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Abstract. Given an affine symbol ¢ and a multiplier w, we focus on
the weighted composition operator Cy,, acting on the spaces Exp and
Exp° of entire functions of exponential and of infraexponential type,
respectively. We characterize the continuity of the operator and, for w
the product of a polynomial by an exponential function, we completely
characterize power boundedness and (uniform) mean ergodicity. In the
case of multiples of composition operators, we also obtain the spectrum
and characterize hypercyclicity.
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1. Introduction and Outline of the Paper

The purpose of this paper was to study the dynamics of the weighted com-
position operator Cy, , : f — w(f o ¢) on the space Exp of entire functions
of exponential type and on the space Exp® of entire functions of infraexpo-
nential type. The first space is formed by the entire functions which are of
exponential type « for some a > 0, endowed with its natural locally convex
topology which makes it an (LB)-space, and the second one by all the en-
tire functions which are of exponential type for each a > 0, endowed with
its natural locally convex topology which makes it a Fréchet space. Here we
continue the research of the first author in [10], where the dynamics of the
operator is studied on weighted Banach spaces of entire functions Hya, HC,
defined by weights of exponential type v*(z) = e™**, a > 0, z € C. We refer
to the next section for the precise notation and definitions.

In Sect. 3 we characterize the continuity of the operator when the symbol
© is an affine function, that is, when ¢(z) = az 4+ b, a,b € C, and we show
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it is never compact. In the setting of the Banach spaces H,o and H?., the
operator Cl, ,, is not continuous if |a| > 1, or if |a| = 1 and the multiplier w is
not constant [10, Theorem 8]. On the spaces Exp and Exp?, for every a € C
we obtain continuity for multipliers of the form w(z) = p(z)ef?, 3 € C, in
the case of Exp and w(z) = p(2) in the case of Ezp°, p being a polynomial.
These weighted composition operators are natural in the following sense: if
¢ is an entire function and w(z) = p(2)ef? (resp. w(z) = p(z)), B € C, p a
polynomial, then C,, , is continuous in Ezp (resp. in Exp°) if and only if
©(z) = az + b, a,b € C. Moreover, if ¢(z) = az+b, a,b € C and w(z) =
p(2)e?*) | p, q being polynomials, then Cu,, is continuous in Exp (resp. in
Exp®) if and only if ¢(z) = Bz, 8 € C (resp. ¢ = 0).

The most relevant results we present are given in Sect. 4. Since the
pioneer work of Bonet and Domaniski [18], the study of ergodic properties
of composition operators and weighted composition operators in Banach and
Fréchet spaces of analytic functions has become a very active area of research
in mathematical analysis, see [7,8,10,12,13,23,28]. For natural weighted com-
position operators we completely characterize when C,, is power bounded
and (uniformly) mean ergodic on Exp and on Exp°. Here, contrary to what
happens in the Banach space HY., a > 0 [10, Theorem 16 b)], power bound-
edness is equivalent to (uniform) mean ergodicity.

Theorem ME-Exp. Let ¢(z) = az + b, a,b € C and w(z) = p(z)e’?,
p being a polynomial and 8 € C. The operator C,, , is (uniformly) mean
ergodic on Fxp if and only if it is power bounded if and only if one of the
following conditions occurs:

(i) |a] <1 and ‘w (11;)
(i) la] =1, a # 1, w(z) = A, |\ < |75 | e C.
(iii) a =1,b=0, w(z) = A, |A] <1 (multiplication operator case).
Theorem ME-Exp®. Let ¢(z) = az + b, a,b € C and let w(z) be a

polynomial. The operator C,, is mean ergodic on Ezp° if and only if it is
power bounded and if and only if one of the following conditions occur:

<1

(i) Ja] <1 and ‘w(l )’<1

(i) la|=1,a# 1, w(z) =\, |\ < 1.

(i) a=1,b=0, w(z) = A, |\| <1 (multiplication operator case).
(iv) a=1,b#0, w(z) = A, |\ < 1.

From our results it follows that C,, ., is (uniformly) mean ergodic on
Exp (Exzp®) if and only if there exists ag > 0 such that Cy o : H0a — Ha
is power bounded and mean ergodic for each o > a (« > 0) except in the
case of Theorem ME-Exp (ii), where if 5 # 0, there is no o > 0 such that
Cu,p(HY) C Hl., as w is not constant (see [10, Theorem 8]). We point out
that the theorems in Sect. 4 which are valid for symbols ¢(z) = az+b, a # 1,
are stated only for ¢(z) = az, since the general case follows immediately from
this reduction.

In Sect. 5 we focus our study on the case when w is a constant func-
tion, that is, on multiples of composition operators. In this case we give a
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complete description of the spectrum, and also completely characterize the
hyperciclicity of the operator on Exzp and on Exp®. More precisely, we get
that if ¢ = az + b with a # 1, then AC, cannot be hypercyclic (even weakly
supercyclic). In fact, this is satisfied for general weighted composition oper-
ators. For multiples of the translation operator we get the following charac-
terization:

Theorem Hyp. The weighted translation operator AT} : f(z) — Af(z +
b), \,b € C, b # 0, satisfies:

(i) It is hypercyclic, topologically mixing and chaotic on Exp for every
reC.

(ii) It is topologically transitive on Exp® if and only if |A| = 1. In this case,
it is hypercyclic and topologically mixing.

Finally, we include an appendix where we improve some results of [10]
for weighted composition operators defined on Banach spaces.

2. Notation and Preliminaries

Our notation is standard. We denote by H(C) the space of entire functions
endowed with the compact open topology 7., of uniform convergence on the
compact subsets of C, and by I the open unit disc centered at zero. Given
two entire functions w and ¢, the weighted composition operator C., , on
H(C) is defined by

Cw,c,o(f) :w(fogp)a S H((C)

The function ¢ is called symbol and w is called multiplier. Cy, , combines
the composition operator C,, : f — f o ¢ with the pointwise multiplication
operator My, : f— w- f.

We say that v : C —]0,00[ is a weight if it is continuous, decreasing
and radial, that is, v(z) = v(|z|) for every z € C. It is rapidly decreasing if
lim r*v(r) = 0 for all k € N.

T—00

For an arbitrary weight v on C, the weighted Banach spaces of entire
functions with O- and o-growth conditions are defined as

H, = {f € H(C) : [[fllo == ilelgv(Z)\f(ZN < Oo}v

= {fe©): ln v =0}

li
|z]— o0
(Ho, || llo) and (H}, || ||,) are Banach spaces, and (Hy, || [|v) <= (Ho, || [lv) —
(H(C), 7o) with continuous inclusions. If we assume v is rapidly decreasing,
then H? and H, contain the polynomials. We denote by B, and B the closed
unit balls of H, and H?, respectively. B, is compact with respect to 7e,.

Given the exponential weight v(z) = e~ !?l, 2 € C, consider the de-
creasing sequence (v™),, and the increasing sequence of weights (v*/"),,. The
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inclusions Hyn < HD,., and Hy,i/1) < HY ), n € N, are compact. We
are interested in the space of entire functions of exponential type

Exp := ind,enHyn = ind,enHY = {f € H(C) : 3n € N such that f € H’.}
and of infraexponential type

E:rp0 = projnenHyi/m = pmjneNHSl/n
= {f€H(C): fe H,, foreveryneN}.

The space Ezp is an inductive limit of Banach spaces, that is, the increasing
union of the spaces H,» with the strongest locally convex topology for which
all the injections H,n — FExp, n € N, become continuous. It is a (DFN)-
algebra [24]. The space Ezp° is a projective limit of Banach spaces, that is,
the decreasing intersection of the spaces H,i/», n € N, whose topology is
defined by the sequence of norms || - [|,i/». It is a nuclear Fréchet algebra
[25]. Clearly Exp® C Exp and the polynomials are contained and dense in
both spaces, so Exp® is dense in Exp. The inductive limit Exp is boundedly
retractive, that is, for every bounded subset B of Ezp, there exists n € N
such that B is bounded in HY, and the topologies of Exp and H?. coincide
on B. This is a stronger condition than being regular, i.e. for every bounded
subset B of Exp, there exists n € N such that B is bounded in HY,. Weighted
algebras of entire functions have been considered by many authors; see, e.g.
[14,16,24,25,29] and the references therein.

Our notation for locally convex spaces and functional analysis is stan-
dard [26]. For a locally convex space E, cs(E) denotes a system of continuous
seminorms determining the topology of E and the space of all continuous lin-
ear operators on E is denoted by L(FE). Given T € L(E) we say that g € F
is a fized point of T if T(xo) = =, and that it is periodic if there exists

n € N such that T"(z¢) = x¢, where T" :=T o "o T. A continuous linear
operator T' from a locally convex space F into itself is called hypercyclic if
there is a vector x (which is called a hypercyclic vector) in E such that its
orbit (z,Tz,T?z,...) is dense in E. Every hypercyclic operator T' on E is
topologically transitive in the sense of dynamical systems, that is, for every
pair of non-empty open subsets U and V of E there is n such that T"(U)
meets V. The operator T is topologically mizing if for every pair of non-empty
open subsets U and V of E there is ng such that for each n > ng, T™(U)
meets V. T is chaotic if it is topologically transitive and has a dense set of
periodic points.

An operator T € L(E) is said to be power bounded if (T™),, is an equicon-
tinuous set of L(F). The spaces we are considering are barrelled; therefore,
an operator T' € L(F) is power bounded if and only if, for each z € E, its
orbit (x, Tz, T?x,...) is bounded in E. T is called mean ergodic if the Cesaro
means (1i)2)n, Tz = %E;;l Tix, x € E, converge in E. If the sequence
of the Cesaro means of the iterates of T' converges in L(E) endowed with the
topology 7 of uniform convergence on bounded sets, the operator T is called
uniformly mean ergodic. Mean ergodic operators in barrelled locally convex
spaces have been considered, e.g. in [1-6,11]. As Exp and Exp® are Montel
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spaces, according to [2, Proposition 2.4], they are uniformly mean ergodic,
that is, each power bounded operator on them is automatically uniformly
mean ergodic. Clearly, if 7' is mean ergodic, then (T™z/n),, converges to 0
for each « € E, and if it is uniformly mean ergodic, (7" /n),, converges to 0
in 7.

For a good exposition of ergodic theory we refer the reader to the mono-
graph [27], and for the subject of linear dynamics, to the monographs by
Bayart and Matheron [9] and by Grosse-Erdmann and Peris [21].

For T € L(E), the resolvent set p(T) of T consists of all A € C such that
(M — T)~ ! exists in L(E). The set o(T) := C\p(T) is called the spectrum
of T. The point spectrum o,(T) of T consists of all A € C such that A\I — T
is not injective. If we need to stress the space F, then we write o(T, F) and
op(T, E).

3. Continuity and Compactness

An operator T': E — E on a locally convex space F is said to be compact
(resp. bounded) if there exists a 0-neighbourhood U in E such that T(U) is
a relatively compact (resp. bounded) subset of E. Every bounded operator is
continuous. If the bounded subsets of E are relatively compact, as it happens
in Exp and Exp®, then bounded and compact operators coincide. T is said
to be Montel if it maps bounded sets into relatively compact sets. So, every
continuous operator on Exp and on Exp® is Montel. If E is a Banach space,
T is bounded (resp. Montel) if and only if it is continuous (resp. compact).
This is not satisfied on the spaces under consideration.

In order to study the continuity and compactness, first we need the
following lemmata for inductive and projective limits of Banach spaces, re-
spectively:

Lemma 1 [6, Lemma 4.1]. Let E = ind, E, and F = ind,,F,, be two (LB)-
spaces which are increasing unions of Banach spaces E = U, E, and F =
UnEm. Let T : E — F be a linear map.

(i) T is continuous if and only if for each n € N there exists m € N such
that T(E,) C F,, and the restriction T,, ,, : E,, — F,, is continuous.

(ii) Assume that F is a regular (LB)-space. Then T is bounded if and only
if there exists m € N such that T(E,) C F,, and T : E,, — F,, is
continuous for all n € N.

Lemma 2 [5, Lemma 25]. Let E := proj, En and F := proj, F,, be Fréchet
spaces such that E = Ny, E,, with each (B, || |lm) @ Banach space and F =
NnFy, with each (Fy, | ||n) @ Banach space. Moreover, assume E is dense in
E,, and that E,,11 C E,, with a continuous inclusion for each m € N (resp.
F,41 C F,, with a continuous inclusion for eachn € N). Let T : E — F be a
linear operator.

(i) T is continuous if and only if for each n € N there exists m € N such
that T' has a unique continuous linear extension Ty, n @ Ey — F,.
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(ii) Assume that T is continuous. Then T is bounded if and only if there
exists m € N such that, for every n € N, the operator T has a unique
continuous linear extension Ty, ,, : B, — F,.

We are interested in the study of the dynamics of C,, , when the mul-
tiplier is of the type w(z) = py(z)e??, py a polynomial of degree N, and
B € C. The next result (see [10, Proposition 5] and [19, Proposition 3.1])
yields that for such multipliers, in order to have the continuity of C,, , we
must reduce to affine symbols, i.e. symbols of the form ¢(z) = az+b for some
a,beC.

Proposition 3. Consider ¢ and w entire functions such that Cy o @ Hye —
Hyv, 0 < a <7y, is continuous. If there exists A > 1 such that lim|,|_ . |w(2)]
el!lXe=) — oo then ¢ must be affine. In particular, this happens when con-
sidering the multiplier w(z) = py(2)e?*, B € C in the case of Exp, and
w(z) = pn(2) in the case of Exp°.

Accordingly, in the rest of the paper we only consider affine symbols. In
the next proposition we obtain that, unlike what happens when the operator
acts on the Banach space H,~, a > 0, the operator can be continuous on
Ezp and Ezp° if |a| > 1 or if |a| = 1 and the multiplier w is not constant
(see [10, Theorem 8]).

Proposition 4. For ¢(z) = az+ b, a,b € C, the operator C.,, is continuous
on Exp (resp. Exp®) if and only if w € Exp (resp. w € ExpP ).

Proof. As Cy (1) = w, it is trivial that w must belong to the corresponding
space if the operator is well defined. Let us see the converse. Assume first
w € Exp. Then there exists s € N such that w € HY.. Observe that given
n € N, we can find m € N, m > nla| + s such that

lim \w(z)|e"|‘”+b|’m|z| < lim |w(z)|e|z\(”|a|*m)enlb\
|z| =00 T |z|—o0
< lim |w(z)le”slFlenltl = 0.
|z|—o00

The continuity follows now by Lemma 1(i) and [10, Lemma 1]. By [10, Lemma
3], we also have that C, , : H) — H is compact.
Assume now w € Exp®. Given n € N there exist m € N and s € N such
1 _1_ 1
that 0 < - < -~ — --[a|. Therefore,
lim |w(z)|e%‘“z+b‘_%‘z‘ < lim |w(z)|e_|zl(%_%‘“‘)e%
2| =00 |z[—00
< lim \w(z)|e_%‘z|e% =0.
|z|— o0
The continuity follows now by Lemma 2(i) and [10, Lemma 1]. By [10, Lemma
3], we get that Cy, , : Hgl/m — Hgl/n is compact. O

Proposition 5. For ¢(z) = az+b, a,b € C, w # 0, the operator C, , is never
compact on Exp and on Exp°.
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Proof. Let us study first the case Cy, , : Exp — Exp. Assume the operator
is compact, i.e. bounded. By Lemma 1(ii) and [10, Lemma 1], there exists
m € N such that sup,cc [w(z)]e™?* ="zl < oo for all n € N. So, there
exists C), > 0 such that, for every z € C,

‘w(z)| < Cnem\z\—n\az—&-b\ < Cnen|b\e|z\(m—n\a\).

Thus, taking n > m/|a| we get that the entire function w converges to 0 as
|z| — oo, a contradiction if w # 0.

The case C,, : Exp? — Exp® is analogous using Lemma 2(ii) and [10,
Lemma 1]. O

In the next result we characterize the continuity of the operator for a
type of multipliers.

Proposition 6. Consider p(z) = az + b, a,b € C and w(z) = py(z)ed™(?)
with py and qp; polynomials of degrees N, M € Ny, respectively.
(i) Cw,p : Exp — Exp is continuous if and only if M < 1, that is, if
w(z) = pn(2)e?* for some B € C.
(i) Cy.p: Bxp® — Exp® is continuous if and only if w(z) = py(2).

wep
Proof. By Proposition 4, Cy, , will be continuous if and only if w belongs
to the corresponding space. Given py(z) = Z;-V:O ajzd,a; € C, and q(z) =
ijvio bjz7,b; € C, consider py(z) = Z;V:o laj|z? and q(z) = Z;Vio |bj|27.
For z € C and a > 0 we have

[wz)e=1 = oy (2)e el < iy([af)em Dol

So, if M < 1 there exists n € N such that w € Hyn C Fap. f M =0, w €
H,1/n for every n € N, i.e. w € Exp®, and the continuity holds. Conversely,
if M > 2 observe that w ¢ H,« for each a > 0, hence the operator can not
be continuous on Exp neither on Exzp. In the case of Exp®, if qas(2) = by 2,
b1 # 0, we can find ¢ € C, |¢| = 1, and n € N such that

sup |w(z)\e_%|z‘ = sup |pN(z)eb1z|e_%|Z| > sup \pN(cr)\eT(lbl‘_%) = 0.
zeC r>0

zeC

Thus, as w & H,1/» the operator C,, , can not be continuous on Ezp°. [

4. Power Boundedness and Mean Ergodicity

In this section, consider w € Exp (resp. w € Exp?) and ¢(z) = az + b,
a,b € C. We have seen that Cy, , : Exp — Exp (resp. Cy , : Exp® — Eap)
is continuous. Its iterates have the following expression:

Ch of =wp(fo@®), kEN, fe Exp (Exp°),
where wpy(2) 1= Hf;é w(¢?(2)), z € C. Observe that the symbol ¢ has a
fixed point 2z = % if and only if @ # 1, and for k € N, we get

Sy = d AP = - ) i el
z + bk ifa=1.




212 Page 8 of 18 M. J. Beltran-Meneu and E. Jorda MIOM

If we take f = 1, we get a necessary condition for the operator to be
power bounded or mean ergodic. Recall that Fxp is boundedly retractive, i.e.
each convergent sequence is convergent in some Banach space of the inductive
limit.

Proposition 7. (i) If Cy,, : Exp — Exp is power bounded (resp. mean
ergodic), then there exists m € N such that supy, ||wi|lom < oo (resp.
limy, 7‘“”“‘}6““7” =0).

(ii) If Chp - Exp® — Exp® is power bounded (resp. mean ergodic), then

supy, [|wig [ y1/m < oo (resp. limg M =0) for every m € N.

In the next result we prove that the necessary condition for power
boundedness in Proposition 7 is also sufficient when C, is power bound-
ed on each Hye, a > 0. This situation occurs for |a| < 1, a # 1 (see [10,
Theorem 22]), and obviously when a = 1 and b = 0. However, in general it is
not sufficient. For instance, in Corollary 21 we obtain that the composition
operator C,, is never mean ergodic on Exp and on Exp® if |a| > 1orifa=1
and b # 0.

Proposition 8. Let |a| <1, a# 1 ora=1, b=0. The following is satisfied:

(i) Cu,p : Exp — Exp is power bounded if and only if there exists m € N
such that supy, |wi ||, < oo.

(ii) Cu,p : Bxp® — Exp® is power bounded if and only if supy, |[wig|,1/» <
oo for every n € N.

Proof. Under the hypothesis we are considering, Cy, : Hya — H,o is power
bounded for every a > 0 (see [10, Theorem 22] for the non trivial case |a| < 1,
a#1,b#0).
(i) Assume there exist m € N and C' > 0 such that [Jwp|[,~» < C for
every k € N. Given f € H,n, we get
k—1
1C i Ml = i I le(@ @)le™ ™= F (2)le™ ! < ClCEf o
z J=0

for every k € N, so the power boundedness holds. The converse follows by
Proposition 7. For (ii) proceed analogously in order to get that for every f €

Exp® and every n € N there exists D > 0 such that ||C1]f)7¢f||vi < DIl x
for every k € N. O

Since each non constant entire function w is unbounded, it is satisfied
k
that there exists a € C such that the sequence (%)k is unbounded.

As an immediate consequence, the next result on multiplication operators is
satisfied as follows:

Corollary 9. Let w € Exp (resp. Exp®). The multiplication operator M,, :
f = w- f is power bounded and (uniformly) mean ergodic on Exp (resp.
Exzp) if and only if w = X with |\| < 1.
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In the rest of the paper, for a # 1 we can assume without loss of
generality that p(z) = az. Indeed, in the next lemma we prove that for
a # 1, every weighted composition operator is conjugated to another one
with symbol ¢(z) = az. So, the study of power boundedness and (uniform)
mean ergodicity can be reduced to this case.

Lemma 10. Ifa # 1, b € C and X = Exp or X = Exp°, the dynamical
systems Cyp : X — X, f = w(z)f(az +b) and Cyor,p, : X — X, f —

w( 1fa)f(az), where T(z) = zf% and p.(2) = az, z € C, are conjugated.

Proof. 1t is easy to see that the conjugacy holds through the homeomorphism
Cr: X = X, f(z) = f(z— ). Indeed, C7 ' 0 Corp, © Cr = Cy . O

Proposition 11. Consider ¢(z) = az, a € C, if a # 1 and ¢(z) = z + D,
b € C\{0} otherwise. The operator C., , is not mean ergodic and thus not
power bounded on Exp and on Exp® if any of the following conditions is
satisfied:
(i) a # 1 and |w(0)| > 1.
(ii) @ =1 and there exist ng € N and C > 1 such that |w(jb)| > C for every
j € N,] > ng.
(iii) |a| > 1 and there exist ng € N and C > 0 satisfying |w(a?)| > C for
every j € N, j > ng.
(iv) a =1 or|a| > 1 and there exists an increasing subsequence (ks)s C N
satisfying Hf;gl lw(¢?(20))| > C for some zg € C, C > 0, and every
s € N.

Proof. (i) and (ii) follow by Proposition 7, as [|wpllee > Hf;é

‘w ((,oj(zo))’e_o“z‘)| tends to infinity for zgp = 0 and z¢9 = ngb, respec-
tively.

(iii) Take M € N such that |a|* > 1/C and consider f(z) = 2. Evaluating
at the point zg = a™°, for every o > 0 we get

|| f”Ua 1 . n, n —alz n, —alz Ca’Mk
EH j+0||f(k:+0)| \o\>‘a|oM lOI(‘/l)'

So, the operator can be mean ergodic neither on Exp, nor on ExpP.
(iv) For f(z) = z and o > 0 we get

_ ko
H f”vﬂ i H ZO ||90 ( )‘ —alzo| > Ce—a|z0| ‘(,0 ) (Z0)|
k

S

As @Fs(29) = z9a® if |a] > 1 and pFs(29) = 20 + ksb if @ = 1, the
conclusion holds.
O

We have seen above that a necessary condition for the power bounded-
ness and mean ergodicity of Cy, , is that the products of the iterates of the
composition operator applied on the multiplier are bounded. In what follows,
we consider multipliers of the form w(z) = px(2)ef?, N € Ny, 8 € C when
considering the space Exp and w(z) = py(z), N € Ny, when considering
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Exp®, where py is a polynomial of degree N. For a > 0 we get the following:
Ifa #1,

k—1
. 1—ak _
Jwgglloe = sup | TT Iow(e? () | 1o el (4.1)
z j=0

Ifa=1,b#0,

k—1
lwigglloe = 1e?F D72 sup | T low (= + 50)] | [l (4.2)

zeC j=0

4.1. Case |a| < 1

Lemma 12. Let s,t > 0 and fs(x) := x°e™ ", x € [0,00). The mazimum of
[s is attained at x5 = s/t and fs(vs) = (5)° satisfies that lim,_o x5 = 00,
limg oo M® fs(xs) = 00 and limg . aSQMSfS(mS) =0 for each 0 < a < 1

and M > 0.

Theorem 13. Let ¢(z2) = az,|a| < 1. If w(z) = pn(2)eP?, N € Ny, g € C
when considering Cy., : Exp — Exp and = 0 for Cy - Exp® — Exp°,
then Cy,, is power bounded and (uniformly) mean ergodic if and only if
lw(0)| < 1.

Proof. If |w(0)] > 1, the operator cannot be mean ergodic by Proposition
11(31).

If jw(0)| < 1, [13, Theorem 3.10(i)] yields that for » > 0, there exists
C > 1 such that, for every |z] < r and k € N, then H?:o |w(a?z)| < C. On
the other hand, observe that there exists M > 0 such that |py(2)| < M|z|V
for every |z| > r. Fix zp € C and take jo € N such that |a?zy| < r for every
j € N,j > jo. Therefore, for k > j, we have

k=1 ) J Jo—1 . 1-|aldo k )
H Ipn (a7 z0)e?* 0| < H M |a? zo|N e/l 5T H lw(a’z0)|
i=0 j=0 i=io

< M0 || N0 |q| Violin—1)/2 P58

18l
1—|al

Consider a > and k € N. For s = min(jo, k), we get the following:

k—1
H |w(aj20)|€—a\zd < CMSWNS(s—l)/? sup |Z|Nse—(a—1‘f“a‘)|z|
7=0 z€C
By Lemma 12, there exists D > 0, independent of zg, such that
k—1
H |w(a]zo)\efo‘|z°| <D
j=0

for every k € N. So, the conclusion holds by Proposition 8. 0



MIOM Dynamics of Weighted Composition Operators Page 11 of 18 212

4.2. Case |a| =1,a #1
Theorem 14. Given ¢(z) = az,|a| =1, a # 1, we get the following:

(i) Ifw(z) =pn(2)e’*, N #£0, 3 € C when considering Cy,, : Exp — Exp
and 3 =0 for Cy., : Exzp® — Exp°, the operator is not mean ergodic,
hence not power bounded.

(i) If w(z) = Ae®*, X\,3 € C when considering Cy,, : Exp — Exp and
B =0 for Cyp : Exzp® — Exp°, the operator is power bounded, thus
uniformly mean ergodic if and only if |\| < 1.

Proof. (i) Observe that there exist R > 0 and M > 0 such that |py(2)] >
M|z|N for every |z| > R. If N # 0 and k € N, then

1—ak _ (13l L=ak]
wpgllue > M sup [2]¥5[eP =5 el > A sup pVEe (o191 )r
|z|>R r>R
> M* sup pNkeg—ar,
r>R

By Lemma 12, if k is big enough, then

sup rVFe o = supr
r>R r>0

feY k ar

o
Thus, the operator cannot be mean ergodic and power bounded by
applying again Lemma 12 and Proposition 8.

(ii) The case |A| > 1 follows by Proposition 11(i), since |w(0)| > 1. If |\| < 1,

2|8

for every o > =

we get

2181
lwpg llve < sup e la—maplal — 1
zeC

Now, the conclusion follows by Proposition 8.

4.3. Case a =1
Theorem 15. Let p(z) =z +b, b€ C\{0}.
(i) Ifw(z) = pn(2)e’?, B € C, N € Ny, then the operator C.,, is not mean
ergodic and thus not power bounded on Exp.
(i) Ifw(z) = pn(2), N € No, the operator Cy, , is power bounded and mean
ergodic on Exp® if and only if w = \, |\| < 1.

Proof. Tt 3 # 0, given @ > 0 we can find k € N such that |G|k > « and 0 € R
such that the supremum in (4.2) is bigger than
k—1

sup H Ipn (retfs —|—jb)\er(|5|k_°‘) = o0.
r>0 =0

Therefore, wy,) ¢ Hye and the operator is not mean ergodic and not power
bounded on Exp by Proposition 7. If 3 = 0 and N # 0, there exist ng and
C > 1 such that [pn(jb)| > C for j > ng. Now, the conclusion holds by
Proposition 11(ii).

Finally, let us study the case w = A, A € C. For \C, : Exp — Exp,
take ¢ € C such that cb = |¢||b| and |A| > e~I%l. The function e®* € Exp and
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it satisfies (ACy,)¥e®* = (Ae®®)¥e*. So, as |Ae’| > 1, we cannot find n € N
such that w
ergodic on Fxp.

In the case of AC, : Exzp® — Exp°, the operator is neither power
bounded, nor mean ergodic if |A| > 1 by Proposition 7(ii). If |A| = 1, take
f(2) = 2z € Exp® in order to see that, evaluating at z = 0,

k
IOCe) e = 1sup|z + kb|e_|7zT‘ > |b].
k k zeC
Therefore, the operator cannot be mean ergodic, neither power bounded. If
|A] < 1, there exists ng € N such that |A\] < e~ for every n > ng. [10,
Theorem 19(i)] implies the operator ACy, : H1/n — H,1/s is power bounded
for every n > ng, thus it is power bounded and uniformly mean ergodic on
ExpP. O

is bounded on H,~; therefore, the operator is not mean

4.4. Case |a| > 1

Theorem 16. Given p(z) = az,|a| > 1, and w(z) = py(2)eP*, B3 € C, N €
Ny, the operator Cy , is not mean ergodic and thus not power bounded on
Exp and on Exp® (when considering Exp°, put 3 = 0).

Proof. Take ng such that |py(a¥)| > 1 for every k > ng, 2o = a™ and con-
sider (ks)s € N increasing such that Arg(ﬁa"‘)%) :Arg(ﬁla_ﬂ: )+Arg(1 —
aks) € [-Z, Z]. Then, for every s € N,

27 2

ko—1 ko—1 A .
IT fw@ ) = T lpa(a?*m)|lef™ "] > [efe™ e
§=0 j=0

ks
— eRe(ﬁa"O l;ga ) > 1.

Then, Proposition 11(iv) yields the following conclusion: O

Remark 17. Theorems 15(i) and 16 when w = A, |A| < 1, show that Propo-
sition 8 does not hold in general.

5. Multiples of Composition Operators

In this section we focus on multiples of composition operators, that is, oper-
ators of the form ACy,, A € C, ¢(2) = az+b, a,b € C. A complete character-
ization of power boundedness and mean ergodicity of these operators acting
on weighted Banach spaces of entire functions can be found in [10], where
hypercyclicity and the spectrum are also studied. Here we consider the study
on the spaces Exp and Exp°.

5.1. Spectrum

Regarding the invertibility of the weighted composition operator C., o, ¢(2) =
az + b, on Exp and Exp°, we observe important differences from the results
obtained on the Banach spaces H,«, a > 0. Notice that Cuj}(p =C_1

wop

— 7@71’

with o= 1(2) = 1z — g, z€C. As Cy,, : Hyae — Hyo can only be continuous

T a
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if |a| < 1 (see [10, Theorem 8]), it has no inverse, i.e. 0 € 0(Cy o, Hpe) if
la| < 1. By contrast, Proposition 4 yields the operator can be invertible when
acting on Fxp and Exp° :

Proposition 18. Let ¢(z) = az+b, a,b € C. The operator Cy , : Exp — Exp
(resp. Cy,p + Exp® — Exp°) is invertible, i.e. 0 ¢ 0(Cy.y) if and only if w
and % belong to Exp (resp. Exp®). In particular, 0 ¢ o(AC,),\ € C.

Lemma 19. The entire function f(z) = Z;io a;jz’,a;j,z € C, satisfies the
following:
(i) It belongs to Exp if and only if there exists B,C > 0 such that |aj| <
C’%j for every j € N.
(ii) It belongs to Exp® if and only if, for every B > 0 there exists C > 0
such that |a;| < C’B%j! for every j € N.

Proof. (i) is proved in [21, Lemma 4.18] and (ii) follows analogously. O

The study of the spectrum of multiples of composition operators reduces
to the study of the spectrum of C. In the next proposition we determine it.
Compare the result to [10, Proposition 13] and [20, Corollary 8 and Theorem
5].

Proposition 20. For the composition operator C,, ¢(z) = az+b, a,b € C, we
get the follows:
(i) If a =1, then o(Cy,, Exp) = 0,(C,, Exp) = C\{0} and o(Cy, Exp®) =
0,(Cyp, Exp®) = {1}. '
(ii) If la| # 1 or a # 1 is a root of unity, then 0,(Cy,) = o(Cy,) = {a’,j =
0,1,...}.
(iii) if la| =1 and a is not a root of unity, then o,(Cy,) = {a’,j =0,1,...}
and p € o(Cy,) if and only if for all k > 0 and € > 0, there exists n € N
such that |a™ — p| < ek™".

Proof. (i) Consider a = 1 and C, : Exp — Exp. It is easy to see that

the function e®? is an eigenvector associated with the eigenvalue e®® for
every a € C. Thus, C\{0} C 0,(C,, Exp) C o(C,, Exp) and the con-
clusion is satisfied by Proposition 18. When considering C,, : Exp’ —
Exp°, as Exp® = proj,~,, Hy/x for every m € N, [3, Lemma 2.1]
and [10, Proposition 13] yield U(Cw,ExpO) C Unzmo(Cyp, Hyiyn) =
{ed,16] < %} for every m € N. Thus, 0(Cy, Exp®) C {1}. The as-
sertion follows because 1 is an eigenvalue. Indeed, constant functions
are fixed points of the operator.
By Lemma 10, in (ii) and (iii) we can assume without loss of generality
that b = 0. The point spectrum in these cases follows from the fact that,
if @ # 1, then Cy2/ = alz7, j € Ny, and the proof of [22, Proposition
3.3(i)]. Let us analyse the spectrum. First, observe that if |a| <1, a # 1,
then {a?,j =0,1,...} Co(Cyp) C{al,j =0,1,...} by [3, Lemma 2.1],
[4, Lemma 5.2] and [10, Proposition 13].
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By the inclusions above, if @ # 1 is a root of unity the conclusion
is trivial, and if |a| < 1, the assertion holds because 0 ¢ o(C,) by
Proposition 18. If [a| > 1, as 0(Cy) = (0(Cp-1)) ! with ¢71(z) = 12
the previous case yields the following conclusion.
Assume |a| = 1 and a is not a root of unity. We prove that pu € p(C,,)
if and only if there exists k > 0 and € > 0 such that |a? — u| > ek~ for
each 7 € N.
Let us analyse first o(Cy, Exp). We have seen above that, if the con-
dition is satisfied, C'y, — ul is injective. We prove it is also surjective.
Given g(z) = Z;io quj € Exp, by Lemma 19(i) there exists B,C > 0
such that |a;| < C%] for every j € N. It is easy to see that the function
f(2) = 3720 5%, = € C, satisfies (Cp — pulI)f = g and that there
exists D > 0 such that
5] o BR_ p(BRY

la? —pl = gle T !
Again by Lemma 19, we get f € Exp, and so, u € p(C,, Exp). For
the converse, assume p € p(Cy, Exp). Then (Cyp, — ul)~' : Exp — Exp
exists, it is continuous and satisfies

)

oo

_ © . a: .
(Cp—pI)~" E ajz’ | = g ajiuzj'
Jj=0

Jj=0

The continuity implies (see Lemma 1) that for n = 1 there exist k € N
and C > 0 such that, for each monomial 27 € Exp, j € Ny, we have

J :
sup &eik‘z‘ < Csup|zfe”l?.
zec |a? — pf z€eC

By Lemma 12, for every j € Ny we get

AN 1 i\ J .
() g =€ (2) et =2 5 torsome = >

For o(Cy,, Exp®) proceed analogously but using Lemma 19(ii) and Lem-
ma 2.
O

5.2. Dynamics

As an immediate consequence of the theorems in Sect. 4, we get the following:

Corollary 21. Let ¢(z) =az+1b, a,b € C. The properties of (uniform) mean
ergodicity and power boundedness are equivalent for the operator A\Cy,, A € C,
acting on Exp and on Exp°®. The following is satisfied:

(i)
(i)

AC, : Exp — FExp is mean ergodic (power bounded) if and only if
la| <1,a#1 and [N < 1.

ACy, Exp® — Exp°® is mean ergodic (power bounded) if and only if
la| <1l,a#1 and [A| <1, ora=1 and |\ < 1.
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The last characterization differs from the one obtained for the Banach
space HO., a > 0, if |a| = 1 and a is not a root of unity or if a = 1 (recall
that on HY. the continuity of the operator only occurs when |a| < 1). In this
setting we get that for |a| = 1, a not a root of unity and |A\| = 1, the multiples
of composition operators are power bounded and mean ergodic on H’., but
not uniformly mean ergodic. When a = 1 and A is small enough, the operator
can be power bounded and uniformly mean ergodic, unlike in Exp. However,
we can find A, |A] < 1, such that the operator is neither power bounded nor
mean ergodic on the Banach setting, unlike what happens in Ezp° (see [10]).

We finish this section studying the hypercyclicity of the operator. It is
considered only in the case a = 1, since otherwise ¢(z) = az + b has a fixed
point and [15, Proposition 2.1] yields C,, , cannot be weakly supercyclic. So,
we focus on multiples of translation operators, that is, on operators of the
form ATy, A\, b € C, NI, (f)(2) = Af(z+b). The result is a consequence of the
one obtained for Hya, a > 0 in [10, Theorem 20].

Theorem 22. The weighted translation operator \Ty, A\,b € C, satisfies the
following:
(i) It is hypercyclic, topologically mizing and chaotic on Exp for every A €
C.
(ii) It is hypercyclic on Exp® if and only if |\| = 1. In this case, it is
topologically mizing.

Proof. (i) Given A € C there exists m € N such that e ™l < |\| < ™ol
By [10, Theorem 20], AT}, : H) ~— HY is topologically mixing (thus, hy-
percyclic) and chaotic. By the comparison principle (see [17, Lemma 3]), the
operator is hypercyclic, topologically mixing and chaotic on Fxp. This asser-
tion also follows by [11, Proposition 3.3].

ol

(ii) Given A € C, |A| # 1, there exists m € N such that || < e~ or
e < |A|. By [10, Theorem 20], AT} : Hgl/m — H,?l/m is not hypercyclic.
As Exp° is dense on HSI P the comparison principle yields that AT; cannot
be hypercyclic on Ezp°. Consider now |A\| = 1. Without loss of generality,
we can consider A = 1 [9, Corollary 3.3]. Now the conclusion follows by [11,

Proposition 3.7]. O
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6. Appendix

We finish the paper with two results on mean ergodicity on weighted Banach
spaces of entire functions which improve some parts of [10, Theorem 16]. The
first one must be compared with [10, Theorem 16 a)].

Theorem 23. Let ¢(2) = az+b a,b € C, |a| < 1 and w(z) = pn(2)e’?, N €
No, B € C. If [w(0)] < 1, then Cyp : Hyo — Hyo and Cyp + HYa — HDa

18|

are power bounded and uniformly mean ergodic for every o > "

Proof. Without loss of generality, we restrict to the case b = 0 (see Lemma
10). By [10, Theorem 8] and proceeding as in the proof of Theorem 13, we

get the operator Cy,, is power bounded and compact on H,~ and on HY.

18] . . i :
for every a > T—]al" As a consequence, C,, , is uniformly mean ergodic on

these spaces by Yosida-Kakutani Mean Ergodic Theorem [30]. O

The next result completes [10, Theorem 16(b)]:

Theorem 24. Let ¢(z) = az +b, a,b € C, |a] < 1 and w(z) = 7%, g € C.
18]

1—la|”

The operator Cy oy @ HYo — Hla, a =
ergodic if and only if a € D\[0,1).

18 power bounded. It is mean

Proof. By [10, Theorem 16(b)], it only remains to show that for a € D\[0, 1),

the operator is mean ergodic. Without loss of generality, assume b = 0. Ob-
k—o00

.k
serve that for every f € Hl. and every z € C,CF _f(z) = P flaFz) =3
eia f(0) € HY. (observe that iz f(0) ¢ HY if a € (0,1)). Proceeding as

in the proof of [23, Lemma 3.4(1)], we get CJ; _f converges to iz do(f) as k
tends to infinity in the weak topology. As the operator is power bounded, the

operator is mean ergodicity by Yosida’s theorem [27, Theorem 1.3, p.26]. O
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