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Fréchet spaces of general Dirichlet series

Andreas Defant*  Tomds Fernandez Vidal"  Ingo Schoolmann*  Pablo Sevilla-Peris®

Abstract

Inspired by a recent article on Fréchet spaces of ordinary Dirichlet series Y a,n* due to J. Bonet,
we study topological and geometrical properties of certain scales of Fréchet spaces of general Dirich-
let spaces ¥ a,e 5. More precisely, fixing a frequency A = (A,), we focus on the Fréchet space of
A-Dirichlet series which have limit functions bounded on all half planes strictly smaller than the right
half plane [Re > 0]. We develop an abstract setting of pre-Fréchet spaces of A-Dirichlet series gen-
erated by certain admissible normed spaces of A-Dirichlet series and the abscissas of convergence
they generate, which allows also to define Fréchet spaces of A-Dirichlet series for which a,e /¥ for
each k equals the Fourier coefficients of a function on an appropriate A-Dirichlet group.

1 Introduction

Given a frequency A = (4,), i.e. a strictly increasing unbounded sequence of nonnegative real numbers,
a A-Dirichlet series is a (formal) series of the form D = Zane*)lﬂs, where s is a complex variable and
the a, € C the Dirichlet coefficients. It is a well known fact that general Dirichlet series naturally con-
verge on half planes [Re > o], and there they define holomorphic functions (see [17, Theorem 2] or [23]
Lemma 4.1.1]).

The study of these series has a long history initiated at the beginning of the 20th century by prominent
mathematicians like H. Bohr, G.H. Hardy, and M. Riesz, among others. One of their main contributions
was the study of the analytic properties of the functions defined by general Dirichlet series. The most
important example of a frequency is certainly given by A = (logn), leading to ordinary Dirichlet series
Y a,n*, which play a fundamental role in analytic number theory.

In recent years there has been a revival of interest in the interplay between analysis and Dirichlet
series opened up by those early contributions. This ‘modern theory of Dirichlet series’ mainly focuses
on the study of ordinary series, which involves the intertwining of classical work with modern analysis —
like functional analysis, harmonic analysis, infinite dimensional holomorphy, probability theory, as well
as analytic number theory.

The space of Dirichlet series that define a bounded holomorphic function on [Re > 0] plays a major
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role within this modern approach. Bonet in [7] defined and studied the Fréchet space of all (ordinary)
Dirichlet series which converge (and hence define a holomorphic function) on [Re > 0] and are bounded
on every smaller half plane [Re > o] for o > 0. Given a frequency A, the space Z..(A) of all A-Dirichlet
series that define a bounded holomorphic function on [Re > 0] was defined in [26]. Inspired by the work
of Bonet, in this article we focus on the space Z.. 1 (A) of all A-Dirichlet series that on [Re > 0] converge
to a (then necessarily holomorphic) function which is bounded on each half plane [Re > o] with o > 0.
Carrying its natural topological structure, this space Z.;(A4) is a pre-Fréchet space which (as we
will see) in general fails to be a Fréchet space. Bonet proved in [7] that the topological structure of
Do+ ((logn)) is rich. It is a Fréchet algebra which is a Schwartz space, and the monomials (n~*) form a
Schauder basis, but which is not nuclear. His proofs combine modern techniques from the theory of or-
dinary Dirichlet series like Bohr’s inequality or Bayart’s Montel theorem with classical results on Kothe
sequence spaces like the Grothendieck-Pietsch test for nuclearity.

Making the jump from the frequency (logn) to an arbitrary frequency reveals challenging conse-
quences. For example, much of the theory for ordinary series relies on ‘Bohr’s theorem’, which in
particular implies that each ordinary Dirichlet series which converges to a bounded function on some
half plane [Re > o], in fact converges uniformly on each smaller half plane [Re > | with u > . How-
ever, for general Dirichlet series, it is known that the validity of Bohr’s theorem depends very much on
the ‘structure’ of the frequency (see Section [3.4).

As a consequence, for Dirichlet series build over an arbitrary frequency A, the general occurrence for
Do+ (A) is much more complex. To illustrate this, consider the frequency A = (n). Then, looking at the
change of variables s € [Re > 0] «~» z = ¢ € D, each Dirichlet series Y a,e™™ is transformed into a
power series Y. a,z". It turns out that Z.. 1 ((n)) is nothing else than the nuclear Fréchet space H(ID) of all
holomorphic functions f : D — C (with the topology of uniform convergence on compact sets). In par-
ticular, Z.. 4 ((n)) is isomorphic to a countable projective limit of Banach spaces, all isometrically equal
to the Hardy space H..(T), which relates its study with Fourier analysis on a compact abelian group.

A third natural example of frequency is A = (log p,), where p, stands for the nth prime. We show that
for this frequency Z.. 1 (A) is a Fréchet space that, by a result of Bohr, may be identified with a Kothe
echelon space (a projective limit of countably many weighted ¢;-spaces) which, though Schwartz, again
fails to be nuclear.

One of our main purposes here is to clarify the situation, studying the structure of the pre-Fréchet
spaces P 1 (A) depending on the frequency A. First of all we see that these are always Schwartz.
Then we focus on the following properties: completeness, barrelledness, Montel, the monomials being
a Schauder basis and nuclearity. We show that for Z.. ; (1) the first three properties are equivalent, and
that they hold if and only if Bohr’s theorem holds for A and in this case, the space can be identified with
a countable projective limit of certain Hardy spaces on so-called Dirichlet groups and the limit functions
defined by the Dirichlet series in Z.. 1 (A) have a natural description in terms of uniformly almost pe-
riodic functions on the right half plane. The monomials are a Schauder basis whenever Bohr’s theorem
holds for A. Finally we also characterise those frequencies for which the space Z.. (1) is nuclear.

We present a more general setting, which allows to study various similar types of (pre-)Fréchet spaces of
general Dirichlet series with similar ideas. Fixing a frequency A, the idea is to study (pre-)Fréchet spaces
of A-Dirichlet series which are generated by what we call a ‘A-admissible’ normed space of A-Dirichlet
series. This allows to incorporate not only Z. ;(A) in our study, but also Hardy-type Fréchet spaces
generated by 7%, (A) with 1 < p < o, following what was done in [15].

One of our main tools is the representation of our pre-Fréchet spaces as countable projective limits of
their natural ‘Banach space precursors’ (Z..(A) and %, (A )). In this sense our article continues a series
of recent articles on general Dirichlet series (see [8} [L1, 14, [26} 25]), which combine classical results



from the deep analysis presented by Hardy and Riesz in [[17]], with various topics from modern analysis
(as complex analysis, functional analysis in Banach and Fréchet spaces, Fourier analysis on R, or har-
monic analysis on compact abelian groups).

Finally, we remark that the study on Fréchet spaces of general Dirichlet series undertaken here,
forces us to consider independently interesting issues within related Banach spaces — such as the hy-
percontractivity of translation operators, or Montel-type theorems for Banach spaces of uniformly A-
almost-periodic functions and for Hardy-type spaces of A-Dirichlet series.

2 Preliminaries

We collect the basic results on Dirichlet series and Fréchet spaces needed in following.

2.1 Dirichlet series

We begin with a short account of the basic facts on general Dirichlet series that will be needed along the
article. We refer the reader to [9, 17} 23] for the basics on ordinary and general Dirichlet series.

Given a frequency A, all (formal) A-Dirichlet series Y a,e ** are denoted by D(A). The following
‘abscissas’ rule the convergence theory of general Dirichlet series D = ¥ a,e S

o.(D) = inf{o € R: D converges on [Re > o]},
0,(D) =inf{c € R: D converges absolutely on [Re > o]},
o,(D) = inf{c € R: D converges uniformly on [Re > o]},
0,(D) =inf{c € R: D converges and defines a bounded function on [Re > o]} .
By definition o,.(D) < 0,(D) < 0,(D) < 0,(D), and in general all these abscissas differ. Let us recall

once again that a general Dirichlet series D = ¥ a,e " defines a holomorphic functions on the half plane
[Re > o.(D)].

Another important, say geometric, value associated to a frequency A is the maximal width of the
strip of convergence and non absolutely convergence, that is

L(A):= sup o,(D)—o.(D),
DeD(A)

which, as shown by Bohr in [6] §3, Hilfssatz 2 and 3], can be computed as follows

L(A) = Gc():e*’l"“) = limsup log(n) .

n—oo An

As we already pointed out earlier, fulfilling Bohr’s theorem is one of the key properties within the

theory. Let us succinctly explain what does that mean. Let Z5'(1) denote the space of A-Dirichlet
series that converge somewhere, and whose limit function extends to a bounded holomorphic function
on [Re > 0]. Then the frequency A is said to satisfy ‘Bohr’s theorem’ (or that Bohr’s theorem holds for
A) if 0, (D) <0 for every D € Z5(A).
The question then is to find conditions on A so that this property holds. The first one to address this
question was Bohr (thus explaining the name), who in [5] isolated a concrete sufficient condition which
roughly speaking prevents the A,s from getting too close too fast. More precisely, he showed that if A
satisfies what we now call ‘Bohr’s condition’:

JI=I1A)>0V8>03C>0VneN: Ay —A, > Ce 1+0h (BC)



then it satisfies Bohr’s theorem. Note that A = (logn) satisfies (BC) with / = 1 and, then, Bohr’s theorem
holds for ordinary Dirichlet series. This is one of the fundamental tools within the theory of ordinary
Dirichlet series (see [9, Theorem 1.13] or [23, Theorem 6.2.2]).

Later Landau in [20] improved Bohr’s result by showing that the weaker condition

V8>03C>0VneN: Ay — Ay >Ce ", (LC)

is also sufficient for Bohr’s theorem. Observe that (BC) implies (LC), and that the frequencies A =
((logn)®) satisty (LC)) for every o > 0 but for example A = (y/logn) (i.e. o = 1/2) fails (BC).

We know (see e.g. [26, Remark 4.8]) that Bohr’s theorem holds for A in each of the following ‘testable’
cases:

A is Q-linearly independent,

 L(A):= limsupnﬁm% =0,

+ A fulfills (LC) (and in particular, if it fulfills (BC)).

Then, Bohr’s theorem holds for the frequencies A = (logp,) (because it is Q-1.i.), A = (n) (for which
L(A) =0) and A = ((logn)?*) for oe > 0 (since, as we just mentioned, it satisfies (LC)). Recently some
other sufficient conditions have been found by Bayart [3l Section 4.2].

2.2 Fréchet spaces

We collect here some basic definitions and facts on Fréchet spaces that we need all along this article —
all results mentioned are included in the monographs [16}, 19, [21]].

Let E be vector space and & a family of seminorms satisfying the following two conditions: first,
for every x € E there is p € & so that p(x) # 0 and, second, that for all p;, p» € & there is some ¢ > 0
and p € & with max(p;(x),p2(x)) < cp(x) for every x € E. Then the pair (E, ) defines a (locally
convex Hausdorff) topology on E in the following way. A set O C E is open whenever for each x € O
thereare p € & and € >0sothat {y € E: p(x—y) <&} CO.
A net (xq) in (E, ) is Cauchy if for each p € &2 and each € > 0 there is some 0 such that for all
oy, 0 > o we have p(xq, —xq,) < €. Alocally convex space is said to be complete if every Cauchy net
in E is convergent.

For each seminorm p € &7 we consider the normed space (E,, ||+||,) given by
E,:=E/kerp and Hx—i—kerp”p =p(x),

and for all p,q € & for which there is some ¢ > 0 such that ¢ < ¢p, we may define the (so-called) linking
maps
Ttpq - Ep, — E, by x+kerp — x+kerg,

which are all linear with norm < c.

Then, E is called Schwartz (resp. nuclear) if for every g € & there are p € & and ¢ > 0 with ¢ < cp
such that 7, , : E,, — E, is precompact (resp. nuclear). Recall that a (bounded, linear) operator u : X — Y
between normed spaces is precompact whenever 1 maps the unit ball of X into a precompact set of ¥,
and it is is nuclear whenever there are sequences (x;) in X* and (y,) in Y such that }", ||x}|| ||ya|| < e and
u(x) =Y, x5 (x)y, forallx € X.

A locally convex space (E, Z?) is



* barrelled if every barrel set (i.e., every absolutely convex, closed, and absorbing set in E) is a zero-
neighbourhood, or equivalently, if it satisfies the uniform boundedness principle (every pointwise
bounded set of continuous operators from E into some locally convex space F is equicontinuous).

* semi Montel if every bounded set is relatively compact.
* Montel if it is barrelled and semi-Montel.

o pre-Fréchet if & = {p;: k € N} is countable, and in this case we may assume without loss of
generality that the seminorms are increasing.

* Fréchet if it is pre-Fréchet and complete.

A standard argument shows that the locally convex topology of a pre-Fréchet space is given by a trans-
lation invariant metric. It is important to note that every Fréchet space is barreled, and that Fréchet-
Schwartz spaces are Montel.

A sequence (e,), in a locally convex space E is a Schauder basis if for every x € E there is a unique
sequence (a, ), of scalars such that x =Y~ ; o,e,. In this case all coefficient functionals e} defined by
e (x) = o, are continuous. If (e,) is a Schauder basis of a Fréchet (or more generally barreled) space

(E,Z), then for every p € & there is ¢ € & and a constant C > 0 such that for every M > N and every
complex sequences (¢t,)

N M
p(Z ane,,) SCq(Zanen). (D)
n=1 n=1
Let (X; ), be a (countable) family of normed spaces and, for each k consider a bounded linear operator
ix : X1 — Xi. Then the pair

(Xk7 ik) keN

is called a countable projective spectrum. The projective limit projX; is defined to be the topological
subspace of [], X; consisting of those (x;) so that ix(xzy1) = x; for every k. If we denote by m, the
canonical projection from proj X; to X,,, then

pal) = max 1,0, @
defines a seminorm on projX;. It is easy to see that the collection of all these seminorms generates a
locally convex topology on projX; that coincides with the one induced by []X). Hence the projective
limit of countably many normed spaces is always a pre-Fréchet space. If every X; is Banach, then []; Xi
is complete and, then so also is the closed subspace proj X; (then a Fréchet space).

To see an example, we recall that a real matrix A = (a;x)7_; is said to be a (positive) Kéthe matrix,
whenever 0 < aj; < ajy1 for all k, j. Then, given 1 < p < oo, each of the weighted £,-spaces

=) 1

t((az07) = {x e € falli = (L lapsl?)” < oo}

J=1

for k € N is obviously isometrically isomorphic to £,,. Together with the canonical inclusions these form
a countable projective spectrum which defines the Fréchet space

1

lp(A) = projly((aji)izy) = {x e CN: |l = (Z |ajkxj\p) ? o forkec N}. 3)
=1

Replacing ¢, by the space ¢y of null sequences and proceeding in the same way co(A) is defined.



Remark 2.1. Assume that (X, i), and (Y%, i),y are two projective spectra of normed spaces, and
denote by 7, and p,, (for each m) the corresponding projection into X, and Y,,. If we have a family of
bounded operators {Sy : Xy — Y} }x satisfying Sy o ix = jx 0 Sx+; for each k, then the operator

S : proj X; — proj Y given by (x¢) — (Skxx)

is obviously well defined. It is also continuous, since for each m we have p,, 0§ = §,, o ,,. Clearly, if all
Sy are continuous bijections with continuous inverse, then S is an isomorphism of pre-Fréchet spaces.

Remark 2.2. If in a projective limit X = projX; we consider the canonical seminorm defined in (2),
it is easily seen that X, = @j_, Xi holds isometrically. Taking the cartesian product of finitely many
precompact (resp. nuclear) operators in Banach spaces again leads to a precompact (resp. nuclear)
operator. As a consequence, X is Schwartz (resp. nuclear) whenever for each & there is m > k such that
the canonical mapping from X, into X; given by iy, x = iy,—1 ©--- 0 iy is precompact (resp. nuclear).

3 Banach space protagonists

Here we recall some definitions and facts on the underlying Banach spaces’ of the Fréchet spaces of
A-Dirichlet series, which we later intend to study. In Section we add new information on Hardy
spaces of general Dirichlet series, which seems of independent interest.

3.1 Hardy spaces

As we have already seen, Z.(A ) is perhaps the most important space within the theory of general Dirich-
let series; but it is not the only one. There is also the scale of Hardy spaces .7¢,(A) of Dirichlet series,
which was introduced in [[11].

Given a frequency, a A-Dirichlet polynomial is just a finite A-Dirichlet series ): _,ane ~Ms_ For every

such polynomial and 1 < p < o
2 ,,ll
<Th—r>r:o 2T / ‘ tne dt)

exists, and in this way one defines a norm on the space of all A-Dirichlet polynomial. The Hardy space
(L) is defined as the completion of this space.

This definition makes the space difficult to handle. There is however a different, more convenient ap-
proach that links these spaces with Fourier analysis on groups (see [[12, Section 3]). This requires a little
bit of preparation.

Following standard notation, given a topological group G, we denote by G its dual group of all
characters (i.e., all continuous homomorphisms v G —T). If B : G— H is a continuous homomorphism
between two such groups, then the dual map ,B G — H is given by ﬁ = vyofB. If G is the group
R = (R, +, 7) endowed with its canonical topology 7, then all characters are of the form ¢ — e~ ™, where
xeR.

Now, let G be a compact abelian group and 8 : R — G a continuous homomorphism with dense range.
Then for every character ¥ € G there is a (by density unique) x € R so that yo B(r) = ¢ " for all 7 € R.
For simplicity we write y = h,, and get

G={h:xeB(G)}.



In other terms, this identifies G and ﬁ(@) and the characters ¥ = &, in G have a unique ‘real index’
xe B(6).

With this, the pair (G, ) is said to be a A-Dirichlet group if for every n € N there is a (unique) character
ye Gsothat y= hy,,- A more detailed account on this subject can be found in [L1} 12].

For every frequency such an object exists. The Bohr compactification R := (R/,—i:z’) of R with d the
discrete topology together with the embedding fBz: R — R given by x — [t e ] , forms a Dirichlet
group, which obviously for any arbitrary frequency A serves as a A-Dirichlet group. Below we indicate
that special As often allow A-Dirichlet groups which are more adjusted to the concrete structure of the
sequence.

Given a A-Dirichlet group (G,f) and 1 < p < oo, the Hardy space Hf}(G) is defined as the closed
subspace of L,(G) = L,(G, iu,) (where u is the Haar measure on G) consisting of those f whose Fourier
coefficients

P = [ F@hdut)
are 0 whenever x € {4,,: n € N}. With this the space .7#,(A) is defined as

J(A) = {Zane_’l"sz there is (a unique) f € H;,L(G), with a, = f(h;tn) foralln € N},

and the definition does not depend on the choice of the A-Dirichlet group [11, Theorem 3.24]. This is a
Banach space with the norm given by H Zane_l"“‘H%& = 1£1lz,(G)> whenever Y aye ™ and f are re-
lated to each other. Let us note that for 1 < p < oo thispBanach space coincides with the definition that we
gave above (see [12, Theorem 3.26]) — but, moreover, in this way we have a proper definition for (1 ).

We finish this section by describing A-Dirichlet groups for some of our basic examples of frequen-
cies, and what do the corresponding Hardy spaces look like. For A = (logn) we denote by p = (p,) the
sequence of prime numbers. Then the infinite dimensional torus T% := []_; T (with its natural group
structure) together with the so-called Kronecker flow

Br-: R — T defined as ¢ — p " = (27% 37 571 ),

gives a (logn)-Dirichlet group. Then f € HS°®" (T*) if and only if f € L,(T>) and the Fourier coeffi-
cient f(a) = 0 for any finite sequence & = (ay) of integers with oy < 0 for some k. In other terms,

H,(T") 1= Hy**"(T") = 7, ((logn))

holds isometrically, and hi,g,, = z* whenever n = p%. So the above definition of .7}, (A ) actually coincides
with Bayart’s definition of .7#,((logn)) in the ordinary case given in [2].

The second example is the frequency A = (n) = (0,1,2,...). Then G := T together with Br(¢) := e is
a (n)-Dirichlet group, and .7, ((n)) equals the classical Hardy space H,(T) := H ;,") (T).

3.2 Almost periodic functions

A continuous function g : R — C is said to be uniformly almost periodic if for every € > 0 there is £ > 0
so that for every interval I C R of length £ there exists 7 € I such that

sup [g(x) —g(x+7)| <E€.
xeR



Equivalently, a continuous function g: R — C is uniformly almost periodic if and only if it is the uniform
limit of trigonometric polynomials of the form fo:laxne_”x", where x, € R (see [4, Chapter 1, §5,
2° Theorem, p. 29]).

A continuous function f : [Re > oy] — C is said to be uniformly almost periodic if for every ¢ > oy
the function R — C defined as 7 — f(o +it) (which we also will sometimes denote by fs = f(0 +i*))
is uniformly almost periodic. Given f : [Re > op] — C, bounded, holomorphic and uniformly almost
periodic, for each x € R the corresponding Bohr coefficient is defined as

1 T :
— Tim -\, (O+it)x
ai(f) = Jim = [ f(o-+ el ar, @
where the integral is convergent for every o > oy and independent of each such ¢ (see [4, page 147]).
These coefficients are 0 except for at most countably many x, and f = 0 if and only if a,(f) = O for every
x (see [4} pages 148 and 18]). The reader is referred to [4] for more details on almost periodic functions.

With all this, for a given frequency A, the space H[Re > 0] is defined in [13, Definition 2.15] as
consisting of those functions f : [Re > 0] — C which are bounded, holomorphic, and uniformly almost
periodic such that a,(f) = 0 unless x = A, for some n.

The following result from [[13, Theorem 2.16] characterizes the limit functions of Dirichlet series in
() in terms of almost periodicity.

Theorem 3.1. For every frequency A the identification f — Y.a, (f )e*)lﬂs defines an isometric bijection
H*[Re > 0] = (L)

preserving Bohr and Dirichlet coefficients.

3.3 Montel theorems

Bayart showed in [2, Lemma 18] that if (Y a)n*),; is a bounded sequence in Z.((logn)), then there
is a subsequence (Ni); and a Dirichlet series Y a,n* € Z.((logn)) so that (L ahin %), converges to
Y a,n~* uniformly on [Re > o] for every ¢ > 0. This result, often known as Bayart’s Montel theorem
for Dirichlet series, has become one of the cornerstones of the modern, functional-analytic approach to
ordinary Dirichlet series (see [9, Theorem 3.11] or [23, Theorem 6.3.1]).

Extending this to general Dirichlet series and to spaces other than Z..(A) has been a major concern. It
is known that such a result holds for Z..(A) if and only if Bohr’s theorem holds for A (see Theorem
below). As for Hardy spaces, [14, Theorem 5.8] shows that an analogous result holds for J#,(4) (with
1 < p < ) if the frequency satisfies Bohr’s theorem. We show now that this assumption is actually not
needed, and that such a Montel-type theorem in fact holds for every frequency. This is one of our main
tools, and it seems of independent interest for the structure theory of Hardy spaces of general Dirichlet
series .

Theorem 3.2. Let A = (A,) be a frequency and 1 < p < oo. For every bounded sequence (Za,(lN)e_ nS ) N
in #,(7), there exists a subsequence (N;)y and a A-Dirichlet series Y. ane ™ € 5,(A) so that

. Ne) —A,0 —Ays 1,6 —A,s
lim ¥ gV e t0 s — Y o= A0 o=
lim " a Y an

in 76,(A) for every o > 0.



As a matter of fact, we prove a more general result for uniformly almost periodic functions (Theo-
rem [3.4), from which this follows. We need some preliminary work. We begin by fixing some notation
and collecting basic properties of the main tools that we are going to use. All of them are rather stan-
dard, and can be found in several monographs, like e.g. [22, [24]]. First of all, the Fourier transform of a
function f € Ly (R) is denoted either by .Z (f) or f and is defined as

PN =F0= [ fwetax,

for t € R. The Féjer kernel is defined, for x > 0, as

K = g (P2

forz € R. These belong to L; (R) and ||Ky||; = 1 for every x. The family {K },~0 is a summability kernel
(i.e. Ky f — fin L (R) as x — oo for every f € L;(R)). Also it is not difficult to check that

EN t
&= (1- Dz, ®
where Y4 denotes the indicator function of the set A. The Poisson kernel is defined for o > 0 as
1 o
Ps(t) = —5—
o(1) n 12+ o2

for t € R. Again, this belongs to L; (R) with ||Ps||1 = 1, and for every o,¢

~

Ps(t) =e" Mo, (6)

Finally, given a frequency A and D = ¥ a,e ** € (1), for each x > 0 the corresponding Riesz mean
of D of order 1 (see [[13]) is given by

RND) = Z an(l—lxn)el"s.

Ap<x

Since every f € H2[Re > 0] formally defines the Dirichlet series D = ¥ ay, (f)e ™, the Riesz mean of
f of length x and order 1 is given by the entire function

RN = ¥ an (1~ )

An<x

Let us note that, for a given A-Dirichlet series D = Zane*’lﬂs, the result [26, Lemma 3.8] shows

inf {G e R: (R*(D)), converges uniformly on [Re > G]} < limsup log (SupReD;) [R(D)(5)]) .
x—300
With this we have at hand everything we need to proceed. We begin by isolating some observations.
Lemma 3.3. Let A = (A,) be an arbitrary frequency, and f € H*[Re > 0].
(i) Forall o,e,x > 0andt € R we have
RE(f)(o+e+it) = (fexPoxK)(1). ®)



(ii) |R* ()|l < || f|loo for every x > 0. In particular, (R*(f)), converges uniformly to f on all half-
planes [Re > o], o > 0.

(iii) (SUPRes—o |f(5)]) 5o is decreasing in & > 0, and || f||w = limg 0 SUPRe o | ()]

(iv) Forall 6 > 0 we have

sup |f(s)| = sup |f(s)

Res>o Res=oc

Proof. |(i)| Let us take in first place a A-polynomial Q(r) = ¥,,cy cpe ™, where F is finite. Then, for
fixed o > 0 and r € R we have, using (3] and (6]

(Q*Ps+K)(1) =Y cne M T (P % Ky) (M) = Y cne M P (M) Ke(An)

neF neF
e 2’" - ii 2fn (9)
= r;cne An Lo /ln0<1 — ;)X[—x,x] (A,n) — nEZF cpe An(O+it) (1 _ ;) ‘
An<x

Fix now € > 0. Since f¢ is uniformly almost periodic, there exists a sequence (Q% )y of A-polynomials
that converge to f; uniformly on [Re > 0]. Moreover,

lim a;, () = az, (fe) = az, (e~

N—oo
for every n. Hence, applying (9) (for Q%) and letting N — oo yields the claim in ().
In order to prove let us note that (§)) immediately implies

A .
Suﬂgle (N)(o+e+it)] < || fellool[|Po1 [|Kxllt < [| f]leo -
te

Tending €,6 — 0 we obtain the claim. The uniform convergence on half-planes follows immediately
from ([7), and the fact that the Bohr coefficients determine uniquely an almost periodic function (see [4]).
Since the Riesz means are finite sums we have (see [26, Section 2] or [9, Lemma 1.7], from which the
argument can be adapted)

sup [RE(f)(s)| = sup |RE(F)(s)|-

Res=o Res>o

This gives

sup R (f) (i +ir)| < sup|R} (f) (0 +ir)
teR teR

for 0 < 0 < u, and follows from Once we have this, follows immediately from the
fact that f(o +¢) is uniformly almost periodic, that supg,,_, [f(s)| increases as p — 6™ and that

SUPRes=6 ’f(S)‘ < oo o

)

We now proceed to the announced Montel-type theorem for H[Re > 0].

Theorem 3.4. Let A be an arbitrary frequency. For every bounded sequence (fy)y in H*[Re > 0], there
is a subsequence (fy )i and f € H*[Re > 0] such that fy, (G ++) — f(c ++) in H:[Re > 0] for every
o> 0.

Proof. Since |ay, (fn)| < || fvlle < supy || fiv]|e < oo forall n and N, a standard diagonal process provides
us with a subsequence (Ni ) so that (ay, (fy,)), converges (in C) for every n as k — eo. Define

akn = ]}E)IOIQ akn (ka>

10



for each n. Using Lemma [3.3H({i1)| we conclude that

‘ Z ale MG _&)efilnz

An<x X

= lim IR} (i) (0 +it)] < sup|| vl
—>00 N

for every x > 0,¢t € R and ¢ > 0. Then (/) gives
S Z a;L l,, e s

converges as x — oo uniformly on every half plane [Re > o] with 6 > 0, and let us denote the limit
function by f. The uniform convergence on half planes easily gives that f € H [Re > 0] with Bohr
coefficients ay, (f) = ay, , and it only remains to see that limy_,.. f, (0 +¢) = f(0 ++) in HA[Re > 0] for
every o > 0. Therefore fix o > 0 and observe that, by Lemma it suffices to check that

lim sup | fy, (0 +it) — f(o+it)| =0

k=reo rcR

Let us note first that by Lemma [3.3HGi)| letting x — oo in (8) gives g5/2 * Po /o = g(0 +is) for every
g € HX[Re > 0]. This, together with Lemmamylelds

sup R} (8)(0 +it) — g(0 +it)| = sup|g62 * Pojo ¥ Ki(t) = 8o /2%Po 2 1)
teR teR

< |glleellPs/2 = Po 2 % Kill, (m)
for every such g and x > 0. Being (K), a summability kernel, the latter term tends to 0 as x — c. Hence,
given € > 0 we can find xj so that for all x > xg

sup| /(0 +it) ~RE(f) (o +ir)| < 5
teR
sup supl f (o + t) ~ R (fy) (0 +ir) < 5.
NeNreR

On the other hand, since limy_,..a,, (fn,) =a 2, for every n, fixing x = 2xo we may find ko so that

Y laz, —ap, (fu)] <

An<x

w\m

for every k > ko. Joining all this together, given k > ky and t € R we have

|f(o+it) — fn, (o +it)]|
<|f(o+it)—RE(f) (o +it)| + |RE(f) (o +it) — R} (fi) (0 +it) |+ | (0 +it) — R (f,) (0 +it)]

and the previous three estimates complete the proof. O

We go now for a moment to vector-valued functions, considering for a given Banach space X, the
space H2 ([Re > 0],X) defined in the obvious way. Also in this case X-valued almost periodic functions
on R, like in the scalar case, are uniformly approximable by X-valued almost periodic polynomials (see
(1, page 15]). Then the proof of Theorem [3.4]can be followed step by step, replacing modulus by norms
to get the following vector valued version.
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Theorem 3.5. Let A be an arbitrary frequency and X a Banach space. Assume that (fy)y is bounded
in HX([Re > 0],X), and that there is a subsequence (Ni) for which (ay, <ka))k is convergent for all n.

Then there is f € HX([Re > 0],X) such that limy_,. fy, (G +¢) = f(0 +¢) in H([Re > 0],X) for every
o> 0.

As the final ingredient for the proof of Theorem [3.2]let us recall that by [12, Lemma 4.9], for each
1 < p < oo there is an isometric embedding

W (1) < HE([Re > 0], (1))
so that, if f =¥ (L ase ™), then ay, (f) = ane ™% € H,(2).

Proof of Theorem[3.2] The case p = o follows immediately from Theorems [3.4] and The case 1 <
p < oo is going to follow from Theorem [3.5] combined with the action of the embedding ¥. To begin

with, let us recall that \aﬁlN)| < supyen || Y ag s {

o) = C for eveyr m and M. Then a diagonal

argument shows that we can find a subsequence (Ny); so that (aﬁ,vk) converges for every n. Let us define

k

. (N,
a, := lim al "),
k—oo

and consider the (formal) A-Dirichlet series Zane*l"s. Our aim now is to check that this belongs to

(L), and that it is the limit of the subsequence of A-Dirichlet series.
For each N take the function fy = ‘P(Za,(iN)e*l"“) and note that

h]?laln (fn) = liinagNk)e_k"z =aye”

Az

exists (in .7#,(A)) for every n. Now we can use Theoremto find some f € HZ([Re > 0],.5,(1)) such
that limy .. f, (0 +¢) = f(0 + ) in HA([Re > 0], 7, (1)) for every 6 > 0 as k — oo,

Now, since ¥ is isometric and W(Y alte *%¢~*9) = fy (o + ), the sequence Y. e *% ¢4 is Cauchy
in 7,(1) and so converges with limit ¥ a,e *“e~*%. Hence ¥ a,e "¢~ € J#,(1) for every ¢ > 0
with || L a,e *%e*9||,, < C, and so by [12, Theorem 4.7] indeed Y a,e** € #,(1). Moreover, the
fact that the embedding W is isometric gives

Ny) — — _ _
HZGE’ k)e )L"Ge )L,ls_zane Ance Ans

iy = 70 +i0) = (0 ).

Jlp
for every ¢ > 0. This completes the proof. O

Given a somewhere convergent A-Dirichlet series D = Zane*“ and o > 0 we define the translated
series as

Do =Y ae % (10)

Note that if the first series converges at s, then so also does the translated series and D (s) = D(s+ 0)
(justifying the name). It is easy to see that the translation operator 75 : J,(4) — J¢,(A) given by

Zane_’l"s — Zane_k"oe_’l"s 11

is well defined and continuous. As a straightforward consequence of Theorem [3.2] we can say more.

Corollary 3.6. For every 6 > 0 and 1 < p < oo the translation operator Ts: J,(A) — (1) is com-
pact.
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We recall the following notions going back to Bohr (see [12]). An infinite matrix R = (r}), xen of
rational numbers is called Bohr matrix whenever each row R, = ()i is finite, i.e. r} # O for only finitely
many ks. Given a sequence A = (A,) of real numbers, a (finite or infinite) sequence B = (by) in R is said
to be a basis for A if it is Q-linearly independent and for each n there is a finite sequence (r}); of rational
coefficients such that A, = ¥ r{/bx. In this case, the matrix R = (r/}),,; is said to be a Bohr matrix of 4
with respect to the basis B. If A is a frequency, such a basis always exists (in fact it can be chosen as a
subsequence of 1), and if R is the associated Bohr matrix R, we write A = (R, B). Observe that neither B

nor R need to be unique.
With this, the Nth Abschnitt (for N € N) of a A-Dirichlet series D = ¥ a,e ™ is the series

_ —Aus
D’N = Z ae .
An€spang{by,....by }

To illustrate this let us note that, for ordinary Dirichlet series (i.e. A = (logn)), the Nth Abschnitt of a
Dirichlet series is built by taking the coefficients a, for which n depends only on the first N primes. It
is well known (see e.g. [9, Corollary 13.9]) that a Dirichlet series belongs to .7, ((logn)) if and only if
its Nth Abschnitt belongs to .7, ((logn)) for every N, and their norms (in .7, ((logn))) are bounded. It
was shown in [14] Theorem 5.9] that an analogous result holds for .7Z,(A) whenever A satisfies Bohr’s
theorem. This is an immediate consequence of [[14, Theorem 5.8], a Montel-type theorem for frequencies
satisfying Bohr’s theorem. Now that we have dropped this hypothesis in Theorem [3.2] we can proceed
exactly as in [[14, Theorem 5.9], to have the following version for arbitrary frequencies.

Corollary 3.7. Let A be a frequency with a decomposition (B,R), and 1 < p < eo. A A-Dirichlet series
D belongs to (1) if and only if D|, € (L) for all N and supy ||D| || s,(2) < e>. Moreover, in this
case,

Dl 1) = supy 1D, |l 2)-

3.4 Equivalence theorem

As we have repeatedly mentioned, the space Z..(A) is one of the main actors within the theory of general
Dirichlet series. It consists of all ¥ a,e~** which converge on [Re > 0] such that the limit function
f(s) =X ae ™ : [Re > 0] — C is bounded. Together with

Eac

= sup [f(s)]

s€[Re>0]

(=

we obtain a normed space (see [26] or [11]]). Since the limit function f of every Y a,e * € Ds(N)
belongs to HX[Re > 0] (see e.g. [26, Corollary 3.9]), where a, = a; (f) for all n, we may identify
P..(A) with the subspace of all f € H*[Re > 0], which are represented by their Dirichlet series, that is
we have f(s) = Yo a;, (f)e~* for every s € [Re > 0]. In particular, for every Y. a,e~** € Z.(1) have
that

N . ;
a, = %%ﬁKTf(G+lt)e(°+”)A”dt,

for all n € N and ¢ > 0, which implies

sup|a,| < H Y a,e e (12)

neN

But in general (Zw(1),]|*||~) is no Banach space, or equivalently it does not form a closed subspace of
H* [Re > 0] (see [26, Theorem 5.2]). The normed space Zw(A ), and in particular the question when it is
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complete, was extensively studied in [8, [11} [14} 26 25]].

One of the celebrated results in the theory of ordinary Dirichlet series is due to Hedenmalm, Lindqvist
and Seip [18]] and shows that
P((logn)) = % ((logn))

isometrically and coefficient preserving. The result reflects that the theory of ordinary Dirichlet series
generating bounded, holomorphic functions on the positive half plane, is intimately linked with Fourier
analysis on the group T, and its proof uses Diophantine approximation just to mention one of its crucial
tools. The question of whether or not an analogous equality holds for arbitrary frequencies has also called
a deal of attention over the last years. Another important topic is Bayart’s version of Montel theorem
(see Section . The question here was to find out for which frequencies does Z..(A) satisfy Montel’s
theorem: every bounded sequence (¥ a)e **)  of Dirichlet series in Z..(A) admits a subsequence (Nj)
and Y a,e ** € Z..() such that (L alke ") , converges to Y a,e’* uniformly on [Re > o] for every
6 > 0 as k — oo (or, to put it in other terms, Theorem [3.4] holds entirely for the subspace Z..(A) of
H2[Re > 0]).

All these questions were clarified in [[14, Theorem 5.1], showing that actually they are all equivalent
to each other, and equivalent to A satisfying Bohr’s theorem. We recall here the result.

Theorem 3.8. For every frequency A the following statements are equivalent:
(i) Bohr’s theorem holds for A,
(ii) P-(A) is a Banach space,

A) satisfies Montel’s theorem,

A) =

(v) Dw(A) =

(
(iii) Do
(iv) Du( Ho(A), isometrically and coefficient preserving,

H%[Re > 0], isometrically and coefficient preserving.

Therefore, under the three concrete conditions given in Section [2.1] (in particular for our main exam-
ples (logn)%, (n) and (log p,,)) all these statements are equivalent.

4 Pre-Fréchet spaces generated by abscissas

Following an idea from [10], we suggest an abstract approach to define certain (pre-)Fréchet spaces of
A-Dirichlet series derived from some pre-existing normed space. In a first step, given a normed space of
A-Dirichlet series X(A) (satisfying certain conditions that we explicit later), we define

* the abscissa 03 (D) associated to X(4) for each A-Dirichlet series D,
and then in a second step generate the

* space X;(A4) of all A-Dirichlet series for which ox(;)(D) < 0 (which is, as we will see, pre-
Fréchet) .

We will later apply this general procedure to study the spaces Z.. (A) and .7, 1 (A) for 1 < p < oo,
generated by Z.(A4) and the J7,(4)s. We will also use an analogous procedure to define the space
Ho};, . [Re > 0] (that consists of uniformly almost periodic functions) from H2[Re > 0].
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4.1 Abscissas

Given a frequency A, we consider normed spaces X(14) of A-Dirichlet series satisfying the following
three requirements:

(AS1) All monomials e~** belong to X(A4) and have norm 1. In particular, all A-Dirichlet polynomials
YN | a,e ™ belong to X(A), and

N
|30
n=1

N
< a,| .
i < Ll

(AS2) All coefficient functionals X(A) — C given by Y aze S — ay,, are uniformly bounded. In partic-

ular, there is some C > 0 such that for all A-Dirichlet polynomials Y'_, a,e~*** we have

x)

N
< —lns
lrgnnzch\an\ < CH n;lane

(AS3) For every o > 0 the translation operator
T5: X(A) = X(4),
defined as in (11 is well defined and bounded.

Whenever this is the case, we say that the space X (1) is A-admissible. We also define the subspace

1) = {Zane_l”s €X(A): Vo >0, ( Z ane_k""e_l"s) converges in X(A) } .
In< *

This is again a A-admissible space. Note that, if the sequence of monomials {e*’lﬂs}n constitutes a basis
of X(1), then X(1) = X°(1). We show now some examples of admissible spaces.

Example 4.1. Let A be any frequency.

(a) Let us fix some Banach space X of complex sequences satisfying the following two properties:
(1) the ;s form a normalised basis of X (so in particular, ¢; C X C c¢p), and (2) if (a,) € X, then
(e ™%a,) € X.
Examples of such X are £, for 1 < p < e and cp. Another relevant Banach space for our purposes
is X, defined as the linear space of all complex sequences (a,) such that } a, converges, normed
by ||(an) |z = supy | XN_; a,|. Property (1) is straightforward, and (2) may be either proved di-
rectly or by observing that, for a given (a,) € X, the Dirichlet series Y a,e™"* converges in s = 0,
hence also on [Re > 0]. Let us observe that X is isomorphic to co, with the identification given by

(an) — (Z;o:Nan)N-

We define Zx(2) as the linear space of all A-Dirichlet series Y. a,e~** such that (a,) € X. To-
gether with the norm H Y ape M () = ||(an)||x it is easy to see that Zx(A) is a A-admissible

Banach space. Since we here (by definition) identify Zx(A) and X as Banach spaces, the mono-
mials {e~**}, form a basis of Zx(2) and, in particular, Zx (1) = 2%(1).

Especially interesting for us are the A-admissible Banach spaces 7;,(A), Zs(A) and Z,(A).
Moreover, for any X as above we clearly have

D1, () € Dx(A) C Doy(A).
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(b) For each 1 < p < o the space .%,(A) is A-admissible. Moreover, J¢,(1) = jf;o(l) for 1 <
p < oo, since in this case the sequence {e*’l"“}n forms a basis (see [11, Theorem 4.16]). Note that
D, (A1) = #4(A) as Banach spaces (identifying (ay), with ¥.a,e ™).

(c) The space Zw(A) is clearly a A-admissible normed space, and if A satisfies Bohr’s theorem (recall
Section[2.1) it coincides with 22 (). Moreover, we have from Theorem[3.8|that Z..(1) = #.(1)
iff A satisfies Bohr’s theorem.

Given a A-admissible space X(2) the X(1)-abscissa of an arbitrary A-Dirichlet series D = ¥ a,e~**
is defined as

Gx(l)(D) = inf{o eR: Zane’l"(’ e M ¢ %(l)} € [—o0,09]. (13)

Also, the X0(1)-abscissa (recall that this is also a A-admissible space) of D = ¥ a,e~** is the infimum
all real o for which the partial sums (lev ane*l""e*’l'ls)N converges in X(1).

Example 4.2. As in [10], the classical abscissas of convergence (recall Section can be reformulated
in terms of abscissas of certain admissible spaces. Let A be a frequency, and D € ©(A). Then

(@) 0,(D) = 0gy2)(D)
(b) 04(D) =09, 1)(D)
(©) 0p(D) =0g,2)(D)
(@) (D) = Gro2)(D). where X(1) = Zua(A) or Har(A).

A useful tool for the understanding of such abscissas are the so-called Bohr-Cahen formulas for
0;(D) with i = c¢,u,a. A careful analysis of the typical proofs shows how to extend these formulas to our
abstract setting (see e.g [9] 23] and in particular [10, Proposition 2.2]), provided that X(A) is a Banach
space.

Proposition 4.3. Let X(A) be a A-admissible Banach space of A-Dirichlet series. Then for every D =
Y ae ™ € D(L) we have

log || X4, aye s
oxo(2)(D) < limsup s )

X—ro0 X

where equality holds whenever the abscissa is nonnegative.

4.2 The space

Given a A-admissible normed space X(A), we define the vector space
X1 (A) ={DeD(A): ox2)(D) <0}, (14)

which consists of all A-Dirichlet series so that every translation belongs to X(4). Our first task now is to
endow this space with some structure. To begin with, for each k € N the expression

DNl xa)x = ID1 el ) 15)

defines a norm (recall (T0) for the definition of D /), so that the sequence (||« x (1)), endows X(A) with
a pre-Fréchet topology. Our second step is to give a representation as a projective limit of a countable
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projective spectrum of normed spaces. In fact, we do it in two different ways.
On the one hand, for each k we consider the space

X (A)={DeDA): Dy e X(A)}, (16)
on which ||e||x(3)« defines a norm. If i : X4y 1(4) < X (4) is the canonical injection, then the pair

CAPARAN an

forms a countable projective spectrum of normed spaces.

On the other hand, for each k we define the mapping 7 : X(1) — X(1) by D+— D . Again, the pair

(x(l)7fk)k€N7 (18)

defines a countable projective spectrum of normed spaces.

Let us observe that
A’)l

O - Xk(A) = X(A) given by Zane_l"s N Zane_Te_’l"“' (19)

. . T : L - Ay : L
is an isometric bijection, where the inverse is given by @, I(Zane‘kns ) =Y ayer e M. With this, it is
plain that the spectra defined in (T7)) and (18] are equivalent, in the sense that

Tk © Qi1 = QrOlx (20)

for all k (see Remark [2.1). This leads to the two announced representations of the pre-Fréchet space
X+ (A) as a projective limit of a countable spectrum of normed spaces.

Proposition 4.4. Let A be a frequency and X(A) be a A-admissible normed space. Then X (L) is a
pre-Fréchet space, which is a Fréchet space whenever X(A) is a Banach space. Also, the mappings

X+ (A) =proj(Xk(A),ix) given by D — (D)y_,

and

X1 (A) = proj(X(A), %) given by D+ (D /)=
are isomorphisms of pre-Fréchet spaces.
Proof. By (20) (see Remark [2.T) it is enough to check this just for the first representation. We denote
the mapping by ®, which is clearly linear and injective. By the very definition of the spectrum, if
(D*) € proj(Xx(A), ix), then there is some D € D(A) so that D%) = D for every k. Note that this implies
that 0x(3)(D) < 1/k for all k, hence D € X (A) and clearly (D) = (D), so that @ is surjective.
Finally, if m : proj(X(A),ix) — Xx(A) is the canonical projection, one easily gets that both m; o @
and @ 'o T I are continuous for every k; hence both ® and &' are continuous. This completes the
argument. If X(A) is complete, then the description as a projective limit yields the completeness of
X (R). O
Remark 4.5. Given a frequency A, we define the Kéthe matrix

A o
AA) = (e * )yt - (21)

As a consequence of Proposition 4.4 and Remark [2.1] we have

Di,+(A) = €p(A(R)) and D, 1 (A) = co(A(R)) (22)
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where in both cases Y. a,e~** is identified with the sequence (a,),. Note the particular case .75 , (1) =

/5 (A). All these spaces are Fréchet-Schwartz, since diagonal operators on £, or ¢y are compact whenever
the diagonal is a zero sequence (see again Remark [2.2). We show now, in a more general context, that

D54 (A) = Doy, (A) = co(A(R)) - (23)
(as sequence spaces), but that in contrast to (22) this inclusion in general is strict.

If X(A) is an admissible normed space, then by [(AS2)] we can find some C > 1 so that
‘aneil"/k‘ < CH Zaneilﬂ”%(k),k
for every Y a,e € ¥, (A) and all k. Then, given some k we can pick any k < m to have
|ane /| < C|| Lane™* | x(a) mle /A1)
This shows that (a,), € co(A(A)) and the inclusion
X1 (4) = co(A(R))

is continuous. Taking X1 (A1) = Z5 1 (A) this gives the inclusion in 23)). Note that, for A = (logn), the
series { =Y n~* ¢ P, (A) (because Gy, (1) () = 0c(C) = 1, recall Example , but the sequence of
coefficients belongs to co(A(logn)). This shows that the inclusion is (as we announced) in general strict.

On the other hand, if " a,e™"* € &, . (1), then by|(AS1)| the sequence Z:1 ane_l"/ke_’lns)N is Cauchy
for every k. If X(A) is complete, then the sequence converges and, by |(AS2), it does it to Y aye Mn/ke= s
that therefore belongs to X(1). This shows that Y. a,e~** € X9 (1) or, to put it in other terms

Dy +(A) = XL (A) (24)

(with continuous inclusion) for every A-admissible Banach space X(A4). This in particular gives, for
every A-admissible Banach space X (1), the canonical continuous inclusions

GAR) =2, +(A) = XL (A) = X4 (A) = Doy (X) = co(A(R)). (25)

This implies that, in this case, ox(3)(D) < 0,4(D) for every D € D(A). In view of this, and since for
every D € D(A) we have the well know inequalities o,(D) < 0,(D) < 0,(D) < 0,(D), one may wonder
if 0.(D) < 0%(3)(D) for every A-admissible Banach space X(1) and D € D(A). But this is false — take
D=Y —>n*, then 6,(D) = 1/2, but 6.5, (D) = 0.

4.3 Bases

Proposition 4.6. Let X(A) be a A-admissible space. Then the following are equivalent:
(i) The sequence of monomials e~* forms a basis of X4 (),
(i) X(A)=x"(%),
(iii) ox(3)(D) = Oxo(3)(D) for all D € Z(1).

In particular, if the monomials {e~*}, are a basis of X(A), then they also form a basis of X (1).
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Proof. Assume that (i) holds and take ¥ a,e ** € X(1) C X4 (). Since the monomials form a basis
of the latter, the partial sums converge to the series for every seminorm ||¢[[x(3)x. That is to say that the
partial sums of ) ane /K= Ans ¥ converge (in X(A)) to the series. This shows Clearlyﬂ1mphes
To finish the proof suppose thatmholds and let us show . Take Y a,e™
0x0(2)(D) = 0x(2)(D) < 0 and therefore, given any k € N, we have

€ X1 (A4). By assumption

Zanefl"/kef’l”s €eXxX(1),

and (Zﬁlvzlane_l"/ k*"e_}”"‘v)N converges for every o > 0 (and, by [(AS2)|it has to do it to the series

itself). Since this holds for every k we immediately have that

N
lim Z ape M/ke Za e Mn/kg= s
N n=1
in X(A), which by (I9) implies
hmZa e s Zane Ans

in X;(A) for every k. This yields the conclusion. O

4.4 Nuclearity

We finish this section by figuring out when our spaces are nuclear (recall the definition in Section [2.2)).
The Grothendieck-Pietsch theorem [21, Theorem 28.15] is here our main tool: a Fréchet space E with a
basis {e,} and an increasing system of seminorms ||¢||; is nuclear if and only if for every k € N there is
m € N such that

Y llenllellenll' < oo (26)
n=1

For the monomials [(AS1)| gives He_’l"s 2y, = ¢~ ", and then (26) can be very conveniently reformu-
lated.

Lemma 4.7. Let A be any frequency. Then L(A) = 0 if and only if for every k € N there exists m > k so

that N
Y e Pl < oo, @7)
n=1

Proof. Let us assume first that L(A) = 0. Given any k € N just pick some m > k and define € = J(; — 2 ).

logn

Since L(A) = 0 we can find n; so that < & for every n > ng. Then

1

I I

n>ne n>ng n>ne

which clearly yields (27). Conversely, given any k take m > k so that (27)) holds. This implies

1 1
—n v - -
Ze < k " < i
Since k was arbitrary, this gives L(A) = 0 and completes the proof. O

With this we can now say quite a bit about when are the spaces nuclear.
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Proposition 4.8. Let A be any frequency. Then the following are equivalent.
(i) L(A)=0

(ii) There is a A-admissible normed space X (1) such that X (A) is a nuclear Fréchet space and the
monomials {e~*}, are a basis.

(iii) For every A-admissible Banach space X(A) we have that X (A) is a nuclear Fréchet space and
the monomials {e~**}, are a basis.

Moreover, in this case all Fréchet spaces X (A) for all possible A-admissible Banach spaces X(1)
coincide, and so in particular X (A) = £,(A(A)) = co(A(R)) for every 1 < p < oo, where A(A) is the
Kéthe matrix defined in (21).

Proof. As a straightforward consequence of the Grothedieck-Pietsch theorem (26) and Lemma [4.7] we
have that|[(ii)|implies (i)} Suppose now that L(A) = 0 and choose any A-admissible Banach space X(A).
From (25) we have

U(AR)) = Doy (A) = XL(A) = X4 (A) = co(A(R)).

Then Lemmad.7)and [21, Theorem 28.16] (a consequence of the Grothendieck-Pietsch that characterises
nuclearity in K6the spaces) imply that ¢1(A(A)) = co(A(A)), the canonical vectors e, = (8, ) ; are a basis
and the spaces are nuclear. But, then,

(1(A)) = X1 (4) = co(A(4)),

and the conclusion follows. Since the remaining implication is obvious, the proof is completed. O

5 Fréchet space protagonists

We now apply the abstract approach devised in the previous section to some concrete spaces of general
Dirichlet series. This yields our main results.

5.1 Bounded Dirichlet series

In the introduction we already defined Z.. (1) as the space of all A-Dirichlet series Y a,e™** that
on [Re > 0] converge to (a necessarily holomorphic) function which is bounded on all smaller planes
[Re > o]. Looking at (14)), this is precisely the pre-Fréchet space generated by the A-admissible space
Des(A). Obviously Z..(A) is a linear subspace of Z.. 1 (A). To see that that both spaces in general are
different, note that the ordinary Dirichlet series ¥ 1n~* = {(1+s5) (where  is the Riemann zeta-function)
belongs to Z.. ;- ((logn)), but not to Z..((logn)). This is also the case for }.(—1)"n"* = (1 —27%){(s).

Note first that by for every k we have sup, |aneJT"| < H Y ae M
AnS

. This in particular shows that
the coordinate functionals } a,e™
the space defined in (16) is exactly

— ay are equicontinuous on Z., 4 (A). Let us note that in this case

Dse(2) = { Y ane ™ €D(A): Yane ¥ € 2.(2)},

endowed with the norm

fo 5o

1Y ane ™ DAk T |y ane™ e

Proposition 4.4| provides us with two different representations of the space Z.. , (1) as a projective limit
(recall the definitions in and (18)).

Tu(M) "
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Proposition 5.1. Let A be a frequency. Then D 1 (1) is a pre-Fréchet Schwartz space which admits the
following representations as projective limit

Doo, (L) = PrOj(Zeo j(A), ik) = proj(Zes (1), ) -

Proof. The projective descriptions are immediate from Proposition In order to see that Ze. 1 (1) is
Schwartz let us note that, by Corollary[3.6] the mappings 1 : #.(A) — #(A) are compact for every k.
Since by Theorem [3.1]and [26] Corollary 3.9] we know that Z..(2) is an isometric subspace of 7, (4),
we immediately deduce all mappings Ty : Zw(A) = Z(A) are compact and, then, proj(Z..(1), %) is
Schwartz. O

We illustrate all this with an interesting example. Let A be a Q-linearly independent frequency, and
consider the Kothe matrix A(A) defined in (21). From [26, Theorem 4.7] we know that

Dooi(A) = 14 ((eJT"),,) given by Y a,n”* — (an)

is an isometric isomorphism for every k. This immediately gives (see (3)) that by making the identifica-
tion Y a,n"* — (a,) we have

Deo 1 (A) = 1(A(R))

)

as Fréchet spaces.

Our aim in the following sections is to study the structure of Z.. 4 (4 ), which in the end will yield
a sort of analogue of Theorem (the ’equivalence theorem’) for Fréchet spaces of general Dirichlet
series.

5.1.1 Completeness

Let us recall that the proof of Theorem [3.8](see [14, Lemma 5.2]) requires an application of the uniform
boundedness principle. Barrelled spaces is the biggest class of spaces on which the uniform boundedness
principle holds. So, when moving to the framework of locally convex spaces, barrelledness appears as a
natural property in our setting. Our next result shows that this is indeed the case, and that it gives another
equivalent reformulation of Bohr’s theorem for A. Note that this property is in some sense hidden in the
Banach case, since a normed space is barreled if and only if it is complete.

Theorem 5.2. For every frequency A the following statements are equivalent
(i) Bohr’s theorem holds for A.
(ii) Do+ (A) is a Fréchet space.
(iii) Do+ (A) is barreled.

Remark 5.3. Before we proceed to the proof of the theorem let us point out that, if for every ¢ > 0 there
is a constant C = C(o) such that for every choice of finitely many aj,...,ay € C, we have

; (28)

N
H Z ape e Mns
n=1 Do L)

M
< CH a,e M
T(2) n; "

for all N < M, then (following the argument in [, Theorem 4.12]) Bohr’s theorem holds for A. Indeed,
if holds, we may take D = Y. a,e ** € 2%Y(1) and fix N. Then (see e.g. [26] Proposition 3.4])

N A
| ¥ a1 =2y ohe |
n=1 X ""(

(S CIRL D)= < 1| Lane

Du(A)?
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for every x > N. Now, letting x — oo we get

N
H Z a, o= s
n=1

oy S a5

which implies 6,(D) < 0 (use Proposition 4.3 with e.g. X(1) = Zw(A), see also Example [4.2H(d)); i.e.
Bohr’s theorem holds for A.

Proof of Theorem[5.2)]

= |(i1)| By Proposition [5.1| we know that Z., , (1) = proj(Z..(A), %) as pre-Fréchet spaces. From
Theorem [3.8| we know that Z.,(A) is complete, so that the latter projective limit is complete. The con-
clusion then follows.

= This follows from the general fact that every Fréchet space is barreled.

=[] As we have already shown, ir suffices to check that (28] holds. To do that, for each fixed k
we consider the family of operators Ty : Z.. (1) — C given by

N
Zane*lns — Z ane*%
n=l1

for N € N. Then {7y} is a bounded set in the topological dual of Z.. ;. (A), which (since the space is
barrelled) is then equicontinuous. In other terms, there is a constant C = C(k) > 0 and ¢ > k such that
for all Y. a,e ™ € Z.. . (1) we have

<Cl| L ane

N A
Sup‘ Y ane t Du(A)L°
Wl & (),

A

Finally, given ay,...,ay € C and Rez > 0, we apply this to the series 22’1:1 ane e~ to have

N
sup sup Zane
Rez>0N<M ' ,—1

~ Az~ S
e~ k| < C sup Zane Ce

Rez>0",=1

J

and this gives (28). O

5.1.2 Montel

The appearance of Montel’s theorem for Z..(A) in Theorem leads to another well known class of
locally convex spaces: Montel spaces.

Theorem 5.4. For every frequency A the following statements are equivalent
(i) Bohr’s theorem holds for A.
(ii) De+(A) is a Montel space.

Proof. 1f ()| holds, then Z..(A) by Proposition and Theorem is a Fréchet-Schwartz space,
and these are always Montel spaces. Conversely, since Montel spaces by their definition are barreled,

Theorem [5.2] also proves that [(i1)] implies O
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5.1.3 Bases

We know that the sequence of monomials {e~*+*}, forms a basis of Z.. . ((logn)) (see [7, Theorem 2.2])
and for Z.. . ((n)) (in this case e corresponds to the monomial z", and the result is classical). The
following equivalence extends these.

Theorem 5.5. For every frequency A the following statements are equivalent:
(i) Bohr’s theorem holds for A.

(ii) For every k there are { > k and C > 0 such that for each Y. a,e ™ € D.. , (1) we have

N
sup H Z ape M
N n=1

L SClEane

7.(0), Du(A) L

Moreover, in this case the monomials {e~**}, form a basis of D ().

Provided Ze. 4 (A) is complete (or by Theorem [5.2]equivalently Bohr’s theorem holds for 1), observe
that statement |(ii)| is an immediate consequence of (IJ), whenever {¢~*} forms a basis (compare also
with [[19, Theorem 14.3.6] or [21, Lemma 28.10]). Unfortunately, in general having a basis for a pre-
Fréchet space does not necessarily imply the corresponding inequality (TJ), so that it would be interesting
to find a concrete frequency A not satisfying Bohr’s theorem for which t the sequence of monomials
{e=*} forms a basis for Z.. | () (recall that, by Proposition |4.6| this happens if and only if Z..(1) =
7).

Proof. Suppose that Bohr’s theorem holds for A and, for each N consider the operator Ty : Zo (1) —
Do k(L) given by

N
Zane_’l”s — Z ape M .
n=1

Each of these is bounded, and, since Bohr’s theorem holds, the pointwise limit exists. Now, @w7+(l) 18
barreled (recall Theorem and this gives that the family (7y)y is equicontinuous. This implies
Conversely, if[(iD)|holds, this clearly implies (28)) which, as we have seen, gives that Bohr’s theorem holds
for A.

Finally note that if A satisfies Bohr’s theorem, then 22(1) = Z..(1), and by Proposition 4.6/ the mono-
mials form a basis of Z.. 4 (4). O

Section provides us with new examples of frequencies for which the monomials are a basis of
Do+ (A). For instance, A, = (logn)* with a > 0, which satisfies Landau’s condition, and so Bohr’s
theorem. So far we do not know what happens for the frequency A, = loglogn.

5.1.4 Nuclearity

We face now the last property we are interested in: nuclearity. Let us recall that by [7], the space
P-((logn)) is not nuclear, whereas Z..((n)) equals the space H (D), which is well known to be nuclear
(see e.g. [19, Corollary 8, page 499]). So the question arises naturally: for which frequencies are our
spaces nuclear? Proposition[d.8| gives us the answer.

Theorem 5.6. Let A be any frequency. Then D 4 (1) is a nuclear Fréchet space if and only if L(A) = 0.
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Proof. If P..+(A) is a Fréchet space, then by Theorems and the monomials are a basis. So,
if the space is also nuclear, Proposition 4.8| gives that L(A) = 0. Conversely, if L(1) = 0, then Bohr’s
theorem holds for A and (1) is by Theorem [3.8]a A-admissible Banach space. Again Proposition
completes the proof. O

Example 5.7.
(@) Ze+((n)) = H(D) is nuclear, since L((n)) = 0. This is a classic (see e.g. [21]]).

(b) Do+ ((logn)) and Z.,  ((log p,)) are both nonnuclear, since in both cases L(4) = 1. As mentioned
before, the first example is due to Bonet [7]].

(€) Do+ ((logn)®) is nuclear for o« > 1 (since L(A) = 0) and not nuclear for 0 < a < 1 (since
L(A) = o0).
5.2 Hardy spaces of Dirichlet series

With the same spirit as in Section[5.T|we apply now the abstract programme described in Sectiond]to the
scale ¢,(A) of Hardy spaces of general Dirichlet series for 1 < p < o (see [[15] for the case of ordinary
series). Let us briefly observe that in this case the abscissa defined in (I3)) now reads as

0 (D) =inf{oc €R: Y ae ™M € A, (A)}. (29)
With this, following (14), we consider the pre-Fréchet space
Hy (M) ={D =Y ane™: 6,3)(D) <0},

endowed with the locally convex metrizable topology generated by the sequence of norms

HZane*’l”s M)k = HZane*l”%e%”s

for k € N. As in (T3]), for each k € N we consider the canonically normed space defined by

)

Hyi () = { L ane ™ € D(A): Yane et e A1)},
which (see and (I8)) leads to the two countable projective spectra
proj(#, x(A), ix)ken and proj(,(A), T )ken - (30
We turn now to the study of the structure of the spaces .7, ().

5.2.1 Fréchet-Schwartz

Proposition 5.8. Let A be a frequency and 1 < p < oo. Then ¢, (A) is a Fréchet Schwartz space which
admits the following representations as projective limit

Hp1-(A) = proj(Hp (L), ix) = proj(H(A), ) -

Proof. Proposition and (30) give the two representations of the pre-Fréchet space .7, | (1) as pro-
jective limits. Since each JZ,(A4) is complete, the projective spectra in (30) consist of Banach spaces
and, then, JZ, . (4) is Fréchet. By Theorem all translation operators T; are compact operators; then
Remark [2.2] gives that the space is also Schwartz. O

Example 5.9. Let A be a Q-linearly independent frequency. From [[11} Corollary 3.36] combined with
Khinchin’s inequality we deduce that .#,(4) = ¢, (where each A-Dirichlet series is identified with the
sequence of its coefficients). As a consequence .7, 1 (A) = ¢>(A(A)) forevery 1 < p < co,
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5.2.2 Coincidence

Since Zeo(A) C Ho(A), and e (A) = proj Zeo k(1) as well as HZ, | (A) = proj i, x(A), from Re-
mark [2.1] we obtain that there is a continuous embedding

Dot (L) — Ho 1 (),
that preserves Dirichlet and Fourier coefficients.

Theorem 5.10. 2., (1) = 7 1 (A) if and only if Bohr’s theorem holds for A.

Proof. If Bohr’s theorem holds for A, then we know from Theorem 3.8 that D (1) = (A ) for
every k. Hence the claim follows by Remark [2.1] Conversely, if Z., 4 (4) = #Z (1), then Z., (1) is
complete, and so we deduce from Theorem [5.2] that Bohr’s theorem holds for A. O
5.2.3 Bases

Proposition 5.11. Let A = (A,) be a frequency and 1 < p < co. Then the monomials {e~**}, form a
basis

(i) for 7, (L), whenever 1 < p < o,
(ii) for 74 (L), whenever A satisfies Bohr’s theorem.
(iii) for H i (A) if and only if A satisfies Bohr’s theorem.
We structure the proof with the following lemma.

Lemma 5.12. For every frequency A and 1 < p < oo we have ,(A) = t%’;,o(k), and for p = 1 this holds
true whenever A satisfies Bohr’s theorem.

Proof. As we have already mentioned, by [11, Theorem 4.16] the monomials form a basis in .72,(4).
This settles the case 1 < p < co. In order to tackle the case p = 1, let us recall first that, by definition,
(L) C 4 (A). We have to see that the reverse inequality holds if A satisfies Bohr’s theorem. We
go for a moment into the theory of vector valued general Dirichlet series. The basic definitions needed
here are just straightforward translations of the scalar valued ones. The reader is referred to [8] for a
complete account on the theory. In [12, Lemma 4.9] we have that, for any frequency A, the mapping

HA(A) = Do(A, 71 (A)) given by
Zane_l"s > Z(ane_l”z)e_l”s 31)

defines an isometry. Once we have this, note that, given a Banach space X and € > 0, there exists ¢ > 0

so that
M
. < cHZane §

for every X-valued Dirichlet series in Z.(A,X) (here we need that Bohr’s theorem holds for A, see [8|
Proof of Theorem 4.12]). On the other hand, an argument with the Hahn-Banach theorem after [26,
Comment after Proposition 2.4] shows that

N
sup sup H Y ane M (EF)
NeNreR ' ;=1

Du(AX)

N
Ans

= sup

X Res>e ' =

N
sup H Z a, e (E+i) )
n=1

ape
teR 1
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for every X-valued Dirichlet polynomial. With this and (3T), given Ya,e ** € s (1) and € > 0 we
have

N N
—&Ay —Aus _ —&An ,— s\ — Az
Hn;a”e ¢ %(A)Hrg(cz”e e)e DA AR (M)
N
_ AP Y B e < H I
Rseggo’,;l(a"e e A0~ C L (ane™)e T (A I()

= cH Zane*l"s

Then Proposition |4.3| gives ¢ A0 (D) <0 and this implies that (ZQ/:I ane*x""e*’lns) y 1s convergent for
every 6 > 0. Since the series is in .7 (1) we finally obtain Y ape s € jé”lo(l). O

A2

Proof of Proposition[5.11} Both statements [(1)] and [(i)] are immediate consequences of Proposition [.6|
and Lemma If the monomials {¢~**} form a basis for 7 | (1), then they form a basis for its
subspace Z.. 4 (1), and so the claim follows from Theorem [3.1)and Theorem O

We finish this section by making a short comment on the abscissas that we have defined in (29). For
ordinary Dirichlet series (i.e. A = (logn)) we know from [9, Theorem 12.4] that the abscissa for any
1 < p < oo can be reformulated as

N
0, (D) = inf{c >0: ( Z Z—Zn_s)N converges in ,%’j,((logn))} .

n=1
With the notation from Section [4.1] this means that 1 < p < oo and any ordinary Dirichlet series D we
have
Ot (1ogm)) (P) = G0 ((10gm)) (D) -
Then Lemma shows that this holds for 1 < p < « and any frequency A, and for p = 1 and any
frequency A satisfying Bohr’s theorem. Finally, we note that under Bohr’s theorem for A we by definition
and Theorem [3.8] also have that

0. (2)(D) = 0g,_1)(D) = 650(3)(D) = 0,002 (D).

5.2.4 Nuclearity

In Section we settled the question of when Z.. ; (1) is nuclear. We face now the same question for
the Fréchet spaces .7,  (A). Again, the answer comes from Proposition

Proposition 5.13. Let A be a frequency. Then
(i) for 1 < p < cothe Fréchet space 7, (A) is nuclear if and only if L(A) = 0.

(ii) for p =1 and p = oo the Fréchet space 7, (L) is nuclear and A satisfies Bohr’s theorem if and
only if L(A) = 0.

Proof. We already know from Proposition that H, +(A) is a Fréchet space for every 1 < p <oo. Let
us prove first. For 1 < p < oo, by Propositionthe monomials form a basis of .7, ; (A1). This and
Proposition 4.8| give the equivalence of nuclearity and L(A1) = 0.
In the case of p =1 or p = o (this is , let us suppose first that 77, | (A) is nuclear and A satisfies
Bohr’s theorem. Then Proposition gives that the monomials form a basis for .7, ;. (1), and Propo-
sition 4.8| yields L(A) = 0. Let us conversely assume L(A) = 0. Then A by [26, Remark 4.8] satisfies
Bohr’s theorem. On the other hand, again Proposition 4.8| gives that .7, ;. (1) is nuclear. O

As we already pointed out in Section[4.4] if L(A) = 0, then all % , (1) coincide for 1 < p < eo.
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5.2.5 Translation

An important fact within the theory of Hardy spaces of ordinary Dirichlet series is that the translation
operator T4, defined for each o > 0 as

T (Zann”) = Z Z—Zn” ,

forevery 1 < p < g < oo is bounded as an operator from 7, = 7%, ((logn)) into 7%, = %, ((logn)). This
has as an immediate consequence that 6., (D) = 6.4, (D) for every 1 < p,q < and D € D((logn))
(see [9, Chapter 12] for more details). Then we obtain as an immediate consequence that 77, ;. = J7
for every 1 < p,q, < oo, and, there is only one such space, denoted .77, which can be taken as %  (see

(L5]).

We address now an analogous question for general Dirichlet series. For o € R we define the transla-
tion operator as

To ):a e ’I"S Za e MO o s

Then we say that the frequency A is hypercontractive (for the translation operator) if, for every ¢ > 0,
the operator 75 : J%,(A) — J#;(A) is bounded for every 1 < p < g < oo

Remark 5.14. It is obvious that a given frequency A is hypercontractive if and only if O, (l)(D) =
Oz, (2)(D) forevery D € D(4) and 1 < p < g < oo, if and only if 7}, 1 (1) = 7 + (1) for every choice
of 1 < p,g < oo,

In [3]] it is shown that there exist nonhypercontractive frequencies. More precisely, there is a fre-
quency A satisfying Bohr’s condition so that 75 : 741 (A) — #3(A) is not bounded for every ¢ > 0. In
particular, 5% (1) & 54 +(4)

Our aim now is to find conditions that imply that the frequency is hypercontractive for the translation
operator.

Remark 5.15. If L(A) =0 or A is Q-linearly indedependent, then A is hypercontractive. Indeed, in
both cases we by Proposition and Example know that all Fréchet spaces .7, ;. () coincide (as
sequence spaces).

We recall that for each 0 <1 < 1 and 1 < p < g < eo there is a bounded operator Ty, : H,(T) — H,(T)

such that . .
Ty ( Z Cka) = Z cr(n2)*
k=0 k=0

Furthermore, || || < 1 for every n < /p/q (see e.g. [9, Proposition 8.11]). For N € NU {eo} we know
from [9, Theorem 12.10] that, if = (M) 1<k<ny C (0,1) is such that sup, [T;_; ||y, || < e (note that this
is trivially satisfied if NV is finite), then there exists an operator

Ty - Hy(TV) — H,(TV) (32)
so that
Ty X caz®) = ¥ calna)?, (33)
Foéiiil';e Foftiiﬁe

and || T || < sup, [Ti_; || T, |- If A € NJ (if N = oo this should be understood as N )} we consider

HNTY) = {f € Hy(T"): f(a) #0= a € A},
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which as a closed subspace of H,(T") is again a Banach space. A straightforward argument using (33)
and the density in H [’)\(']I‘N ) of the trigonometric polynomials with coefficients indexed on A (see [12]
Theorem 3.14]) gives
Ty (HY(TY)) C HNTY) (34)
and
Ty H (T) — Hg (TY) | < ||Tq + Hyp(TY) — Hy(TV)]|.

Let us recall from Section [3.3] (see the comments preceding Corollary that, given a frequency
A = (A)nen, there is a decomposition A = (R,B), where B = (b;)i<j<ny (for N € N or N = o) is the
basis and R = (1’7)’1’S j<n the Bohr matrix of A. A frequency A is said to be of natural type if each entry
of R is in Ny, and in this case each row & of R (we write o¢ € R) may be considered as a finite sequence
in N(()N) (soR C N(()N)).
Given a frequency A of natural type, the Bohr transform 28 defines an isometric isomorphism between
(1) and Hllf(’]I‘N ). More precisely, there is a unique onto isometry

B 1 Ay(A) — HX(TY)

such for each o € R and n € N with A, =} ojb; we have that f(a) =ay, forall D =Y aye ™ € 6 (A)
and f € HY(TV) with f = B(D) (see [12, Theorem 3.31]).

Theorem 5.16. Let A be a frequency with a decomposition (B, R) of natural type so that b; > 0 for every
Jj and (if B is infinite) lim;b; = oo. Then, A is hypercontractive.

Proof. Fix some 1 < p < g <o and 6 > 0 and let us define n; = e~?i% for each 1 < j < N. Since all
b; are positive, we have 0 < 1; < 1 for every j. If B is finite and has length N, then by (32)) and (34) we
have a continuous operator

Ty  HY(TY) — HX(TY).
If B is infinite, the fact that lim; b; = oo implies that we find some jj so that n; < \/p/q for every j > jo.
Then sup, [T}, [|Tn; || < Hj‘;l | Ty, || and we have a bounded operator Ty : H,(T*) — H,(T*). This and
again gives

Ty  HY(T*) — HY(T*).

We now consider the bounded operator T = B~ 0 T 0B : #,(A) — H#;(A). Let us see that this is
exactly the translation operator that we are looking for. To do this we look first at Dirichlet polynomials.
Given Y5_, aye™"* we write cq = a, if ¥; a;b; = A, and have

B ( i ane_l”s> = Z caz®.
n=1

aER
M g):j ajb_,-gkk

The latter is a finite sum, and gives

%710Tn< ) caza> :%*1( ) ca(nz)a)

aeRr aer
llg):jajhjglk llg):jajhjg/lk

k
— 3! ( Z Cae—):jbjajaza) = Z ane_l"ce_k"s .
n=1

a€ER
M g):iajbjglk

This yields our claim for Dirichlet polynomials, but these are dense in .7#,(A) (see [12, Theorem 3.26]).
A standard argument using the density and the fact that convergence in .7}, (A ) implies convergence (in
C) of the coefficients completes the proof. O
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Remark 5.17. The frequencies (logn) and (n) trivially satisfy the conditions in Theorem[5.16] Also, if
the frequency A is Q-linearly independent (as, for example (log p,), being (p,) the sequence of prime
numbers), then one can just take B = A and R given by ri= 0;» to see that it satisfies the conditions in
Theorem [5.16] As a straightforward consequence (see Remark [5.14), for each of these frequencies all
the spaces 7%}, 4 (A) (with 1 < p < o) are all isomorphic to each other as Fréchet spaces.

5.3 Almost periodic functions

As we already pointed out in Section[2.2] general Dirichlet series and uniformly almost periodic functions
are closely related. More precisely, we know from [13, Theorem 2.16] (see also Theorem [3.1)) that there
is an isomorphism preserving Bohr and Dirichlet coefficients so that H*[Re > 0] = #2,(A). Our aim
now is to find an analogous description for .72, ;. (A). The first step is to find the proper space of almost
periodic functions, and to endow it with a convenient locally convex topology. We denote by

H? [Re > 0]

the space of all holomorphic functions f : [Re > 0] — C which are uniformly almost periodic on each
abscissa [Re = o] and such that the xth Bohr coefficients of f (recall (@) vanishes, whenever x ¢ {4, |
n € N}. Each such function is then bounded on every half plane [Re > €] (see [4, Chapter III, § 3]), and
hence we may endow HZ; +[Re > 0] with the Fréchet topology given by the family of norms

£ lloose = sup |£(s)]- (35)

Res>%

5.3.1 Projective description

Again it is convenient to find proper projective descriptions of HZ}, +[Re > 0]. Consider first for each k
the Banach space

H*[Re > 1/k] = {f: [Re > 1/k] — C holomorphic : f(s+ 1) € H*[Re > 0]}
endowed with the norm defined in (33). Then we get the projective spectrum
(HA[Re > 1/k),ik) oy »
where the linking maps are the restrictions

i :Hi[Re >1/(k+1)] ‘—>H£[Re > 1/k| given by f i+ f|re>1/4 -

Given f € H*[Re > 1/k| the Bohr coefficients of f (recall once again (@)) are

1T s
aln(f) :}I_I;I‘Lﬁ/in(o-_‘_lt)e(o—"—t)kndt’

where ¢ > 1/k is arbitrary (and the definition is independent of the chosen ). Observe that with this
definition the Bohr coefficients of f € H*[Re > 1/(k+1)] and i (f) € H2[Re > 1/k] coincide.

As in Section .2] we have a second possible projective spectrum that serves our purposes. To begin
with, note that for each k, the mapping

@ : HX[Re > 1/k] — HX[Re > 0] defind by f+ f(s+1/k)
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is an isometric bijection, where the inverse is given by ¢, "H=rf (- -1/ k). Then we can consider the
projective spectrum
(HA[Re > 0], %)

where 7, : HA[Re > 0] — HZ[Re > 0] is defined by

fe fle+1/k—1/(k+1)).

keN?

Proposition 5.18. Let A be a frequency. Then HX[Re > 0] is a Fréchet-Schwartz space. Also, the

mappings
HZ , [Re > 0] = proj (H:[Re > 1/k],ix) given by f = (flres1/1)i1

and
H? ,[Re > 0] = proj (HX[Re > 0], %) given by f+ (f(s+1/k))

are isomorphisms of Fréchet spaces.

k=1

Proof. Both projective descriptions follow exactly as in the proof of Proposition #.4] In particular, look-
ing at the second one and taking into account that all spaces H2 [Re > 0] are Banach, we deduce from
Theorem [3.5|that 7; is compact for every k and therefore Hi +[Re > 0] is a Fréchet-Schwartz space. [

5.3.2 Coincidence

We are now ready to show that an isomorphism as in Theorem [3.1] identifying coefficients also exists
between Hi’ +[Re>0]and 7, . (A).

Theorem 5.19. The identification
H£7+ [Re > 0] =, (A) given by f— Zaln (f)e s,
is a coefficient preserving isomorphism of Fréchet spaces.
Proof. We begin by seeing that for each fixed k the mapping
Si : HA[Re > 1/k] — #i(A)

defined b
’ feYa, (e

is an isometric bijection. Take any f € H*[Re > 1/k] and observe that the function g := f(s 4 1/k)
belongs to H[Re > 0] and has Bohr coefficients
Iy

a,(g) = ay,(fle”*,

for n € N. Hence by Theorem u the Dirichlet series Y ay, ( f)e*lk*"e_l"“' =Ya,, (g)e ™ belongs to
(M), and so Ya; (f)e ™™ € (1) with

1Y az, (e

This shows that Sy is a well defined isometry. Conversely, if Y. a,e " € S, (1), then by definition

and again Theorem we can find some g € HA[Re > 0] such that a 1,(8) = ane*% for all n. Now the
function f := g(s— 1/k) belongs to H*[Re > 1/k] and has Bohr coefficients

AnS

_M
W)k Hakn(f)e ke 20 = lglleo = [ flook -

An

a, (f) =e*ay,(8) = an,

30



for n € N. This shows that Sy is surjective and, hence, an isometric bijection. Now Remark [2.1) implies
that the mapping

S : proj (HA[Re > 1/k], i) — proj(H. (1), i) givenby (fi) — (Sk(fi))

is a Fréchet isomorphism. Moreover, if p,, and 7, denote the canonical projections of the respective
projective spectra into H*[Re > 1/m] and . ,,(1), we have

oS =Sn0Pm.
Using the projective descriptions of the spaces given in Proposition [5.T]and [5.18] this immediately gives
that for each f € HZ},_’ +[Re > 0], the nth Dirichlet coefficient of S(f) equals a,, (f). O
By Propositions and [5.13| we get the following corollary.
Corollary 5.20.

(i) The monomials {e~*}, form a basis in Hi} +[Re > 0] if and only if A satisfies Bohr’s theorem.

(ii) H£7+ [Re > 0] is nuclear and A satisfies Bohr’s theorem if and only if L(A) = 0.
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