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ABSTRACT

For topological spaces X and Y, let Q,(X,Y) be the space of all qua-
sicontinuous functions from X to Y with the topology of pointwise
convergence. In this paper, we study the cardinal invariants such as
character, weight, density, pseudocharacter, spread and cellularity of
the space Qp(X,Y). We also discuss the properties of the restriction
and induced maps related to the space Qp(X,Y).
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1. INTRODUCTION

Kempisty [10] introduced a weaker form of continuity for real-valued func-
tions, named as quasicontinuity. The properties of quasicontinuous functions
are discussed in many papers, for example see [2, 13, 15, 16].

The quasicontinuous functions have various applications in different areas of
mathematics; for instance topological groups [11], dynamical systems [4] and
the study of minimal usco and minimal cusco maps [6]. Some examples [3] of
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quasicontinuous functions are the doubling function
D :[0,1) — [0,1) defined by D(z) = 2z (mod 1),
the extended sin(1/z) function f: R — R defined by

~ Isin(d) ifxz#0
f(x)_{o if 2 =0,

the floor function from R to R defined by
|z] = max{n € Z:n < x},
and any monotonic left or right continuous function from R to R [15].

The set of all real-valued quasicontinuous maps on a topological space X with
the topology of pointwise convergence, denoted by @, (X,R), is studied in [7, 8,
9]. The pointwise convergence of real-valued quasicontinuous maps defined on a
Baire space is examined in [7]. In [9] metrizability, first countability, closed and
compacts subsets of the space Q,(X,R) are discussed. The cardinal functions
of the space @Q,(X,R) are studied in [8].

In this paper, we study the results about metrizability, first countability and
cardinal functions of the space Q,(X,Y") along with the concept of induced and
the restriction maps.

In a more detail, this paper is organized as follows: In Section 3, we define the
topology of pointwise convergence on Q(X,Y), the set of all quasicontinuous
functions from a topological space X to a topological space Y. In Section 4,
when X is Hausdorff and Y is a nontrivial T-space, we compare the cardinal
functions m-character, character and weight of the space Q,(X,Y"). Moreover,
if Y is second countable, we characterize these cardinal functions. For a regular
space X and a nontrivial Ti-space Y, we discuss pseudocharacter and spread
of the space Q,(X,Y). We also show that Q,(X,Y) is dense in the space YX.
In Section 5, we discuss the topological properties of induced maps and the
restriction map related to the space Q,(X,Y).

2. PRELIMINARIES

Throughout this paper, the symbols X,Y, Z are topological spaces unless
otherwise stated, R is the space of real numbers with the usual topology, N is
the set of positive integers, and I is the closed interval [—1,1]. The topology
of a space X is denoted by 7(X). By a nontrivial space we mean a topological
space with at least two different points. The symbol A° denotes the interior of
A in X and the symbol A denotes the closure of A in X.

Definition 2.1. A map f: X — Y is quasicontinuous [15] at € X if for every
open set U containing = and every open set V' containing f(x), there exists a
nonempty open set G C U such that f(G) C V. If f is quasicontinuous at
every point of X, we say that f is quasicontinuous.

Note that every continuous map is quasicontinuous. Conversely, for X =
[0,1) with the usual topology and Y = [0, 1) with the Sorgenfrey topology, the
identity map from X to Y is quasicontinuous but nowhere continuous [12].
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Levine [13] studied quasicontinuous maps under the name of semi-continuity
using the terminology of semi-open sets. A subset A of a space X is said to be
semi-open (or quasi-open [15]) if A C A°. A map f: X — Y is quasicontinuous
if and only if for every open set V in Y, f~1(V) is semi-open in X.

3. QUASICONTINUOUS FUNCTIONS AND THE TOPOLOGY OF POINTWISE
CONVERGENCE

Let F(X,Y) be the set of all functions and C(X,Y") be the set of all contin-
uous functions from X to Y. The function spaces F(X,Y) and C(X,Y") with
the topology of pointwise convergence denoted by F,(X,Y’) and Cp(X,Y), re-
spectively, are widely studied in the literature, for example [1, 5, 14, 17].

Forz e X and V € 7(Y), let S(z,V) ={f € F(X,Y) : f(z) € V}. Then
F,(X,Y) has a subbase

S={S(,V):ze X, Ver(Y)}.
Note that FI(X,Y) = YX and the topology of pointwise convergence on F(X,Y)
is just the product topology on Y.

Let Q(X,Y) be the set of all quasicontinuous functions in F(X,Y"). The
space Q(X,Y) with the topology of pointwise convergence is the subspace
Q(X,Y) of the space F,(X,Y) and is denoted by Q,(X,Y).

For z € X and V € 7(Y), denote [z, V] ={f € Q(X,Y) : f(z) € V}. Then
S ={[z,V]:2 € X,V €7(Y)} is a subbase for the space Q,(X,Y). Observe
that for z € X and Vq, V5 € 7(Y), we have [z, V1] N [z, Vo] = [z, V5 N V3], For
X1y 2n € X and Vi,...,V, € 7(Y), denote

@1, sz Vi, Vo ={f € QX,Y): f(x;) e Vi, 1 <i<n}.
Clearly the family
B=A{[z1,...,xn;V1,..., Vo] 12, € X, V; €7(Y),1 <i<n,neN}
is a base for the space Q,(X,Y). If V is a basis for Y then the family
B ={[z1,...;xn;V1,..., Vo] 12, € X, V; €V, 1 <i<n,neN}
is also a basis for the space Q,(X,Y). If (Y,d) is a metric space then for
feQX,Y); z1,...,2, € X and € > 0, denote
O(f, 21, xn,€) ={g € QX,Y) : d(g(xs), f(x:)) < 1 <i<n}.
It is easy to see that the family
B ={O(f,z1,...,xn,€) 1 x1...,2, € X,n € NJe > 0}
is a local base at f € Q,(X,Y).

4. CARDINAL FUNCTIONS AND THE SPACE Q,(X,Y)

In this section, we discuss first countability, metrizability and cardinal func-
tions of the space @, (X,Y"). Before generalizing some results obtained in [8, 9],
first we recall definitions of the cardinal functions for a topological space [8, 14].

A collection V of nonempty open subsets of X is called a local m-base at
x € X if for each open set U containing z, there exists V' € V such that V C U.
The m-character of a point € X is my (z, X) = Ro + min{|V| : V is a local =-
base at «}. The m-character of a space X is defined as m, (X) = sup{m, (z, X) :
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x € X}. The character of a space X is x(X) = sup{x(z,X) : x € X}, where
x(x,X) = Rg + min{|B,| : B, is a base at x}. The weight of a space X is
defined by w(X) = R 4+ min{|B| : B is a base for X}. A collection g of
nonempty subsets of a space X is called a m-base for X provided that every
nonempty open subset of X contains some member of 5. The m-weight of a
space X is defined by mw(X) = Rp + min{|8| : S is a w-base for X}. The
density of a space X is d(X) = Xg + min{|D| : D is a dense subset of X}. The
pseudocharacter of a point z € X is ¢(z, X) = Ng + min{|y| : v is a family
of open sets in X such that Ny = {«}}. The pseudocharacter of a space X is
defined as ¥(X) = sup{¢)(z, X) : @ € X}. The spread of a space X is defined as
$(X) =Ng+sup{|D|: D C X is discrete}. The cellularity or Souslin number of
a space X is defined by ¢(X) = Rg +sup{|U/| : U is a family of pairwise disjoint
nonempty open subsets of X}. A space X is said to have Souslin property if
C(X) = N().

Lemma 4.1 ([8, Lemma 4.2]). Let X andY be topological spaces and f : X —
Y be a map such that for any x € X, there exists an open set G in X such that
x € G and f(y) = f(z) for ally € G. Then f is quasicontinuous.

Lemma 4.2 ([8, Lemma 4.3]). Let X andY be topological spaces such that X is
Hausdorff. For given x1,...,x, € X and (not necessarily distinct) y1,...,Yn €
Y, there exists a quasicontinuous map f: X — Y such that f(x;) = y; for each
ie{l,...,n}.

Theorem 4.3. Let X and Y be topological spaces such that X is uncountable
Hausdorff and Y is a nontrivial Th-space. Then for any f € Qp(X,Y), f does
not have a countable local m-base.

Proof. Suppose {U,, : n € N} be a countable local m-base at some f €
Qp(X,Y). So for each n, there is a basic open set W, such that W, C
U,. Then {W, : n € N} is also a countable local m-base at f. Let W, =
(%, ... ap sV, ... V] for each n € N. The set A = {a}:1 < j < k;,i e N}
is countable.

Since X is uncountable, choose x € X \ A. Because Y is a nontrivial T}-
space, choose y € Y such that y ¢ V for some open set V' containing f(z).
Then W = [z,V] is an open set containing f. Suppose W,, C W for some
n € N. By Lemma 4.2, let ¢ : X — Y be a quasicontinuous function such
that g(a) € V™ for each i € {1,...,k,} and g(x) = y. Then g € W, \ W, a
contradiction. O

Corollary 4.4. Let X and Y be topological spaces such that X is Hausdorff
and Y is a nontrivial T1-space. If the space Q,(X,Y) has a countable local
w-base at some f € Q,(X,Y), then X is countable.

Corollary 4.5. Let X be an uncountable Hausdor(f space andY be a nontrivial
Ti-space. Then for any f € Qu(X,Y), f does not have a countable local base.

Using Corollary 4.4, a more general result than [9, Theorem 3.2] is the
following.
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Theorem 4.6. Let X and Y be spaces such that X is Hausdorff and Y is a
nontrivial metrizable space. Then the following are equivalent:

(a) Fp(X,Y) is metrizable.

(b) Fp(X,Y) is first countable.

(c) Qp(X,Y) is metrizable.

(d) Qp(X,Y) is first countable.

(e) For any f € Qp(X,Y), f has a countable local m-base.
(f) X is countable.

Proof. Clearly (d) implies (e) holds. The assertion (e) implies (f) follows from
Corollary 4.4. Using the facts that Q,(X,Y") is a subspace of F,(X,Y) and a
countable product of metrizable spaces is metrizable, the rest of the implica-
tions can be verified easily. (I

The result obtained in Theorem 4.3 can also be deduced from the following
result about the cardinal functions related to the space Q,(X,Y).

Theorem 4.7. Let X and Y be topological spaces such that X is Hausdorff
and Y is a nontrivial Th-space. Then |X| < 1 (Qp(X,Y)) < x(Qp(X,Y)) <
w(Qp(X,Y)). Moreover, if X is infinite and Y is second countable, we have
[ X[ = (@Qp(X,Y)) = X(Qp(X,Y)) = mw(Qp(X,Y)) = w(@p(X,Y)).

Proof. To show | X| < 1, (Qp(X,Y)), let y1 € Y and f € Q,(X,Y) be the con-
stant function such that f(z) = y; for each x € X. Let {U; : t € T} be a local
m-base at f with |T'| < m, (Qp(X,Y)). Since each U, is a nonempty open subset
of Q,(X,Y), there exists a basic open set By = [zf,... 2! ;V{,..., V! ] C U,
for each t € T. Then the collection By = {B; : t € T'} is also a local m-base at
f- ForeachteT,let Ay = {xf,...,z }. We claim that J,., 4 = X.

Let z € X. Since Y is a nontrivial Tj-space, choose y» € Y such that
y2 ¢ V1 for some open set V4 in Y containing y;. Because [z, V] is an open
set containing f and By is a local m-base at f, there exists t € T" such that
By = [zf,... at sV VE ] C 2, Vi]. We claim that o € A, = {«f,... 2], }.

Suppose z ¢ A;. Since X is Hausdorff, there exists an open set U such
that € U and U N A, = @. Because B; is nonempty, let s; € B;. Then
s¢(zt) € V! for each i € {1,...,n;}. By Lemma 4.2, there is a quasicontinuous
map h; : X — Y such that hy(z!) = si(z!) for each i € {1,...,n:}. Let us
define g : X — Y such that

(Z)_ Y2 leEU
P TV htz) itze X\T

By Lemma 4.1, g is a quasicontinuous map such that g € By, but g ¢ [z, V4],
which contradicts By C [z, Vi]. So J,eq At = X. Hence | X| < 7, (Qp(X,Y)) <
MQp(X. Y)) < w(@y(X. V).

If By is a countable base for Y then {[z1,...,z,;V1,...,V,] 12, € X,V €
By,1 <i < n}is abase for the space Qp(X,Y). Thus w(Q,(X,Y)) < |X|. O
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Theorem 4.8. Let X andY be topological spaces such that X is infinite Haus-
dorff space and Y is a nontrivial metrizable space. Then | X| = m,(Qp(X,Y)) =

X(@p(X,Y)).

Proof. By Theorem 4.7, we have |X| < 7, (Qp(X,Y)) < x(Qp(X,Y)). To
show x(Qp(X,Y)) <|X|,1let f € Q,(X,Y). If (Y,d) is a metric space then the
collection By = {O(f, z1,...,xx, %) 2 x1,...,x € X, k,n € N} is a local base
at f. Thus [X| = 7 (@p(X,Y)) = x(Qp(X,Y)). O

Lemma 4.9. Let X and Y be topological spaces such that Uy,...,U, are
nonempty pairwise disjoint open subsets of X and y1,...,yn € Y. Then there
exists a quasicontinuous map g : X — Y such that g(U;) = {y;} for each
ie{l,...,n}.

Proof. Let H=U,U---UU, and yo € Y. Forx € H, let k = min{i €
{1,...,n} : 2 € U;}. Let us define g : X — Y such that

yp, ifxeH
g9(x) = :
yo fzeX\H

By Lemma 4.1, the map g is quasicontinuous and g(U;) = {y;} for each i €
{1,...,n}. O

Theorem 4.10. Let X and Y be topological spaces such that X is Hausdorff.
Then d(Q,(X,Y)) <w(X)-d(Y).

Proof. Let B be a base for X such that |B|] < w(X) and U be the family of all
finite pairwise disjoint nonempty members of B. Let D be a dense set in Y such
that |D| < d(Y) and V be the family of all nonempty finite subsets of D. For
each U = {Uy,...,U,} €U and y = {y1,...,yn} € V, by Lemma 4.9, there
exists a quasicontinuous function gy, : X — Y such that gy, (U;) = y; for
each i € {1,...,n}. Then G = {gu, : U € U,y € V} is dense set in Q,(X,Y)
such that |G| < w(X) - d(Y).

Indeed, for any nonempty basic open set H = [z1,...,2n;V1,...,V,] in
Qp(X,Y), there exist U = {Ui,...,U,} € U such that z; € U; and y =
{y1,...,yn} € V such that y; € V; for each i € {1,...,n}. Thus there is gy, €
G such that gy, (z;) € V; for each i € {1,...,n} and hence gy, e HNG. O

Corollary 4.11. Let X and Y be topological spaces such that X is second
countable Hausdorff and Y is separable. Then the space Q,(X,Y) is separable.

Lemma 4.12. Let X and Y be spaces such that X is regular. Then for any
x € X, any nonempty closed set F C X such that © ¢ F and y1,y2 € Y,
there exists a quasicontinuous function f : X — Y such that f(x) = y1 and

f(F) = {y2}-

Proof. Since x ¢ F and X is regular, there exist open sets U and V' such that
zeU, FCVand UNV = @. Note that « ¢ V. Let us define f : X - Y
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such that
y ifze X\V
Jy =g HEEX
yo ifzeV

By Lemma 4.1, f is a quasicontinuous map such that f(z) = y; and f(F) =
{y2}- g

Theorem 4.13. Let X be a reqular space and'Y be any nontrivial space. Then
d(X) < Y(Qp(X,Y)).

Proof. Given a basic open set U = [z1,...,2Z,;V1,..., Vo] In Qp(X,Y), let
Ay = {z1,...,z}. Let fo € Qp(X,Y) be the constant function such that
fo(z) = yo for all z € X and ~y be a family of open sets with |y| < ¥(Q,(X,Y))
such that Ny = {fo}. For each G € ~, there exists a basic open set Ug =
[2f, ... 2$ Vi, ..., VE] such that fo € Us € G. We claim that the set
D =J{Auv, : G € v} is dense in X.

Suppose that * € X \ D and y; € Y such that y; # yo. By Lemma 4.12,
there exists f € Q,(X,Y) such that f(z) = y; and f(D) = {yo}. Then f € Ny
and f # fo, which is a contradiction. Thus D is dense in X. O

Note that if X is a Tychonoff space, then the result obtained in Theorem
4.13 for Y = R can be concluded from the results d(X) = ¢ (C,(X,R)) [17,
Problem 173] and ¢(Cp(X,R)) < 9(Q,(X,R)) [17, Problem 159]. We cannot
expect the equality in between d(X) and ¥(Q,(X,R)) even for X =R, because
d(R) = Xg, while [8, Example 5.1] shows that ¥(Q,(R,R)) = 2%,

Theorem 4.14. Let X be a reqular space and'Y be a nontrivial Ty -space. Then
s(X) < s(Qp(X,Y)).

Proof. Let D be a discrete subspace of X and {V; : d € D} be a family of
open subsets of X such that V; N D = {d} for each d € D. Choose y1,y2 €Y
such that y; # yo, by Lemma 4.12, there exists a quasicontinuous function
fa : X — Y such that fy(d) = y1 and f4(X \ Vg) = {y2}. Then the set
A ={fqs:d e D} is discrete in Q,(X,Y’). To see this, choose an open set G
in Y such that y; € G but y» ¢ G. Then Uy = [d,G] is open in Q,(X,Y’) and
UisNA={fq}. Thus s(X) < s(Q,(X,Y)). O

If X is a Tychonoff space and Y = R, then the result obtained in Theorem
4.14 can be obtained from the results s(X) < s(C,(X,R)) [17, Problem 176]

and s(Cp(X,R)) < s(Qp(X,R)) [17, Problem 159].

Theorem 4.15. Let X and Y be topological spaces such that X is Hausdorff.
Then Q(X,Y) is dense in F(X,Y).

Proof. Let W = [21,...,2,;V1,...,V,] be any nonempty basic open set in
F,(X,Y) and f € W. Then f(x;) € V; for each i € {1,...,n}. Since X is

Hausdorff and z1,...,x, € X, by Lemma 4.2, there exists a quasicontinuous
function g : X — Y such that g(z;) = f(z;) for each i € {1,...,n}. Then
geWNQX,Y). O
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Corollary 4.16. Let X be a Hausdorff space and'Y be a separable space. Then
the space Qp(X,Y') has the Souslin property, that is, c(Qp(X,Y)) = Ny.

Proof. 1t is known that if Y is separable then the space F,(X,Y) has the
Souslin property [17, Problem 109]. Since Q(X,Y) is dense in F,(X,Y),
c(Qp(X,Y)) = e(Fp(X,Y)) [17, Problem 110]. Thus the space Q,(X,Y) has
the Souslin property. O

Note that if X is a Tychonoff space then C(X,R) is a dense subset of the
space Qp(X,R) [17, Problem 034]. Also P(R,R), the set of all polynomials
from R to R and U (R, R), the set of all uniformly continuous functions from R
to R are dense subsets of the space Q,(R,R) [17, Problem 041,043].

Proposition 4.17. Let X andY be topological spaces such that X is Hausdorff
and Y s separable. If F is any locally finite family of nonempty open subsets
of Qp(X,Y), then F is countable.

Proof. If possible, suppose F is uncountable. Let A be a maximal disjoint
family of nonempty open subsets of Q,(X,Y) such that each member of A
meets at most finitely many members of F. Because F is locally finite, the set
JUAis densein Q,(X,Y). By Corollary 4.16, c(Q,(X,Y)) < R, which implies
A is countable. Since (JA is dense in Q,(X,Y), each U € F intersect some
V € A. But every member of A can intersect only finitely many members of
F. Since A is countable, this implies F is countable, a contradiction. O

5. SPECIAL MAPS AND THE SPACE Q,(X,Y)

The properties of induced maps related to the space C(X,Y") with the topol-
ogy of pointwise convergence and others are discussed in [14, Chapter II]. Before
discussing the properties of induced maps related to the space Q,(X,Y), let
us first define these maps in view of quasicontinuous maps.

Note that the composition of two quasicontinuous maps need not be qua-
sicontinuous [16]. However, if f : X — Y is quasicontinuous and g : ¥ — Z
is continuous, then the composition map gof : X — Z is quasicontinuous. If
g : Y — Z is continuous, then the induced map g¢. : Q(X,Y) — Q(X,Z2)
is defined by g.(f) = go f for all f € Q(X,Y). Alsoif g € Q(X,Y), then
the induced map g* : C(Y,Z) — Q(X, Z) is defined as g*(h) = h o g for all
heC(Y,2).

Theorem 5.1. For a given continuous map g : Y — Z, the induced map
g+ 1 Qp(X,Y) = Qp(X, Z) such that g.(f) = go f is continuous. Moreover, if
g is an embedding, then g, is also an embedding.

Proof. Let f € Q,(X,Y) and U be any open set in Q,(X, Z) containing g.(f).
There is a basic open set V = [z1,...,2n; Vi,...,V,] in Qp(X, Z) such that
g«(f) € VCU. Now W = [z1,...,20;9 *(V1),...,g71(V4,)] is an open set
in Qp(X,Y) such that f € W and ¢g.(W) C V C U. Thus the map g, is
continuous.
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Note that if g is injective then g, is also injective. Now to show g, :
Qp(X,Y) = g.(Qp(X,Y)) is an open map, let [z, V] be any subbasic open
set in @Qp(X,Y). Since g is an embedding and V is open in Y, there ex-
ists an open set W in Z such that g(V) = W N g(Y). We have [z,V] =
[z, g7 (W)] = g7 ([x, W]). Then g.([z,V]) = [z, W] N g.(Qp(X,Y)) is open in
0 (Qp(X, V). 0

Proposition 5.2. For any space X, there is a continuous map h : Qp(X,R) —
Qp(X, 1) such that h(f) = f for each f € Qu(X,I).

Proof. Consider the map g : R — I such that g(t) = -1 if t < —1, g(¢t) =t if
tel=[-1,1] and g(t) = 1 if t > 1. Clearly g is continuous. By Theorem 5.1,
the map h = g, : Qp(X,R) = Q,(X,I) defined by h(f) = gof is continuous.
Also h(f) = f for each f € Q,(X,1I). O

Theorem 5.3. For a given quasicontinuous map g : X — Y, the map g* :
CoY,Z) — Qup(X,Z) such that g*(h) = ho g is continuous. Moreover, if
g(X) =Y, then g* is an embedding.

Proof. Let hg € Cp(Y,Z) and V = [z1,...,2,; Vi,..., V] be any basic open
set in Q,(X, Z) containing ¢g*(hg). Consider U = [g(z1),...,9(xn); Vi,..., V4]
open in C,(Y,Z). Then hy € U and for any h € U, we have g*(h) € V. Thus
g*(U) CV and hence ¢g* is continuous.

Now suppose that g(X) =Y. To see g* is an injection, let h,h' € C,(Y, Z)
such that h # h'. Then h(y) # h'(y) for some y € Y. Because g(X) =
Y, let # € g7 '(y). Then g*(h)(z) = h(y) # W(y) = g*(h')(x). Hence
g*(h) # g*(R'). To prove g* is an embedding, it suffices to show that (g*)~! :
g (Cp(Y, Z)) — Cp(Y, Z) is continuous. Let ¢*(f) € ¢*(Cp(Y,Z)) and U =
Y1, Yn; Vi,..., Vy] be any basic open set in Cp(Y, Z) containing f. Choose
z; € g (y;) for each i € {1,...,n}. Then V = [z1,...,2,;V1,..., V] N
g*(Cy(Y, Z)) is open in g*(Cp(Y, Z)) containing g*(f). To verify (g*)~1(V) C
U,let h € V. Then h = g*(1’') for some h' € C,(Y,Z). Since h = g*(h') =
h og € V, we have h/ o g(z;) € V; for each i € {1,...,n}. This implies
h'(y;) € V; for each i € {1,...,n} so that b’ € U. Hence b/ = (¢*)"*(h) € U
and we have (¢*)~1(V) C U. O

For any space X and maps f,g : X — R such that f is continuous and g
is quasicontinuous, it is easy to see that the map f + g : X — R defined by
(f +9)(x) = f(x) + g(x) is quasicontinuous.

Proposition 5.4. For any space X, the map s : Cp(X,R) x Qp(X,R) —
Qp(X,R) defined by s(f,g) = f + g is continuous.

Proof. Let (fo,g0) € Cp(X,R) x Q,(X,R) and U be any open set in Q,(X,R)
containing hg = fo + go. There exist z1,...,x, € X and € > 0 such that
ho € O(ho,21,...,2n,¢) € U. Then V = O(fo,21,...2,,5) and W =
O(go,21,... 7y, 5) are open in Cp(X,R) and Q,(X,R), respectively. There-
fore V x W is open in Cp(X,R) x Q,(X,R) containing (fy, go). We claim that
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s(V x W) CU. For this, let s(f,g9) = f+g € s(V x W), then |f(x;) + g(z;) —
ho(z:)| < |f(zi) — fo(xi)| + g(xi) — go(w)| < € for all i € {1,...,n}. Thus
f+g€0(ho,$1,...,$n,6)§U. O

Lemma 5.5. For any x € X, the evaluation map at z, e, : Qp(X,Y) = Y
defined by e, (f) = f(x) is continuous.

Proof. Let f € Q,(X,Y) and V be any open set in Y containing f(z). Then
U = [z,V] is an open set containing f such that e,(U) C V. Thus e, is
continuous. ]

For any space X and A C X, a family B4 of open subsets of X is called a
base at A [5] if each member of B4 contains A and for any open set U containing
A, there exists B € B4 such that B C U. The character of A in X is defined as
X(4, X) =Ng+min{|Bal| : B4 is a base at A}. Note that x({z}, X) = x(z, X).

Proposition 5.6. Let X be a Hausdorff space. If there exists a compact sub-
space K of the space Qp(X,R) such that x(K,Qp(X,R)) < Ny, then X is
countable.

Proof. Given a basic open set U = [z1,...,25;V1,..., V,] in Qp(X,R), let
Ay = {z1,...,2,}. Suppose that {B, : n € N} is a countable base at K
in @,(X,R). Fix n € N, for each f € K, choose a basic open set U} such
that f € U} C B,. For open cover {U} : f € K} of K, choose a finite
subcover {UJ’}I,...,U}f’”n} for some m,, € N. Let W,, = U}ll U---u U}Lmn and
A, = AU}LI U--- UAU;}m , then K CW,, C B,,. Clearly A =|J{A, :n € N} is
countable. We claim that A = X.

Suppose that z € X \ A. By Lemma 5.5, the map e, : @Q,(X,R) — R
defined by e, (f) = f(z) is continuous. Therefore the set e, (K) is bounded in
R. Choose M > 0 such that | f(z)| < M for all f € K. Since W = [z, (=M, M)]
is an open set containing K, there exists £ € N such that K C B, C W and
hence Wy, = U]’fl U"’UU}?,”,C C W. Thus U]’?l =[x1,. . xn;Vi,.. ., V] CW
such that « ¢ {z1,...,z,}. Since X is Hausdorff, by Lemma 4.2, choose
g € Qp(X,R) such that g(x;) € V; for each i € {1,...,n} and g(z) = M. Then
g € Wi\ W, which is a contradiction. O

The properties of the restriction map related to the space C(X,R) with
the topology of pointwise convergence are discussed in [1]. For Y C X, the
restriction map is defined as 7y : F(X,Z) — F(Y, Z) such that wy (f) = fly
for all f € F(X,Z). Note that the restriction of a quasicontinuous map on an
open or a dense subset is quasicontinuous [16]. A map f: X — Y is called
almost onto if f(X) is dense in Y.

Proposition 5.7. Let X be a reqular space and Y be an open subset of X. If
the map 7y : Q(X,R) = Q(Y,R) such that my (f) = fly is injective, then Y
is dense in X.

Proof. Let ho € Q(X,R) such that ho(x) = 0 for all z € X. Suppose that 7y is
injective but Y is not dense in X so that z € X\ Y. By Lemma 4.12, there exists
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h € Q(X,R) such that h(z) = 1 and h(Y) = {0}. We have 7y (h) = 7y (ho)
but h # hg, which is a contradiction. Hence Y is dense in X. O

Theorem 5.8. Let X be a Hausdorff space andY C X be open or dense in X.
Then the restriction map my : Qp(X,R) = Qp(Y,R) such that my (f) = fly is
continuous and almost onto. Moreover, my is a homeomorphism if and only if
Y =X.

Proof. Consider the natural projection py : RX — RY such that py(z) =
z|Y. Then py is a continuous map [17, Problem 107] and 7y = py|q,(xr)-
Therefore 7y is continuous. By Theorem 4.15, Q(X,R) is dense in R¥. Since
py is continuous, RY = py(RX) = py(Q,(X,R)) C py(Q,(X,R)). Thus
7y (Qp(X,R)) = py (Q,(X,R)) is dense in RY and hence also dense in Q, (Y, R).

Now if my is a homeomorphism and Y # X. Forz € X\Y, theset D = {f €
Qp(X,R) : f(x) = 0} is not dense in @Q,(X,R), because DNz, (0,1)] = @. But
my (D) is dense in Qp(Y,R). Let G = [y1,...,yn; V1,..., V,] be any basic open
set in Q,(Y,R) containing some g. By Lemma 4.2, there exists f € Qp(X,R)
such that f(y;) = g(y;) and f(x) = 0. Then f € D such that my(f) € G.
Hence my (D) NG # @. Because the image of a dense set 7y (D) under the map
(my )=t is D, which is not dense. This implies that (my)~! is not continuous,
which is a contradiction. Finally, if Y = X then 7y is the identity map, and
hence a homeomorphism. O
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