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AGGREGATION OF FUZZY QUASI-METRICS

TATIANA PEDRAZA, JESÚS RODRÍGUEZ-LÓPEZ AND ÓSCAR VALERO

Abstract. In the last years fuzzy (quasi-)metrics and indistinguishability
operators have been used as a mathematical tool in order to develop appro-
priate models useful in applied sciences as, for instance, image processing,
clustering analysis and multi-criteria decision making. The both aforesaid
similarities allow us to fuzzify the crisp notion of equivalence relation when a
certain degree of similarity can be only provided between the compared ob-
jects. However, the applicability of fuzzy (quasi-)metrics is reduced because
the difficulty of generating examples. One technique to generate new fuzzy
binary relations is based on merging a collection of them into a new one by
means of the use of a function. Inspired, in part, by the preceding fact, this
paper is devoted to study which functions allow us to merge a collection of
fuzzy (quasi-)metrics into a single one. We present a characterization of such
functions in terms of ∗-triangular triplets and also in terms of isotonicity and
∗-supmultiplicativity, where ∗ is a t-norm. We also show that this charac-
terization does not depend on the symmetry of the fuzzy quasi-metrics. The
same problem for stationary fuzzy (quasi-)metrics is studied and, as a conse-
quence, characterizations of those functions aggregating fuzzy preorders and
indistinguishability operators are obtained.
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1. Introduction

Nowadays, aggregation functions have become an important area of research.
The necessity of merging the information, usually represented by means of numer-
ical values, contained in a collection of pieces of information into a single one for
making decisions in applied sciences, has lead to a growing interest on studying nu-
merical functions which allow this aggregation. A sample of the importance of this
topic is given by the fact that three monographs devoted to aggregation function
theory and its applications have been published in the last years (see [3, 4, 21]).

A prototypical example where aggregation function theory has been successfully
applied and, in addition, fuzzy binary relations have shown to be particularly very
useful is provided by the so-called fuzzy databases, i.e. databases where uncertain
information can be managed [41]. In this way, one of the basic features of a database
is the retrieval of data. However, a database system may not always be able to
satisfy a query. Then it is natural that a database affords flexible queries. Thus if a
query has not an exact result in the database, then it is desirable that the querying
system gives a collection of alternative results ordered by means of a certain distance
which measures how close is a data to match the criteria under consideration [41].
Following [46], given a query of n expressions (q1, . . . , qn) each one corresponding
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to a different field, and given a data record (x1, . . . , xn), where qi, xi ∈ Xi for all
i ∈ {1, . . . , n}, then it is necessary to combine the degrees of matching of each qi
with respect to xi to obtain an overall degree of matching computed by the querying
system. The degree of matching of each field is usually measured by means (see for
example [5, 6]) of a fuzzy binary relation Ri : Xi × Xi → [0, 1], i = 1, . . . , n, and

the overall degree is obtained by a fuzzy binary relation R̃ : (
∏n

i=1 Xi)
2 → [0, 1]

defined as

R̃((q1, . . . , qn), (x1, . . . , xn)) = F (R1(q1, x1), . . . , Rn(qn, xn))

where F : [0, 1]n → [0, 1] is a function which reduces n values into a unique repre-
sentative (or meaningful) one.

In the light of this fact, it seems natural to wonder whether the aggregation
process must preserve a certain property when all fuzzy binary relations Ri to
be merged satisfy the same property and, thus, that the aggregated fuzzy binary

relation R̃ also verifies the aforesaid property. This fact led to Saminger, Mesiar
and Bodenhofer to study those conditions over an aggregation function F which
preserve the ∗-transitivity of the fuzzy binary relations Ri to be merged, where
∗ is a t-norm. Thus, in [46], they proved a characterization of those aggregation
functions that preserve ∗-transitivity in terms of domination.

In [14], a related problem was considered by Drewniak and Dudziak. Concretely,
given a finite family of fuzzy binary relations Ri : X×X → [0, 1], i = 1, . . . , n, on a
fixed set X and a t-norm ∗, they studied under which conditions the fuzzy binary
relation R : X ×X → [0, 1] given by

R(q, x) = F (R1(q, x), . . . , Rn(q, x))

is ∗-transitive whenever Ri is also ∗-transitive for all i ∈ {1, . . . , n}.
Observe that the fuzzy binary relation R is the so-called aggregated fuzzy re-

lation in the sense of [17]. Drewniak and Dudziak did a deep study on those
conditions over F which preserve the main properties of the fuzzy binary relations
to be merged (properties that are of great interest in multiple-criteria decision
making) (see [13, 14, 15]). Again, in the aforesaid reference, a characterization of
those aggregation functions that preserve ∗-transitivity in terms of domination was
provided. However, this time the operation ∗ was considered more general than a
t-norm and the function F is not required to be an aggregation function.

When fuzzy equivalence relations (or indistinguishability operators) are under
consideration, a characterization of those functions that merge this particular case
of ∗-transitive fuzzy binary relations was given by Mayor and Recasens in terms of
∗-triangular triplets (see [31]). Moreover, in the particular case in which the t-norm
∗ is continuous and Archimedean, characterizations of those functions that allow us
to aggregate fuzzy equivalence relations were given by means of additive generators
and functions preserving generalized metrics in [39, 42].

It must be stressed that the numerical value provided by a fuzzy equivalence
relation when applied to two elements, matches up with the degree of indistin-
guishability between them. However in those cases in which the similarity degree
between the elements must be measured with respect to a positive real parameter,
fuzzy equivalence relations are not a suitable tool. In order to avoid this handicap,
the notion of fuzzy (pseudo-)metric was introduced in the literature (see, [19, 27]).
This new type of similarity measures can be interpreted in a similar way as fuzzy
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equivalence relations but in this case the obtained measures are always relative to
the parameter value.

In the light of the exposed facts a natural question appears: if {Ri : i = 1, . . . , n}
is a collection of fuzzy metrics, instead of indistinguishability operators, what are

the conditions that F must verify in order to guarantee that R̃ or R is a fuzzy
metric? The aim of the present paper is to answer this question. It must be
pointed out that the applicability of fuzzy metrics is reduced because the difficulty
of generating examples and, thus, the absence of them in the literature. Thus a
response to the posed question is not only interesting from the aggregation theory
viewpoint, but also by the fact that the process of aggregation would allow us the
introduction of techniques to generate new fuzzy metrics from old ones.

We observe that this problem has been addressed in the crisp framework by
several authors. In particular, for metrics it has been mainly studied by Borśık and
Doboš (see [8, 44]) and by Castiñeira, Pradera and Trillas (see [39, 40]). In [32]
and [38], Mayor and Valero and Miñana and Valero obtained a characterization
of those functions which aggregate a collection of quasi-metrics into a single one
in the spirit of Borśık and Doboš (see also [30]). It should be pointed out that a
function which aggregates quasi-metrics (on products) also aggregates metrics (on
products) but the converse is not true in general (see Corollary 7, Example 8 in
[32]). Nevertheless, these two concepts coincide in the fuzzy context as we will
demonstrate.

The structure of the paper is as follows. In Section 2 we recall basic facts
about t-norms and fuzzy (quasi-)metrics providing several illustrative examples.
Section 3 is devoted to study functions which preserve a certain properties of fuzzy
binary relations. Particular attention is paid to those functions which preserve ∗-
transitivity of fuzzy binary relations, since fuzzy (quasi-)metrics satisfy a property
near to ∗-transitivity. Therefore we review a few results of [14, 15, 17, 31, 46]
characterizing these functions in terms of isotonicity and ∗-supmultiplicativity, or in
terms of ∗-triangular triplets. In these papers the authors have considered different
notions of a function preserving ∗-transitivity of fuzzy binary relations. In order
to distinguish them we have added ”on products” or ”on sets” to these notions.
Nevertheless, we will show that there is no difference between these two concepts.
Moreover, we obtain related results that will be useful in Section 4. Among others,
we will provide a new characterization of these functions in terms of an asymmetric
version of the concept of ∗-triangular triplet given in [31].

Last section, Section 4, treats the main objective of the paper which is to char-
acterize those functions which aggregate a family of fuzzy (quasi-)metrics into a
single one. We stress that in contrast with the crisp case, fuzzy metric aggregation
functions (on products or on sets) are also fuzzy quasi-metric aggregation functions
(on products or on sets). We also characterize functions which aggregate stationary
fuzzy (quasi-pseudo)metrics into a single one. From this, we deduce results about
aggregation of fuzzy preorders and indistinguishability operators.

2. Fuzzy (quasi-)metrics

In this section we collect some basic facts about fuzzy (quasi-)metrics in the
sense of Kramosil and Michalek [24, 27]. We start recalling the concept of a trian-
gular norm as well as its associated residuum which will play a central role in our
subsequent discussions.
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Definition 2.1 ([26]). A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is called a tri-
angular norm or a t-norm if ([0, 1], ∗) is an Abelian monoid with unit 1, such that
a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d, with a, b, c, d ∈ [0, 1].

If ∗ is also continuous we will say that it is a continuous t-norm.

Triangular norms are considered as the translation of the conjunction logic op-
erator to fuzzy logic and it is a fundamental tool in fuzzy set theory. According to
[26], the next example introduces the four basic t-norms in the literature.

Example 2.2. The following are examples of continuous t-norms:

• x ∧ y := min{x, y} (minimum t-norm)
• x ∗P y := x · y (product t-norm)
• x ∗ L y := max{x + y − 1, 0} ( Lukasiewicz t-norm)

• x ∗D y :=

{
min{x, y} if x = 1 or y = 1

0 otherwise
(drastic t-norm)

Remark 2.3. Given two t-norms ∗ and ⋆ we will write ∗ ≤ ⋆ whenever a∗ b ≤ a⋆b

for every a, b ∈ [0, 1]. Notice that for any t-norm ∗ we have that ∗D ≤ ∗ ≤ ∧.
Next we recall the residuum associated to a t-norm.

Definition 2.4 ([2, 26]). For a given t-norm ∗, its residuation or residuation im-

plication is the function
∗→: [0, 1]× [0, 1]→ [0, 1] given by

x
∗→ y = sup{z ∈ [0, 1] : x ∗ z ≤ y}, for all x, y ∈ [0, 1].

The following example introduces the residuum associated to the four basic t-
norms exposed in Example 2.2.

Example 2.5. The residuations associated with the t-norms of Example 2.2 are
given by:

• x
∧→ y =

{
1 if x ≤ y

y if x > y
;

• x
∗P→ y =

{
1 if x ≤ y
y

x
if x > y

;

• x
∗ L→ y = min{1− x + y, 1};

• x
∗D→ y =

{
1 if x 6= 1

y if x = 1
.

Related to the residuation associated to a t-norm one can found the notion of
biresiduation.

Definition 2.6 ([42]). The biresiduation
∗↔ of a t-norm ∗ is the map

∗↔: [0, 1] ×
[0, 1]→ [0, 1] given by

x
∗↔ y = min{x ∗→ y, y

∗→ x} for all x, y ∈ X.

Example 2.7. Biresiduations of t-norms given in of Example 2.2 are

• x
∧←→ y =

{
1 if x = y

x ∧ y if x 6= y
;
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• x
∗P←→ y =

x ∧ y

x ∨ y
;

• x
∗ L←→ y = 1− |x− y|;

• x
∗D←→ y =

{
1 if x 6= 1, y 6= 1

x ∧ y otherwise
.

Definition 2.8 ([24]). A fuzzy quasi-pseudometric (in the sense of Kramosil and
Michalek) on a nonempty set X is a pair (M, ∗) such that ∗ is a t-norm and M is a
fuzzy set in X ×X × [0,+∞) such that for every x, y, z ∈ X and t, s > 0 it verifies

(FQM1) M(x, y, 0) = 0;
(FQM2) M(x, x, t) = 1 for all t > 0;
(FQM3) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t + s);
(FQM4) M(x, y, ·) : [0,∞)→ [0, 1] is left-continuous.

If M also verifies

(FQM2’) M(x, y, t) = M(y, x, t) = 1 for all t > 0 if and only if x = y;

then (M, ∗) is called a fuzzy quasi-metric.
If a fuzzy quasi-(pseudo)metric (M, ∗) also satisfies

(FM) M(x, y, t) = M(y, x, t)

for all x, y ∈ X and all t ≥ 0 then (M, ∗) is said to be a fuzzy (pseudo)metric on
X .

A fuzzy (quasi-pseudo)metric space is a triple (X,M, ∗) such that X is a nonempty
set and (M, ∗) is a fuzzy (quasi-pseudo)metric on X.

Remark 2.9. Notice that if (X,M, ∗) is a fuzzy quasi-pseudometric space, it is
customary to ask the t-norm ∗ to be continuous. This condition is needed in order
to construct a topology τM on X by means of the fuzzy quasi-pseudometric (M, ∗).
Indeed, it can be easily proved that the family of sets {BM (x, ε, t) : x ∈ X, ε ∈
(0, 1), t > 0} where BM (x, ε, t) = {y ∈ X : M(x, y, t) > 1 − ε} is a base for the
topology τM on X [19, 24].

Nevertheless, since we will not treat with topology in this paper we have removed
the condition of continuity for the t-norm ∗ in the previous definition.

Remark 2.10. Observe that if (X,M, ∗) is a fuzzy quasi-pseudometric space then
by (FQM3) the function M(x, y, ·) : [0,+∞)→ [0, 1] is isotone for every x, y ∈ X.

The next example provides an illustrative instance of fuzzy quasi-pseudometric.

Example 2.11 ([43, Example 3]). Given a (quasi-pseudo)metric space (X, d), let
Md be the fuzzy set on X ×X × [0,∞) defined by

Md(x, y, t) =





t

t + d(x, y)
if t > 0

0 if t = 0
.

For every t-norm ∗, (Md, ∗) is a fuzzy (quasi-pseudo)metric on X which is called
the standard fuzzy (quasi-pseudo)metric induced by d.

A prominent type of fuzzy (quasi-pseudo)metrics are the so-called stationary
fuzzy (quasi-pseudo)metrics defined as follows.

Definition 2.12 ([24]). A fuzzy (quasi-pseudo)metric space (X,M, ∗) is said to
be stationary (or (M, ∗) is a stationary fuzzy (quasi-pseudo)metric on X) if the
function M(x, y, ·) : (0,+∞)→ [0, 1] is constant for every x, y ∈ X.
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Following examples yield instances of stationary fuzzy (quasi-)metrics.

Example 2.13. Let ∗ be a t-norm. Define M
∗

→,M
∗

↔ : [0, 1]× [0, 1]× [0,+∞) →
[0, 1] by

M
∗

→(x, y, t) =

{
x

∗→ y if t > 0

0 if t = 0
,

M
∗

↔(x, y, t) =

{
x

∗↔ y if t > 0

0 if t = 0

for all x, y ∈ [0, 1] and all t ≥ 0. Then (M
∗

→, ∗) is a stationary fuzzy quasi-metric

on [0, 1] (Proposition 2.45 in [42]) and (M
∗

↔, ∗) is a stationary fuzzy metric on [0, 1]
(Proposition 2.50 in [42]).

Example 2.14 (Example 18 in [23]). Given a t-norm ∗, let us define M∗ : [0, 1]×
[0, 1]× [0,+∞)→ [0, 1] by

M∗(x, y, t) =





1 if x = y and t > 0

x ∗ y if x 6= y and t > 0

0 if t = 0

.

Then (M∗, ∗) is a stationary fuzzy metric on [0, 1].

3. Functions preserving properties of fuzzy binary relations

In [14, 17, 31, 46], it is studied the problem of characterizing those functions
which allow us to merge transitive fuzzy binary relations into a single transitive
fuzzy binary relation. This research is important for the aim of this paper since
condition (FQM3) of a fuzzy (quasi-)metric is a certain type of transitive property.
Then we start going over some results which appear in the aforementioned refer-
ences and obtaining some new facts which will be useful in our characterization of
those functions that merge fuzzy quasi-metrics given in the next section. We start
recalling some definitions.

Definition 3.1 ([17, 42, 50]). Let X be a nonempty set and ∗ be a t-norm. A
fuzzy binary relation on X is a map E : X ×X → [0, 1].

A fuzzy binary relation E is said to:

(1) satisfy the reflexivity property if E(x, x) = 1 for all x ∈ X ;
(2) satisfy the ∗-transitivity property if E(x, y)∗E(y, z) ≤ E(x, z) for all x, y, z ∈ X ;
(3) satisfy the symmetry property if E(x, y) = E(y, x) for all x, y ∈ X ;
(4) separate points if E(x, y) = 1 implies x = y for all x, y ∈ X ;
(5) asymmetrically separate points if E(x, y) = E(y, x) = 1 implies x = y for all

x, y ∈ X.

Observe that property (5) is called antisymmetry in [20]. Nevertheless, we have
preferred to rename it since the term antisymmetry is normally used in the sense
of Zadeh [50].

We next consider special kinds of fuzzy binary relations which satisfy some of
the previous conditions. We must mention that there is not a unified terminology
for these fuzzy binary relations in the literature so some of them receive different
names.
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Definition 3.2. Let ∗ be a t-norm. A fuzzy binary relation E on a nonempty set
X is said to be:

• an ∗-fuzzy preorder if it is reflexive and ∗-transitive [29];
• an ∗-fuzzy partial order if it is an ∗-fuzzy preorder which asymmetrically

separates points [20, 29];
• an ∗-indistinguishability operator if it is a symmetric ∗-fuzzy preorder [42,

50];
• an ∗-equality if it is an ∗-indistinguishability operator which separate points

[11, 26, 42].

Remark 3.3. Notice that, since we have avoided the continuity of the t-norm in
the axiomatic of fuzzy pseudometrics, we have that stationary fuzzy pseudometrics
and indistinguishability operators are equivalent concepts. Indeed, if R is an ∗-
indistinguishability operator on a nonempty set X then the function MR : X×X×
[0,+∞)→ [0, 1] given by

MR(x, y, t) =

{
R(x, y) if t > 0

0 if t = 0
,

for all x, y ∈ X , t ≥ 0, determines a stationary fuzzy pseudometric (MR, ∗) on X.

Conversely, if (X,M, ∗) is a stationary fuzzy pseudometric space then the fuzzy
binary relation RM : X × X → [0, 1] given by RM (x, y) = M(x, y, 1) is an ∗-
indistinguishability operator on X.

In a similar way, stationary fuzzy metrics and equalities (indistinguishability op-
erators which separate points) are also equivalent. Moreover, we can also establish
an equivalence between fuzzy preorders and stationary fuzzy quasi-pseudometrics.

We refer the reader to [10, 11, 22, 25, 42, 45, 49] for a comprehensive study on
the dual relationship between metrics and indistinguishability operators (see also
[18, 36, 37] for a recent treatment of this topic).

We next recall the concept of an (infinitary) aggregation function (see [1, 21, 35]).
Let I be a set of indices. We will denote the elements of [0, 1]I by boldface letters

a and we will write ai instead of a(i) for all i ∈ I. Furthermore, [0, 1]I becomes a
partially ordered set endowed with the partial order � given by a � b if ai ≤ bi
for all i ∈ I. We will denote by 1 and 0 the elements of [0, 1]I such that 1i = 1 and
0i = 0 for all i ∈ I.

Notice that if ∗ is a t-norm, then we can define as usual an operation ∗I on [0, 1]I

given by (a ∗I b)i = ai ∗ bi for all i ∈ I.

Definition 3.4 (cf. [1, 21, 35]). Let I be a set of indices. An I-aggregation function
is a function F : [0, 1]I → [0, 1] such that:

(1) F is isotone, i. e. if a � b then F (a) ≤ F (b);
(2) F (0) = 0 and F (1) = 1.

In general, we will omit the reference to the set of indices I when we consider
an I-aggregation function.

We next introduce two different notions of functions which merge a family of
fuzzy binary relations into a single one.

Definition 3.5 (cf. [17, 31, 39, 46]). Let I be a set of indices and F : [0, 1]I → [0, 1]
be a function. We say that:
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• F preserves properties P1, . . . , Pn of fuzzy binary relations on products if
whenever {(Xi, Ei) : i ∈ I} is a family of nonempty sets Xi endowed with
fuzzy binary relations Ei satisfying all the properties P1, . . . , Pn for all

i ∈ I, then F ◦ Ẽ is a fuzzy binary relation on
∏

i∈I Xi also satisfying all

the properties P1, . . . , Pn where Ẽ : (
∏

i∈I Xi)
2 → [0, 1]I is given by

Ẽ(a, b)i = Ei(ai, bi)

for all i ∈ I.1

• F preserves properties P1, . . . , Pn of fuzzy binary relations on sets if when-
ever {Ei : i ∈ I} is a family of fuzzy binary relations Ei on a fixed nonempty
set X satisfying all the properties P1, . . . , Pn for all i ∈ I, then F ◦ E is
a fuzzy binary relation on X also satisfying all the properties P1, . . . , Pn

where E : X2 → [0, 1]I is given by

E(a, b)i = Ei(a, b)

for all i ∈ I.

Remark 3.6. Let P1, . . . , Pn be properties of fuzzy binary relations which are
hereditary, i.e. if E is a fuzzy binary relation on X satisfying all the properties
P1, . . . , Pn then its restriction to any subset of X also satisfies all the properties
P1, . . . , Pn. Notice that if F : [0, 1]I → [0, 1] preserves the properties P1, . . . , Pn

of fuzzy binary relations on products then it preserves the properties P1, . . . , Pn

of fuzzy binary relations on sets. In fact, let Ei be a fuzzy binary relation on a
nonempty set X satisfying all the properties P1, . . . , Pn for all i ∈ I. Given a, b ∈ X

we have that
E(a, b)i = Ei(a, b) = Ẽ(a, b)i

where a, b ∈ XI and ai = a, bi = b for all i ∈ I. Since F ◦Ẽ|∆×∆ = F ◦E then F ◦E
satisfies properties P1, . . . , Pn, where ∆ = {x ∈∏

i∈I X : xi = xj for all i, j ∈ I}.
As exposed before, in [46] those aggregation functions which preserve ∗-transitivity

of fuzzy binary relations on products were characterized (see also [14]). Meanwhile,
in [31] it was analyzed which functions merge a family of ∗-indistinguishability
operators into a single one, which provided a characterization of those functions
preserving ∗-transitivity of fuzzy binary relations on sets. Surprisingly, we will
prove in Proposition 3.26 that there is no difference between those functions which
preserve ∗-transitivity of fuzzy binary relations on products and those which pre-
serve ∗-transitivity of fuzzy binary relations on sets (see Definition 3.5). Moreover,
although the results of [31, 46] (see also [14, 17]) consider functions defined on finite
products, their results are also valid for infinite products, so we state them in this
level of generality.

The following concept was introduced in [46] in order to characterize aggregation
functions which preserve ∗-transitivity of fuzzy binary relations on products.

Definition 3.7 (cf. [46]). Let F : [0, 1]I → [0, 1] and G : [0, 1]J → [0, 1] be two
aggregation functions. We say that F dominates G if for all xi,j ∈ [0, 1] with i ∈ I

and j ∈ J then

G((F ((xi,j)i∈I))j∈J ) ≤ F ((G((xi,j)j∈J ))i∈I).

1Notice that Ẽ depends on the family {(Xi, Ei) : i ∈ I}. Nevertheless, in order to not overload
the notation we haven’t specified this dependence. We will do it throughout the paper.
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Remark 3.8. Let F : [0, 1]I → [0, 1] be an aggregation function and ∗ be a t-norm,
which is also an aggregation function. Then F dominates ∗ whenever

F (a) ∗ F (b) ≤ F (a ∗I b)

for every a, b ∈ [0, 1]I .
Then we will say that an arbitrary function F : [0, 1]I → [0, 1] which satisfies the

above inequality is ∗-supmultiplicative (the terminology comes from the classical
property of superadditivity). If F is ∗-supmultiplicative for every t-norm ∗ then it
will be called supmultiplicative.
∗-supmultiplicative functions appear in different contexts. For example, isotone

functions which are (∗-)supmultiplicative are called (∗-)closed, see Definition 7.1 in
[16]. Moreover, if F is ∗-supmultiplicative and F (1) = 1 then it is called an ∗-fuzzy
monoid [7].

Next we provide a few examples of ∗-supmultiplicative functions.

Example 3.9. Let I be a set of indices.

• Given i ∈ I the projection function Pi : [0, 1]I → [0, 1] given by Pi(x) = xi

is ∗-closed for every t-norm ∗.
• The function Inf : [0, 1]I → [0, 1] given by Inf(x) = infi∈I xi is ∗-closed for

every t-norm ∗.
Nevertheless, the function Sup : [0, 1]I → [0, 1] given by Sup(x) =

supi∈I xi not ∗-supmultiplicative for any t-norm ∗ whenever |I| > 1 (oth-
erwise is the identity function). Indeed, let j, k ∈ I with j 6= k and let
x,y ∈ [0, 1] such that xi = 0 for all i ∈ I\{j} and xj = 1 meanwhile yi = 0
for all i ∈ I\{k} and yk = 1. Then Sup(x) ∗ Sup(y) = 1 6≤ Sup(x ∗I y) = 0.
• Given a t-norm ∗, n ∈ N and k ∈ [0, 1], the function T k

∗
: [0, 1]n → [0, 1]

given by T∗(x) = k ∗ x1 ∗ . . . ∗ xn is ∗-closed.
• Given k > 0, the function Fk : [0, 1]I → [0, 1] given by Fk(a) =

∏
i∈I a

k
i is

∗P -closed.
• Let n ∈ N and consider functions fi : [0, 1] → [0, 1] which are isotone

for all i ∈ {1, . . . , n}. Then the function F : [0, 1]n → [0, 1] given by
F (x) =

∧n

i=1 fi(xi) is ∧-closed (in fact, it is minitive [21]).

The following result characterizes aggregation functions which preserve ∗-transiti-
vity of fuzzy binary relations on products. It is a modification of [46, Theorem 9]
(see also [14, Theorem 10]), where the result was for aggregation functions defined
over ∪n∈N[0, 1]n and for fuzzy binary relations defined over a predetermined set X .
Nevertheless, the same proof is valid when the aggregation function is defined over
an arbitrary product [0, 1]I and when the universe where the fuzzy binary relations
are defined is not the same and it is not fixed beforehand. This avoids to add the
assumption |X | ≥ 3 which appears in Theorem 9 in [46] (and in Theorem 10 in
[14]).

Theorem 3.10 (cf. [46, Theorem 9]). Let F : [0, 1]I → [0, 1] be an aggregation
function and ∗ be a t-norm. Then F preserves ∗-transitivity of fuzzy binary relations
on products if and only if F dominates ∗ (F is ∗-supmultiplicative).

In [13, 14, 15], it is studied in depth the problem of characterizing those functions
(not necessarily aggregation functions) which preserve basic properties of fuzzy bi-
nary relations defined over the same set as reflexivity, symmetry and ∗-transitivity,
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where ∗ is an operation which is not necessarily a t-norm. In particular, among
others, a version of Theorem 3.10 was obtained in this framework removing the con-
ditions F (0) = 0 and F (1) = 1, implicitly included in the definition of aggregation
function (Theorem 10 in [14]).

Recently, in [31], the problem of characterizing those functions (not necessarily
aggregation functions) which preserve reflexivity, symmetry and ∗-transitivity of
fuzzy binary relations defined over the same set was studied, i. e. it was studied
those functions which aggregate ∗-indistinguishability operators into a single one.
This characterization makes use of the concept of ∗-triangular triplet. This notion is
an adaption to the fuzzy context of the concept of triangular triplet which allows us
to characterize metric preserving functions, i. e. those functions whose composition
with an arbitrary metric is again a metric (see [44]). In this way, a triplet (a, b, c)
whose elements belong to [0,+∞) is a triangular triplet if a ≤ b + c, b ≤ a + c

and c ≤ a + b. If (a, b, c) only satisfies that a ≤ b + c then we say that it is an
asymmetric triangular triplet (see [32]). Notice that if (X, d) is a metric space then
(d(x, y), d(y, z), d(x, z)) is a triangular triplet for every x, y, z ∈ X .

Let us recall the notion of ∗-triangular triplet in the sense of [31].

Definition 3.11 ([31]). Let ∗ be a t-norm and I be a set of indices. A triplet
(a, b, c) ∈ ([0, 1]I)3 is said to be ∗-triangular if

a ∗I b � c, a ∗I c � b and b ∗I c � a,

i. e.
ai ∗ bi ≤ ci, ai ∗ ci ≤ bi and bi ∗ ci ≤ ai

for every i ∈ I. If (a, b, c) is ∗-triangular for every t-norm ∗ then we say that
(a, b, c) is a triangular triplet.

The following examples provide instances of ∗-triangular triplets.

Example 3.12. Given a t-norm ∗, the triplet (a, b,a ∗I b) is ∗-triangular for every
a, b ∈ [0, 1]I . Furthermore, the triplet (a,a,1) is ∗-triangular for every a ∈ [0, 1]I

and every t-norm ∗ so it is triangular.

Example 3.13. Let ∗ be a t-norm and let E be a fuzzy binary relation on a
nonempty set X such that E is symmetric and ∗-transitive. Given x, y, z ∈ X then
(E(x, y), E(y, z), E(x, z)) is an ∗-triangular triplet.

Remark 3.14 ([31, Remark 1]). Let ∗ and ⋆ be two t-norms such that ∗ ≤ ⋆, i. e.
a ∗ b ≤ a ⋆ b for every a, b ∈ [0, 1]. Then every ⋆-triangular triplet is an ∗-triangular
triplet. Consequently, if we denote by T∗ the set of all ∗-triangular triplets then
T∧ ⊆ T∗ ⊆ T∗D

for any t-norm ∗. If |I| = 1 it is shown in Examples 1 and 2 in [31]
that

• T∧ = {(a, b, c) ∈ [0, 1]3 : two of the elements are equal and the other is
greater than the other two};
• T∗D

= {(a, b, c) ∈ [0, 1]3 : a, b, c are different from 1 or one of them is 1 and
the other two coincide}.

See Figure 1 for a graphical representation of T∧, T∗P
, T∗ L

, T∗D
when |I| = 1.

The next result will be useful later on.

Lemma 3.15. Let a, b, c ∈ [0, 1]I with a � b � c and let ∗ be a t-norm. Then
(a, b, c) is an ∗-triangular triplet if and only if b ∗I c � a.
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(a) (b)

(c) (d)

Figure 1. (a) ∧-triangular triplets (b) ∗P -triangular triplets (c)
∗ L-triangular triplets (d) ∗D-triangular triplets

Proof. Necessity is obvious. Suppose now that b ∗I c � a. Since a � b � c then
a ∗I b � c and a ∗I c � b so (a, b, c) is an ∗-triangular triplet. �

Remark 3.16. Notice that a triplet (a, b, c) in [0, 1]3 is ∗-triangular if and only if
any reordering of the triplet is also ∗-triangular. Since [0, 1] is linearly ordered, we
can apply the above lemma to determine if a triplet in [0, 1]3 is ∗-triangular only
by ordering the numbers.

An asymmetric version of the previous concept will be crucial in the next section
for our characterization of those functions which merge fuzzy (quasi-)metrics into
a new one.

Definition 3.17. Let ∗ be a t-norm and I be a set of indices. A triplet (a, b, c) ∈
([0, 1]I)3 is said to be asymmetric ∗-triangular if a ∗I b � c.

If the triplet (a, b, c) is asymmetric ∗-triangular for every t-norm ∗ then we say
that (a, b, c) is an asymmetric triangular triplet.

Observe that the preceding notion is an adaption to the fuzzy context of the
concept of asymmetric triangular triplet introduced in [32].

The following examples provide instances of asymmetric ∗-triangular triplets.

Example 3.18. For any t-norm ∗, (a, b,1) is always an asymmetric ∗-triangular
triplet for any a, b ∈ [0, 1]I so it is an asymmetric triangular triplet. Furthermore, it
is an ∗-triangular triplet if and only if a = b. This shows that for any t-norm ∗, the
set of ∗-triangular triplets is strictly included in the set of asymmetric ∗-triangular
triplets.
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Example 3.19. Let (X,M, ∗) be a fuzzy (quasi-)metric space. Given x, y, z ∈ X

and s, t > 0 we have that (M(x, y, t),M(y, z, s),M(x, z, t + s)) is an asymmetric
∗-triangular triplet.

Observe that this behaviour is different from the crisp case since, as we have pre-
viously observed, if (X, d) is a metric space then (d(x, y), d(y, z), d(x, z)) is always
a triangular triplet.

Remark 3.20. Notice that (a, b, c) is a triangular (an asymmetric triangular)
triplet if and only if it is a ∧-triangular (an asymmetric ∧-triangular) triplet.

Example 3.21. Given a t-norm ∗, the set AT ∗ of asymmetric ∗-triangular triplets
is the epigraph of the function F∗ : [0, 1]I×[0, 1]I → [0, 1]I given by F∗(a, b) = a∗Ib
for every a, b ∈ [0, 1]I , i. e.

AT ∗ = {(a, b, c) ∈ ([0, 1]I)3 : a ∗I b � c} = {(a, b, c) ∈ ([0, 1]I)3 : F∗(a, b) � c}.
Therefore, when |I| = 1 we can draw these sets for some usual t-norms:

(a) (b)

(c) (d)

Figure 2. (a) asymmetric ∧-triangular triplets (b) asymmetric
∗P -triangular triplets (c) asymmetric ∗ L-triangular triplets (d)
asymmetric ∗D-triangular triplets

The next notion will play a central role in our subsequent study.

Definition 3.22. Let ∗ be a t-norm and I be a set of indices. A function F :
[0, 1]I → [0, 1] preserves ∗-triangular (asymmetric ∗-triangular) triplets if (F (a), F (b),
F (c)) is an ∗-triangular (an asymmetric ∗-triangular) triplet whenever (a, b, c) so
is, where a, b, c ∈ [0, 1]I .

If F preserves ∗-triangular (asymmetric ∗-triangular) triplets for every t-norm ∗
we will simply say that F preserves triangular (asymmetric triangular) triplets.



AGGREGATION OF FUZZY QUASI-METRICS 13

It is clear that if a function F preserves asymmetric ∗-triangular triplets then it
preserves ∗-triangular triplets. However, in general the converse is only true for the
t-norm ∧ (see Corollary 3.33) but not for any other t-norm as the next example
shows.

Example 3.23. Let ∗ be a t-norm different from ∧. Then ∗ is not idempotent (see
[26]) so there exists α ∈ ]0, 1[ such that α ∗ α < α. Let us consider the function
f : [0, 1]→ [0, 1] given by

f(x) =





α if 0 ≤ x < 1
2

α ∗ α if 1
2 ≤ x < 1

1 if x = 1

.

Let us check that f preserves ∗-triangular triplets. Let (a, b, c) be an arbitrary
triplet with all its elements different from 1. Then the triplet (f(a), f(b), f(c)) is
some of the following triplets or a permutation of them: (α ∗ α, α, α), (α ∗ α, α ∗
α, α), (α ∗ α, α ∗ α, α ∗ α), (α, α, α). Notice that all these triplets are ∗-triangular.
Furthermore, if for example a = 1 and (a, b, c) is an ∗-triangular triplet then b = c so
(f(1), f(b), f(c)) = (1, f(b), f(b)) also is an ∗-triangular triplet. Hence f preserves
∗-triangular triplets.

However, (1, 1
3 ,

1
2 ) is an asymmetric ∗-triangular triplet but (f(1), f(1

3 ), f(1
2 )) =

(1, α, α ∗ α) is not an asymmetric ∗-triangular triplet since α ∗ α < α.

We can characterize the functions of one variable which preserve (asymmetric)
∗D-triangular triplets as follows.

Proposition 3.24. Let f : [0, 1]→ [0, 1].

(1) f preserves ∗D-triangular triplets if and only if either f−1(1) = [0, 1] or f−1(1) ⊆
{1}.

(2) f preserves asymmetric ∗D-triangular triplets if and only if one of the following
conditions is satisfied:
(a) f−1(1) = [0, 1];
(b) f−1(1) = ∅;
(c) f−1(1) = {1} and f is isotone.

Proof. (1) Suppose that f preserves ∗D-triangular triplets. If f−1(1) 6= [0, 1] and
f−1(1) 6⊆ {1} we can find a ∈ [0, 1[ such that f(a) = 1 and b ∈ [0, 1] such that
f(b) 6= 1. By Remark 3.14 (a, a, b) is an ∗D-triangular triplet so (f(a), f(a), f(b)) =
(1, 1, f(b)) must be an ∗D-triangular triplet which is a contradiction since 1 ∗D 1 =
1 6≤ f(b).

The converse is straightforward.
(2) Suppose that f preserves asymmetric ∗D-triangular triplets. In particular it
preserves ∗D-triangular triplets so, by (1), f−1(1) = [0, 1] or f−1(1) ⊆ {1}. Suppose
that f−1(1) = {1}. Let a, b ∈ [0, 1] with a ≤ b. Then (1, a, b) is an asymmetric ∗D-
triangular triplet so (f(1), f(a), f(b)) so is, i. e. f(1)∗D f(a) = f(a) ≤ f(b). Hence
f is isotone.

Conversely, if either f−1(1) = [0, 1] or f−1(1) = ∅ then f preserves asymmetric
∗D-triangular triplets trivially. Suppose that f−1(1) = 1 and f is isotone. Let
(a, b, c) be an asymmetric ∗D-triangular triplet. If a 6= 1, b 6= 1 then f(a) 6= 1, f(b) 6=
1 so f(a) ∗D f(b) = 0 and (f(a), f(b), f(c)) is an asymmetric ∗D-triangular triplet.
Suppose that a = 1 so f(a) = 1. Since (1, b, c) is an asymmetric ∗D-triangular
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triplet then b ≤ c so (f(a), f(b), f(c)) = (1, f(b), f(c)) is also an asymmetric ∗D-
triangular triplet due to the isotonicity of f . If b = 1 we can reason in a similar
way. �

Next we introduce the announced characterization, given in [31], of those func-
tions which aggregate ∗-indistinguishability operators, i. e. functions which com-
bine a collection of ∗-indistinguishability operators defined on the same set into a
single one, in terms of the preservation of ∗-triangular triplets.

Theorem 3.25 (Proposition 4 in [31]). Let F : [0, 1]I → [0, 1] be a function and
let ∗ be a t-norm. Then F preserves reflexivity, symmetry and ∗-transitivity of
fuzzy binary relations on sets if and only if F (1) = 1 and F preserves ∗-triangular
triplets.

If we pay attention on functions aggregating fuzzy binary relations which satisfy
each of the previous properties separately, we obtain the following characterizations,
including also the situation on products. In particular, we obtain a characterization
of functions which preserve ∗-transitivity of fuzzy binary relations in terms of the
preservation of asymmetric ∗-triangular triplets.

Proposition 3.26. Let F : [0, 1]I → [0, 1] be a function and ∗ be a t-norm. Then:

(1) The following statements are equivalent:
(a) F preserves reflexivity of fuzzy binary relations on products;
(b) F preserves reflexivity of fuzzy binary relations on sets;
(c) F (1) = 1.

(2) F preserves symmetry of fuzzy binary relations on products and symmetry of
fuzzy binary relations on sets.

(3) The following statements are equivalent:
(a) F preserves ∗-transitivity of fuzzy binary relations on products (resp. ∗-

transitivity and symmetry of fuzzy binary relations on products);
(b) F preserves ∗-transitivity of fuzzy binary relations on sets (resp. ∗-transitivity

and symmetry of fuzzy binary relations on sets);
(c) F preserves asymmetric ∗-triangular triplets (resp. ∗-triangular triplets).

Proof. (1) and (2) are extremely easy so they are omitted.
Let us check (3). That (a) implies (b) is obvious by Remark 3.6. To prove

(b)⇒(c), let (a, b, c) be an asymmetric ∗-triangular triplet. Let us consider a set
X = {x, y} with two different elements and the ∗-transitive fuzzy binary relations
Ei : X2 → [0, 1] given by Ei(x, y) = ai, Ei(y, x) = bi and Ei(x, x) = Ei(y, y) = ci
for all i ∈ I. Then {Ei : i ∈ I} is a family of ∗-transitive fuzzy binary relations on
X. By assumption F ◦E is an ∗-transitive fuzzy binary relation on X so

F ◦E(x, y) ∗ F ◦E(y, x) ≤ F ◦E(x, x)

F ((Ei(x, y))i∈I) ∗ F ((Ei(y, x))i∈I ) ≤ F ((Ei(x, x))i∈I )

F (a) ∗ F (b) ≤ F (c).

Hence (F (a), F (b), F (c)) is an asymmetric ∗-triangular triplet.
In case that F preserves ∗-transitivity and symmetry of fuzzy binary relations on

sets, let us consider an ∗-triangular triplet (a, b, c). Define a set X = {x, y, z} with
three different elements and the ∗-transitive and symmetric fuzzy binary relations
Ei on X given by Ei(x, x) = Ei(y, y) = Ei(z, z) = 1, Ei(x, y) = Ei(y, x) = ai,
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Ei(y, z) = Ei(z, y) = bi and Ei(x, z) = Ei(z, x) = ci for all i ∈ I. The proof to con-
clude that (F (a), F (b), F (c)) is an ∗-triangular triplet follows as in the asymmetric
case.

Let us prove (c) ⇒ (a). Let {(Xi, Ei) : i ∈ I} be a family of nonempty sets Xi

endowed with ∗-transitive fuzzy binary relations Ei for all i ∈ I. Let us check that

F ◦ Ẽ is an ∗-transitive fuzzy binary relation on
∏

i∈I Xi (if Ei is also symmetric

for all i ∈ I, then F ◦ Ẽ is symmetric by (2)). Let x,y, z ∈∏
i∈I Xi. Since Ei is ∗-

transitive (resp. ∗-transitive and symmetric) then (Ei(xi,yi), Ei(yi, zi), Ei(xi, zi))
is an asymmetric ∗-triangular triplet (resp. ∗-triangular triplet) for every i ∈ I.
Consequently, (a, b, c) is an asymmetric ∗-triangular triplet (resp. ∗-triangular
triplet) where ai = Ei(xi,yi), bi = Ei(yi, zi), ci = Ei(xi, zi) for all i ∈ I. By
assumption (F (a), F (b), F (c)) is also an asymmetric ∗-triangular triplet (resp. ∗-
triangular triplet) so

F (a) ∗ F (b) ≤ F (c)

F ((Ei(xi,yi))i∈I) ∗ F ((Ei(yi, zi))i∈I) ≤ F ((Ei(xi, zi))i∈I)

F ◦ Ẽ(x,y) ∗ F ◦ Ẽ(y, z) ≤ F ◦ Ẽ(x, z)

so F ◦ Ẽ is ∗-transitive. �

Remark 3.27. Observe that the equivalence between (b) and (c) in (1) as well as
(2), were proved in [13] when I has finite cardinality.

In the light of the preceding result, it is natural to wonder whether there exists
a property of fuzzy binary relations which is preserved on sets by a function but
not on products. The next result gives the answer.

Proposition 3.28. Let F : [0, 1]I → [0, 1] be a function.

(1) F preserves the property of separating points of fuzzy binary relations on prod-
ucts if and only if F−1(1) ⊆ {1}.

(2) F preserves the property of separating points of fuzzy binary relations on sets
if and only if F−1(1) ⊆ ⋃

i∈I{a ∈ [0, 1]I : ai = 1}.

Proof. (1) Suppose that F preserves the property of separating points of fuzzy
binary relations on products. Suppose also that there exists an element a ∈ [0, 1]I ,
a 6= 1 such that F (a) = 1. Let us define I1 = {i ∈ I : ai = 1} and I2 = {i ∈ I :
ai 6= 1} which is nonempty. Let us consider two different elements x, y and define

Xi =

{
{x} if i ∈ I1

{x, y} if i ∈ I2

.

If i ∈ I1 define the symmetric fuzzy binary relation Ei on Xi as Ei(x, x) = 1 =
ai meanwhile if i ∈ I2 define the symmetric fuzzy binary relation Ei on Xi as
Ei(x, x) = Ei(y, y) = 1 and Ei(x, y) = Ei(y, x) = ai. It is clear that {(Xi, Ei) :
i ∈ I} is a family of sets endowed with symmetric fuzzy binary relations which

separate points. Hence, by hypothesis, F ◦ Ẽ is a symmetric fuzzy binary relation
on

∏
i∈I Xi which also separates points. Let us consider z, t ∈ ∏

i∈I Xi such that
zi = x for all i ∈ I and

ti =

{
x if i ∈ I1

y if i ∈ I2

.
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Since I2 is nonempty then z 6= t. Nevertheless

F ◦ Ẽ(z, t) = F ((Ei(zi, ti))i∈I) = F (a) = 1

so F ◦Ẽ does not separate points, which is a contradiction. Therefore F−1(1) ⊆ {1}.
The converse is obvious.
(2) Suppose now that F preserves the property of separating points of fuzzy

binary relations on sets. If we could find a ∈ [0, 1] such that F (a) = 1 but ai 6= 1
for all i ∈ I, let us consider a set X = {x, y} with two different elements and the
symmetric fuzzy binary relations Ei on X given by Ei(x, x) = Ei(y, y) = 1 and
Ei(x, y) = Ei(y, x) = ai for all i ∈ I. Then {Ei : i ∈ I} is a family of symmetric
fuzzy binary relations on X which separate points. By assumption, F ◦ E is a
symmetric fuzzy binary relation on X which separates points but F ◦ E(x, y) =
F ((Ei(x, y))i∈I) = F (a) = 1 which is a contradiction since x 6= y. Therefore, there
must exists i ∈ I such that ai = 1.

Conversely, let X be a set and let {Ei : i ∈ I} be a family of fuzzy binary
relations on X which separate points. Let x, y ∈ X such that F ◦ E(x, y) =
F ((Ei(x, y))i∈I) = 1. By hypothesis there exists j ∈ I such that Ej(x, y) = 1.
Since Ej separates points then x = y. Hence F ◦E separates points. �

Remark 3.29. Notice that (1) implies (2) in the above proposition but the converse
is not true in general (if |I| = 1 then (2) implies (1)). You can consider the function
F : [0, 1]× [0, 1] → [0, 1] given by F (x, y) = max{x, y}. Even more, it can be easy
to construct a function F which preserves the property of separating points of
fuzzy binary relations on sets and F (1) 6= 1. For example, you can consider F :
[0, 1]× [0, 1]→ [0, 1] given by F (1, 0) = 1 and F (x, y) = 0 whenever (x, y) 6= (1, 0).

As pointed out before, in [46] it is proved a characterization of those aggregation
functions which preserve ∗-transitivity of fuzzy binary relations on products (see
Theorem 3.10) in terms of domination of ∗. On its part, Proposition 3.26 charac-
terizes functions preserving the same property in terms of ∗-triangular triplets but
without assuming any property on the function. Nevertheless, this induces to think
that there must be a relationship between the property of preserving (asymmetric)
∗-triangular triplets and the property of domination. We discuss it in the following.

Proposition 3.30 (cf. Proposition 7 in [31]). Let F : [0, 1]I → [0, 1] be a function
and ∗ be a t-norm. Each of the following statements implies its successor:

(1) F preserves asymmetric ∗-triangular triplets;
(2) F preserves ∗-triangular triplets;
(3) F dominates ∗, i. e. F is ∗-supmultiplicative.

If F is isotone then all the above statements are equivalent.

Proof. (1) ⇒ (2). This is straightforward.
(2) ⇒ (3). Let a, b ∈ [0, 1]I . Then (a, b,a ∗I b) is an ∗-triangular triplet. Hence

(F (a), F (b), F (a ∗I b)) so that is, i.e. F (a) ∗ F (b) ≤ F (a ∗I b). Then F is ∗-
supmultiplicative.

Suppose that F is isotone. Let us prove (3)⇒ (1). Let (a, b, c) be an asymmetric
∗−triangular triplet, i.e. a∗I b � c. By assumption, F (a)∗F (b) ≤ F (a∗I b). Since
F is isotone then F (a) ∗ F (b) ≤ F (a ∗I b) ≤ F (c) so (F (a), F (b), F (c)) is an
asymmetric ∗−triangular triplet. �
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Remark 3.31. As a consequence of Proposition 3.26 and the previous result, we
deduce that Theorem 3.10 remains true if we remove the assumptions F (0) = 0
and F (1) = 1 as it was first proved in Theorem 10 in [14] when |I| is finite.

Notice that none of the converse of the implications of Proposition 3.30 are true
in general. A counterexample for (2)⇒ (1) is given in Example 3.23. Next example
shows that in general, (3) does not imply (2) for any t-norm different from ∧.
Example 3.32. Let ∗ be a t-norm different from ∧ so there exists α ∈ ]0, 1[ such
that α ∗ α < α. Let us consider the function f : [0, 1]→ [0, 1] given by

f(x) =

{
1 if 0 ≤ x ≤ α

0 if α < x ≤ 1
.

It is easy to check that f is ∗-supmultiplicative. In fact, given a, b ∈ [0, 1] if a > α

or b > α then f(a) ∗ f(b) = 0 ≤ f(a ∗ b). If a, b are less than or equal to α then
a ∗ b ≤ α ∗ α < α so f(a) ∗ f(b) = 1 ∗ 1 = 1 = f(a ∗ b).

Nevertheless, (α, α, 1) is an ∗-triangular triplet but (f(α), f(α), f(1)) = (1, 1, 0)
is not.

Although we have just shown that the statements of Proposition 3.30 are not
equivalent in general, when one considers the t-norm ∧ we can prove that a function
F preserves ∧-triangular triplets if and only if it preserves asymmetric ∧-triangular
triplets.

Corollary 3.33. Let F : [0, 1]I → [0, 1] be a function. The following statements
are equivalent:

(1) F preserves asymmetric ∧-triangular triplets;
(2) F preserves ∧-triangular triplets;
(3) F is isotone and ∧-supmultiplicative (∧-closed).
If |I| = 1 then ∧-supmultiplicativity can be removed.

Proof. By Proposition 3.30 we only have to show that if F preserves ∧-triangular
triplets then it is isotone. Let a, b ∈ [0, 1]I with a � b. Then (a,a, b) is a ∧-
triangular triplet so (F (a), F (a), F (b)) so is, i. e. F (a) ∧ F (a) = F (a) ≤ F (b) so
F is isotone.

If |I| = 1 and if F is isotone then F (a ∧ b) = F (a) ∧ F (b) for all a, b ∈ [0, 1].
Hence F is ∧-supmultiplicative. �

Remark 3.34. Although isotonicity implies ∧-supmultiplicativity if |I| = 1, this
is not true in general. To show this, consider the function F : [0, 1]2 → [0, 1]
given by F (x, y) = x · y. It is clear that F is isotone. Nevertheless, it is not ∧-
supmultiplicative. Indeed, take for example (1

2 ,
1
3 ), (1

3 ,
1
2 ) ∈ [0, 1]2. Then

F (1
2 ,

1
3 ) ∧ F (1

3 ,
1
2 ) = 1

6 6≤ F ((1
2 ,

1
3 ) ∧ (1

3 ,
1
2 )) = F (1

3 ,
1
3 ) = 1

9 .

Notice that the above result holds due to the fact that t-norm ∧ is the only
idempotent t-norm [26] (see Example 3.23 for a counterexample). Nevertheless, we
can also obtain the following result for an arbitrary t-norm.

Corollary 3.35. Let F : [0, 1]I → [0, 1] such that F−1(1) 6= ∅ and let ∗ be a
t-norm. Then F preserves asymmetric ∗-triangular triplets if and only if it is ∗-
closed.
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Proof. From Proposition 3.30 we only need to show that if F preserves asymmetric
∗-triangular triplets then it is isotone. Let x ∈ [0, 1]I such that F (x) = 1. Given
a, b ∈ [0, 1]I verifying a � b then (a,x, b) is an asymmetric ∗−triangular triplet so
(F (a), F (x), F (b)) also is. Hence F (a) ∗ F (x) = F (a) ≤ F (b) and, therefore, F is
isotone. �

The previous result is not true if we replace “asymmetric ∗-triangular triplets”
by “∗-triangular triplets” (see Example 3.23). Furthermore, next example, which
is a slight modification of Example 3.23, shows that the assumption F−1(1) 6= ∅ is
crucial in the previous corollary.

Example 3.36 (cf. Example 3.23). Let ∗ be a t-norm different from ∧ so there
exists α ∈ ]0, 1[ such that α ∗ α < α. Let us consider the function f : [0, 1]→ [0, 1]
given by

f(x) =

{
α if 0 ≤ x < 1

2

α ∗ α if 1
2 ≤ x ≤ 1

.

We can easily check that (f(a), f(b), f(c)) is ∗-triangular for every arbitrary
triplet (a, b, c). Therefore f preserves asymmetric ∗-triangular triplets. However,
since α ∗ α < α, f is not isotone.

Remark 3.37. For the sake of clarity, we summarize the results obtained about
the preservation of ∗-transitivity. Let F : [0, 1]I → [0, 1] be a function and ∗ be a
t-norm. Consider the following statements:

(1) F preserves ∗-transitivity of fuzzy binary relations on products;
(2) F preserves ∗-transitivity of fuzzy binary relations on sets;
(3) F preserves asymmetric ∗-triangular triplets;
(4) F preserves ∗-triangular triplets;
(5) F preserves ∗-transitivity and symmetry of fuzzy binary relations on products;
(6) F preserves ∗-transitivity and symmetry of fuzzy binary relations on sets;
(7) F dominates ∗ (F is ∗-supmultiplicative).

From Proposition 3.26 we have that (1), (2), (3) are equivalent. Moreover, if
F−1(1) 6= ∅, by Corollary 3.35, these three statements are equivalent to “F is ∗-
closed”. Furthermore, (3) implies (4) which in turn is equivalent to (5) and (6).
Besides, (6) implies (7) by Proposition 3.30. But if F is isotone, we have that all
the previous statements are equivalent.

4. Aggregation of fuzzy quasi-metrics

Let f : [0,+∞)→ [0,+∞) be a function. Given a metric space (X, d) we could
wonder when f ◦ d is also a metric. Although this problem goes back to a paper of
Wilson in 1936, and several results about it are scattered in the literature, Doboš
gathered together all of them in a booklet [44] including fundamental results due
to him and his collaborators [8]. This problem can be generalized by studying
those functions which merge several metrics into a single one [44]. We observe that
functions which aggregate metrics have been applied to image segmentation [12].

All this theory was extended to quasi-metrics in [32], which differs from the sym-
metric one as we will next see. In this section, we focus our efforts on studying this
question in the fuzzy context. As observed before, in [31, 46] it is given a character-
ization of those functions which preserve transitivity of fuzzy binary relations. Let
us recall that condition (FQM3) of a fuzzy quasi-metric is near to transitivity of
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fuzzy binary relations. Hence, these characterizations will play an important role
in our subsequent study.

We first recall some important facts about metric and quasi-metric aggregation
functions on products.

Definition 4.1 ([8, 32, 44]). Given a set of indices I, a function f : [0,+∞)I →
[0,+∞) is called a (quasi-)metric aggregation function on products if whenever

(Xi, di) is a (quasi-)metric space for all i ∈ I, then the function df = f ◦ d̃ is a

(quasi-)metric on
∏

i∈I Xi where d̃ : (
∏

i∈I Xi)
2 → [0,+∞)I is given by

(d̃(x,y))i = di(xi, yi)

for all i ∈ I, x,y ∈
∏

i∈I Xi.

The next result provides sufficient conditions which make that a function aggre-
gates metrics.

Theorem 4.2 ([44]). If f : [0,+∞)I → [0,+∞) is isotone, subadditive and
f−1(0) = {0} then it is a metric aggregation function on products.

However, the converse of the above proposition is not true in general [44, Ex-
ample 4] although it can be easily checked that every metric aggregation function
on products is subadditive. The following result characterizes metric aggregation
functions on products.

Theorem 4.3 ([8]). Let f : [0,+∞)I → [0,+∞). Then f is a metric aggregation
function on products if and only if the following assertions hold:

• f−1(0) = {0};
• f preserves triangular triplets.

The following characterization of quasi-metric aggregation functions on products
was obtained in [32].

Theorem 4.4 ([32]). Let f : [0,+∞)I → [0,+∞). The following statements are
equivalent:

(1) f is a quasi-metric aggregation function on products;
(2) f−1(0) = {0} and f preserves asymmetric triangular triplets;
(3) f−1(0) = {0}, f is subadditive and isotone.

Remark 4.5. Notice that every quasi-metric aggregation function on products is
a metric aggregation function on products. Nevertheless the converse is not true in
general (see Example 8 in [32]).

Now we focus our attention on the same problem but in the fuzzy context.
Notice that the concept of a (quasi-)metric aggregation function on products f :
[0,+∞)I → [0,+∞) means that if {(Xi, di) : i ∈ I} is a family of (quasi-)metric
spaces then we can obtain a (quasi-)metric on the product

∏
i∈I Xi. We could also

wonder what happens if Xi = X for all i ∈ I and we try to construct a metric on
X by means of f (we refer the reader to [33, 38] for a fuller treatment of this case).
Then, for our discussion in the fuzzy context, we will consider two different notions
of fuzzy (quasi-)metric aggregation functions.

Definition 4.6. A function F : [0, 1]I → [0, 1] is said to be:



20 T. PEDRAZA, J. RODRÍGUEZ-LÓPEZ AND O. VALERO

• a fuzzy (quasi-)metric aggregation function on products if whenever ∗ is a t-
norm and {(Xi,Mi, ∗) : i ∈ I} is a family of fuzzy (quasi-)metric spaces then

(F ◦ M̃ , ∗) is a fuzzy (quasi-)metric on
∏

i∈I Xi where M̃ : (
∏

i∈I Xi)
2 ×

[0,+∞)→ [0, 1]I is given by

(M̃(x,y, t))i = Mi(xi, yi, t)

for every x,y ∈
∏

i∈I Xi and t ≥ 0.
If F only satisfies the above condition for a fixed t-norm ∗ then it is said
to be an ∗-fuzzy (quasi-)metric aggregation function on products.
• a fuzzy (quasi-)metric aggregation function on sets if whenever ∗ is a t-norm

and {(Mi, ∗) : i ∈ I} is a family of fuzzy (quasi-)metrics on the same set X
then (F ◦M , ∗) is a fuzzy (quasi-)metric on X where M : X2× [0,+∞)→
[0, 1]I is given by

(M(x, y, t))i = Mi(x, y, t)

for every x, y ∈ X and t ≥ 0.
If F only satisfies the above condition for a fixed t-norm ∗ then it is said
to be an ∗-fuzzy (quasi-)metric aggregation function on sets.

Remark 4.7. It is clear that if F : [0, 1]I → [0, 1] is a fuzzy (quasi-)metric aggrega-
tion function on products then it is a fuzzy (quasi-)metric aggregation function on
sets. Moreover, if |I| = 1 then the two concepts coincide. In this case, if (X,M, ∗)
is a fuzzy (quasi-)metric space then (F ◦M, ∗) is a fuzzy (quasi-)metric on X and
we will say that F is a fuzzy (quasi-)metric preserving function.

Nevertheless, in general, if |I| > 1 then the concepts of fuzzy (quasi-)metric
aggregation function on products and fuzzy (quasi-)metric aggregation function on
sets are different as the next example shows.

Example 4.8.

• if Pi : [0, 1]I → [0, 1] denotes the i-th projection as in Example 3.9, then Pi

is a fuzzy (quasi-)metric aggregation function on sets but not on products

(it is immediate to check that F ◦ M̃ does not verify (FQM2’) for every
family of fuzzy metrics).
• if ∗ is a t-norm and F∗ : [0, 1]n → [0, 1] is given by F∗(a1, . . . , an) = a1 ∗
. . . ∗ an then F∗ is a fuzzy (quasi-)metric aggregation function on products;
• The function f : [0, 1]→ [0, 1] given by

f(x) =

{
max{k, x} if x 6= 0

0 if x = 0

where k ∈ (0, 1) is a fuzzy metric preserving function (Proposition 3.2 in
[47]).
• The function f : [0, 1]→ [0, 1] given by

f(x) =





k + x

k + 1
if x 6= 0

0 if x = 0
,

where k > 0, is an ∗P -fuzzy metric preserving function (cf. Example 15 in
[23] and Proposition 3.3 in [47]).
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Notice that one of the requirements of the characterization of a (quasi-)metric
aggregation function f is f−1(0) = {0}. As we will see, in the fuzzy context, this
requirement will be replaced by certain conditions on the core, that we next define.

Definition 4.9. Let I be a set of indices. The core of a function F : [0, 1]I → [0, 1]
is the set F−1(1).

Observe that the core has played an important role in the preservation of the
property of separating points under an aggregation process of fuzzy relations (see
Proposition 3.28).

From now on, for a given x ∈ [0, 1]I , we will set Ix := {i ∈ I : xi = 1}.
We next introduce several conditions on the core that will be crucial in our study.

Definition 4.10. Let F : [0, 1]I → [0, 1] be a function such that F−1(1) 6= ∅. Then
we say that:

• F has trivial core if F−1(1) = {1}.
• The core of F is included in a unitary face if there exists i ∈ I such that
F−1(1) ⊆ {x ∈ [0, 1]I : xi = 1}, that is

⋂
x∈F−1(1) Ix 6= ∅.

• The core of F is countably included in a unitary face if for a given {xn :
n ∈ N} ⊆ F−1(1) there exists i ∈ I such that (xn)i = 1 for all n ∈ N, that
is

⋂
n∈N

Ixn
6= ∅.

• The core of F is finitely included in a unitary face if for a given {x1, . . . ,xn} ⊆
F−1(1) there exists i ∈ I such that (xm)i = 1 for all m ∈ {1, . . . , n}, that
is

⋂n

m=1 Ixm
6= ∅.

• The core of F is pairwise included in a unitary face if for any x,y ∈ F−1(1)
there exists i ∈ I such that xi = yi = 1, that is Ix ∩ Iy 6= ∅.

• The core of F is included in the unitary boundary if F−1(1) ⊆
⋃

i∈I{x ∈
[0, 1]I : xi = 1}, that is Ix 6= ∅ for every x ∈ F−1(1).

Obviously, every of the above concepts imply its successor and if |I| = 1 all of
them are equal. Nevertheless, if |I| > 1 we can find examples showing that all these
notions are different.

Example 4.11.

• A function whose core is included in a unitary face but it is not trivial.
Let us consider Pi : [0, 1]I → [0, 1], the i-th projection where i ∈ I and
|I| > 1. Then P−1

i (1) = {x ∈ [0, 1]I : xi = 1} 6= {1}.
• A function whose core is countably included in a unitary face but it is not
included in a unitary face.
Let I with |I| > ℵ0. Let F : [0, 1]I → [0, 1] given by

F (x) =

{
1 if |{i ∈ I : xi 6= 1}| ≤ ℵ0

0 otherwise
.

Let us show that the core of F is countably included in a unitary face,
i. e. if {xn : n ∈ N} ⊆ F−1(1) then

⋂
n∈N

Ixn
6= ∅. Otherwise I =

I\
⋂

n∈N
Ixn

=
⋃

n∈N
I\Ixn

but since F (xn) = 1 then |I\Ixn
| ≤ ℵ0 for all

n ∈ N so |I| = |
⋃

n∈N
I\Ixn

| ≤ ℵ0 which is a contradiction since |I| > ℵ0.

We next check that the core of F is not included in a unitary face. Given
i ∈ I let us consider ai ∈ [0, 1]I such that (ai)j = 0 if j = i and (ai)j = 1
if i 6= j for all j ∈ I. Then {ai : i ∈ I} ⊆ F−1(1) and

⋂
i∈I Iai

= ∅ so⋂
x∈F−1(1) Ix = ∅.
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• A function whose core is finitely included in a unitary face but it is not
countably included in a unitary face.
We only have to take I with |I| = ℵ0 and define F : [0, 1]I → [0, 1] as

F (x) =

{
1 if |{i ∈ I : xi 6= 1}| is finite

0 otherwise
.

Arguing similarly as in the previous example, it can be proved that the core
of F is finitely included in a unitary face but it is not countably included
in a unitary face.
• A function whose core is pairwise included in a unitary face but it is not
finitely included in a unitary face.
Let us consider F : [0, 1]3 → [0, 1] given by

F (x, y, z) =

{
1 if x = y = 1 or y = z = 1 or x = z = 1

0 otherwise
.

It is obvious that the core of F is pairwise included in a unitary face.
Nevertheless, I(1,1,0)∩I(1,0,1)∩I(0,1,1) = ∅ so the core is not finitely included
in a unitary face.
• A function whose core is included in the unitary boundary but it is not
pairwise included in a unitary face.
Let us consider F : [0, 1]2 → [0, 1] given by

F (x, y) =

{
1 if x = 1 or y = 1

0 otherwise
.

Obviously the core of F is included in the unitary boundary but, for in-
stance, I(1,0) ∩ I(0,1) = ∅ so the core is not pairwise included in a unitary
face.

However, if we restrict the cardinality of I or we impose conditions on the func-
tion F , some of the above definitions coincide.

Proposition 4.12. Let I be a set of indices and F : [0, 1]I → [0, 1] be a function.

(1) If |I| is countable, then the core of F is included in a unitary face if and only
if it is countably included in a unitary face.

(2) If |I| is finite, then the core of F is countably included in a unitary face if and
only if it is finitely included in a unitary face (which is equivalent to that the
core is included in a unitary face).

(3) If |I| = 1 then all the concepts of Definition 4.10 coincide for F .
(4) If F is ∗-supmultiplicative then the core of F is finitely included in a unitary

face if and only if the core of F is included in the unitary boundary.

Proof.

(1) We only prove the sufficiency since necessity is obvious. Suppose that we
cannot find j ∈ I with F−1(1) ⊆ {x ∈ [0, 1]I : xj = 1}. Then for each
j ∈ I there exists xj ∈ F−1(1) such that (xj)j 6= 1. Hence {xj : j ∈ I} ⊆
F−1(1) is a countable set but for every i ∈ I we have that (xi)i 6= 1 which
contradicts our assumption.

(2) As above we only prove the sufficiency. Let {xn : n ∈ N} ⊆ F−1(1). Since
the core of F is finitely included in a unitary face then In :=

⋂n

m=1 Ixm
6= ∅
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for all n ∈ N. Then In is nonempty, finite and In+1 ⊆ In for all n ∈ N.

Hence
⋂

n∈N
In =

⋂
n∈N

Ixn
6= ∅ so the core of F is countably included in

a unitary face.
(3) This is trivial.
(4) We only have to prove the sufficiency. Suppose that the core of F is included

in the unitary boundary and let {x1, . . . ,xn} ⊆ F−1(1). Since F is ∗-
supmultiplicative then F (x1 ∗I . . . ∗I xn) ≥ F (x1) ∗ . . . ∗ F (xn) = 1 ∗ . . . ∗
1 = 1 so x1 ∗I . . . ∗I xn ∈ F−1(1). By assumption Ix1∗

I ...∗Ixn
6= ∅. Since

Ix1∗
I ...∗Ixn

=
⋂n

m=1 Ixm
we conclude that the core of F is finitely included

in a unitary face.

�

Remark 4.13. Observe that from the proof of (4) we can also deduce that if F is
∗-supmultiplicative then the core of F is an abelian semigroup with the operation
∗.

Definition 4.14 ([21, 35]). Let I be a set of indices. A function F : [0, 1]I → [0, 1]
is said to be left-continuous if whenever (xn)n is nondecreasing sequence in [0, 1]I

converging to x ∈ [0, 1]I in the product topology then (F (xn))n converges to F (x).

We next characterize the fuzzy quasi-metric aggregation functions on products.
Surprisingly they are the same than the fuzzy metric aggregation functions on
products and, in addition, these functions turn to be aggregation functions, i. e.
isotone functions verifying that F (0) = 0 and F (1) = 1 (see Definition 3.4).

Theorem 4.15. Let F : [0, 1]I → [0, 1] be a function and ∗ be a t-norm. The
following statements are equivalent:

(1) F is a (∗-)fuzzy quasi-metric aggregation function on products;
(2) F is a (∗-)fuzzy metric aggregation function on products;
(3) F is an aggregation function, (∗-)supmultiplicative, left-continuous and F has

trivial core;
(4) F (0) = 0, F is left-continuous with trivial core and F preserves asymmetric

(∗-)triangular triplets.

Proof. (1)⇒ (2). This is obvious.
(2)⇒ (3). We first check that F is an aggregation function. We begin proving

that F is isotone. Let a, b ∈ [0, 1]I such that a � b. Let us consider X = {c, d}
a set with two different elements and for every i ∈ I, let us define a fuzzy metric
(Ni, ∗) on X as

Ni(x, y, t) =





0 if t = 0

1 if x = y and t > 0

0 if x 6= y and 0 < t ≤ 1

ai if x 6= y and 1 < t ≤ 2

bi if x 6= y and 2 < t

.

Then {(X,Ni, ∗) : i ∈ I} is a family of fuzzy metric spaces so (F ◦ Ñ , ∗) is a

fuzzy metric on XI . Consequently, if we fix x,y ∈ XI then F ◦ Ñ(x,y, ·) is an
increasing function. In particular, if we choose c,d ∈ XI such that ci = c and
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di = d for every i ∈ I, we have that

F ◦ Ñ (c,d, 2) ≤ F ◦ Ñ(c,d, 3)

F ((Ni(ci,di, 2))i∈I) ≤ F ((Ni(ci,di, 3))i∈I)

F (a) ≤ F (b).

Therefore, F is isotone.
We check now that F (0) = 0 and F has trivial core, i. e. F−1(1) = {1}. Let

(X,M, ∗) be an arbitrary fuzzy metric space, x ∈ X and t > 0. Considering the
family of fuzzy metric spaces {(Xi,Mi, ∗) : i ∈ I} where (Xi,Mi, ∗) = (X,M, ∗) for

all i ∈ I, we have that (F ◦ M̃ , ∗) is a fuzzy metric on XI so given x ∈ XI with

xi = x for all i ∈ I and t > 0 then 1 = F ◦M̃(x,x, t) = F ((M(x, x, t))i∈I ) = F (1).

Furthermore, 0 = F ◦M̃(x,x, 0) = F (0). Suppose that we can find a ∈ [0, 1]I such
that F (a) = 1 but a 6= 1. Consider the family of fuzzy metric spaces {(Xi,Mi, ∗) :
i ∈ I} where Xi = [0, 1] and (Mi, ∗) = (M∗, ∗) is the fuzzy metric of Example

2.14. Then (F ◦ M̃∗, ∗) is a fuzzy metric on [0, 1]I , but given t > 0 we have that

F ◦ M̃∗(1,a, t) = F ((M∗(1, ai, t))i∈I) = F (a) = 1. Therefore a = 1 by (FQM2’).
This contradicts our assumption, so F is an aggregation function with trivial core.

We next prove that F is left-continuous. Let us consider a sequence (tn)n∈N

in [0, 1]I such that tn � tn+1 for all n ∈ N. We also denote by s the supremum
of this sequence. Then (tn,i)n∈N := ((tn)i)n∈N converges to si for all i ∈ I. Let
X = {a, b} be a set with two different elements. Then given i ∈ I, define Mi :
X ×X × [0,+∞)→ [0, 1] as

Mi(x, y, t) =





0 if t = 0

1 if x = y, t > 0

0 if x 6= y, 0 < t ≤ 1
2

tn,i if x 6= y, 1− 1
n+1 < t ≤ 1− 1

n+2

si if x 6= y, t ≥ 1

.

It is easy to check that (X,Mi, ∗) is a fuzzy metric space for all i ∈ I. Then

(F ◦ M̃ , ∗) is a fuzzy metric on XI associated with the family of fuzzy metric

spaces {(X,Mi, ∗) : i ∈ I}. Consequently F ◦ M̃(a, b, ·) is left-continuous where

ai = a and bi = b for all i ∈ I. Hence (F ◦ M̃(a, b, 1 − 1
n+2 ))n∈N converges to

F ◦ M̃(a, b, 1), but

F◦M̃
(
a, b, 1− 1

n + 2

)
= F

((
Mi

(
a, b, 1− 1

n + 2

))

i∈I

)
= F ((tn,i)i∈I) = F (tn)

for every n ∈ N and

F ◦ M̃ (a, b, 1) = F ((Mi(a, b, 1))i∈I) = F ((si)i∈I) = F (s).

Consequently F is left-continuous.
Let us check that F is ∗-supmultiplicative. Let a, b ∈ [0, 1]I . Define I1 = {i ∈

I : ai 6= 1, bi 6= 1}, I2 = {i ∈ I : ai 6= 1, bi = 1}, I3 = {i ∈ I : ai = 1, bi 6= 1},
I4 = {i ∈ I : ai = bi = 1}. Following a similar idea to the proof of Theorem 9 in
[46], let us consider a fixed set X = {x1, x2, x3} with three different elements and
a fuzzy metric (Mi, ∗) on X given by
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• if i ∈ I1 then

Mi(x, y, t) = Mi(y, x, t) =





0 if t = 0

1 if x = y, t > 0

ai if x = x1, y = x2, t > 0

bi if x = x2, y = x3, t > 0

ai ∗ bi if x = x1, y = x3, t > 0

;

• if i ∈ I2 then

Mi(x, y, t) = Mi(y, x, t) =





0 if t = 0

1 if x = y, t > 0

ai if x = x1, y = x2, t > 0

ai ∗ ai if x = x2, y = x3, 0 < t ≤ 1

1 if x = x2, y = x3, t > 1

ai if x = x1, y = x3, t > 0

;

• if i ∈ I3 then

Mi(x, y, t) = Mi(y, x, t) =





0 if t = 0

1 if x = y, t > 0

bi ∗ bi if x = x1, y = x2, 0 < t ≤ 1

1 if x = x1, y = x2, t > 1

bi if x = x2, y = x3, t > 0

bi if x = x1, y = x3, t > 0

;

• if i ∈ I4 then

Mi(x, y, t) = Mi(y, x, t) =





0 if t = 0

0 if x 6= y, 0 < t ≤ 1

1 if x 6= y, t > 1

1 if x = y, t > 0

.

Then {(X,Mi, ∗) : i ∈ I} is a family of fuzzy metric spaces. Hence F ◦ M̃ is a
fuzzy metric on XI . Let us define x1,x2,x3 ∈ XI such that (xi)j = xi for all j ∈ I

and i = 1, 2, 3. Then we have that

(F ◦ M̃)(x1,x2, 2) ∗ (F ◦ M̃ )(x2,x3, 2) ≤ F ◦ M̃(x1,x3, 4)

F ((Mi(x1, x2, 2))i∈I) ∗ F ((Mi(x2, x3, 2))i∈I) ≤ F ((Mi(x1, x3, 4))i∈I)

F (a) ∗ F (b) ≤ F (a ∗I b)

and, thus, F is ∗-supmultiplicative.
(3) ⇒ (4) This is a direct consequence of Corollary 3.35.
(4) ⇒ (1) Let {(Xi,Mi, ∗) : i ∈ I} be a family of fuzzy quasi-metric spaces. Let

us check that (F ◦ M̃ , ∗) is a fuzzy quasi-metric on
∏

i∈I Xi.

Since F is an aggregation function then F ◦M̃(x,y, 0) = F ((Mi(xi,yi, 0))i∈I) =
F (0) = 0 for every x,y ∈ ∏

i∈I Xi so (FQM1) holds. Moreover, if t > 0 then

F ◦ M̃(x,x, t) = F ((Mi(xi,xi, t))i∈I) = F (1) = 1 for all x ∈ ∏
i∈I Xi. On the

other hand, given x,y ∈
∏

i∈I Xi, if F ◦ M̃ (x,y, t) = F ◦ M̃(y,x, t) = 1 for all
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t > 0 then F ((Mi(xi,yi, t))i∈I) = F ((Mi(yi,xi, t))i∈I) = 1 for all t > 0. Since F

has trivial core we have that for every i ∈ I, Mi(xi,yi, t) = Mi(yi,xi, t) = 1 for all
t > 0 so xi = yi for all i ∈ I, i. e. x = y. Thus (FQM2’) holds.

Moreover, given x,y, z ∈ ∏
i∈I Xi and t, s > 0 we have that Mi(xi,yi, t) ∗

Mi(yi, zi, s) ≤Mi(xi, zi, t+s) for all i ∈ I, i. e. ((Mi(xi,yi, t))i∈I , (Mi(yi, zi, s))i∈I ,

(Mi(xi, zi, t + s))i∈I) is an asymmetric ∗-triangular triplet. Then, by assumption,
(F ((Mi(xi,yi, t))i∈I), F ((Mi(yi, zi, s))i∈I), F ((Mi(xi, zi, t + s))i∈I)) is an asym-
metric ∗-triangular triplet so

F ((Mi(xi,yi, t))i∈I) ∗ F ((Mi(yi, zi, s))i∈I) ≤ F ((Mi(xi, zi, t + s))i∈I)

and, thus, (FQM3) holds for F ◦ M̃ .

Finally, (FQM4) is clear since F is left-continuous and Mi(x, y, ·) is left-conti-
nuous and isotone for every x, y ∈ X and every i ∈ I. �

Remark 4.16. The above result shows that, in contrast with the crisp case, fuzzy
metric aggregation functions on products coincides with fuzzy quasi-metric aggre-
gation functions on products.

We also observe that aggregation functions with trivial core are called in [34]
aggregation functions which have no unit multipliers.

Example 4.17.

• Given a set of indices I, the function Inf : [0, 1]I → [0, 1] given by Inf(x) =
infi∈I xi is a left-continuous (∗-)supmultiplicative aggregation function with
trivial core for every t-norm ∗. Then it is a fuzzy (quasi-)metric aggregation
function on products.
• Given a t-norm ∗ and n ∈ N, the function F∗ : [0, 1]n → [0, 1] given by
F∗(a1, . . . , an) = a1 ∗ . . . ∗ an is a left-continuous (∗-)supmultiplicative ag-
gregation function with trivial core. So its is an ∗-fuzzy (quasi-)metric
aggregation function on products.
• The function F : [0, 1] → [0, 1] given by F (x) =

√
x is a continuous ∗P -

supmultiplicative aggregation function with trivial core. Consequently, it
is an ∗P -fuzzy (quasi-)metric preserving function.
• The function F : [0, 1] → [0, 1] given by F (x) = x2 is a continuous ∗ L-

supmultiplicative aggregation function with trivial core. Hence it is an
∗ L-fuzzy (quasi-)metric preserving function.

The following result shows that there is a huge quantity of functions which are
∧-fuzzy (quasi-)metric preserving.

Corollary 4.18. Let F : [0, 1] → [0, 1] be a function. Then F is a ∧−fuzzy
(quasi-)metric preserving function if and only if F is an aggregation function, left-
continuous and F has trivial core.

Proof. This follows from Theorem 4.15 and Corollary 3.33. �

Next we give a characterization of fuzzy (quasi-)metric aggregation functions on
sets.

Theorem 4.19. Let F : [0, 1]I → [0, 1] be a function and ∗ be a t-norm. The
following statements are equivalent:

(1) F is a (∗-)fuzzy quasi-metric aggregation function on sets;
(2) F is a (∗-)fuzzy metric aggregation function on sets;
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(3) F is an aggregation function, (∗-)supmultiplicative, left-continuous and the core
of F is countably included in a unitary face;

(4) F (0) = 0, F (1) = 1, F is left-continuous, the core of F is countably included
in a unitary face and F preserves asymmetric (∗-)triangular triplets.

Proof. (1) ⇒ (2). This is clear.
(2)⇒ (3). Everything follows with a simple adaptation of the proof of Theorem

4.15 except for proving that the core of F is countably included in a unitary face.
Assume, for the sake of contradiction, that we can find a sequence {xn : n ∈ N} ⊆
F−1(1) such that for any i ∈ I we could find ni ∈ N such that (xni

)i 6= 1. Let
us consider a set X = {a, b} with two different elements and for each i ∈ I define
Mi : X ×X × [0,+∞)→ [0, 1] as

Mi(x, y, t) =





0 if t = 0

1 if x = y, t > 0

(x1)i if x 6= y, t > 1

(x1)i ∗ . . . ∗ (xn+1)i if x 6= y, 1
n+1 < t ≤ 1

n

.

Notice that (X,Mi, ∗) is a fuzzy metric space for all i ∈ I. We only show that
(FQM2’) holds since the other conditions follow trivially. If Mi(x, y, t) = 1 for
all t > 0 then x = y. Otherwise, we can suppose that x = a and y = b so
Mi(a, b, t) = 1 for all t > 0. Nevertheless, this is impossible because Mi(a, b,

1
ni

) =

(x1)i ∗ . . . ∗ (xni+1)i 6= 1 since (xni
)i 6= 1 (recall that for any t-norm, a ∗ b = 1 if

and only if a = b = 1).
By assumption, (F ◦M , ∗) is a fuzzy metric on X . However, given t > 0 and

since F is (∗-)supmultiplicative we have that

F ◦M(a, b, t) = F ((Mi(a, b, t)i∈I)) = F (x1 ∗I . . . ∗I xn+1) ≥ F (x1) ∗ . . . ∗ F (xn+1)

= 1 ∗ . . . ∗ 1 = 1

for some n ∈ N ∪ {0}. Since a 6= b this contradicts (FQM2’).
(3) ⇒ (4). This is a direct consequence of Corollary 3.35.
(4) ⇒ (1). This is similar to (4)⇒ (1) of Theorem 4.15 and the only difference

is with proving condition (FQM2’). Let {(X,Mi, ∗) : i ∈ I} be a family of fuzzy
quasi-metric spaces. Let x, y ∈ X such that F ◦M(x, y, t) = F ◦M(y, x, t) = 1
for all t > 0. By Corollary 3.35 F is ∗-supmultiplicative. Hence we have that
1 = 1 ∗ 1 = F (M (x, y, t)) ∗ F (M (y, x, t)) ≤ F (M (x, y, t) ∗I M (y, x, t)) for all
t > 0, so F ((Mi(x, y, t))i∈I ∗ (Mi(y, x, t))i∈I) = 1. Define xn = (Mi(x, y,

1
n

))i∈I ∗I
(Mi(y, x,

1
n

))i∈I . Then {xn : n ∈ N} ⊆ F−1(1). By assumption there exists i ∈ I

such that (xn)i = 1 for all n ∈ N, i. e. Mi(x, y,
1
n

) ∗ Mi(x, y,
1
n

) = 1 for all

n ∈ N. Hence Mi(x, y,
1
n

) = Mi(x, y,
1
n

) = 1 for all n ∈ N. Since Mi(x, y, ·) and
Mi(y, x, ·) are increasing we deduce that Mi(x, y, t) = Mi(y, x, t) = 1 for all t > 0.
Consequently, x = y since (Mi, ∗) is a fuzzy quasi-metric. �

From the previous theorems we can obtain the following result which can be
easily proved independently (see Remark 4.7).

Corollary 4.20. Let F : [0, 1]I → [0, 1] be a function and ∗ be a t-norm. If F is
a (∗-)fuzzy (quasi-)metric aggregation function on products then it is a (∗-)fuzzy
(quasi-)metric aggregation function on sets.

Moreover, if |I| = 1 then the converse is also true.
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As already observed, the converse of the previous corollary is not true in general
(see Example 4.8).

In case that we treat with (∗-)fuzzy (quasi-)pseudometric aggregation functions,
there is no difference if they are considered on products or on sets as the next result
shows.

Theorem 4.21. Let F : [0, 1]I → [0, 1] be a function and ∗ be a t-norm. The
following statements are equivalent:

(1) F is a (∗-)fuzzy quasi-pseudometric aggregation function on products;
(2) F is a (∗-)fuzzy pseudometric aggregation function on products;
(3) F is a (∗-)fuzzy quasi-pseudometric aggregation function on sets;
(4) F is a (∗-)fuzzy pseudometric aggregation function on sets;
(5) F is an aggregation function, (∗-)supmultiplicative and left-continuous;
(6) F (0) = 0, F (1) = 1, F is left-continuous and F preserves asymmetric (∗-)triangular

triplets.

Proof. (1)⇒ (2), (1)⇒ (3), (2)⇒ (4) and (3)⇒ (4) are obvious. (4)⇒ (5) is similar
to the proof of (2) ⇒ (3) in Theorem 4.19 but in this case we cannot prove that
the core of F is countably included in a unitary face. (5)⇒ (6) is a consequence of
Corollary 3.35. (6)⇒ (1) follows as implication (4)⇒(1) of Theorem 4.15 but since
in this case we only need to prove (FQM2), it is not necessary that F has trivial
core. �

Next we discuss the case in which F only aggregates stationary fuzzy (quasi-)metrics,
in the sense of Definition 4.6.

Theorem 4.22. Let F : [0, 1]I → [0, 1] be a function and ∗ be a t-norm. The
following statements are equivalent:

(1) F is a (∗-)stationary fuzzy quasi-metric aggregation function on products;
(2) F is an aggregation function, (∗-)supmultiplicative and F has trivial core;
(3) F (0) = 0, F has trivial core and F preserves asymmetric (∗-)triangular triplets.

Proof. (1) ⇒ (2). That F (0) = 0 and F−1(1) = {1} follows as in Theorem 4.15.
Let a, b ∈ [0, 1]I such that a � b. Given a t-norm ∗, let us consider the family

of stationary fuzzy quasi-metric spaces {([0, 1],Mi, ∗) : i ∈ I} where (Mi, ∗) =

(M
∗

→, ∗) is the stationary fuzzy quasi-metric of Example 2.13. Then (F ◦ M̃ , ∗) is
also a fuzzy quasi-metric on [0, 1]I so for any t, s > 0 we have that

F ◦ M̃ (1,a, t) ∗ F ◦ M̃(a, b, s) ≤ F ◦ M̃ (1, b, t + s)

F ((M
∗

→(1,ai, t))i∈I) ∗ F ((M
∗

→(ai, bi, s))i∈I) ≤ F ((M
∗

→(1, bi, t + s))i∈I)

F ((1
∗→ ai)i∈I) ∗ F ((ai

∗→ bi)i∈I) ≤ F ((1
∗→ bi)i∈I)

F (a) = F (a) ∗ F (1) ≤ F (b).

Whence we obtain that F is isotone.
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Next we show that F is (∗-)supmultiplicative. If a, b ∈ [0, 1]I are arbitrary, then

F ◦ M̃(1,a, t) ∗ F ◦ M̃(a,a ∗I b, s) ≤ F ◦ M̃ (1,a ∗I b, t + s)

F ((1
∗→ ai)i∈I) ∗ F ((ai

∗→ ai ∗ bi)i∈I) ≤ F ((1
∗→ ai ∗ bi)i∈I)

F (a) ∗ F ((ai
∗→ ai ∗ bi)i∈I) ≤ F (a ∗I b)

F (a) ∗ F (b) ≤ F (a) ∗ F ((ai
∗→ ai ∗ bi)i∈I) ≤ F (a ∗I b)

where in the last implication we have used that F is isotone and bi ≤ (ai → ai ∗bi)
for all i ∈ I. Hence F is (∗-)supmultiplicative.

(2) ⇒ (3). This is a direct consequence of Corollary 3.35.
(3) ⇒ (1). This is similar to the proof provided in Theorem 4.15 for (4) ⇒ (1),

except that in this case left-continuity is trivial. �

It seems natural to wonder what is the relationship between (∗-)stationary fuzzy
quasi-metric aggregation function on products and (∗-)fuzzy quasi-metric aggrega-
tion function on products. In view of Theorems 4.19 and 4.22, it is clear that every
(∗-)fuzzy quasi-metric aggregation function on products is always a (∗-)stationary
fuzzy quasi-metric aggregation function on products. Next example brings to light
that the converse is not true.

Example 4.23. Let us consider the function f : [0, 1]→ [0, 1] given by

f(x) =

{
0 if 0 ≤ x < 1

1 if x = 1
.

It is obvious that f is an aggregation function with trivial core and f preserves
asymmetric triangular triplets. Consequently, by Theorem 4.22, f is a stationary
fuzzy quasi-metric aggregation function on products. Nevertheless, it is not left-
continuous. Indeed the sequence (1 − 1

n
)n∈N converges to 1 but (f(1 − 1

n
))n∈N =

(0)n∈N does not converge to f(1) = 1. Hence, by Theorem 4.15, f is not a fuzzy
quasi-metric aggregation function on products.

Next we address the case in which F only aggregates, in the sense of Definition
4.6, stationary fuzzy metrics.

Theorem 4.24. Let F : [0, 1]I → [0, 1] be a function and ∗ be a t-norm. The
following statements are equivalent:

(1) F is a (∗-)stationary fuzzy metric aggregation function on products;
(2) F (0) = 0, F has trivial core and preserves (∗-)triangular triplets.

Proof. (1) ⇒ (2). That F (0) = 0 and F−1(1) = {1} follows as in Theorem 4.15.
Let ∗ be a t-norm and (a, b, c) be an ∗-triangular triplet. Let us consider I1 =

{i ∈ I : ai 6= 1, bi 6= 1, ci 6= 1}, I2 = {i ∈ I : ai = 1, bi = ci 6= 1}, I3 = {i ∈ I : bi =
1,ai = ci 6= 1}, I4 = {i ∈ I : ci = 1,ai = bi 6= 1} and I5 = {i ∈ I : ai = bi = ci =
1}. Notice that I = ∪5

k=1Ik (see Remark 3.14). Let us consider a set with three
distinct elements X = {x1, x2, x3} and let us define

Xi =





X if i ∈ I1

{x2, x3} if i ∈ I2

{x1, x2} if i ∈ I3 ∪ I4

{x1} if i ∈ I5

.
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Given i ∈ I, we also define M ′

i : X ×X × [0,+∞)→ [0, 1] as follows

M ′

i(x, y, t) = M ′

i(y, x, t) =





0 if t = 0

1 if x = y, t > 0

ai if x = x1, y = x2, t > 0

bi if x = x2, y = x3, t > 0

ci if x = x1, y = x3, t > 0

.

Given i ∈ I define Mi as the restriction of M ′

i to Xi. Then {(Xi,Mi, ∗) : i ∈ I}
is a family of stationary fuzzy metric spaces. By assumption, (

∏
i∈I Xi, F ◦ M̃ , ∗)

is also a stationary fuzzy metric space. Let us define x,y, z ∈∏
i∈I Xi as

xi =

{
x1 if i ∈ I1 ∪ I3 ∪ I4 ∪ I5

x2 if i ∈ I2

, yi =

{
x2 if i ∈ I1 ∪ I2 ∪ I3 ∪ I4

x1 if i ∈ I5

zi =





x3 if i ∈ I1 ∪ I2

x2 if i ∈ I3

x1 if i ∈ I4 ∪ I5

.

For any t, s > 0, it is straightforward to check that Mi(xi,yi, t) = ai, Mi(yi, zi, s) =
bi and Mi(xi, zi, t + s) = ci for all i ∈ I. Hence

F ◦ M̃(x,y, t) ∗ F ◦ M̃(y, z, s) ≤ F ◦ M̃ (x, z, t + s)

F ((Mi(xi,yi, t))i∈I) ∗ F ((Mi(yi, zi, s))i∈I) ≤ F ((Mi(xi, zi, t + s))i∈I)

F (a) ∗ F (b) ≤ F (c).

Since (F◦M̃ , ∗) is stationary, you can prove in a similar way that F (b)∗F (c) ≤ F (a)
and F (c)∗F (a) ≤ F (b) only by permuting x,y and z. Consequently (F (a), F (b), F (c))
is an ∗-triangular triplet.

(2) ⇒ (1). This is straightforward. �

Observe that every (∗-)stationary fuzzy quasi-metric aggregation function on
products is always a (∗-)stationary fuzzy metric aggregation function on products.
However, the next example illustrates that (∗-)stationary fuzzy metric aggregation
functions on products are not necessarily isotone and, thus, they are not necessarily
(∗-)stationary fuzzy quasi-metric aggregation functions on products.

Example 4.25. Let ∗ be a t-norm different from ∧. Since ∗ is not idempotent there
exists α ∈]0, 1[ such that α ∗α < α. Moreover, if ∗ has zero divisors, i.e. there exist
a, b ∈]0, 1[ such that a ∗ b = 0 but a 6= 0 and b 6= 0, then we can choose α ∈]0, 1[
verifying α ∗ α = 0. In any case, consider the function f : [0, 1]→ [0, 1] given by

f(x) =





0 if x = 0

α if 0 < x < 1
2

α ∗ α if 1
2 ≤ x < 1

1 if x = 1

.

Let us check that f preserves ∗-triangular triplets. Let (a, b, c) be an arbitrary
∗-triangular triplet with all its elements different from 1 and 0. Then the triplet
(f(a), f(b), f(c)) is some of the following triplets or a permutation of them: (α ∗
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α, α, α), (α ∗α, α ∗α, α), (α ∗α, α ∗α, α ∗α), (α, α, α). Notice that all these triplets
are ∗-triangular.

On the other hand, suppose that some of the elements of the ∗-triangular triplet
(a, b, c) is 1, let’s say a = 1. Then b = c so (f(1), f(b), f(c)) = (1, f(b), f(b)) also is
an ∗-triangular triplet.

Finally, let us suppose that some of a, b, c is 0, for example a = 0. Then b∗ c = 0.
We distinguish two cases:

• b = 0 or c = 0. Without loss of generality suppose that b = 0. Then
(f(a), f(b), f(c)) = (0, 0, f(c)) which is also an ∗-triangular triplet;
• b 6= 0 and c 6= 0. ∗ has zero divisors so α ∗ α = 0. Furthermore, since
b ∗ c = 0 then b 6= 1, c 6= 1, so it is clear that f(b) ∗ f(c) ≤ α ∗α = 0 = f(0).
Hence (0, f(b), f(c)) is an ∗-triangular triplet.

Consequently, f preserves ∗-triangular triplets.
Since f(0) = 0 and f−1(1) = {1} then, by Theorem 4.24, f is an ∗-stationary

fuzzy metric aggregation function on products. However, f is not isotone. Hence
Theorem 4.22 guarantees that f is not an ∗-stationary fuzzy quasi-metric aggrega-
tion function on products.

Next we give a characterization of (∗-)stationary fuzzy quasi-metric aggregation
functions on sets.

Theorem 4.26. Let F : [0, 1]I → [0, 1] be a function and ∗ be a t-norm. The
following statements are equivalent:

(1) F is a (∗-)stationary fuzzy quasi-metric aggregation function on sets;
(2) F is an aggregation function, (∗-)supmultiplicative and its core is pairwise in-

cluded in a unitary face;
(3) F (0) = 0, F (1) = 1, the core of F is pairwise included in a unitary face and

F preserves asymmetric (∗-)triangular triplets.

Proof. (1)⇒ (3). Let {(X,Mi, ∗) : i ∈ I} be an arbitrary family of stationary fuzzy
quasi-metric spaces. Since (F ◦M , ∗) is a fuzzy quasi-metric on X then for each
x ∈ X and each t > 0 we have that 1 = F ◦M (x, x, t) = F ((Mi(x, x, t))i∈I ) = F (1).
Furthermore, 0 = F ◦M(x, x, 0) = F (0).

Now let us prove that the core of F is pairwise included in a unitary face.
Suppose that F (a) = F (b) = 1 but Ia ∩ Ib = ∅. Then consider a set X = {x0, y0}
with two different elements and the family of stationary fuzzy quasi-metric spaces
{(X,Mi, ∗) : i ∈ I} where Mi is defined as

Mi(x, y, t) =





1 if x = y, t > 0

ai if x = x0, y = y0, t > 0

bi if x = y0, y = x0, t > 0

0 if t = 0

.

Notice that we cannot find i ∈ I such that ai = bi = 1 so (Mi, ∗) verifies the
condition (FQM2’) for all i ∈ I. By assumption, (F ◦M , ∗) is a fuzzy quasi-metric
on X . Nevertheless,

F ◦M (x0, y0, t) = F ((Mi(x0, y0, t))i∈I) = F (a) = 1

and

F ◦M(y0, x0, t) = F ((Mi(y0, x0, t))i∈I) = F (b) = 1
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for all t > 0 so, since (F ◦M , ∗) verifies (FQM2’), we have that x0 = y0 which is
a contradiction. Hence, Ia ∩ Ib 6= ∅, i. e. the core of F is pairwise included in a
unitary face.

Let (a, b, c) be an asymmetric (∗-)triangular triplet. Let us consider X =
{x1, x2, x3} a set with three different elements and ∗ a t-norm. For each i ∈ I,

the stationary fuzzy quasi-metric (Mi, ∗) on X is defined by

Mi(x, y, t) =





1 if x = y, t > 0

ai if x = x1, y = x2, t > 0

bi if x = x2, y = x3, t > 0

ci if x = x1, y = x3, t > 0

0 otherwise

.

By assumption, (F ◦M , ∗) is a stationary fuzzy quasi-metric on X . Therefore,
for any t, s > 0 we have that

F ◦M(x1, x2, t) ∗ F ◦M (x2, x3, s) ≤ F ◦M (x1, x3, t + s)

F ((Mi(x1, x2, t))i∈I) ∗ F ((Mi(x2, x3, s))i∈I) ≤ F ((Mi(x1, x3, t + s))i∈I)

F (a) ∗ F (b) ≤ F (c)

so (F (a), F (b), F (c)) is an asymmetric (∗-)triangular triplet.
(3) ⇒ (1). Let {(X,Mi, ∗) : i ∈ I} be a family of stationary fuzzy quasi-metric

spaces. We must show that (F ◦M , ∗) is a stationary fuzzy quasi-metric on X. It
is obvious that F ◦M(x, y, 0) = 0 and F ◦M (x, x, t) = 1 for all x, y ∈ X and for
all t > 0 since F (1) = 1 and F (0) = 0. Let x, y ∈ X such that F ◦M(x, y, t) =
F ◦M(y, x, t) = 1 for all t > 0. Since the core of F is pairwise included in a unitary
face we can find i ∈ I such that Mi(x, y, t) = Mi(y, x, t) = 1 for all t > 0 (since Mi

is stationary). Then x = y.

Let us consider now x, y, z ∈ X and t, s > 0. Since (Mi, ∗) is a fuzzy quasi-
metric then Mi(x, y, t) ∗ Mi(y, z, s) ≤ Mi(x, z, t + s). So (a, b, c) is an asym-
metric ∗-triangular triplet where a = (Mi(x, y, t))i∈I , b = (Mi(y, z, s))i∈I and c

= (Mi(x, z, t + s))i∈I . By assumption (F (a), F (b), F (c)) = (F ((Mi(x, y, t))i∈I),
F ((Mi(y, z, s))i∈I), F ((Mi(x, z, t + s))i∈I)) is also an asymmetric (∗-)triangular
triplet. Hence

F ◦M (x, y, t) ∗ F ◦M(y, z, s) ≤ F ◦M (x, z, t + s).

It is clear that F ◦M(x, y, ·) is left-continuous for all x, y ∈ X since F ◦M(x, y, ·) :
(0,+∞) → [0, 1] is constant. Moreover (F ◦M , ∗) is stationary since (Mi, ∗) is
stationary for all i ∈ I.

(2) ⇔ (3). It is a direct consequence of Corollary 3.35. �

Remark 4.27. Note that if F satisfies the conditions of Theorem 4.26 then, by
Proposition 4.12, the core of F is also finitely included in a unitary face since F is
(∗-)supmultiplicative.

In the following we give a characterization of (∗-)stationary fuzzy metric aggre-
gation functions on sets.

Theorem 4.28. Let F : [0, 1]I → [0, 1] be a function and ∗ be a t-norm. The
following statements are equivalent:

(1) F is a (∗-)stationary fuzzy metric aggregation function on sets;



AGGREGATION OF FUZZY QUASI-METRICS 33

(2) F (0) = 0, F (1) = 1, the core of F is included in the unitary boundary and
if (a, b, c) is a (∗-)triangular triplet on [0, 1]I such that its elements verify
that all their coordinates are not equal to 1, then (F (a), F (b), F (c)) is also a
(∗-)triangular triplet.

Proof. (1) ⇒ (2). The facts that F (0) = 0 and F (1) = 1 can be proved as in
Theorem 4.26. That the core of F is included in the unitary boundary can be
proved by an easy modification of the proof that the core of F is pairwise included
in a unitary face in Theorem 4.26.

Let (a, b, c) be a (∗-)triangular triplet on [0, 1]I such that none of the elements
of the triplet (a, b, c) has a coordinate equal to 1. Consider a set X = {x1, x2, x3}
with three different elements and the stationary fuzzy metrics (Mi, ∗) on X given
by

Mi(x, y, t) = Mi(y, x, t) =





0 if t = 0

1 if x = y, t > 0

ai if x = x1, y = x2, t > 0

bi if x = x2, y = x3, t > 0

ci if x = x1, y = x3, t > 0

.

By assumption (F ◦M , ∗) is a stationary fuzzy metric on X. Therefore for any
t, s > 0

F ◦M(x1, x2, t) ∗ F ◦M(x2, x3, s) ≤ F ◦M(x1, x3, t + s)

F ((Mi(x1, x2, t))i∈I) ∗ F ((Mi(x2, x3, s))i∈I) ≤ F ((Mi(x1, x3, t + s))i∈I)

F (a) ∗ F (b) ≤ F (c).

If we permute x1, x2, x3 we deduce that (F (a), F (b), F (c)) is a (∗-)triangular triplet.
(2)⇒ (1). Let {(X,Mi, ∗) : i ∈ I} be a family of stationary fuzzy metric spaces.

Everything is similar to the proof of (3) ⇒ (1) in Theorem 4.26 except for proving
(FQM3). Now let us consider x, y, z ∈ X and t, s > 0. Since (Mi, ∗) is a fuzzy metric
for all i ∈ I then it satisfies (FQM3). So (a, b, c) is an ∗-triangular triplet where
a = (Mi(x, y, t))i∈I , b = (Mi(y, z, s))i∈I and c = (Mi(x, z, t + s))i∈I . If none of
the elements of the triplet (a, b, c) has a coordinate equal to 1, then by hypothesis
(F (a), F (b), F (c)) = (F ◦M (x, y, t), F ◦M (y, z, s), F ◦M (x, z, t + s)) is also an
∗-triangular triplet. It follows that

F ◦M (x, y, t) ∗ F ◦M(y, z, s) ≤ F ◦M (x, z, t + s).

If some of the coordinates is equal to 1, let us suppose without loss of generality that
we can find i ∈ I such that ai = 1, i. e. Mi(x, y, t) = 1. Since (Mi, ∗) is stationary
then it follows by (FQM2’) that x = y. Therefore a = 1 and b = c. Hence
(F (a), F (b), F (c)) = (1, F (b), F (b)) is also an ∗-triangular triplet. Consequently,
we conclude that F ◦M satisfies (FQM3). �

Clearly every (∗-)stationary fuzzy quasi-metric aggregation function on sets is
also a (∗-)stationary fuzzy metric aggregation function on sets. However, the con-
verse is not true as shows the example below. Indeed, we provide an ∗-stationary
fuzzy metric aggregation function on sets which does not preserve every ∗-triangular
triplet.

Example 4.29. Let ∗ be a t-norm different from ∧. Since ∗ is not idempotent there
exists α ∈]0, 1[ such that α ∗α < α. Moreover, if ∗ has zero divisors, i.e. there exist
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a, b ∈]0, 1[ such that a ∗ b = 0 but a 6= 0 and b 6= 0, then we can choose α ∈]0, 1[
verifying α ∗ α = 0. In any case, let us consider the function F : [0, 1]2 → [0, 1]
given by

F (x, y) =





1 if x = 1 or y = 1

0 if x = 0 or y = 0

α otherwise

.

Let us check that F is an ∗-stationary fuzzy metric aggregation function on sets. It
is obvious that F (0, 0) = 0, F (1, 1) = 1 and the core of F is included in the unitary
boundary.

Now, let us consider an ∗-triangular triplet (a,b, c) in [0, 1]2 such that all the
coordinates of a,b, c are different from 1. Let us check that (F (a), F (b), F (c)) is
also an ∗-triangular triplet.

If all the coordinates of a,b, c are also different from 0 then (F (a), F (b), F (c)) =
(α, α, α) which obviously is an ∗-triangular triplet. So let us suppose that some coor-
dinate of a,b, c is 0, for example, a1 = 0. Since (a1,b1, c1) is an ∗-triangular triplet
then b1∗c1 = 0. If b1 = 0 or c1 = 0 then (F (a), F (b), F (c)) is (0, 0, α), (0, 0, 0) or a
permutation of these triplets which are ∗-triangular. If b1 6= 0 and c1 6= 0 then ∗ has
zero divisors so α ∗ α = 0. Since (F (a), F (b), F (c)) is (0, 0, 0), (0, 0, α), (0, α, α) or
a permutation of these triplets, we conclude that (F (a), F (b), F (c)) is ∗-triangular
in any case.

Therefore, by Theorem 4.28, F is an ∗-stationary fuzzy metric aggregation func-
tion on sets.

However, F does not preserve every ∗-triangular triplet. For example, if a =
(1, 1

2 ),b = (1
2 , 1) and c = (1

2 ,
1
2 ) then (a,b, c) is an ∗-triangular triplet. Nonetheless

(F (a), F (b), F (c)) = (1, 1, α) is not ∗-triangular because 1 ∗ 1 = 1 6≤ α.

We also notice that the core of F is not pairwise included in a unitary face and,
thus, by Theorem 4.26 it is not an (∗-)stationary fuzzy quasi-metric aggregation
function on sets.

Example 4.25 also shows that there exist ∗-stationary fuzzy metric aggregation
functions on sets which are not isotone.

Observe that in the light of Theorems 4.22 and 4.26, (∗-)stationary fuzzy quasi-
metric aggregation functions on products and (∗-)stationary fuzzy quasi-metric
aggregation functions on sets are different. Nonetheless, functions which aggregate
(∗-)stationary fuzzy quasi-pseudometrics on products are the same that functions
which aggregate (∗-)stationary fuzzy quasi-pseudometrics on sets as we next prove.

Theorem 4.30. Let F : [0, 1]I → [0, 1] be a function and ∗ be a t-norm. The
following statements are equivalent:

(1) F is a (∗-)stationary fuzzy quasi-pseudometric aggregation function on pro-
ducts;

(2) F is a (∗-)stationary fuzzy quasi-pseudometric aggregation function on sets;
(3) F is an aggregation function and (∗-)supmultiplicative;
(4) F (0) = 0, F (1) = 1 and F preserves asymmetric (∗-)triangular triplets.

Proof. It is obvious that (1) ⇒ (2). The implication (2) ⇒ (3) follows as the
implication (1) ⇒ (3) in Theorem 4.26 (and using Corollary 3.35), except that we
cannot obtain that the core of F is pairwise included in a unitary face. We only
can prove that F (1) = 1.
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(3) ⇒ (4) follows from Corollary 3.35.
(4) ⇒ (1) is similar to the proof (3) ⇒ (1) of Theorem 4.22 except that in this

case we only need the hypothesis F (1) = 1 instead of F has trivial core. �

Stationary fuzzy metric aggregation functions are different depending if they are
considered on products or on sets (see Theorems 4.24 and 4.28). In case that we
treat with stationary fuzzy pseudometrics, there is no difference as the next result
shows.

Theorem 4.31. Let F : [0, 1]I → [0, 1] be a function and ∗ be a t-norm. The
following statements are equivalent:

(1) F is a (∗-)stationary fuzzy pseudometric aggregation function on products;
(2) F is a (∗-)stationary fuzzy pseudometric aggregation function on sets;
(3) F (0) = 0, F (1) = 1 and F preserves (∗-)triangular triplets.

Proof. (1) ⇒ (2) is immediate.
(2)⇒ (3) is similar to (1)⇒ (2) in Theorem 4.28 but under the current hypothesis

it is not true in general that the core of F is included in the unitary boundary.
Nevertheless, notice that in this case, if we consider an arbitrary ∗-triangular triplet
(with coordinates that can be 1) the fuzzy sets Mi constructed in that implication
are in this case fuzzy pseudometrics.

(3) ⇒ (1) is like implication (2) ⇒ (1) in Theorem 4.24 except that in this case
we only need the hypothesis F (1) = 1 instead of F has trivial core. �

Finally, as a consequence of the results that we have already obtained for func-
tions which aggregate different types of stationary fuzzy quasi-pseudometrics, we
can characterize functions which aggregate well-known types of fuzzy binary re-
lations. As previously observed in Remark 3.3, there exist equivalences between
subfamilies of stationary fuzzy quasi-pseudometrics and subfamilies of fuzzy binary
relations. These relationships are summarized in the following:

stationary fuzzy quasi-pseudometric ≃ fuzzy preorder
stationary fuzzy quasi-metric ≃ fuzzy partial order
stationary fuzzy pseudometric ≃ indistinguishability operator

stationary fuzzy metric ≃ equality

Corollary 4.32. Let F : [0, 1]I → [0, 1] be a function and ∗ be a t-norm. The
following statements are equivalent:

(1) F is a (∗-)fuzzy preorder aggregation function on products;
(2) F is a (∗-)fuzzy preorder aggregation function on sets;
(3) F (1) = 1 and F is (∗-)supmultiplicative and isotone;
(4) F (1) = 1 and F preserves asymmetric (∗-)triangular triplets.

Proof. We can prove this result proceeding as in Theorem 4.30 except that in this
case it is not necessary that F (0) = 0. �

Corollary 4.33. Let F : [0, 1]I → [0, 1] be a function and ∗ be a t-norm. The
following statements are equivalent:

(1) F is a (∗-)fuzzy partial order aggregation function on products;
(2) F has trivial core and F is (∗-)supmultiplicative and isotone;
(3) F has trivial core and F preserves asymmetric (∗-)triangular triplets.
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Proof. Everything is similar to the proof of Theorem 4.22 but in this case the
condition F (0) = 0 can be avoided. �

Corollary 4.34. Let F : [0, 1]I → [0, 1] be a function and ∗ be a t-norm. The
following statements are equivalent:

(1) F is a (∗-)fuzzy partial order aggregation function on sets;
(2) F (1) = 1, the core of F is pairwise included in a unitary face and F is

(∗-)supmultiplicative and isotone;
(3) F (1) = 1, the core of F is pairwise included in a unitary face and F preserves

asymmetric (∗-)triangular triplets.

Proof. It can be proved as Theorem 4.26 but in this case the condition F (0) = 0 is
unnecessary. �

Corollary 4.35 (see Theorem 3.25). Let F : [0, 1]I → [0, 1] be a function and ∗ be
a t-norm. The following statements are equivalent:

(1) F is a (∗-)indistinguishability operator aggregation function on products;
(2) F is a (∗-)indistinguishability operator aggregation function on sets;
(3) F (1) = 1 and F preserves (∗-)triangular triplets.

Proof. We can prove this result proceeding as in Theorem 4.31 except that in this
case it is not necessary that F (0) = 0. �

Corollary 4.36. Let F : [0, 1]I → [0, 1] be a function and ∗ be a t-norm. The
following statements are equivalent:

(1) F is a (∗-)equality aggregation function on products;
(2) F has trivial core and F preserves (∗-)triangular triplets.

Proof. We can prove this result proceeding as in Theorem 4.24 except that in this
case it is not necessary the condition F (0) = 0. �

Corollary 4.37. Let F : [0, 1]I → [0, 1] be a function and ∗ be a t-norm. The
following statements are equivalent:

(1) F is a (∗-)equality aggregation function on sets;
(2) F (1) = 1, the core of F is included in the unitary boundary and if (a, b, c)

is a (∗-)triangular triplet on [0, 1]I such that its elements verify that all their
coordinates are not equal to 1, then (F (a), F (b), F (c)) is also a (∗-)triangular
triplet.

Proof. Everything is similar to the proof of Theorem 4.28 but in this case the
condition F (0) = 0 is unnecessary. �
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J. Rodŕıguez-López and O. Valero acknowledge financial support from FEDER/Mi-
nisterio de Ciencia, Innovación y Universidades-Agencia Estatal de Investigación
Proyecto PGC2018-095709-B-C21. This work is also partially supported by Pro-
grama Operatiu FEDER 2014-2020 de les Illes Balears, by project PROCOE/4/2017
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Sanitària Illes Balears (IdISBa), Ctra. de Valldemossa, 79, 07120 Palma, Spain.

Email address: o.valero@uib.es


