along with the statistical anal-
ysis and discussion. Finally, Section 6, exposes the conclusions along with future work.

2. Preliminaries

In this section, we recall some basic concepts about the theory of aggregation that will be used further on in the work.
In this paper, any function F : ½0;1�n ! ½0;1� is called a fusion function [28].

Definition 1. [26] A bivariate fusion function F : ½0;1�2 ! ½0;1� with 0 as left annihilator element, that is, satisfying:

(LAE) 8y 2 ½0;1� : Fð0; yÞ ¼ 0,

is said to be left 0-absorbent.
Moreover, the following two basic properties are also important:

(RNE) Right Neutral Element: 8x 2 ½0;1� : Fðx;1Þ ¼ x;
(LC) Left Conjunctive: 8x; y 2 ½0;1� : Fðx; yÞ 6 x.

Any bivariate fusion function F : ½0;1�2 ! ½0;1� satisfying both (LAE) and (RNE) is called left 0-absorbent (RNE)-function.
A particular family of fusion functions is that of aggregation functions [29].

Definition 2. [29]A mapping M : ½0;1�n ! ½0;1� is an aggregation function if it is monotone non-decreasing in each of its
components and satisfies the boundary conditions, Mð0Þ ¼ Mð0;0; . . . ;0Þ ¼ 0 and Mð1Þ ¼ Mð1;1; . . . ;1Þ ¼ 1.

In the context of this work, the following two properties are important for aggregation functions:

(ID) Idempotency: 8ðx; . . . ; xÞ 2 ½0;1�n : Mðx; . . . ; xÞ ¼ x;
(AV) Averaging behavior: 8x ¼ ðx1; . . . ; xnÞ 2 ½0;1�n : minfx1; . . . ; xng 6 Mðx1; . . . ; xnÞ 6 maxfx1; . . . ; xng;

Observe that idempotency and averaging behavior are equivalent concepts in the context of aggregation functions.

Definition 3. An aggregation function T : ½0;1�n ! ½0;1� is said to be a t-norm if, for all x; y; z 2 ½0;1�, the following conditions
hold:

1. Commutativity: Tðx; yÞ ¼ Tðy; xÞ;
2. Associativity: Tðx; Tðy; zÞÞ ¼ TðTðx; yÞ; zÞ;
3. Boundary conditions: Tð1; xÞ ¼ Tðx;1Þ ¼ x.
Definition 4. An aggregation function S : ½0;1�n ! ½0;1� is said to be a t-conorm if, for all x; y; z 2 ½0;1�, the following condi-
tions hold:

1. Commutativity: Sðx; yÞ ¼ Sðy; xÞ;
2. Associativity: Sðx; Tðy; zÞÞ ¼ SðSðx; yÞ; zÞ;
3. Boundary conditions: Sðx;0Þ ¼ x.

A very relevant class of aggregation functions, which covers means [29], is that of Choquet integrals. To define these func-
tions, we first need to recall the notion of fuzzy measure. In the following, consider N ¼ f1;2; . . . ;ng.
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Definition 5. A function m : 2N ! ½0;1� is a fuzzy measure if, for all X;Y #N, it satisfies the following properties:

1. Increasingness: if X#Y , then mðXÞ 6 mðYÞ;
2. Boundary conditions: mð£Þ ¼ 0 and mðNÞ ¼ 1.

In the following, we present an example of fuzzy measure, namely, the power measure, which is adopted in this work:
mqðXÞ ¼ jXj
n

� �q

; with q > 0; ð1Þ
where jXj is the number of elements to be aggregated, n the total number of elements and q > 0. We have selected this mea-
sure due to the fact that it is the one achieving the highest accuracy in classification problems [25,26], where the exponent q
is learned by using a genetic algorithm. Here, however, we shall consider fixed values for q.

Definition 6. [29] Let m : 2N ! ½0;1� be a fuzzy measure. The discrete Choquet integral of x ¼ ðx1; . . . ; xnÞ 2 ½0;1�n with
respect to m is defined as the function Cm : ½0;1�n ! ½0;1�, given by
CmðxÞ ¼
Xn

i¼1

xðiÞ � xði�1Þ
� � �m AðiÞ

� �
;

where xð1Þ; . . . ; xðnÞ
� �

is an increasing permutation on the input x, that is, xð1Þ 6 . . . 6 xðnÞ, with the convention that xð0Þ ¼ 0, and
AðiÞ ¼ fðiÞ; . . . ; ðnÞg is the subset of indices of the n� iþ 1 largest components of x.

The Choquet integral is idempotent and presents an averaging behavior. Observe that the Choquet integral is defined
using a fuzzy measure, which allows it to take into consideration the relations or the interaction among the elements to
be aggregated (i.e., the components of an input x). This is the key property of Choquet-like integrals. Also remark that when
the fuzzy measure only depends on the cardinality of the criteria the Choquet integral collapses to OWA operators.

For some specific applications, imposing monotonicity might be too restrictive (e.g., the mode is not increasing with
respect to all its arguments, but it is a valid function for certain applications). This consideration led Bustince et al. [28]
to introduce the notion of directional monotonicity.

Definition 7. [28] Let~r ¼ ðr1; . . . ; rnÞ be a real n-dimensional vector,~r –~0. A fusion function H : ½0;1�n ! ½0;1� is~r-increasing
if for all points ðx1; . . . ; xnÞ 2 ½0;1�n and for all c > 0 such that ðx1 þ cr1; . . . ; xn þ crnÞ 2 ½0;1�n it holds
Hðx1 þ cr1; . . . ; xn þ crnÞ P Hðx1; . . . ; xnÞ:

That is, an~r-increasing function is a function which is increasing along the ray (direction) determined by the vector~r. For

this reason, we say that H is directionally monotone, or, more specifically, directionally~r-increasing. In fact in applications as
classification tasks or decision making, the strict monotonicity is not necessary and this property has been proved to have no
interference in the quality of the results [21]. This is why we intend to test this behaviour in our experiments.
Definition 8. ([25]) A function H : ½0;1�n ! ½0;1� is said to be an n-ary pre-aggregation function if the following conditions
hold:

(1) H is~r-increasing, for some~r 2 Rn;~r –~0;
(2) H satisfies the boundary conditions: Hð0; . . . ;0Þ ¼ 0;Hð1; . . . ;1Þ ¼ 1.

Observe that idempotency and averaging behavior are not equivalent concepts in the context of pre-aggregation
functions.

3. Generalizations of the Choquet integral

The first generalization of the Choquet integral was proposed by Lucca et al. in [25]. In that work, the authors replace the
product operator of the Choquet integral by a t-norm T. This generalization is referred to as CT-integral, and is defined as
follows:

Definition 9. [25] Let m : 2N ! ½0;1� be a fuzzy measure and T : ½0;1�2 ! ½0;1� be a t-norm. Taking as basis the Choquet
integral, we define the function CT

m : ½0;1�n ! ½0;n�, for all x 2 ½0;1�n, by:
CT
mðxÞ ¼

Xn
i¼1

T xðiÞ � xði�1Þ; m AðiÞ
� �� �

; ð2Þ
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where xð1Þ; . . . ; xðnÞ
� �

is an increasing permutation on the input x, that is, xð1Þ 6 . . . 6 xðnÞ, with the convention that xð0Þ ¼ 0, and
AðiÞ ¼ fðiÞ; . . . ; ðnÞg is the subset of indices of the n� iþ 1 largest components of x.
Theorem 1 [25]. Let M : ½0;1�2 ! ½0;1� be a function such that for all x; y 2 ½0;1� it satisfies Mðx; yÞ 6 x;Mðx;1Þ ¼ x;Mð0; yÞ ¼ 0
and M is (1,0)-increasing. Then, for any fuzzy measure m;CM

m is a ð1; . . . ;1Þ-pre-aggregation function which is idempotent and
averaging.

From the previous theorem, it follows that CT-integrals are pre-aggregation functions, satisfying ð1; . . . ;1Þ-increasingness,
idempotency and averaging behaviour.

More recently, Lucca et al. [26] generalize CT-integrals replacing the t-norm by a function F : ½0;1�2 ! ½0;1�, which, under
certain constraints, enforce CT-integrals to be pre-aggregation functions.

Definition 10. [26] Let F : ½0;1�2 ! ½0;1� be a bivariate fusion function and m : 2N ! ½0;1� be a fuzzy measure. The Choquet-
like integral based on F with respect to m, called CF-integral, is the function CF

m : ½0;1�n ! ½0;1�, defined, for all x 2 ½0;1�n, by
Table 1
Familie

Choq
CF
mðxÞ ¼ min 1;

Xn
i¼1

F xðiÞ � xði�1Þ;m AðiÞ
� �� �( )

; ð3Þ
where xð1Þ; . . . ; xðnÞ
� �

is an increasing permutation on the input x, that is, xð1Þ 6 . . . 6 xðnÞ, with the convention that xð0Þ ¼ 0, and
AðiÞ ¼ fðiÞ; . . . ; ðnÞg is the subset of indices of the n� iþ 1 largest components of x.
Theorem 2 [26]. For any fuzzy measure m : 2N ! ½0;1� and left 0-absorbent (RNE)-function F : ½0;1�2 ! ½0;1�;CF
mis a ð1; . . . ;1Þ-

pre-aggregation function. Moreover, if F also satisfies (LC), then CF
m is idempotent and averaging.
Theorem 3 [26]. For any fuzzy measure and left 0-absorbent ð1; 0Þ-pre-aggregation function F : ½0;1�2 ! ½0;1�;CF
m is a-pre-

aggregation function. Moreover, if F also satisfies (LC), then CF
m is idempotent and averaging.

Table 1 presents some of the best performer functions in our experimental study that can take up the role of the mapping
F, combined with the corresponding fuzzy measure. Note that the generalizations are done by replacing the x and y variables
in each function by, ðxðiÞ � xði�1ÞÞ and m AðiÞ

� �
, respectively.

4. A methodology for edge detection using CF-integral-based feature fusion

In our proposal, we intend to create an edge detection framework based on (a) the computation of simplistic local edge
features and (b) the aggregation of such features using generalizations of the Choquet integral. In this manner, we aim at
simulating the process of early detection of visual primitives in the retina, followed by a neural combination of such features
in the early visual cortex [33].

We consider images to be functions D : R� C # L, with R ¼ f1; . . . ; rg and C ¼ f1; . . . ; cg, representing the set of rows and
columns, and L representing the set of tones of the image. The set L defines the type of image in question. For binary images,
L ¼ f0;1g, whereas L ¼ f0; . . . ;255g for gray-scale image pixels. In the case of color images, L is the Cartesian product of the

tonal palettes at each of the color stimulus (e.g. L ¼ f0; . . . ;255g3 for RGB images). Assuming some given D, IL represents the
set of all images with a certain tonal palette L. In this work, we consider real-valued grey-scale images, i.e images in I½0;1�.

Edge detection is often regarded as applying a kernel over the image to obtain a set of cues that represent the level of
existence of an edge. In this sense, image features are obtained as a sliding window over each pixel of the image. Then those
features are fused and filtered to obtain the final edge image. As the features obtained are usually a set of values (in our case,
there are 8 features per pixel), we need to represent them with a unique value. This is why we fuse them using some type of
operator, which in our proposal is done using the generalizations of the Choquet integral.
s of CT and CF-integrals used in this work, as generalizations of the Choquet integral.

uet-like integral Base Function Family

CCF
m CF ðx; yÞ ¼ xyþ x2yð1� xÞð1� yÞ (copula [30]) Averaging, Idempotent

COB
m

OBðx; yÞ ¼ min x
ffiffiffi
y

p
; y

ffiffiffi
x

p� �
(overlap function [31,32]) Non-averaging, Non-Idempotent

CFBPC
m FBPCðx; yÞ ¼ xy2 (aggregation function) Averaging, Idempotent

CHamacher
m

THPðx; yÞ ¼
0 if x ¼ y ¼ 0

xy
xþy�xy otherwise

8<
: (t-norm)

Averaging, Idempotent
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Fig. 2. Visual representation of the output of each of the phases in the BBS. Taking as an example the image 11835 from the BSDS, each phase has adhered to
the proposal, as depicted in Section 4.
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Our edge detection framework sticks to the Bezdek Breakdown Structure (BBS, [13]). In this structure, the process under-
gone by an image for edge detection consists of four different phases: image conditioning (P1), feature extraction (P2), blend-
ing (P3) and scaling (P4). This structure, recapitulated in Fig. 2, allows for the process of edge detection to be understood as
four independent and coordinated phases. In the conditioning phase, the image is enhanced for a better discrimination of its
edges. Examples of conditioning techniques include regularization and content-aware smoothing. The feature extraction
phase consists of gathering local or semi-local cues of the presence/absence of edges. These cues are further fused at the
blending phase to produce scalar representations of the likeliness of an edge being present at each pixel. Finally, the scaling
transforms the blended information into the desired representation, which is usually binary, 1-pixel-wide edges. Each of
such phases is detailed individually in the upcoming sections.
4.1. Conditioning (P1)

As one of the steps in edge detection, image conditioning aims at removing noise or additional information not suitable
for the edge extraction process. It is a crucial step, as it helps to remove spurious artefacts in image acquisition, as well as to
reduce the effect of textures in edge detection. Ideally, the conditioning process shall decrease the visual saliency of non-
edge structure, while preserving or maximizing the visibility of edges.

In our proposal we consider two different conditioning methods. First, the well-known Gaussian smoothing regularizes
the image with a Gaussian pulse of standard deviation r. This r controls the level of smoothing over the image and generates
a 2-D kernel that is applied over the image with a convolution. The Gaussian smoothing is known to produce a blurring effect
that affects edge regions. An example of this effect can be seen in the first two images of Fig. 4. Second, we use a more recent
proposal known as Gravitational Smoothing (GS) [27]. This approach, framed within the class of content-aware smoothing
operators, iteratively simulates the grouping of pixels in a 5D, spatial-tonal space. Similarly to the effects caused by Aniso-
tropic Diffusion (in any of its proposed models [34]), Mean Shift [35] or Bilateral Filtering [36], GS succeeds in regularizing
intra-object regions, while maintaining or improving the visibility of actual edges.

The regularization process (Fig. 3) is performed considering each pixel as a particle that exerts a force over every sur-
rounding pixel. The total force exerted over a particle is the sum of all the forces made by the remaining particles over it
as indicated by Eq. 4.
Fig. 3.
selected
how to
k~Fik ¼
X
j2N
i–j

G �mi �mj

k~rk2
� ~r
k~rk ð4Þ
Where the mass of each particle is considered as 1 and~r is the 5-D distance in the spatial-tonal space.
Representation of the effect of Gravitational Smoothing (GS) in a color [27]. The figure displays (a) the original image, in which a vertical subregion is
, (b) the initial distribution in the 3D RGB cubes of the pixels in that region and (c) the distribution of those same pixels after GS. It can be observed
nal grouping is achieved, leading to regularized images.

745



Fig. 4. Original 118035 image from BSDS along with its result after image conditioning. The conditioning configurations are: Gaussian Smoothing with
r ¼ 1 (S1) and r ¼ 2 (S2), and Gravitational Smoothing with the following configurations, G ¼ 0:005;xc ¼ 20; t ¼ 30 (S3) and G ¼ 0:005;xc ¼ 70; t ¼ 50 (S4).

Table 2
Configurations of the conditioning phase, as set for the experimental results in Section 5.3.

Name Smoothing method Parameter(s)

S1 Gaussian r ¼ 1
S2 Gaussian r ¼ 2
S3 Gravitational G ¼ 0:05;xc ¼ 20; t ¼ 30
S4 Gravitational G ¼ 0:05;xc ¼ 70; t ¼ 50

C. Marco-Detchart, G. Lucca, C. Lopez-Molina et al. Information Sciences 581 (2021) 740–754
Unlike Gaussian Smoothing, GS is highly configurable. According to [27], we consider the following process-controlling
parameters: xc controls the influence between the spatial and colour information of each pixel, t indicates the number of
iterations to be performed, and G is the gravitational constant. The influence of these parameters on a conditioned image
can be seen in the last two images in Fig. 4.

In this work, we consider the parameter settings in Table 2.

4.2. Feature extraction (P2)

In the feature extraction phase (Alg. 1, step 1), we intend to gather simplistic edge cues at each pixel. The evident alter-
native would have been to use Laplacian filters [37,33], hence mimicking the receptive fields at the retina. However, we have
opted out by an even simpler set of edge cues.

At each pixel, we select the 8-point immediate neighbourhood (3� 3 window) around each position ðx; yÞ 2 D (i.e. neigh-
bours from ðx� 1; y� 1Þ to ðxþ 1; yþ 1Þ). From such neighbourhood, we compute the absolute discrete difference (Alg. 1-
step 3) in the direction of each cardinal point, that is:
x1 ¼ jaðx;yÞ � aðx�1;y�1Þj; . . . ; x8 ¼ jaðx;yÞ � aðxþ1;yþ1Þj:

This could have been done in more complex manners, e.g. anisotropic Gaussian kernels [38,39]. However, the present

configuration is maintained to preserve the simplicity of the process.
At each pixel, the 8 features are ordered increasingly (Alg. 1-step 4), so that
xrð1Þ 6 xrð2Þ 6 . . . 6 xrð7Þ 6 xrð8Þ : ð5Þ

where rð1Þ;rð2Þ; . . . ;rð8Þ represents a permutation.

The output of the feature extraction is an image in I½0;1�8 .

Algorithm1 Feature image extraction and blending using a Choquet integral generalization

Input:A normalized grey-scale image Ig and a generalization of the Choquet integral
output: A blended feature image If .
1: Smooth the image using the Gaussian and the Gravitational Smoothing resulting in Ism;
2: for each pixel ðx; yÞ of Ism do
3: Extract the corresponding features at given position by means of the absolute value of the difference between
Ismðx; yÞ and its 8-neighbourhood (3� 3 window);

4: Order the eight values of step 3 in an increasing way;
5: Apply the generalization of the Choquet integral CT

m or CF
m to the values obtained in step 4 to fuse the different

features;
6: Assign as intensity of the pixel ðx; yÞ of If the value obtained in step 5.
7: end for
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4.3. Blending (P3)

The blending phase is responsible for aggregating, at each pixel, the information gathered at the feature extraction phase
into a scalar representative of the edges. This phase aims at mimicking the hierarchical composition of features in the early
visual cortex (V1-V4), leading to the recognition of complex shapes from simple cues.

We understand that the proposed generalizations of the Choquet integral are adequate computational units to simulate
this process of neural aggregation. Although, in general, any operator could be used (e.g. any aggregation operator), we
believe that the generalizations of the Choquet integral are a better fit for the non-linear spiking profile of neurons in the
visual cortex. In fact, their advantage relay in considering all the information related to the problem and modelling the rela-
tion between the cues being fused by means of the fuzzy measure.

In our method, edge features are blended (Alg. 1-step 5) using either CT
m or CF

m. The process is carried out at each pixel of
the image obtaining a blended feature image I½0;1�.
4.4. Scaling (P4)

In our proposal, we stick to the standard representation of edges as thin binary lines. Therefore, the scaling phase needs to
convert the real-valued scalar representation generated in the blending phase into a binary image. This is done by applying
non-maxima suppression [40], considering cues orientation, in order to thin the peak values obtained from the blending step,
and edge binarization using hysteresis. Note that the process of setting the thresholding parameters needs to be carefully
taken care of and can be either determined using generic algorithms [41] or task-dependent procedures.
5. Experimental framework

In this section, we compare the performance of our proposed framework with that of other well-established proposals in
the literature. First, in Section 5.1 we briefly introduce the dataset used for the experimentation along with the different
quality measures used for the quantification of the results. Second, in Section 5.2 we briefly describe the methods to which
we compare. Then, in Section 5.3 we present the quantitative results in the comparison.
5.1. Dataset and quantification of the results

For our experiments, we have used the Test Set of the Berkeley Segmentation Dataset and Benchmark (BSDS500, [42]),
which contains 200 natural images together with over 1000 ground truth labellings (see Fig. 5).

The evaluation of an edge detection method is usually done by comparing its results with the hand-labelled results by
human experts. Considering both the output of an edge detection method and the ground truth labellings are represented
as binary images, edge image comparison can be taken as a binary classification problem. This strategy renders into the gen-
eration of a binary classification matrix. Note that, in order to compute the confusion matrix, an intelligent strategy needs to
be taken in order to match the edges in the automatically-generated results with those in the ground truth. The reason is that
edges which are at slightly displaced positions in different images should actually be accounted for as true positives, as long
as such displacement is within a certain margin. Among the different alternatives for computing the displacement-tolerant
correspondence of edges, we have opted out by the standard procedure Estrada and Jepson [43], (the code is available at
KITT1). The spatial tolerance has been set to 2.5% of the length of the image diagonal.

Normally, the confusion matrix in a binary image comparison procedure is used as an intermediate result for the gener-
ation of scalar descriptors of the similarity between the images. We select the most recognized descriptor, which is the F0:5
measure [44]. This measure is computed from the precision and recall descriptors:
1 Ker
giaracv
Prec ¼ TP
TPþ FP

;Rec ¼ TP
TPþ FN

ð6Þ
according to the following formula:
Fa ¼ Prec � Rec
a � Precþ ð1� aÞ � Rec : ð7Þ
The quantification of the result of an edge detection method for some given image is computed from the individual com-
parison to the images in its ground truth. Specifically, we keep the triplet ðPrec;Rec; F0:5Þ for the ground truth yielding the
greatest F0:5. This process is repeated and then averaged for all images in the dataset.
mit Research Unit (Ghent University), The Kermit Image Toolkit (KITT), B. De Baets, C. Lopez-Molina (Eds.), Available online at https://github.com/
i/KITT.
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Fig. 5. Image 118035 from the BSDS dataset, together with four of its hand-labelled ground truth solutions.
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5.2. Methods in the experimental comparison

The performance of our proposal is compared with that of other methods in the literature, specifically:

� The Canny method [45]. The Canny method is normally implemented using a double filtering with Gaussian filters. First,
in the conditioning phase, a zero-th order Gaussian pulse (standard deviation r1) is used to regularize the signal. Then,
two orthogonal first-order Gaussian filters (standard deviation r2) are used to estimate the partial derivatives of the
underlying signal at each pixel. The blending is performed as the Euclidean norm of the gradient at each pixel. For this
experiment, r1 2 f1;2g and r2 ¼ 2:25, both being fairly standard values for images in the BSDS [46].

� Gravitational Edge Detector based on a t-norm T [47]. This method is based on the computation of the resulting local grav-
itational forces around each pixel. These forces are expected to be small in magnitude in homogeneous regions, while
being significantly larger at boundaries. The method uses Gaussian smoothing for regularization and then computes
the attractive gravitational forces by replacing the product in Newton’s formulation by any t-norm or t-conorm. In the
present experiments, the functions used for such task are the probabilistic sum (SPðx; yÞ ¼ xþ y� xy) and the maximum
(SMðx; yÞ ¼ maxðx; yÞ), which are both t-conorms.

� Fuzzy Morphology [48]. This method is based on a generalization of the morphological operators considering general t-
conorms (t-norms) for erosion (dilation). The morphological operators (erotion and dilation) consists in growing or
shrinking an image. Thus, by enlarging or eroding away those areas where there could be a presence of edge, new images
with enlarged or shrinked cues are obtained. Those pairs of new images (e.g., substracting them) permit to obtain the final
cues so that edges can be extracted. Fuzzy erosion and dilation are based on the Schweizer-Sklar [49] t-norm and t-
conorm, respectively, which are defined, for all x; y 2 ½0;1�, by:
TSS
k ðx; yÞ ¼

minðx; yÞ; if k ¼ �1;

xy if k ¼ 0;
TDðx; yÞ; if k ¼ þ1;

ðmaxðxk þ yk � 1;0ÞÞ1k otherwise:

8>>>><
>>>>:

whereTDðx; yÞ ¼
0; ifx; y 2 ½0;1Þ;
minðx; yÞ otherwise:

	
ð8Þ

As advised in [48], k ¼ �5 for this experiment. We refer to this approach as FMSS.

The process used for performance evaluation is as common as possible to all the methods compared. The conditioning is
based on zero-th-order Gaussian filters (as in the Canny method). Then, after blending, the images are scaled using non-
maxima suppression [45] and hysteresis [41].
5.3. Experimental results

In this section, we present the results obtained with our method compared to the ones obtained with well-known alter-
natives in the literature. We analyse both qualitative and quantitative results, showing first a visual analysis where the dif-
ferent configurations are compared at a feature and edge level and second a statistical analysis of the results as described in
Section 5.1.

The difference obtained at feature level can be seen in Fig. 6 where we show the result of the blending phase (P3) of our
proposal. We can observe that the use of Gaussian smoothing clearly penalizes the edge extraction process. Gaussian
smoothing is not content-aware and makes cues to be extracted where very small intensity variations exist, and hence edges
are detected.

In contrast, when the GS approach is used, as it is neighbour dependent and is capable of building homogeneous intensity
regions, most of the small intensity variations are removed and fewer spurious elements are detected.

Looking, at the edges result, in Fig. 7, we can observe the effect of both smoothing processes. On the one hand, the liter-
ature methods avoid many edges even with spurious cues present when using the Gaussian smoothing, except in the case of
FMSS. On the other hand, our proposal is greatly affected by the smoothing method, showing that the Gaussian approach and
the texture cues generate unwanted edges. When performing a global analysis, it is noticeable that our method performs
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Fig. 6. Visual comparison of the different images obtained in the blending phase (P3) when applying the proposed functions in Table 1 along with methods
from the literature as Canny; FMSS;GSP ;GSM .
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visually better when using the GS approach. With the best smoothing configuration (S3), we can see in a different set of
images that our four different functions perform quite equally, outperforming the literature methods.

In terms of quantitative analysis, we show in Table 3 results related with the ðPrec;Rec; F0:5Þmeasures for each smoothing
configuration and for each edge processing method. With the gathered results, we can confirm in numerical terms the results
observed in the previous visual analysis. see Fig. 8.
749



Fig. 7. Visual comparison of the different edge images obtained when applying the proposed functions in Table 1 along with methods from the literature as
Canny; FMSS;GSP ;GSM .

C. Marco-Detchart, G. Lucca, C. Lopez-Molina et al. Information Sciences 581 (2021) 740–754

750



Table 3
Quantitative evaluation of our method with four different smoothing configurations from Table 2. The upper part of the table, over the dashed line, shows the
results for the generalization of the Choquet integral functions used (CCF

p0:8 ;C
OB
p1 ;C

FBPC
p0:4 ;C

Hamacher
p1 ). The lower part of the table, under the dashed line, show the

results from the literature method to whom we compare (Canny, FMSS;GSP ;GSM ).

Smoothing S1 Smoothing S2 Smoothing S3 Smoothing S4

Method Prec Rec F0:5 Prec Rec F0:5 Prec Rec F0:5 Prec Rec F0:5

CCF
p0:8

0.625 0.670 0.622 0.399 0.934 0.545 0.623 0.744 0.658 0.631 0.731 0.657

COB
p1

0.626 0.674 0.625 0.413 0.919 0.556 0.627 0.738 0.657 0.632 0.732 0.657

CFBPC
p0:4

0.623 0.674 0.623 0.398 0.935 0.545 0.621 0.745 0.658 0.632 0.731 0.657

CHamacher
p1

0.613 0.684 0.624 0.448 0.861 0.576 0.612 0.733 0.647 0.615 0.737 0.650

Canny 0.675 0.647 0.641 0.688 0.617 0.631 0.748 0.499 0.574 0.747 0.506 0.579
FMSS 0.391 0.908 0.534 0.457 0.797 0.564 0.529 0.676 0.574 0.556 0.669 0.583
GSP 0.614 0.667 0.613 0.657 0.669 0.642 0.742 0.274 0.369 0.714 0.334 0.420
GSM 0.598 0.709 0.625 0.647 0.698 0.651 0.757 0.314 0.413 0.726 0.365 0.453
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When using Gaussian smoothing, our method (with the four different alternatives) obtains worse results than the Canny
method when using S1 configuration. Although, it remains over the other literature methods. In the case of a more intense
Gaussian smoothing (S2 configuration), our method decays considerably and is beaten by GSM . This results indicate that our
method is subject to the influence of the blurring effect and to slight differences in intensity variations. When using an alter-
native smoothing, i.e., the gravitational one, we can clearly see that our method is the best performer when using any of the
generalizations of the Choquet integral, getting the best result in terms of F0:5 with CCF

p0:8 and COB
p1 . If we compare the results

globally, we can observe that both methods achieve a higher result than the Canny method and even GSM .
The results when using the GS method (S3 and S4) are very similar removing most of the spurious edges that are present

when using any of the Gaussian smoothing configurations (S1 and S2). It is worth mentioning that the influence of the
smoothing has the opposite effect on the literature methods to whom we compare, removing artifacts but also losing a great
quantity of edges.

When using S3 configuration, we have a less smoothed image, getting a good compromise between regularization (with
some blurring) and a good edge definition. With S4 configuration, regions are homogenized, with a clearer definition in pos-
sible intensity variations (with less blurring effect) getting large parts of the image with very close intensity values. On the
literature methods, we can clearly see that the most strict smoothing (S2) is the best approach.

More results are available in the repository at GitHub,2 where a larger number of functions for the Choquet integral gen-
eralizations have been put to the test along with different values for the power measure.
6. Conclusions

In this work, we have proposed a different use of the generalizations of the Choquet integral for aggregating information
in images, concretely for fusing extracted image features in the context of edge detection. With this method, we are able to
represent the relationship between all the variations of intensity around each pixel, not only considering some directions but
also simulating in a better way the process done in the HVS.

We have analysed the behaviour of different functions for the Choquet integral generalizations, showing that the results
are very similar between them and outperform the classical methods of the literature as the Canny method.

From our experiments, the use of the Choquet integral allows our proposal to perform better than other methods. This
fact is arguably related to the ability of the generalization of the Choquet integrals to work in terms of the relation between
the elements (in this case, the image pixels). Specifically,~r-monotonicity allows for the detection of edges according to the
tonal direction. In fact, in order to extract the edge cues, the relation between the pixels plays a crucial role in discriminating
between true edges and outliers.

Moreover, we have tested our method with two alternative techniques for the regularization process, showing how this
initial step in edge extraction process is crucial. In fact, a suitable image smoothing can make one method to be the best
performer.

We can conclude that the best combination for our Choquet-like feature extraction process is to use the Gravitational
smoothing, as the regularized image obtained is more homogeneous while preserving edges. This makes our method not
to detect edges where small variances in the intensity information are present (e.g., textures).

As future research lines, we intend to study a large variety of generalizations of the Choquet integral, like the CF1F2 -
integrals [26], which have shown promising results in Fuzzy Rule-Based Classification Systems, as well as other generaliza-
tion structures such as the d-Choquet integrals [50], taking advantage of their power in comparison processes such as
interval-valued data, which is also one of our future goals to improve our proposed edge detection method. Moreover, other
2 https://github.com/Giancarlo-Lucca/Neuro-inspired-edge-feature-fusion-using-Choquet-integrals.
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Fig. 8. Visual comparison of the different edge images obtained when applying the proposed functions in Table 1 with S3 smoothing configuration (as being
the best results), along with methods from the literature as Canny; FMSS;GSP ;GSM .
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types of fuzzy measures (e.g.weighted mean, OWA, etc.) should be studied, as we have stick to the power measure, as well as
using methods to learn the measure so that it better represent the relation between elements to be aggregated.

CRediT authorship contribution statement

Cedric Marco-Detchart: Investigation, Software, Validation, Visualization. Giancarlo Lucca: Data curation, Investigation,
Validation. Carlos Lopez-Molina: Conceptualization, Resources. Laura De Miguel: Formal analysis, Methodology. Graçaliz
Pereira Dimuro: Formal analysis, Supervision. Humberto Bustince: Supervision.

Declaration of Competing Interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgements

The authors gratefully acknowledge the financial support of the Spanish Ministry of Science and Technology (project
PID2019-108392GB-I00 (AEI/10.13039/501100011033), the Research Services of Universidad Pública de Navarra, CNPq
(307781/2016-0, 301618/2019-4), FAPERGS (19/2551-0001660) and PNPD/CAPES (464880/2019-00).

References

[1] A. Krizhevsky, I. Sutskever, G.E. Hinton, Imagenet classification with deep convolutional neural networks, in: Advances in neural information
processing systems, 2012, pp. 1097–1105..

[2] R. Chellappa, K. Fukushima, A. Katsaggelos, S. Kung, Y. LeCun, N. Nasrabadi, T. Poggio, L. Wang, S. Der, S. Young, et al., Special issue on applications of
artificial neural networks to image processing, in: IEEE Trans. on Image Processing, Vol. 7, 1998..

[3] H.B. Barlow et al, Possible principles underlying the transformation of sensory messages, Sens. Commun. 1 (1961) 217–234.
[4] D.H. Hubel, T.N. Wiesel, Receptive fields, binocular interaction and functional architecture in the cat’s visual cortex, J. Physiol. 160 (1) (1962) 106–154.
[5] D. Dacey, O.S. Packer, L. Diller, D. Brainard, B. Peterson, B. Lee, Center surround receptive field structure of cone bipolar cells in primate retina, Vision.

Res. 40 (14) (2000) 1801–1811.
[6] T. Smith Jr, W. Marks, G. Lange, W. Sheriff Jr, E. Neale, Edge detection in images using marr-hildreth filtering techniques, J. Neurosci. Methods 26 (1)

(1988) 75–81.
[7] G.E. Sotak Jr, K.L. Boyer, The Laplacian-of-Gaussian kernel: a formal analysis and design procedure for fast, accurate convolution and full-frame output,

Comput. Vis. Graphics Image Process. 48 (2) (1989) 147–189.
[8] P. Melin, C.I. Gonzalez, J.R. Castro, O. Mendoza, O. Castillo, Edge-detection method for image processing based on generalized type-2 fuzzy logic, IEEE

Trans. Fuzzy Syst. 22 (6) (2014) 1515–1525.
[9] C.I. Gonzalez, P. Melin, J.R. Castro, O. Castillo, O. Mendoza, Optimization of interval type-2 fuzzy systems for image edge detection, Appl. Soft Comput.

47 (2016) 631–643.
[10] P. Dollar, C.L. Zitnick, Structured forests for fast edge detection, in: Proceedings of the IEEE International Conference on Computer Vision, 2013, pp.

1841–1848, URL: https://github.com/pdollar/edges.
[11] X.S. Poma, E. Riba, A. Sappa, Dense extreme inception network: Towards a robust cnn model for edge detection, in: Proceedings of the IEEE/CVF Winter

Conference on Applications of Computer Vision, 2020, pp. 1923–1932.
[12] A. Nguyen, J. Yosinski, J. Clune, Deep neural networks are easily fooled: High confidence predictions for unrecognizable images, Proc. of the IEEE Conf.

on Computer Vision and Pattern Recognition (2015) 427–436.
[13] J.C. Bezdek, R. Chandrasekhar, Y. Attikouzel, A geometric approach to edge detection, IEEE Trans. Fuzzy Syst. 6 (1) (1998) 52–75.
[14] T. Law, H. Itoh, H. Seki, Image filtering, edge detection, and edge tracing using fuzzy reasoning, IEEE Trans. Pattern Anal. Mach. Intell. 18 (5) (1996)

481–491.
[15] F. Bergholm, Edge focusing, IEEE Trans. Pattern Anal. Mach. Intell. 6 (1987) 726–741.
[16] G. Papari, P. Campisi, N. Petkov, A. Neri, A biologically motivated multiresolution approach to contour detection, EURASIP J. Adv. Signal Process. 2007

(1) (2007) 071828.
[17] T. Lindeberg, Edge detection and ridge detection with automatic scale selection, Int. J. Comput. Vision 30 (2) (1998) 117–156.
[18] A. Cumani, Edge detection in multispectral images, CVGIP, Graphical Models Image Process. 53 (1) (1991) 40–51.
[19] G.P. Dimuro, J. Fernández, B. Bedregal, R. Mesiar, J.A. Sanz, G. Lucca, H. Bustince, The state-of-art of the generalizations of the choquet integral: From

aggregation and pre-aggregation to ordered directionally monotone functions, Inf. Fusion 57 (2020) 27–43.
[20] G. Choquet, Theory of capacities, Annales de l’Institut Fourier 5 (1953–1954) 131–295..
[21] J.C. Wieczynski, G.P. Dimuro, E.N. Borges, H.S. Santos, G. Lucca, R. Lourenzutti, H. Bustince, Generalizing the GMC-RTOPSIS method using CT-integral

pre-aggregation functions, in: 2020 IEEE International Conference on Fuzzy Systems (FUZZ-IEEE), IEEE, Los Alamitos, 2020, pp. 1–8..
[22] C. Dias, J. Bueno, E. Borges, G. Lucca, H. Santos, G. Dimuro, H. Bustince, P. Drews, S. Botelho, E. Palmeira, Simulating the behaviour of choquet-like (pre)

aggregation functions for image resizing in the pooling layer of deep learning networks, in: International Fuzzy Systems Association World Congress,
Springer, 2019, pp. 224–236..

[23] S. Angilella, P. Catalfo, S. Corrente, A. Giarlotta, S. Greco, M. Rizzo, Robust sustainable development assessment with composite indices aggregating
interacting dimensions: The hierarchical-SMAA-Choquet integral approach, Knowl.-Based Syst. 158 (2018) 136–153.

[24] L. Ko, Y. Lu, H. Bustince, Y. Chang, Y. Chang, J. Ferandez, Y. Wang, J.A. Sanz, G. Pereira Dimuro, C. Lin, Multimodal fuzzy fusion for enhancing the motor-
imagery-based brain computer interface, IEEE Comput. Intell. Mag. 14 (1) (2019) 96–106.

[25] G. Lucca, J.A. Sanz, G.P. Dimuro, B. Bedregal, R. Mesiar, A. Kolesarova, H. Bustince, Preaggregation Functions: Construction and an Application, IEEE
Trans. Fuzzy Syst. 24 (2) (2016) 260–272.

[26] G. Lucca, J.A. Sanz, G.P. Dimuro, B. Bedregal, H. Bustince, R. Mesiar, CF-integrals: A new family of pre-aggregation functions with application to fuzzy
rule-based classification systems, Inf. Sci. 435 (2018) 94–110.

[27] C. Marco-Detchart, C. Lopez-Molina, J. Fernandez, H. Bustince, A Gravitational Approach to Image Smoothing, in: Advances in Intelligent Systems and
Computing, vol. 642, 2018, pp. 468–479..

[28] H. Bustince, J. Fernandez, A. Kolesárová, R. Mesiar, Directional monotonicity of fusion functions, Eur. J. Oper. Res. 244 (2015) 300–308.
[29] G. Beliakov, H. Bustince Sola, T. Calvo, A Practical Guide to Averaging Functions, Vol. 329 of Studies in Fuzziness and Soft Computing, Springer

International Publishing, 2016..
753

http://refhub.elsevier.com/S0020-0255(21)01024-0/h0015
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0020
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0025
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0025
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0030
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0030
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0035
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0035
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0040
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0040
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0045
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0045
https://github.com/pdollar/edges
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0055
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0055
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0055
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0060
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0060
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0065
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0070
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0070
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0075
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0080
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0080
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0085
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0090
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0095
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0095
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0115
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0115
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0120
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0120
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0125
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0125
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0130
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0130
http://refhub.elsevier.com/S0020-0255(21)01024-0/h0140


C. Marco-Detchart, G. Lucca, C. Lopez-Molina et al. Information Sciences 581 (2021) 740–754
[30] C. Alsina, M.J. Frank, B. Schweizer, Associative Functions: Triangular Norms and Copulas, World Scientific Publishing Company, Singapore, 2006.
[31] H. Bustince, J. Fernandez, R. Mesiar, J. Montero, R. Orduna, Overlap functions, Nonlinear Anal.: Theory Methods Appl. 72 (3–4) (2010) 1488–1499.
[32] B.C. Bedregal, G.P. Dimuro, H. Bustince, E. Barrenechea, New results on overlap and grouping functions, Inf. Sci. 249 (2013) 148–170.
[33] D. Marr, Vision, MIT Press, 1982.
[34] J. Weickert, Anisotropic Diffusion in Image Processing, Teubner-Verlag, ECMI Series, 1998.
[35] D. Comaniciu, P. Meer, Mean shift: a robust approach toward feature space analysis, IEEE Trans. Pattern Anal. Mach. Intell. 24 (5) (2002) 603–619.
[36] C. Tomasi, R. Manduchi, Bilateral filtering for gray and color images, in: Proc. of the IEEE International Conf. on Computer Vision, 1998, pp. 838–846..
[37] D. Marr, E. Hildreth, Theory of edge detection, Proc. R. Soc. London Ser. B Biol. Sci. 207 (1167) (1980) 187–217.
[38] P.-L. Shui, W.-C. Zhang, Noise-robust edge detector combining isotropic and anisotropic Gaussian kernels, Pattern Recogn. 45 (2) (2012) 806–820.
[39] G. Wang, B. De Baets, Contour detection based on anisotropic edge strength and hierarchical superpixel contrast, SIViP 13 (8) (2019) 1657–1665.
[40] A. Rosenfeld, A nonlinear edge detection technique, Proc. IEEE 58 (5) (1970) 814–816.
[41] R. Medina-Carnicer, R. Muñoz-Salinas, E. Yeguas-Bolivar, L. Diaz-Mas, A novel method to look for the hysteresis thresholds for the Canny edge detector,

Pattern Recogn. 44 (6) (2011) 1201–1211.
[42] P. Arbeláez, M. Maire, C. Fowlkes, J. Malik, Contour Detection and Hierarchical Image Segmentation, IEEE Trans. Pattern Anal. Mach. Intell. 33 (5) (2011)

898–916.
[43] F.J. Estrada, A.D. Jepson, Benchmarking image segmentation algorithms, Int. J. Comput. Vision 85 (2) (2009) 167–181.
[44] C. Lopez-Molina, B. De Baets, H. Bustince, Quantitative error measures for edge detection, Pattern Recogn. 46 (4) (2013) 1125–1139.
[45] J.F. Canny, A computational approach to edge detection, IEEE Trans. Pattern Anal. Mach. Intell. 8 (6) (1986) 679–698.
[46] C. Lopez-Molina, B. De Baets, H. Bustince, A framework for edge detection based on relief functions, Inf. Sci. 278 (2014) 127–140.
[47] C. Lopez-Molina, H. Bustince, J. Fernandez, P. Couto, B. De Baets, A gravitational approach to edge detection based on triangular norms, Pattern Recogn.

43 (11) (2010) 3730–3741.
[48] M. Gonzalez-Hidalgo, S. Massanet, A. Mir, D. Ruiz-Aguilera, On the choice of the pair conjunction-implication into the fuzzy morphological edge

detector, IEEE Trans. on Fuzzy Systems 23 (4) (2015) 872–884.
[49] B. Schweiser, A. Sklar, Associative functions and statistical triangle inequalities, Publicationes Mathematicae, Debrecen 8 (1961) 169–186.
[50] H. Bustince, R. Mesiar, J. Fernandez, M. Galar, D. Paternain, A. Altalhi, G. Dimuro, B. Bedregal, Z. Takáč, d-choquet integrals: Choquet integrals based on
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