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CLOSED INJECTIVE IDEALS OF MULTILINEAR
OPERATORS, RELATED MEASURES AND
INTERPOLATION

ANTONIO MANZANO, PILAR RUEDA, ENRIQUE A. SANCHEZ-PEREZ

ABSTRACT. We introduce and discuss several ways of extending the in-
ner measure arisen from the closed injective hull of an ideal of linear
operators to the multilinear case. In particular, we consider new mea-
sures that allow to characterize the operators that belong to a closed
injective ideal of multilinear operators as those having measure equal to
zero. Some interpolation formulas for these measures, and consequently
interpolation results involving ideals of multilinear operators, are es-
tablished. Examples and applications related to summing multilinear
operators are also shown.

Ideal of multilinear operators, closed ideal, injective ideal, measure as-
sociated to an ideal, interpolation
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1. INTRODUCTION

A fruitful classical way of studying some properties of a linear operator is
by considering functionals or measures (of the operator) related to operator
ideals. An example of this is the inner measure 37 associated to an arbitrary
ideal Z of linear operators. We recall that for a continuous linear operator
T:E—F,

pr(T) = pz(T : E — F)
:=inf {¢ > 0 : there are a Banach space Z and R € Z(F; Z)
such that ||Tz|r < €||z| g + || Rz| 2, for any z € E}.
This measure was introduced by Tylli [34] in 1995 and determines the op-

erators T that belong to the closed injective hull Z* (i.e. the smallest
closed injective ideal containing Z) of Z as those for which 57(T) = 0 (see
20, Theorem 20.7.3]). In particular when Z is closed and injective, T € Z
if and only if 8z(7') = 0. Therefore, the inner measure provides a way of
characterizing when a given operator belongs to the closed injective hull of
a linear operator ideal, and so it allows to quantify (in some sense) how far
is the operator from such a hull.

As far as we know, there is no such notion in the literature as the inner

measure in the setting of multilinear operators. In the present paper we
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2 A. MANZANO, PILAR RUEDA, ENRIQUE A. SANCHEZ-PEREZ

introduce some functions that extend the inner measure to the multilinear
case. The paper is organized in five sections. After the preliminary Sec-
tions 1 and 2, we introduce in Section 3 the definitions and main properties
of two measures, naturally given and associated to an ideal of multilinear
operators, that generalize the aforementioned measure defined by Tylli. In
addition, in this section, we establish results concerning the closed injective
hull of certain classes of ideals of multilinear operators. Section 4 is devoted
to establish interpolation formulas for the new measures and to obtain cer-
tain consequences of them. Finally, we show in Section 5 examples and
applications related to summing multilinear operators, using the Jarchow-
Matter interpolation procedure (see [21]). This point of view of Jarchow and
Matter [21] has turned out to be very useful in the study of new (and other
well-known) ideals of linear operators and different properties of Banach
spaces (see for example [23] and references therein). Other interpolation
ideas also used in the multilinear setting giving succesfull results can be
seen, for instance, in [10], [14] and [29].

2. PRELIMINARIES

Throughout the paper we consider real or complex Banach spaces without
distinction. If Fy,..., E, and F are Banach spaces, then L(F1, ..., E,; F)
stands for the Banach space of all continuous n-linear operators 1" : E; x
-+ x FE, — F with the norm

[T :=sup{[|T(21,....2n)||lF + @1 € By, ..., 20 € Bg,},

where Bg, is the closed unit ball of E;, j = 1,...,n. In particular, L(E; F)
is the Banach space of all continuous linear operators from FE into F.

Let F{ ® --- ® E, denote the tensor product of Ey,..., F, and let m be
the projective norm given by

7(0) == inf Y |2l [l € Er®- - ® E,,
j=1

where the infimum is taken over all possible representations of ¢ of the form
0= 7® @), v} € E(i=1,...,n). The completed projective
tensor product is denoted by E1®y - - - @ .

Given T' € L(Ey, ..., E,; F), Ty, stands for the linearization of T, that is,
the unique continuous linear operator T}, : F1®; - - ®,F, — F such that
Ti(r1®--®x,) =T(x1,...,2,), for any z; € Ey,...,x, € E,.

The notion of linear operator ideal (see [30]) extends to multilinear oper-
ators as follows.

Definition 2.1. Let n € N be fixed. An ideal of n-linear operators, or
an n-ideal, is a class M,, of n-linear maps such that for all Banach spaces
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Ey, ..., E,and F, the components M,,(E, ..., E;; F) = L(Ey, ..., E,;; F)N
M., satisfy
(i) My (E1, ..., Ey,; F)is alinear subspace of L(E, ..., E,; F') that con-
tains the n-linear maps of finite type.
(i) If R € L(F;H), T € M,(E1,...,E,; F) and S; € L(Gy; Ej), for
j=1,...,n,then RoT o (Sy,...,S,) € M,(Gy,...,G,; H).

If for each n € N, M,, is an ideal of n-linear operators, the class

/\/l::[jl./\/ln

is called an ideal of multilinear operators or a multi-ideal.

The multi-ideal of all continuous multilinear operators is denoted by L.
Let us recall the construction of two examples of ideals of n-linear operators
that can be found in [31] and are related to the classical notion of operator
ideal [30]. To avoid confusions, we will use the letter Z to denote an ideal
of linear operators (instead of M; or Z;). Thus, a sequence as Zy,...,Z,
means a sequence of n ideals of linear operators.

On the other hand, throughout the paper the symbol H, means that the
i-th term, or the i-th coordinate, does not appear.

Definition 2.2. Linearization ideal. Let Z;,...,Z, be linear operator ideals.
The ideal of n-linear operators [Z;,...,Z,] is defined as follows: Let T' €
L(E,,... E.F),

TelL,...,T,)(E,...,E,; F)ifand only if T; € T;(Ey; L(Ey, 1., B, F)) i =1,2, ...

where T} : E; — L(Ey, )., E,; F) is defined as
Ti(x:) (2, W, 2y) = T(21,...,20), v1 € Ey,... 1, € E,.

Definition 2.3. Factorization ideal. Let Z;,...,Z, be linear operator ideals.
The ideal of n-linear operators L£(Zy,...,Z,) is defined as follows: Let
T e ﬁ(El,,En,F),

TeL(T,...,I,)(E, ..., E,; F) if and only if T factors as T' = So(Ry, ..., R,),
for some R; € Z;(E;;G5) (j = 1,2,...,n) and S € L(Gy,...,Gp; F).

Although both procedures (linearization and factorization) give, in gen-
eral, different ideals of multilinear operators (see [10, p.741]), the inclusion
L(Ty,...,T,) C [Th,...,T,] always holds. However, there are examples of
ideals for which the inclusion becomes an equality. For instance, if Z; is the
ideal of compact operators IC fori = 1,2,...,n, or if Z; is the ideal of weakly
compact operators W for i = 1,...,n, then L(Zy,...,Z,) = [I4,...,Z,)].
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This is not a mere coincidence: the ideals of compact and weakly com-
pact operators share the properties of being closed and injective. Gonzéalez
and Gutiérrez proved that both procedures (linearization and factorization)
coincide when they are applied to a single closed injective operator ideal

I, =--- =1, =T (see [16, Theorem 4] and [17]). More recently Braunss
and Junek [10, Theorem 3.4] have shown that £(Z,,...,Z,) = [I1,...,Z,]
holds for different closed injective operator ideals Zi,...,Z,. Under such

a hypothesis the ideals of n-linear operators L(Zy,...,Z,) and [Zy,...,Z,]
turn out to be both closed and injective as well.

Definition 2.4. Let M,, be an ideal of n-linear operators. It will be denoted
by M,, the class of n-linear operators formed by components M,,(E1, ..., E,; F)
that are given by the closure of M,,(Ey, ..., Ey; F)in L(Ey, ..., Ey F). M,
is said to be closed when M,, = M,,.

The injective hull M of M,, is defined as follows: T € L(Ey, ..., E,; F)
belongs to M (Ey, ..., E,; F)if JpoT € M, (Ey, ..., Ey;lo(Bp+)), where
Jrp @ F — [l (Bp~) is the natural metric injection given by Jp(y) =
((y, y*))yreppm - My is called injective if M,, = M i.e. if for any Banach
spaces Fi, ..., E,, F and each n-linear operator T' € L(Ey,...,E,; F), it
holds that T € M,,(E1, ..., E,; F) whenever JpoT € M, (E\, ..., Ey; loo(Bpx)).

The closed injective hull 7™ of an ideal Z of linear operators can be char-
acterized as follows (see [20, Theorem 20.7.3(i)] or [21, Section 1,(2)(a)]):

Take T € L(E; F), then T € 7" (E; F) if and only if for each & > 0 there
are a Banach space Z and an operator R € Z(FE;Z) such that ||[Tz||r <
ellz|lg + ||Rx||z, for all z € E.

Hence, as it was said in Introduction, the inner measure pz of T €

L(E; F), given by
Br(T) = (T : E — F) :=inf {€ > 0 : there are a Banach space Z and R € Z(E; Z)
such that || Tz||r < ¢|z||g + ||Rz| 2z, for any x € £},
satisfies that .
Br(T)=0 <= T eI (E;F).
Therefore, fz(T) = 0 if and only if T € Z(E; F) when Z is closed and
injective.
3. MEASURES ASSOCIATED TO IDEALS OF MULTILINEAR OPERATORS

It is natural to investigate if it is possible to generalize the notion of inner
measure to the setting of ideals of multilinear operators. We will deal with
this issue in this section.

We start by stating two lemmas on the injective hull and the closed hull
of an n-ideal [Z;,...,Z,] that are known results (see [8, p.309]). Because
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this type of n-ideal will play an important role in this paper, and for the
sake of completeness, we include such lemmas and their proofs. First recall
that a Banach space H is said to be injective, or it has the metric extension
property, if for any Banach space GG, any closed linear subspace E of G,
and any R € L(E; H), there exists an extension S € L(G; H) of R with
151 = lI&l

Lemma 3.1. Let Zy,...,Z, be linear operator ideals. Then,
(a) [Ty,...,T,)"™ c [T, ... Ti™].
(b) [Lh,...,Z,] C [T4,...,Z,].

Proof. (a) Take T € [Zy,--- ,Z,)™ (FE,...,E,; F). For each i = 1,...,n,
consider the mapping

ji: L(E, D By F) = L(BEy B Byt (Bes))

given by 5;(A) := Jpo A, A € L(E,, ., E,; F). Since Jp is an isometry,
the map j; is a metric injection. For any x; € E;, we have

3i(Ti(z:)) (21, W, 2,) = (Jp o (Ti(xy))) (21, 1, 2)
= Jp(T(21,...,2,)) = (Jp o T)s(;) (2, 1., z,).

Using the metric extension property of £, (B _ )*), there is a contin-

uous linear mapping
¢i: LBy, W Bl (Bpe)) — loo(B
Then,

Hence, T; € Ifnj(Ei;E(El,,.[?].,En;F)) for all ¢ = 1,...,n. Thus, T €
[Iinj> U ’Iriznj]'

(b) Let T € [Z, ..., Z,](EL, ..., By F). Given € > 0, we find n-linear op-
erators A, B € L(Ey,...,E,; F) such that A € [Z,,...,Z,](E1, ..., Ey; F),
|B|| <eand T'= A+ B. Foreachi=1,...,n, we have T; = A; + B;, A; €
T(E; L(E, W E,; F)) and ||B;|| < e. Then, T; € Z;(E;; L(E, 1., E,; F)).

Hence, T € [y, ...,Z,). O
As a direct consequence of Lemma 3.1 we derive the following result.

Lemma 3.2. Let 7,,...,Z, be linear operator ideals.
(a) If 14,...,Z, are injective, then [I,,...,Z,| is injective too.
(b) If7,,...,Z, are closed, then [I,...,T,] is closed too.

) [T, =T",i=1,....n, then [T,....T,| = [T, ..., L]

inj
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Proof. (a) It follows from
[Zy,..., L) c [;,"™,..., T, = [T, ..., T,

(b) The next inclusion gives the result:

[Il,...,In] C [E,,In] - [Il,...,In].
Now (c) is obvious. O

Let 7, ...,Z, be linear operator ideals. By [8, p.309] we trivially have
LT, 2)" cca™,. ... T,").

Let us show that for some particular operators the other inclusion also
holds. To prove the next result, we need to extend a continuous multilinear
operator S : E; X --- X E,, — F to some continuous multilinear operator
ext(S) : Ef*x---x E** — F**. Continuous bilinear operators A : Fy X Fy —
F were extended to continuous bilinear operator from E}* x Ej* into F**
by Arens [1]. This extension is built by considering three times in a row the
following transpose:

A: F*xFE, — Ej
(" 21) ~ Ay @) (x2) = y* (A2, 22)),
11 € E1, 19 € Ey and y* € F*. This procedure gives two, in general different,
extensions: A" and AT where B (zy,15) = B(xs, 1) for any bilinear
mapping B, and are known as Arens products. This procedure was gen-
eralized by Aron and Berner [2] to arbitrary multilinear mappings. Given
a continuous multilinear operator S : £y X --- X E, — F we will denote

AB(S) : Ef* x --- x EX* — F** one of the Aron and Berner extensions of
S.

Theorem 3.3. Let 1y, ..., 1, be linear operator ideals and let Ey, ..., E,, F
be Banach spaces. If S € L(co,...,co; F) and R; € 7" (Eys; o) for each

i=1,...,n, thenSO(Rl,...,Rn)EE(Il,...,In)m

Proof. We can trivially assume S # 0. Fix € > 0 and ¢ € {1,...,n}. Since

R; € f nj(El-; ¢p), there exist continuous linear operators A;, B; € L(E;; co)
such that
L. gl/n
A; € I;n](EZ’;CO), ||B7,|| < W and R; = A; + B;.

Let {e; : j € N} be the usual canonical basis in ¢;. Having in mind that
(c§)* = (01)" = l~, define the map

P EOO(BQ) = Lo, P(U) = (nejﬁozh
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for any n := (n, )y ep,, € leo(Be,). Clearly the map P is well-defined, linear
and continuous, with || P|| < 1. Moreover, Po J,, = I.,, where I, : ¢cg — lw
is the canonical injection.

Take any of the Aron and Berner extensions of S : ¢y X -+ X ¢g — F|,
denoted by AB(S) : fo X - -+ X log — F**. Consider the canonical isometric
inclusions Ip : F' — F* and Kp : F** — ((Bp+), given by y** € F** —
((y*, ™))y eBp. - These mappings are related via the equality Jp = Kpolp.
Since J., 0 A; € Z;(E;; loo(By,)) for an arbitrary ¢ € {1,...,n}, it follows
that the map

To:=KpoAB(S)o(PoJ,o0Ay,...,PoJ,0A,)
belongs to L(Zy,...,Z,)(E,. .., En; leo(Br+)). Besides,
Ty=KroAB(S)o (IyoA,.... I 0A,) = JroSo(A,... A).
Then, So (Ay,...,A,) € L(Zy,...,L,)™(Ey,...,E,; F). Since
IS0 (Ris. o, Ra) = S0 (v, A < ISRy — Al | By — A
€
= ISIIBll - -l Bnll < HSHW =,

we conclude that S o (Ry,...,R,) € L(Z,... ,In).nj(El, oo By F). O

Let us denote by L. (Zi,...,Z,) those elements in L£(Zy,...,Z,) that
factor through ¢y X -+ X ¢g, i.e. T € Loy(Zh,..., L) (Fy, ..., Ey; F)if T =
So(Ry,...,R,) for some S € L(cy,...,co; F) and some R; € Z;(FE

1=1,...,n. Then, Theorem 3.3 can be rephrased as follows:
Lo@™, T C L@, L))"

Next let us extend the inner measure introduced by Tylli [34] to the
setting of multilinear operators.

Definition 3.4. Let Z;, . .., Z, be linear operator ideals. For T' € L(Ey, ..., E,; F),

5[11 ..... In](T) = 5[11 ..... In](T By x - x E, = F):=

inf{e > 0 : there are Banach spaces Z; and R; € Z;(E;; Z;) so that if 1 € Fy, ...z, € E,,
[T (21, .. zn)llp < el [lzal + i {I1Ri(z; RS Han}}

The following result generalizes the well-known characterization of a closed
injective linear operator ideal (that can be found in [20, Theorem 20.7.3(i)]).
Theorem 3.5. LetZ,, ..., 7, be linear operator ideals and let T € L(FE, ..., Ey; F).
The following statements are equivalent.

) Te@l™,. . T, "UE,... EyF).
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(b) For every ¢ > 0 there are Banach spaces Z; and operators R; €
T,(Ei; Z;), i =1,...,n, such that for all z, € E, ...z, € E,

1T (s an)llp < ellzal - llanll + epn {IRi(:) ] - ||In||}-

(C) 6[11 ..... In](T) = 0.

Proof. If (a) holds, for every € > 0 there exists a Banach space Z; and an
operator Ry € Z;(F1; Z;) such that for any x; € Fy,...,z, € E,

[T(xy, .. wn)llr = [[Th(@0) (@2, ) e < ellzall- - [lanll I Ba(zo)l 22l - - [l ]l
Since this also holds for every i =2, ..., n, we get

1T, an)lle < ellzall - llonll + | _min IRl -2 flzall},
for each x; € Fy,--- ,z, € E,, that is, we obtain (b).

Now assume (b) and let us prove (a). Fixe > 0, then forz; € Ey,...,z, €
E,,, we have

[T (@1, ) lp < ellaall - - [lanll + [ Ry (@) [l2]] - - [l
= (ellzll + [ Bala)l]) lzall - - |-

Thus
1Ty (21) || e, Bnir) = sup [Ty (1) (22, -y ) || o < ellaa||+ ]| Ry () ).

z2€BE,,....tn€BE,

imJ(El; L(Ey, ..., By F)). Reasoning similarly fori = 2, ..., n,

Hence, T} € 7,
we can conclude that T; € T”J(El,ﬁ(El LB F)) foralli =1,...,n
|(E4, ..., Ey; F), so we get (a).

Then, it holds that T € [Z, ", ..., Z, "~
It is obvious that (b) <= (c). O

Remark 3.6. Observe that the proof of Theorem 3.5 also allows to ensure
that for any 7' € L(E, ..., E,; F),

B,z (T) =max{fz,(T;) :i=1,...n}.
Remark 3.7. We have established in Theorem 3.5 that Sz,

acterizes when an n-linear operator belongs to the 1deal [I_1z ,...,Inm]].

z,) Just char-

.....

However, note that the inclusion [Z;, ... ,In] [I1 T j] always
holds, but it is not an equality in general. In fact, for Z; = 7, = A, the ideal
of (linear) approximable operators, it holds that [A, A~ # [A™, A™]. Tt
is well-known that A = K (see [30, Proposition 4.2.5, Remarks 4.6.13
and 4.7.13]). By [8, Example 3.4] (see also [3, proof of Theorem 4.5]), there

exists a Banach space F without the approximation property and an op-
erator u € L(F; E*) that is compact, symmetric and non-approximable.



CLOSED INJECTIVE IDEALS OF MULTILINEAR OPERATORS ... 9

Let A be the bilinear form on E X E considered in [8, Example 3.4], de-
fined by A(x,y) = u(z)(y). It is immediate that A € .[711"],7(’”] since
Ay = Ay = u € K(E; E*). Nevertheless, if A € [A, A]mJ(E, E;F), taking
into account that F is an injective space and A is closed, it would follow
(see [8, Corollary 2.6]) that

A€TA A" (B, EsF) = A Al(B, EF) = [A, A(E, ;)
but this is a contradiction because A; = Ay = u & A(FE; E).

In order to establish the next results, we recall that if 7 is a Banach
linear operator ideal (see definition for example in [20, 19.3] or [15, Chapter
I, Section 9]), then the closed injective hull of Z can be characterized as
follows (see [20, Theorem 20.7.3(ii)] or [21, Section 1,(3)(a)]): An operator

T € L(FE;F) belongs to T "’ (E; F) if and only if there are a function N :
R* — R*, a Banach space G and an operator S € Z(FE; G) such that

IT(z)||r < N()||S(@)|le + ¢l|z||z, for every e > 0 and each z € E. (1)

Let us see how the inequality (1) results in a general factorization theo-
rem. We will proceed with the multilinear case directly.

Theorem 3.8. LetZy, ..., 1, be Banach linear operator ideals, let By, . .., B,
be Banach spaces and let T € L(Fy,...,Ey: F). Then, T € [I, ", ..., T, "1(F\, ..., Ep: F)
if and only if for each i = 1,...,n, there exist a function N; : RT — R*

and a linear operator S; € L;(E;; G;) such that

1T (1, za) | < (Nilen)[Sa(@) [ +erllaall) - (Nn(€n)IISn(xn)HJré?nllxn(H)),
2
foralley >0,...,6, >0 and 1 € Ey,...,x, € E,.

ingj =—inj

Proof. Assume first that T € [Zy 7, ..., I, "|(E1, ..., En; F). Then, there

are Banach spaces Hy,..., H,, linear operators R; € l_'imJ(EZ-;Hi) and a

continuous n-linear operator S € L(Hi,...,H,;F) such that T = S o

(Ry,...,R,). By (1), there are functions N; : RT — R* and a linear

operator S; € Z;(E;, G;) such that for any ¢; >0 and z; € F; (i =1,...,n)
[Ri(zi)ll < Ni(eD)|Si (i) || + eillasll,

where €] = ”5—1” and €, :=¢; if i = 2,...,n. Hence,
1T (@1, - ) llr < ([SI[BRu(@)] - - ([ Bn(2a) |
< 1SN EDIS @) + eillzall) - (Nulea)[1Snlan)ll + nllzall)-

The functions ||S||N1i(e1/||S]), N2(g2), ..., Nn(e,) and Sy, ..., S, are what

we were looking for.
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Let us proceed with the converse. Suppose that for every ¢ = 1,...,n
there exist a function N; : Rt — R* and an operator S; € Z;(E;; G;) such
that

T (@1, o)l < (Nile)lISi(@)l+erllenl]) - (Nalen) |Salza)ll+enllzall),

forall z; € Fy,..., 7, € B, and all e, > 0,...,&, > 0. We will prove that
T, € T, (E;; L(Ey, . E,; F)), for i = 1,...,n. It is enough to see it for a
fixed 7, since the argument is the same for the rest. Take for instance ¢ = 1.
Let € > 0 and z; € E;. Given arbitrary s € Bg,,...,x, € Bg,, choosing
in (2) any ¢;, > 0(j = 2,...,n) and 1 = ¢/K, with K = (Na(e2)|Sa]| +
€2) -+ (Nn(en)||Snll + €n), it follows that

[T (1) (2o, - ) | = ([T (2, )|

SE(ﬁﬁ(fl)Hslﬁtlﬂl4-€1H$1H)"'(ﬁﬁiﬁn)HS%(xn)H4-€onnH)
< K(Ni(e)[|Si (@)l +erllaall) = KN (en)][Si(z)]] + ezl

Hence, denoting N;(e) = KN (/K), we conclude that

~

-----

—inj

Thus Ty € 7y " (E1; L(Es, ..., Ey; F)), and the proof is complete. O
Remark 3.9. If T satisfies the domination inequality (2) of Theorem 3.8,
then T" € £(I_1m], e ,I_nm]). We will just give a sketch of this. For each

1=1,...,n, consider the positively homogeneous function
¥i(x) = nf (NS +<llell}, @ € B

and its convexification

m

||Ii||Ni,Si = 1nf{z CI)Z([EZ]> . ZCL’Z‘J' = [Ez‘}, ZT; € Ez

j=1 j=1

Let Ey, s, be the Banach space defined as the completion of the quotient
space formed by the equivalence classes © = y < ||z — y||n,.s; = 0. Note
that the quotient map j; : B; — Ej;, g, is continuous and so

€
l2illv..s, < Ki®ilws) < KoNe( 75 ) ISs(@)ll + il
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for some constant K; > 0 and all &; > 0 and all z; € E;. Using (1),

Ji € ij(Ei; En,s,),i=1,...,n. Moreover, T" admits the following factor-
ization through the product of the Banach spaces Ely; g,
T
E1><--~><En 7F
(Gt N s

EN1751 X X ENmSn
where S is a continuous multilinear map.

Our aim now is to introduce a multilinear measure that characterizes the
operators that belong to M, ", for a given n-ideal M,,. It turns out that
this measure will coincide with the inner measure of the linearization of the
multilinear mapping for certain class of multi-ideals. The following result
is a preliminary step before our objective.

Proposition 3.10. Let M, be an ideal of n-linear operators and T €
L(Ey,...,Ey; F). The following assertions are equivalent.

(a) T € MM(Ey, ..., B, F).
(b) There are a Banach space G and an operator R € M, (E, ..., E,; Q)
such that

HZT(z{,,xfz) ‘ < HZR(x{,,xi) :
j=1 j=1

forallmeN and all 2 € Ey,...,x) € B, j=1,...,m.

Proof. (a)=(Db) It is enough to take R := JpoT.

(b)==(a) Consider the normed space G defined as the linear span of
R(Ey x --- x E,) C G, ie. the normed space of all vectors of the form
S R(x, ., x)) € G, with m € Nand ) € Ey,...,2) € Epj =
1,...,m. Now observe that the linear operator Sy : Go — F' given by

so(fjw,...,xz;)) =N T ),
i=1 j=1

is well-defined. This can be checked using the assumption in (b) and taking
into account that, for each j, it holds that

+ T(yia y%v ZIZ";) - yij’n 1{17 s 733%) +ot T(yia y%7 s 73/51—17 l’% - yfz)
We can extend Sy to the completion G of Gy: write S for this extension.
Since (*°(Bp+) has the metric extension property, we obtain a new operator
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St . G — (*°(Bp+) which satisfies that Jp o T = S“* o R. Due to R €
M, (Ey, ..., E.;G), we get that JpoT € M, (Ey, ..., E,; (°(Bp+)). O

In 2010 Botelho, Galindo and Pellegrini [8, Theorem 2.4] proved that,
given T € L(Ey,...,Ey; F), T € M, (Ey, ..., E,; F) if, and only if, for
each € > 0 there is a Banach space Z and R € M,,(E1, ..., E,; Z) such that

| STl a)
j=1

)

(3)

m ) m )
Lo ladlls o I@hls, + | YD R 0)
j=1 j=1

forany m € Nand 2} € Ey,...,2l € E,,j=1,...,m.

Inspired by (3), we next introduce a measure E A, Which satisfies that
BMn (T) = 0 if and only if T € M,"”. Thus, in particular, BM,L(T) =0
if and only if T € M,,, whenever M,, is a closed injective ideal of n-linear
operators.

Definition 3.11. Let M, be an ideal of n-linear operators. For T €
L(Ey,...,E;F),

B, (T) = B, (T : By X - X B — F) :=
inf {a > 0 : there is a Banach space Z and R € M,,(F,..., E,; Z) such that

m . m . m .
| X r@l )| < el el + | Y R ad)|
j=1 j=1 j=1

forallmENandalla:{EEl,...,a:ZLGEn,jzl,...,m}.

Remark 3.12. It is very easy to check that if M,, = [Z;,...,Z,], where
1y, ...,Z, are linear operator ideals, it holds that

,,,,, 7,](T), there are a Banach space Z and an operator R €
7y, ..., T,](E, ..., Ey; Z) such that, for all 1 € Ey, ..., z, € E,,

[T (21, wn)llr < ellaall- - laall + [ R(z1, - 20)]
< ellzall -+ Nall + [ Rilaa) [l H [la]]
whatever ¢ = 1,...,n. Therefore,

,,,,,
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This implies Bz, .. 7,)(T) < 5[11 7,](T). However, choosing Z; = Z, = A,

-----------

the ideal of approximable operators, and taking A the bilinear form consid-
ered in Remark 3.7, we know that 54 4(A) = 0 because A € (A" A™(E, E;F),

——inj

but 5[,47,4](14) > 0 since A ¢ [A, Al " (E, E;F).

Remark 3.13. We note that both measures we have introduced so far,

-----

ideal of linear operators. For instance, if € > Bz(T') there exist a Banach
space Z and an operator R € Z(F; Z) such that

IT(x)||r < ellz||g + ||R(x)|z, for all z € E.
Thus, for any m € Nand 2/ € E,j =1,...m,

|>-re)

and so £ > f7(T). The other inequality S7(T) < B(T) is also trivial.

Remark 3.14. Any R € L(Z,,...,Z,)(E, ..., E,; F) factors as R = Bo
(S1,...,Sh), for some S; € Z;(E;; G;), some B € L(Gy,...,Gy,; F) and some
Banach space G;, 7+ =1,...,n. Then

[B(zy, - )l < [IBIIS1 (@)l - - [[Sn(zn)-

9

Z

= ()], == e+ [3- e

=1

Proposition 3.15. Let M,, be an ideal of n-linear operators. For T €
L(Ey,...,E; F),

B, (T) = inf {5 > 0 : there are a Banach space Z and R € M, (Ey, ..., E,;Z) so that

Hg T(x],... 20) Sa-w(i x{@@mﬁl>+“g R(z),...,20)],
F
i=1 j=1 i=1

for any m € N and allx{EEl,...,xﬂeEn,jzl,...,m}.

Proof. Clearly, E M, 18 less than or equal to the above infimum. To show the
converse inequality take T' € L(Ey, ..., E,; F). Lete > Oz, (T) and let x] €

Ey,...,7J € E,,j=1,...,m. Consider the tensor@zzgnzlx{®---®x%

and take 6 > 0. We can find a representation of § = 22:1 Yl @ @yl such
that

!
Dol llyall < w(9) + 6.
j=1
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Then, for some Banach space Z and some operator R € M, (E, ..., E,; Z),
we have (adding zeros if necessary)

St s = (A o) = [ (St o i)

l l l
= ST || < e Sl i+ 3 R )
Jj=1 j=1 j=1

< e(m(0) +0) + HiR(w{,...,x{) .

As 9§ is arbitrary, the conclusion follows. O

As mentioned before, in [8, Theorem 2.4] it is proved that given T' €
L(Ey,...,Ey; F), then By, (T) = 0if, and only if, T € M,,"(Ey, ..., Ep; F).
Proposition 3.15 seems to indicate that, given a multi-ideal M, B4, (T) is
close to S, (T1), and one could even think that both values coincide. This
will be the case if M is closed under linearization, i.e. if T;, € My when-
ever T' € M. However, it cannot be ensured in general that T, € M;
when T € M. Indeed, Botelho [7] gave an example of a p-dominated n-
homogeneous polynomial F, which is not weakly compact. Therefore, its
linearization Ly is not weakly compact. Given T' € L("E; F') we denote T'
the polynomial T(z) = T(z,...,z). Consider the ideal M, of all contin-
uous n-linear operators 1" such that T is p-dominated. Then, the unique
symmetric n-linear operator Tj associated to Py satisfies that Ty € My, but
its linearization Ly is not absolutely p-summing, that is, Lg & (Mp);.

Let us show a class of multi-ideals M for which T, € M; if and only
if T' e M. Let Z be a linear operator ideal. The composition multi-ideal
Zo L is formed by all compositions of continuous multilinear mappings with
elements of Z; that is, an n-linear operator 7' belongs to the component
ZoL(Ey,...,E,; F)if there are a Banach space G, an n-linear operator S €
L(Ey,...,E,;G) and a linear operator R € Z(G; F') such that T = Ro S.
By [9, Proposition 3.2] an n-linear operator T' € L(E}, ..., E,; F) belongs
to Z o L if and only if its linearization T}, belongs to Z(E\®y - - - @ Ey; F).
Therefore,

Broe(T) = Br(Ty), for any T € L(Ey, ..., Ep; F).

Examples of this kind of composition multi-ideals are the compact multi-
linear operators, the weakly compact multilinear operators (both as conse-
quences of the work of Pelczyniski [27]), that are composition of continuous
multilinear operators with compact operators and weakly compact operators
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respectively, and the factorable strongly p-summing multilinear operators
introduced in [28], that can be seen as composition of continuous multilinear
operators with absolutely p-summing linear operators (see also [32]). Other
examples can be found in [9].

Corollary 3.16. LetZ be a linear operator ideal and let T € L(E,, ..., E,; F).
The following statements are equivalent:

(a) T€Zo L™ (Bn,...,En F).
(b) T, € T (By @y - - ©r By F).
(¢) Proc(T) = 0.

(d) Bz(Tr) = 0.

Corollary 3.17. Let T be a linear operator ideal. Then, T o L =T"or.

This last Corollary has been already stated in [8, Proposition 4.6].

4. INTERPOLATION PROPERTIES OF THE MEASURES

Before of establishing the results of this section, we recall some basic
definitions about interpolation theory.

It is said to be that A = (Ag, A;) is a Banach couple if Ay and A,
are Banach spaces which are continuously embedded in some Hausdorff
topological vector space. The spaces X(A) := Ag+ A; and A(A) := AgN A,
become Banach spaces when endowed with the norms K(1,-) and J(1,-),
respectively, where the K and J functionals are defined, for ¢ > 0, by

K(t,a) = K(t,a; A) == inf{||ag|| 4, + t||ar]| 4, : a = ag+ay, a; € A;}, a € L(A).
J(t,a) = J(t,a; A) == max{||a| 4, t|al]|a,}, a € A(A).

A Banach space A is called an intermediate space with respect to A =
(Ag, Ay) if A(A) < A — X(A), where “—” means continuous inclusion.
An intermediate space A with respect to A = (A, A;) is said to be of class
C;(0; A), where 0 < 0 < 1, if there exists a constant C' > 0 such that for all
t>0and a€ AyN Ay,

lal|la < Ct2J(t,a). (4)
The real interpolation space (Ag, A1)g, and the complex interpolation space
(Ao, A1)jg) are important examples of spaces of class C(6; A). We refer to
the books [5] and [33] for wide information about fundamentals of interpo-
lation theory.

Next we investigate the behavior under interpolation of the measures
Biz.....z,) and Bay,, introduced in Section 3. Our techniques are inspired by
ideas used in [11, Theorem 3.3] and [12, Theorem 3.1] (see also [13]) for the
linear case.
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Theorem 4.1. Let M,, be any ideal of n-linear operators, let Ey, ..., E, be
Banach spaces and let F' = (Fy, Fy) be a Banach couple. Assume that F is

of class C;(0, F) with constant C. For T € L(Ey, ..., E,; A(F)),

B, (T:Ey x - x E, > F) <
CBu (T By X -+ X Ey = F)) " By (T By % - x By — Fy)P.

Proof. Let ¢, > EMTL(T cFy x - x E, = F), k=0,1. Then, for certain
Banach space Z; and n-linear operator Ry € M, (F1, ..., E,; Z), it holds
that

(k=0,1),

Zy;

| > rd || <o Dl Nl D Relad, )
j=1 P j=1 j=1

forallm e Nand 2] € Fy,...,2) € E,,j=1,...,m.
Let t > 0. We denote Z := (Zy ® Z1); and € := min{eg, €, }. Moreover, we
define the n-linear operator R € L(E4, ..., E,; Z) by

Ct=% max{eg, te, }
£

R(xy,...,x,) = (Ro(1, ... xn), Ri(1, ..., ).

Since R = C2madeoted (o Ry + 4y o Ry), where ¢y : Zp — Z is the
natural inclusion (k = 0,1), then R € M, (FE1,...,E,; Z).
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For any m € N and ] € Ei,...,x) € E,,j=1,...,m, it follows from (4)

that
HZT Ij S Ct79J<tva<x{7""$ib)>
j=1
<ot {tk< MNoee 2 H Ry (2 J >:k;:0 1}
< max 5kal||x1|| 2, || + Z k(21 )Zk ;
<Ot {tk ( j J H Ryl ... ):k:(),l}
< Ot~ max { the, ;Hle Al + = Z w(@l,... 2d) .

< Ot max{eo, tey} max { Z 22| - 1 || + EH ZRk(x{ k=0,1}
s <

Zy,

<Ct emax{go,tgl}[ZHxln Nl ||+

7j=1

+§(H§Ro<xg,...,m

- max{eo,ta}[z -l + -

Ri(2?, ... 2
ZO_‘_HZ 1(1‘1, 7xn)

£
e Ct=9 max{eg, te1 }

)
‘ZR cad)

J

Therefore, for any ¢ > 0, it holds that

B, (T : Eyx---xE, — F) < Ct’emax{tkEMn(T Eix-x By = ) k= 0,1}.
(5)

We consider three possibilities:
1) IfﬁMn(TEl X XEn—>F0>:O, then

B, (T Ey X+ X E, = F) < Ct'" By (T : By X -+~ x E, — F)

for each ¢ > 0. Hence, Bu, (T : By X -+ X E, — F) = 0.
i) If Bpg, (T By % -~ x E, — F}) = 0, then

B (T:Ey %X E, = F)<Ct 8, (T:Ey x - x B, = Fy),

for every t > 0, aridsogMn(T:El XX B, — F)=0.
iii) Assume that S, (1': By X -+ X B, — Fk) > 0 for k = 0,1. Then, for
B, (T By X -+ X By — )

BM (TE1 XEn—>F1)

the particular choice t :=

> 0in (5), it turns
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out that
B, (T :Ey X -+ x E, = F) <
CBu (T By X -+ X Ey = F))" By (T By x -+ x By — Fy)P.
O

Corollary 4.2. Let M,, be a closed injective ideal of n-linear operators.
Assume that F' = (Fy, F1) is a Banach couple and F is of class C;(0, F'). For

T e L(Ey,...,Ey; A(F)), it follows that T € M, (E\, ..., E,; F) whenever
T e Mn(Eb ey En; Fo) orT € Mn(Eb c. 7En7 Fl)

Theorem 4.1 recovers [11, Theorem 3.3] in the particular case n = 1
and Corollary 4.2 can be read as a version of [19, Proposition 1.6] in the
multilinear case.

We remark that even for n = 1 a similar result to Theorem 4.1 does
not hold in general if T € L(X(E); F), where E = (Ey, F}) is a Banach
couple and F' is a Banach space. To see it, we first recall that if (€2,3) is a
measurable space and p is a o-finite measure on (2, X)), then it holds with
equivalence of norms that (see [5, Theorem 5.3.1])

(Loos L1)o.q = Lpy, for 0<f8=1/p<1,1<q<o0. (6)

As usual, the Lorentz space for the particular case 2 = [0, 1] or = [0, 00),
with the usual Lebesgue measure, will be denoted by L, ,[0, 1] or L, 4]0, 00),
respectively.

Take Z = &, the ideal of strictly singular operators, which is a closed in-
jective operator ideal (see [22]). Let E = (Loo[0,1], L1[0,1]), let F' = L;[0,1]
and let T be the identity operator. Then T' : L.[0,1] — L]0, 1] belongs
to Z (see [18]). However, by (6), if 0 < 8 = 1/p < 1, then L,[0,1] =
(L0, 1], L1]0, 1])gp, but as it was pointed out by Beucher [6, Counterex-
ample 2.4] the operator T : L,[0,1] — L;[0, 1] does not belong to the ideal
7 since, according to Khintchine’s inequality, the span of the Rademacher
functions in L,[0, 1] and L0, 1] is isomorphic to ¢5. Thus, the restriction of
the identity operator T to this subspace of L,[0,1] is an isomorphism into
L4[0,1].

The following result provides an estimate in terms of the measures of the

extreme restrictions 7' : Ey x---x E, — A(F)and T : Eyx---x E,, — %(F).

It extends [13, Theorem 3.3]. Note that S, (T : By x - -+ X E, — A(F)) <
\T||g,...,.F = max{||T|| z5,...6.F) : k= 0,1}, and that our proof does
not involve duality arguments.

Theorem 4.3. Let M,, be any ideal of n-linear operators, let Fy, ..., E, be
Banach spaces and let F' = (Fy, F}) be a Banach couple. Assume that F is
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of class C;(0, F) with constant C. For T € L(Ey,..., E,; A(F)),
Bu, (T:Ey % x E, > F) <
ACBp, (T By X -+ x By — AF)7° By (T : By X -+ x E, — %(F))®,
where © = min{f,1 — 0}.
Proof. Let n > 0. We take any ¢t > 1 such that
t%<n and t7l<n. (7)

Let ¢ > B, (T : By X --- X E, — %(F)). Then, it is possible to find
a Banach space H and an n-linear operator R € M, (FEy, ..., E,; H) such
that

| r@d ), <o Xl el [ R
j=1 j=1 j=1

forany m € Nand 2} € Ey,...,2l € E,,j=1,...,m
On the other hand, if § > By, (T : By X - -- x E,, — A(F)) then, for certain
Banach space G and n-linear operator S € M,,(Ey, ..., E,;G), it holds that

T(x,... < ANl 2l H 1l

| rd ) <SSl el + || St
Jj=1 j=1 j=1

foreverymGNandm{EEl,...,a:{ZGEn,j:L...,m.

Let € > 0. We define V := (H ® G); and P € L(FE, ..., E,;V) given by

P(xy,...,zn) = 2+ )t (R(xy, ..., x0),S(T1,. .., Tp)).

Due to P = (2+¢e)t(pgo R+ 11 0S), where g : H -V and ¢, : G -V
are the natural inclusions, it follows that P € M (Ey, ..., E,; V).
For any m € N and 2} € FEy,...,2) € En,j = 1,...,m, there exists

)

O

a decomposition of ZT(w{, .,a)) as ZT ;1:1, . = Yo + y1, with
yr € F and =
lyellse < loll il < (1<) im{ oy B=0.110)
It follows from (10) and (8) that
Il < (120 S Ll b+ 10) | 3 Rt o) . k= 0.1
j=1 j=1
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Since also y, € A(F), k= 0,1, using (10) we obtain that

m
lellr = | ST 2 = v, el
j=1

1—k -1 1—
<[IST1(d,. .. o 1 H T(a),... a0
= HZ ('rlv 7xn) A(F')+( +5) Z (ID 7'rn) Z(F)
j=1 7j=1
< 2+5H ij,...,xfl .,
ERE PILIC RS T
for k =0,1. By (9),
lellr e < @408 Il bl +2+0)| Do S, ad)| . k=0.1
j=1 j=1
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Taking into account (4), (7), (11), (12) and the fact that ¢ > 1, it holds that

> 7 )
j=1

< Cytmax {{lyollm. t " [lyollm } + Cmax {{lysllm,. tlly |l }

< C’ntmax{(l +e)0 > [l - il + (1 +5)H S R(al,....a})
i=1 j=1

=

LS lwolle + llyille < G, yo) + C0T(E 1)

Y

)

Y

i)

m m
— 20 max {(1+)ot Y Jalll--- el + (1 -+ 2)t| 3 Riad, .. 22)
j=1 j=1

)

@Y Nl el + @+ o) Yo Sl ad)
j=1 j=1

+Cnmax{(2+6)5z 22| - |2 || + (2+6)H ZS(m{, 1)
=1

j=1
{1 +)o - ladl-- gl + (1 +9)| 3 Riad, .. 2h)
j =1

Jj=1 J

)

@+2)8 Y llzdll- - lagll + 2+ 9)|| 3 Sl .., a3)
j=1 j=1

< 2Cnmax {(1+&)ot, (2+)6} > _|l]|--- ||+

j=1

(14 5)tH S R(ad,...al)
j=1

H+<2+e)H;s<x{,...,xg) i

< 2Cnmax {(1+e)ot, (2+¢)6} > |l -~ 5]+

j=1

+(2 —|—5)t<H ﬁ:R(x{, 2l

)

= 2Cnmax {(1+£)ot, (2+ )5} > _ [l -+~ =] | + H > P(al,....x))
j=1 j=1

Hwéwg,...,x@

.
Hence,

B (T By x - x B, — F) < 2Cnmax{(1 + €)ot, (2 + £)d}.
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Therefore
B, (T By % -+ x E, — F) <2Cn-
cmax{ B, (T : By X -+ x Ep — S(F) 280, (T : By X -+ x E, — A(F))}.

(13)

We consider the following two cases: N

i) If Bpg, (T 2 By x -++ x E, = S(F)) =0, then B, (T : By X -+ x E, —

F) =0 as well, since 7 is arbitrary.

ii) Assume that S, (T : By X -+ x E, — S(F)) > 0. Note that S, (T

Ey x---x E, — A(F)) > 0 too, because

Bt (T By X -+ X By — S(F)) < B, (T : By x -+ x B, — A(F)).
Take

R B, (T By x -+ X B, — S(F)) ’ B (T By x - x B, — %(F))
C B (T By x - x B, — A(F)) B, (T By x -+ x B, = A(F))

The real number
B, (T : By X - X By — A(F)) -
B, (T By x -+ x B, = 2(F))

satisfies (7). If we denote © := min{6,1 — #} and substitute these concrete
choices of n and ¢ in (13), we obtain that

B, (T By X - X By — F) <4CBu, (T : By x -+ X B, — A(F))-

i ) (P (T2 By x o X By S(F)) DB (T B % x By S(E)\
Bu (T:Erx - X E, = AF))) "\ Bu,(T:Eyx - x B, — A(F))

t:=

=4C'5mn(T:E1><---><En—>A(F))(@"‘”(TiEl X oo X By — 5( ;;)

B, (T : By X -+ X Ep — A(F
= 4CBm, (T : By X -+ X By = A(F)'"® Bp, (T : By X -+ % B, — %(F))°.
O

Corollary 4.4. Let M,, be a closed injective ideal of n-linear operators.
Assume that F = (Fy, Fy) is a Banach couple and F is of class C;(0, F).
ForT € L(Ey,...,Ey; A(F)), it follows that T € M,,(E, ..., E,; F) if and
only if T € M, (El, o Ea S(F)).

We can use Corollaries 4.2 and 4.4 to establish results on the interpo-

lation of certain classes of multilinear operators. Namely when M, =
[1_11 m, . ,I_nmj], where 7., ...,Z, are ideals of linear operators, it holds
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that M, is a closed injective ideal of m-linear operators and so Corollar-
ies 4.2 and 4.4 can be applied to M,,. In particular, let us consider Z to
be any of the following ideals: (the closed injective ideal of) compact op-
erators, weakly compact operators, strictly singular operators, Rosenthal
operators, Banach-Saks operators, or decomposing operators (also called
Asplund operators). Then, if M, = [Z,...,Z] we obtain an extension to
the multilinear case of some interpolation results for these ideals of linear op-
erators established in the literature (see for example [5, Theorem 3.8.1(ii)],
[19, Proposition 1.6], [6, Proposition 2.1] and [25, Proposition 5]).

On the other hand, the previous interpolation formulas can be applied to
provide, for instance, upper estimates for the measure S, (T : Ey X - -+ X
E, — L,,[0,00)) for any Lorentz space L, ,[0,00). Thus, because of (6),
the following logarithmically convex inequalities hold (for adequate C' > 0
in each case):

Bty (T 2Br -+ X By = Lpg[0,00)) <
CBMm (T By % -+ x By — Lo 0,00)) 77 By, (T2 By x -+ x By — L1[0,00))7
and
Bt (T 2By x - By Lygl0,00)) <
Cgmn(T By x - x E, = L1[0,00) N Lo [0, OO))max{%,k%
Bt (T By X -+ x By — L1]0,00) + Lag[0,00))™ 15175}

Analogously, taking into account that if Fy = L;[0,00) N Ly [0, 00) and
Fy = L1]0,00) + Loo[0, 00), then

L,[0,00) N Ly[0,00), 2 =1-6,0<60<1/2,
(Fo, F1)ig = fi
L,[0,00) + Ly[0,00), L=1-6,1/2<0<1,

where 1/p+ 1/p’ =1 (see [24]), we obtain for 1 < p < 2 (and some C' > 0)
that

B, (T By X -+ x B, — L,[0,00) N Ly[0,00)) <
CBu, (T : By % -+ x By — L1]0,00) N Log[0, 00))7 -
B, (T By x -+ x Ey = L1[0,00) + Loo[0, 00)) "7,
and for 2 < p < oo (and some C' > 0) that
B, (T By X -+ x B, — L,[0,00) 4+ Ly[0,00)) <
CBm (T : By % -+ x By — Ly1[0,00) N Loo[0, 00)) 7 -
B, (T By x -+ x By — L1[0,00) + Log[0,00))! 7.
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The following result can be proved in a similar way to Theorems 4.1 and
4.3. We include the proof for the sake of completeness.

Theorem 4.5. Let 1,,...,Z, be linear operator ideals, let Ey, ..., E, be
Banach spaces and let F' = (Fy, Fy) be a Banach couple. Assume that F is
of class C;(0, F) with constant C. For any T € L(E,..., E,; A(F)),

06[1’1 In](T . El X o+ X En — Fo)lieﬁ[zl ..... Zn](T . El X oo X

.....

E, — F})
(b) Bizy,.g)(T By x - x E, = F) < B
4Cﬁ11 _____ T, (T E1 - X En — E(F»@ﬁ[zl 77777 In](T : E1 X X
E, — A(F))'-

where © = mm{@ 1—6}.

Proof. We start by proving (a). Let e > Bz, 7T : By x -+ x E, —
Fy), k = 0,1. We have that for Banach spaces Zf and operators RF €
T.(Es; ZF) (z =1,...,n), it holds that for all z; € Ey,...,z, € E,

L}, k=

TGzl < ellaall - lonll+ _min {17 ()

77777

We write Z; for (Z?®Z}); and € := min{ep, e, }. Take t > 0 and consider the
operator given by R;x := M(R%,Rﬁ), r € E(i=1,...,n).

The operators R and R} belong to Z;, and so R; also belongs to Z; (i =
1,...,n).
By (4) we have, for any =, € Ey,...,x, € E,,

I T (1, ... 20)l|p < CtO0TET(2, ..., 2,))

< Ot mae{# (el el + _min {IRE@l z¢ll ]| - ||xn||})

77777

_ 1
< ot max {tre (ol el + 2 _min (RS ze ol - llal}) : k=

€ ie{l,...,
< Ct~" max{eq, te1 }-

0, 1.

:k:0,1}

1
max { ] ]l + 2 _min LIRE o lall} = B = 0,1}

.....
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Thus,
IT (@1, o)l < C max{eo ter} - [l llza+
1 ) [i]
- Rz, Rz, e, }]
2 min LRl + Bl z) o] =
— Ot max{eo, t1} - [Hle R [
1 € . (7]
! Rz o laal}]
+€ Ct_emax{so,tal}ie?llj.r.l,n}{u (wa)llzl|z I H}
_ . (7]
= Ot max{ey, te}|all -+l + _min (| R(z)z o] - ]}

By z)(T : By -x B, — F) < Ct~° max{tkﬁ[zl,...gn](T B X By = F) k=0, 1},

for any ¢ > 0. Finally using an analogous reasoning to that used in the last
part of the proof of Theorem 4.1, the estimate given in (a) is proved.
Now we establish (b). Fix n > 0 and let ¢t > 1 be such that

t?<np and 7' <. (14)

Consider o > fiz,,.7,)(T : By x --- x E, — ¥(F)). We can find Banach
spaces H; and operators R; € Z;,(E;; H;) (1 = 1,...,n) so that, for all x; €
El,...,xn € En;

""" ) (15)
Moreover, if 6 > Bz, . 7,)(T : By x---x E, = A(F)) then there are Banach

spaces G; and operators S; € Z;(E;; G;) (i = 1,...,n) for which we have, for
r1 € FEy,...,z, € E,, that

. (4]
1T (21, z0) || am) < Of|zaf] - [l +i€gﬂﬂn}{||5i($i)||a,-||$1|| e Jwall}
(16)
Now for e > 0 and z; € Ey,...,z, € E,, T(z1,...,z,) can be written as

T<x17"'7xn) :y0+y17 Yk S Fka and
HkaFk < HyOHFo + Hy1HF1 < (1+5)HT(Z'1’"'7xn>HE(F)7 k=0,1, (17)
what implies, by (17) and (15), that

,,,,,

(18)
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Taking into account that also 3, € A(F), and using (17), we get that

lyellr e < N (s @)l p vkl < C+e)T (21, 20) Ay, B =0,1.
By (16) we have finally, for £k =0, 1,

lelle o < (240Nl llzalle, +(2+e) _min (Sl - llzall}

""" (19)
Therefore, for any x; € Ey,...,z, € F,, we obtain from (4), (14), (18),
(19) and the fact that ¢t > 1

1T (21, .. )l < llvollr + lnlle < CTE, yo) + Ct0J (1)
< Cntmax {||yollr,, t " llvollr } + Cn maX{Hyll\Fo,tHylHFl}

Ul
! HwnHH}
Ll
g uxnu}}}
Ul

Sy}

-----

t1 [(2 +e)ollzy] - ||leall + (24 5) ' mm {HS z;)|

-----

+ Opmax {2+ )3l ||| + 2+ &) _min {1,z

-----

1+ ol lll + (1 +6), = UAe)|

.....

.....

2 +e)dllzall - llznll + (2 +¢) epin {||5 (i) le;

.....

< 2Cnmax {(1 4 €)ot, (2 + )0}z - - - |z |+

+(2+e)t min LR, + IS a)lla )l - all}

-----

= 2C'nmax {(1 +¢e)ot, (2 + 6)5}||351|| Nenll + {rgun {||U ;)

77777

Lz},

where V; := (H; ® G;), and Uz = (2 + e)t(R;x, S;x) for all x € E; (i =
1,...,n). Since R; € Z;(E;; H;) and S; € Z;(E;; G;), it follows that U; €
Z,(E;; V;) for every i = 1,...,n, and then

Bizy,.z.)(T : By x - x B, = F) <2Cnmax{(1 + ¢)ot, (2 +¢)6}.

..........
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Now similar arguments to those used in the final part of the proof of The-
orem 4.3 allow to establish the validity of (b). 0

Using Theorem 4.5, analogous estimates to those obtained just before
that theorem for B4, also hold for the measure Sz, . 7,

5. SOME EXAMPLES AND APPLICATIONS RELATED TO SUMMING
OPERATORS

It is well-known that the notion of summing operator can be generalized
in different ways to the multilinear setting, and each of them has shown
to be useful depending on the particular application. We will center our
attention in generalizations that allow to get factorization theorems for the
corresponding multilinear map. These are mainly variants of dominated
multilinear operators and factorable summing multilinear operators.

5.1. Examples of multilinear operators belonging to the closed
injective hull of summing multilinear operators. Recall that T' €
L(E; F) is absolutely summing if there exists K > 0 such that

S izl <k s (3 lowr))

for every finitely many x1,...,z, € E. The set of all absolutely summing
linear operators, which is denoted by II;, is an injective Banach linear op-
erator ideal (see for instance [20, Theorem 19.5.3] or [15, Chapter I, Section
11]). We will use the following useful characterization [20, Corollary 20.7.5]
(see also [30, Theorem 17.3.2]):

Lemma 5.1. The following assertions are equivalent for any T € L(E; F).
(a) T €T,/ (F; F).
(b) There is a function N : Rt — R* and a regular Borel probability
measure 1 on Bg« such that

IT(x)|| < N(e) / |(z, ") dn(x*) + €||z||, for each e >0 and z € E.
B
E (20)

Remark 5.2. The characterization given by Lemma 5.1 allows to define a
measure associated to the ideal of absolutely summing operators as follows:
given T' € L(E; F), consider the function

By (T) := inf {8 >0 |T(2)| < N(a)/ |(z,z")|dn(z")+e||z|, x € E, for a given function

Bpg=

N :R" = R" and a given regular Borel probability measure 1 both depending only
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Consequently, T belongs to II;” if and only S (T) = 0.

Jarchow and Matter [21] considered that concrete choices of the function
N in Lemma 5.1(b) provide better descriptions of classes of operators that
are included in the closed injective hull of the ideal of summing operators.
For any 0 < o <1and K > 0let r = 0/(1 — o) and define Ny(e) = £. It
is not hard to check that (20) is equivalent to (see [21, p.47] and also [26,
p.195])

1—0o

1T (2)| < K||m||"</ |(m,m*)|dn(x*)> Cforallz € E.

BE*

This last inequality defines, for 0 < o < 1, the class of (1, 0)-absolutely
continuous operators. Therefore, the class of (1, 0)-absolutely continuous
operators, that trivially contains the class II; of all absolutely summing

operators, is actually contained in its closed injective hull II;"~. A similar
treatment can be done for arbitrary 1 < p < co. The class II(, ) is formed
by all (p,o)-absolutely continuous operators, that is, all T' € L(E; F) for
which there exist a constant K > 0 and a regular Borel probability measure
71 such that

(1-0)/p
) , for any x € E.

7@ < Kl ([ leat)Pdnta)

B~

In this general case, Lemma 5.1 reads as follows (see [20, Corollary

20.7.5]): T belongs to H—pmj(E; F) if and only if there is a function N :
R* — R* and a regular Borel probability measure 1 on By« such that

1/p
|(x, x™)|P dn(:}c*)) +el|z||, for each € > 0 and x € E.

i@l < vE ([

B~

Replacing N (e) with a suitable Ny(¢) and doing similar calculations as for
p =1, we get that 1, 5 C m,™.

Now we use this information in the multilinear case. Take 1 < p <
P1,--.,Pn < 00 such that 1/p =3 " 1/p; and 0 < o < 1. According [14,
Theorem 3.3|, an n-linear operator T' € L(Ey, ..., E; F)is (p;p1, ..., pn;0)-
absolutely continuous (in symbols T € £gs7(p;p17m7pn)) if there are regular
Borel probability measures p, ..., g, on By, ..., By, respectively, and a

constant K > 0, in such a way that for every xy € Fy,...,x, € E,,

CESTES | (A

B*
2

P dp (x)

)(10)/p¢
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The infimum of all K > 0 is the norm ||T|| -

. The linear case gives
as,(p;p1s---Pn)

directly the inclusion:

- —inj —inj
ﬁas,(p;ph---,pn) C [le R >Hpn J-
Therefore, for every T € EZS,(p;P1,~~-,Pn)7 it holds that

6[HP17"'7HPTL](T) = 5[ﬁ;7;J77ﬁ;7;]](T) =0.

Just as some examples, let us apply these ideas to get new classes of
operators contained in .

Example 5.3. (a) We start by considering a function Ny such that Ny <
Ni. Then, when replacing N with Ny in Lemma 5.1(b), we obtain a new
class of operators Ily, that is contained in Il(; ) for all 0 < ¢ < 1. This
is the case if we take, for instance, No(¢) = Klog(2), as we next show.
Fix z € E. The function ¢y(e) = Ny(¢e) fBE* (x,x*)| dn(z*) + €||z|| has a

minimum at
Ky It ldnGe)

and

]

gbo(gx):K(logKfB |<x’x*>|dn(x*)+1)/3*\<x,$*>|dn($*>.

Note that the above holds for arbitrary z € E with ||T'(z)|| # 0. There-
fore, the new class Ily, is defined by all T € L(F; F') for which there is a
probability measure n such that

]l
K [5,. Kz, z)|dn(z*)

for all z € E with | T'(z)]|| # 0. Note that this domination shows in particular
that H1 C HNO-

(b) If we consider a function Ny with N7 < Nj, then we get a new class of
linear operators that contains Il(; ,) for all 0 < o < 1 but it is still contained
in TI; ™. For instance, take Ny(¢) = Ke:. Fix # € E with T'(x) # 0. In this
case, it is not possible to give an explicit formula for the point ¢, where the
function ¢y(c) = Ny(e) fBE* (x,z*)| dn(z*) 4 ¢||x|| attains its minimum, as
this point is given by the solution of the equation

K= [ ldnta) = 2l
BE*

7)) < 5 1og 1) [ oo dnte

The next example refers to the multilinear case.
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Example 5.4. (a) Using arguments as in the second part of the proof of
Theorem 3.8 and taking into account Lemma 5.1, we obtain the following:
Let Ei,..., E, be Banach spaces and let T' € L(E\,..., E,; F). If there
are functions N; : R™ — R* and regular Borel probability measures 7; on
Bp: (i=1,...,n) such that

T, 2| < (Nl(al)/B a2 dm () + 1)) -

*
By

(Mute) [ N aidlam(a) + <l

- -
IT;

foralle; >0,...,6, >0andz; € Ey,...,2, € E,,thenT € |

(b) When we now take, for instance, the functions N; as the function
Ny considered in Example 5.3(a) we deduce in particular: Let Ey, ..., E,
be Banach spaces and let T' € L(FE,...,E,;F). If there are constants
Ky > 0,...,K, > 0 and regular Borel probability measures 7y,...,n, on
Bg:, ..., Bgx, respectively, such that

1] /
T(x1,...,2, §K<10 - +1> oy, x| dm (zt) - -
|| ( 1 )H 1 gKl J’BE* <$1,xf>|dn1($f) By |< 1 1>| 771( 1)
1 1

LI,

B F).

-, (log [z, 1) [ Yl
B

Ko gy w23 2)

for all x; € Ey,...,z, € E,, then T € [H_lmj, . ,H_lmj](El, o By F).
5.2. Interpolation and closed injective hull of summing multilinear
operators. The application of the corresponding interpolation formulas
obtained in Section 4 allows to relate some classes of multilinear operators
considered in Section 5. Let us finish the paper by showing a concrete
example of this, concerning interpolation and multilinear operators belong-
ing to L7, ) with values in Lorentz spaces. We will use (6). Direct

»\P;P1s--+5Pn
consequences of Theorem 4.5 and Theorem 3.5 are the following results.

Corollary 5.5. Let Zy,...,Z, be linear operator ideals and let E1, ..., E,
be Banach spaces. Suppose that T € L(Ey, ..., E,; Lo N Ly). For 0 < 0 =
1/p<1,1<q< o0, there is C' > 0 such that

B[Il In}(T . E1 X o+ X En — an) S

-----

Corollary 5.6. Let 1/p=1/p1+---+1/pn, 1 <p,p; < 00,0 =1/pand1 <

g < oo LetT € L(By, ..., En; LoNLy), withT € L, 0 (B1,. .., En; Loo)
orT €Ly, o (B, By Ly). ThenT € L7, TLYI(By, -, B L)
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—inj —inj

Proof. 1f for example T € L7 By, ... By Ly),then T € [IL, 7, ... 1L |(Ey, - . ., En; Ly).

By Theorem 3.5,

Bitty, oty ) (T2 By X -+ X B, — Ly) = 0.
It follows from Corollary 5.5 that

Bttt (15 By 5 -+ x By = L) = 0,

;pl,m,pn)(

and so, again by Theorem 3.5, we get the result. U
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