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Abstract

Parallel robots (PRs) have singular configurations where the robot gains at least one degree-of-freedom and loses control.
Theoretically, such singularity occurs when the Forward Jacobian-Matrix determinant becomes zero (Type II). However, actual
PRs could lose control owing to Type Il singularities for determinant values near zero, but not zero, because manufacturing
tolerances introduce errors that are complex to model due to their low repeatability. Thus, using an actual 3UPS+RPU PR, this
paper presents three contributions: i) a proximity detection index for Type II singularities based on the angle between two Output
Twist Screws. The index can identify which kinematic chains contribute to the singularity. ii) an experimental benchmark to study
Type 1I singularities. iii) PR configurations where the proposed index is zero and the Forward Jacobian determinant is not. In this
last configuration, the findings show that the actual robot is unable to handle external actions applied to the PR.

Keywords: singular configuration, parallel robot, virtual power, screw theory, assembly modes.

1. Introduction

In contrast to a serial robot, a parallel robot (PR) drives its end-effector (mobile platform) using at least two closed
kinematic chains that help increase the PR stiffness and load capacity. Moreover, PRs have other advantages over their
serial counterparts, such as lower weight, higher working speed with high precision, and lower power consumption
[1,2]. These advantages, mainly due to the closed kinematic chain architecture, are key aspects that have increased the
interest in studying their use in the academic, industrial, and robotics service fields over the last three decades.
However, the PR architecture reduces not only the size of the robot workspace but also its kinematic performance,
owing to the possible presence of singularities within the workspace.

Initially, Gosselin and Angeles [3] studied the singularities of a PR using Jacobian matrices obtained from constraint
equations, and classified them into i) inverse kinematic or Type I singularity, where the robot loses at least one degree
of freedom (DOF), and ii) Forward Kinematic or Type II singularity, where the PR gains at least one DOF. In
particular, Type II singularities could be critical because the mobile platform at the singularity is unable to bear the
external forces despite having all the actuators locked (losing control of the PR motion). Likewise, Park and Kim [4],
based on a similar Jacobian matrix analysis, classified PR singularities as actuator (analogous to Type I) and end-
effector (equivalent to Type II) singularities. Gregorio and Parenti-Castelli, in [5], subclassified Type II singularities
using a 3-UPU PR according to the type of DOF gained (rotational or translational). Moreover, Slavutin et al. [6]
proposed a graphical analysis for a spatial PR using the three-dimensional Kennedy theorem.

The singularities of a PR, due to the instantaneous change in its DOF, are a problem to avoid. The conventional
way to detect that a PR undergoes a singular configuration is by evaluating the determinant of the Jacobian matrix.
When the determinant is zero, the PR is in a singular configuration. The Inverse Jacobian matrix is analyzed for a
Type I singularity (J;) and the Forward Jacobian matrix for a Type II singularity (/). However, the determinant of the
Jacobian matrix (||J||) does not have physical meaning [7]. Merlet, in [8], proposed alternative ways of detecting
singularities based on the Jacobian matrix concept: manipulability index, condition number, and global condition
index. Gallardo et al. [9] calculate a Jacobian Matrix based on Screw Theory and the Principle of Virtual Work to
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detect singularities on a Schonflies PR. Some of these indices have an unclear physical meaning in some cases and
have not been applied to actual robots.

An alternative way to deal with singularities is to design the PRs focusing on optimizing the workspace to avoid
the singular configuration. Davidson et al. [10] introduced an optimization procedure based on force/motion
transmission efficiency. Yuan et al. [11] used Screw Theory to define a transmission index between the Transmission
Wrench Screw (TWS) of the actuators and their Output Twist Screw (OTS) produced in the mobile platform. Chen
and Angeles [12] established a general transmission index (GTI) considering the TWS as a general transmission
wrench screw (GTWS). Takeda and Funabashi [13] defined a transmission index that was able to establish how each
actuator contributes to the motion of the mobile platform; for this purpose, Ref. [13] considered just one actuator as
active while the others were locked. Subsequently, the transmission index was normalized by Wang et al. [14], dividing
it by the maximum virtual power of each actuator; the normalized index was named Output Transmission Index (OTI).
Araujo-Gomez et al. [15] showed that even after optimizing the workspace of a 4 DOF PR, a small percentage of
singularities still remain inside the workspace of the robot. Therefore, in a lower-mobility PR with a singular
configuration inside its workspace, it becomes necessary to determine when the PR is near to a singular configuration.
Hesselbach et al. [16] predicted the proximity of a singularity through online optimization algorithms (based on
integrated sensors) to minimize robot configurations with zero transmitted power.

Hunt and Primrose [17], on the other hand, initially indicated that within the workspace free of Type II singularities,
a solution for the Forward Kinematic problem or assembly mode [18] is unique. Thus, to move from one assembly
mode (|[/p|| > 0) to another (||/,|| < 0) it is necessary to undergo a Type II singularity (||/p|| = 0). Later, Innocenti
and Parenti-Castelli [19] showed that for PRs, there could be several solutions to the Forward Kinematic problem.
This introduced the possibility of switching from one assembly mode to another without passing through a Type II
singularity (||Jp || does not pass through zero). A very effective way to perform a non-singular assembly change is to
go through a special Type II singularity called cuspidal point [20]. In [21], based on series expansion, McAree and
Daniel defined a cuspidal point as a second-order degeneration or a special case of Type II singularity where three
assembly modes are certain to meet. References [22-24] presented algorithms for trajectory planning avoiding
singular points.

Generally, the singularities of a PR are analyzed without modeling manufacturing errors because of their random
behavior. Dali et al., in [25], showed that the actual position of the mobile platform of a PR has errors caused by
manufacturing errors in links and joints. Chen et al. [26] model the position error due to joint clearances and input
uncertainties in different joints of a planar PR. The study verified that, for each position of the planar PR, the effect of
joint clearances is not deterministic. Binaud et al. [27], emphasized the difficulty of correcting the positioning errors
due to joint clearances because of their low repeatability. Huang et al. [28] estimate the position error due to
manufacturing errors using a probabilistic model. Moreover, Ohno and Takeda in [29] used embedded sensors to
estimate the position error due to clearances.

A literature search revealed that few studies have analyzed the closeness to a singularity in spatial PRs from an
experimental perspective. Therefore, the contributions of this study are presented below:

1) Proposes to use the angle ({2) between two instantaneous screw axes from the Output Twist Screws (OTSs) as
an index capable of detecting the proximity to Type II singularities. OTSs were used in [13] as part of the
design optimization for PRs. The main advantages of the index () are physical meaning, sensitivity near a
singularity and identification of the robot kinematic chains producing the singular configuration.

ii) Presents an experimental benchmark between the index Q and ||/, || to analyze Type Il singularities in an actual
3UPS+RPU PR. The experiments show that the PR approaches a singular configuration for ||/, || different from
zero, i.e. ||Jp || identifies a singularity in the vicinity of zero. The experimental benchmark starts measuring the
position of the mobile platform using a high-precision photogrammetry system. Subsequently, based on the
measured positions, the values of ||/ || and Q are calculated and used to set the non-zero experimental limits to
ensure that the actual PR avoids a Type II singularity. The set of trajectories employed to calculate the
experimental limits relies on typical knee rehabilitation and diagnosis tasks. Finally, to verify that the ||/, || and
Q limits were correctly established, several trajectories where the ||/ || is very close to the limit are executed.
These verification trajectories also allow to show that the proposed index is more sensitive and effective than
the ||/p|| in detecting the proximity of Type II singularities for an actual PR. The proposed benchmark is not
intended to consider joint clearances model explicitly. However, this experimental protocol can obtain limits
for ||Jp|| and Q that are effective in avoiding singular configuration even under manufacturing errors in links
and joints. The proposed protocol could be applied when developing an actual PR to obtain a safety index for
avoiding singular configurations.

iii) Introduces PR configurations where, in simulation, the angle Q is zero, despite being non-singular or cuspidal
points. In this special configuration, the actual analyzed PR loses motion control and allows it to undergo from
one assembly mode to another. Therefore, this paper calls these points assembly changing points (AC points).
Using simulated and experimental tests, the index ) shows its capacity to detect AC points that cannot be
detected using ||/ ]|
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Section 2 presents a briefly description of the 3UPS+RPU PR, singularities and cuspidal points in PRs, and the
angle between the OTSs. Section 3 describes the procedure used to determine the ||/, || and the indices Q. The section
also introduces the expression defining the number of assembly modes for the 3UPS+RPU PR that are used to verify
the assembly change performance by the actual PR in an AC point. Moreover, it describes the test trajectories used to
set the experimental limits for the ||/, || and the € that avoid Type II singularities. Moreover, Section 3 describes the
verification test to ensure the previously set experimental limits and the trajectories with AC points where the actual
PR cannot hold external actions. Section 4 presents the test-bed for the experimental benchmark to analyze Type II
singularities. The obtained results are also shown and discussed in this Section. Finally, in Section 5 the main
conclusions are presented.

2. Mathematical foundation
2.1. 3UPS+RPU parallel robot

In the 3UPS+RPU PR (see Fig. 1a) the fixed base is linked to the end-effector or mobile platform by means of four
open kinematic chains or limbs, in which three of them have a UPS configuration and the fourth one has an RPU
configuration. The letter R stands for revolute joint, P for prismatic joint (actuated in this case, indicated by the
underlined format), U for universal joint, and S for spherical joint. The 3UPS+RPU robot was designed and built at
Universitat Politécnica de Valéncia. The robot has four DOF: two translational and two rotational. The kinematic
model of this PR and its optimization was developed in [15,30,31].

ql]’ q/_7

(b)
Fig. 1. 3UPS+RPU-type PR (a) Simplified representation (b) Mechanical configuration.

Two reference systems {Of -X FYFZF} and {0,, — X\, Y Zy}, see Fig. 1b, are attached to the fixed and mobile
platforms of the PR, respectively. The location of reference system attached is at the center of the mobile platform as
this location corresponds to the contact point with the patient’s leg. In contrast, the reference system of the fixed
platform is established at the center of the platform to reduce model burden and facilitate the measure of the mobile
platform position.
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The position of the mobile platform is given by X,,,, ¥, Zm, With y,,, = 0, because the R joint of the central limb
(4) constrains the movements on the Y axis. In addition, the U joint linking limb 4 with the mobile platform only
allows two rotations, one around the Y, axis represented by 8 and another around the Z,, axis, defined by .

To derive the kinematic model, the Denavit-Hartenberg convention is considered [32]. In Fig. 1b, the universal
jointin limbs ! = 1 ... 3 is modeled as two perpendicular revolute joints, q;; and q;, being the generalized coordinates.
The displacement of the prismatic joint corresponds to q;3 and the spherical joints are modelled as three mutually
orthogonal revolute joints with q4, q;5 and q;¢ as generalized coordinates. For the central limb (limb 4), g4, is the
generalized coordinate corresponding to the revolute joint, its prismatic displacement is modeled by q,,, and the
generalized coordinates corresponding to the universal joint are q,3 and q,4. The location of the point A, on the fixed
platform is defined by the radius R, measured from Oy and parallel to X axis. The By is determined using radius the
R, measured from Oy, and the angle B, measured counterclockwise from X axis. The location of €y is characterized
by the radius R; and the angle Sr; measured clockwise from X axis. On the mobile platform, the link points to the
external limbs (4, By, C;) are defined similarly to 4, By, Cy by using R,,,1, Rz, Rims, Bup and Sy, . Regarding limb
4, the location of D, on the fixed platform is defined by the distance d; measured from Of. On the mobile platform,
the limb 4 is connected directly to the origin 0,, coordinate system.

In Table 1, the parameters used for the 3UPS+RPU PR are listed, both for simulation an experimentation.

Table 1: Parameters for 3UPS+RPU PR.

R, (m) R, (m) R; (m) Brp ®) Br1 (©) ds, (m)
04 04 0.4 90 45 0.15
Ryy(m) Ry, (m)  Rys (m) Bup ) Bui (©)
0.3 0.3 0.3 50 90

2.2. Singularities

In a closed kinematic chain robot, a set of constraint equations, @, defines the relationship between inputs or active
generalized coordinates, G4, and outputs or degrees of freedom (DOF) of the mobile platform (X) [3].

B(X,Gona) = 0 (1)
Taking time derivatives, the velocity equations for a PR are as follows:

JoX + Jiiiina = O @)

where [, is the Forward Jacobian matrix and J; is the Inverse Jacobian matrix. For a non-redundant PR both matrices
are FxF square matrices, F being the DOF of the mobile platform.
A Type I singularity occurs when the J; matrix is rank deficient ||/;|| = 0. In this case, the mobile platform cannot

move ()? = 0) despite having a set of non-zero velocities in the actuators; in other words, at least one DOF is lost. In
[2] this type of singularity is analyzed in detail.

A Type II singularity that corresponds to the Forward Kinematic problem is defined by isolating )? in (2), thereby:
X = =)o " Yiina ®

In this case, the mobile platform can perform some motion, X # 0, if an external action is applied to the mobile

platform, despite any motion in the actuators, éjind = 0. That is, the mobile platform gains at least one DOF (||J, || =
0). Under these conditions, control over the robot is lost, which is potentially dangerous for the user or the robot itself.
In [33] these types of singularities are analyzed using a 2PRU+1PRR robot.

A Type II singularly implies first-order degeneration where at least two assembly modes are certain to meet [21].
In planar PRs, a Type II singularity where three assembly modes match [21], the terms associated with 92D /0 X?
must satisfy:

9%, 9%, 9%,
vT[u Ltu 2 Uy ———| v, =0 “4)
3 13 aXZ 23 aXZ 33 aXZ 3

where u,3, U,3, U3 are elements of a row vector, and v is a column vector, both vectors are nonzero and extracted
(0D
from adj (—

a)?)’ where adj() is the adjoint operator.
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For planar PRs, Type II singularities with second-order degeneration are called cuspidal points because their
position projects a cusp on the joint plane (Fig. 2). For spatial PRs, due to the higher number of DOF and actuators,
the representation of these points is not possible, but the name cuspidal has been retained. A cuspidal point is used as
a pivot in a non-singular assembly mode change because it is a convergence point of the assembly modes, and the PR
will not undergo a Type II singularity around it.

Cuspidal point

Configuration
Space

Singularity

bounda
Yox

Non-singular

Joint Space assembly change

p

q;

Fig. 2. Cuspidal points and non-singular assembly mode changing.

2.3. Angle between Output Twist Screws

In a PR, the motion of the mobile platform is produced by the combined action of several actuators, which renders
it difficult to identify the individual contribution of each actuator.

Fig. 3. Instantaneous power from one actuator.

Takeda and Funabashi, in [13], proposed to separate the motion of a point of the mobile platform in F OTSs $,.

For this purpose F actuators are locked except one (see Fig. 3), i.e. the mobile platform’s movement ($) can be
expressed as:

$=p1§01+p2§02 +“'+pF$OF (5)
where p; is the amplitude for each OTS and ioi is a normalized OTS.
To determine the F normalized OTSs (@), the instantaneous power produced by the locked actuators must be
analyzed, using the expression:

ﬁoioﬁrrjzo (i,jIl,Z,...,F,iij) (6)

where o stands for the reciprocal product and §T jis the unitary screw of each TWS of the actuators that are considered
locked.

Wang et al., in [14], proved that for a non-singular configuration the F @0 are linearly independent. Then for a
singular configuration at least two $, are linearly dependent. Thus,

i j (7
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with:
$ = (mo;m;) = (mo; hityg +7 Xmo) (®)

where mo is the instantaneous screw axis, 7 is the minimal distance between the moving element and mo’ and h is
the screw’s pitch. For a more detailed analysis of Screw Theory the reader may refer to [10].

In other words, in a Type II singularity both angular ( f,,,) and linear components (/Tv;) of two %0 are equal. As
He, is a unit vector, the equality between two different angular components is defined by the parallelism between

them. Based on this property, this paper proposes to analyze Type Il singularities considering pairs of %0. The
proximity to a Type II singularity is measured by the angle of two mo’ named ). Moreover, the proximity is verified

F) angles (), that is,

by the equality of m’; Considering F @0 grouped in pairs, there are ( 5

Q5 = acos (Kao, *Bao,) (b = 12, F,i %)) ©)

where i and j identify the selected §0.
From a theoretical perspective, a PR undergoes a Type II singularity, if and only if ||/p[| = 0, ©; ; = 0 and ,u_l,’;i =

,u_l,’;]_. This study considers both components of $,,, however the analysis is limited to study on the angular component

between two OTSs.

As an index ; ; is an angular measure, the proximity to a Type II singularity is measured in angular units, unlike
the ||/, ||. This physical meaning of a €; ; allows to identify the chains that cause a Type II singularity. Note that when
Q;; =0, §0 ; and §0i degenerate in expression (6), implying that the pair of chains i, j are responsible for the singular
configuration. Thus, further action can be taken based on this index, for instance, to develop a strategy for
reconfiguring the pair of chains responsible for the singular configuration.

A goz was defined by Takeda and Funabashi in [13] to obtain the Output Transmission Indices (OTIs) used for the
optimal design of PRs. These OTIs are applied in Ref. [34] to classify singularities on a Schonflies PR; however, the
@0 is not analyzed considering each component. Then, a @0 has not been used directly in the detection of Type II
singularities, which means that an angle {; ; has not been used for analyzing Type II singularities. Therefore, the first
contribution of this study is the angle €; ; as a proximity detection index for Type II singularities. In the next section
the indices €); ; for the PR under study are developed.

3. Simulations

This Section first presents a procedure to obtain the J, for a 3UPS+RPU PR using the constraint equations.
Subsequently, each €; ; index is defined by analyzing the OTS produced by the four TWSs corresponding to the
actuators of the robot under study. Later, the equations that define the possible assembly modes for the 3UPS+RPU
PR are developed. Then, three set of trajectories that are used in simulations to fulfill the three contributions of this
study are presented, which are:

e Test Trajectories: Knee rehabilitation trajectories in the PR configuration space, some of which go through

Type 1I singular configurations. The trajectories verify that in a Type II singular configuration the ||/, ]| and
the £, ; index are zero and ,u_l,’;i = ,u_,,’;]_, i.e. the proposed (); ; index is able to detect the proximity to a Type

IT singularity. In this study, we evaluate all €; ;; nevertheless, only the angle closest to zero, which is the
responsible for the singularity, is presented.

e Verification Trajectories: Trajectories that theoretically do not contain any Type II singular configuration.
The movements performed have no knee rehabilitation purposes as opposed to those performed in the test
trajectories. The trajectories start from a configuration with [|Jp|| > 0, and during the trajectories the ||/, ||
decreases up to the final position. Based on these trajectories, the analysis of the average rate of change of
both the ||/p|| and the €; ; index shows that the index proposed decreases faster than the ||/ || when the
3UPS+RPU PR gets closer to a Type II singularity configuration. In other words, a (); ; index has more
sensitivity in the proximity of a Type II singularity.

e Trajectories with assembly change points: There are trajectories whose end configuration has ; ; = 0 and
Il/pll # 0. The particular points mentioned cannot be singular or cuspidal, because ||/ || # 0 and /Tv;i #* u_v’;],.

Later on, Section 4.4 shows experimentally that at these points the control of the mobile platform is lost, and
it experimentally allows a singular or non-singular assembly change (passing from one direct kinematic
solution to another). PR positions with these characteristics are referred to herein as assembly change points
(AC points). The simulation of the trajectories with assembly change points shows that the €); ; index is able
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to detect AC points. The possibility of AC points being singular or cuspidal is eliminated using the ||/ || and
the linear term m*o of the pair i, j unitary OTS.

3.1. Forward Jacobian matrix

To establish the equations (1), we consider the relationship of the closed chains between the position vector from
the origin Of of the fixed reference system to the origin O, of the moving reference system and the open chains

formed using the different limbs of the robot. The open chains take Oy and O, as the starting and end point,
respectively.

(a) (b)
Fig. 4. 3UPS+RPU robot (a) UPS chain, (b) RPU chain.

For a UPS chain (Fig. 4a), we have:
|FP0P1| = |770fom + 70,7, — ?ofspo (10)

with P = A, B, C for limbs 1, 2 and 3, respectively.
For an RPU chain (Fig. 4b), we have:

|7'Doom| = |77of0m _Fofpo (11)
where 7, Om is the position of the center of the mobile platform with regard to the fixed reference system.
T0r0m = Xm0 Zp]" (12)

Vectors Fomgal are determined by the rotation matrix /R,, and the vectors from the origin 0, to each vertex on the
mobile platform with respect to the moving reference system.

Fom?l = mem’iom?1 (13)

where /R, is the rotation matrix between the moving and fixed reference system. Considering the Euler Y-Z’ angle
convention with respect to moving axes, then:

cos@cosyp —cosfsiny sinf
'R, = siny cos 0 (14)
—sinfcosy sinfsiny cos6

Developing (10) and (11), the set of constraint equations 5)()? , Eiind) is defined as:

q123 + a1C9C¢ + 2Rm1C9C¢xm - Zlesanzm - 2R1xm - xmz - Zrn2 + a, = 0

15
q%3 - bICQSII) + b2C9C1/) + b3C951/)xm + b4_51/) - b3595w2m - bSCGCII)xm + bﬁcw + bSSQCme ( )

+b7xm—xm2—Zm2+b8=0
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q3; + ¢1CgSy + ¢;,CoCy — c3CoSyXm — €4Sy — €sCeCyxy, + €6 Cy + 3568y Zm + €5SCyZim + C7 2,
—x2 —z4+cg=0

q2, —ds? + 2dsxpy, — X% — 22 =0

where:
Co = cos @ a; = 2R Ry by = 2R;Rm2CrpSup €1 = 2R3Rpm3CriSmi
Sg = sin@ a; = —Ry* — Rpy” by = 2RyRm;CrpCup €2 = 2R3R3CriCyy
Cy =cosy bs = 2R2Sup C3 = 2Rp3Su;
Sy =siny by = 2R;Rin2SkpCup C4 = 2R3Rp3Sp Cyy
Crp = cos(Brp) bs = 2R, Cyp Cs = 2Rp3Cyy
Sep = sin(Brp) bs = 2R3 Rp2SkpSmp Co = 2R3Rin3SpiSu
Cr; = cos(Brp) b; = 2R,Cpp ¢; = 2R3Cp;
Sg = sin(Bgy) by = —R,* — Rypp” cg = —R3? — Rpp3”

Cup = cos(Bup)
Sup = sin(Byp)
Cur = cos(Bur)
Sur = sin(By,)

X =[x, zm 0 ¥]"and Ging =[q1z Y23 933 9s2]7, the J, is defined as a 4x4 matrix:

ad 0P 9B oD
Jo =|z— —

- = (16)
0xXy 0zZym 060 0y

3.2. Angle between two Output Twist Screws

To define every (); ; index, it is necessary to establish four @0 (F = 4) on a point in the mobile platform (see Fig.
5a). For the sake of simplicity, the analysis considers the origin of the mobile platform 0,,. The $; corresponding to
the four actuators are:

R
§, = Z12
T1 — |2 -
L | Tomay X Z12

~ 222 ~ 232 ¢ 24-1
P B P ot (17)
2 |TomBy X Z22 3 |Tome, X Z32 4 0

where Z is the unit vector in the direction of the force applied by the actuators and 7 the vector measured from 0, to
each vertex connecting the mobile platform with the limbs of the PR (see Fig. 5b).

(a) (b)
Fig. 5. Screws of the parallel robot (a) OTS, (b) TWS.

By replacing (17) in (6), a system of three equations to calculate four $,, can be defined. There are several methods
to solve a reciprocal screw of order F, as detailed explained in [35]. In this case, the screw system of F $, is completed
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based on the geometrical constrains of the 3UPS+RPU PR. Thus, for each §0 there are five components (wy, ., Wo,,»
Wo,» Vo, and vy ). Thus, two more equations are needed to complete the system. The component Vo, = 0 because

of the physical constraints of the robot in O,,, that is the point selected to analyze every go.The fourth equation is
given by the norm of the instantaneous screw axis mo’ as follows:

(onz + (onz + (UOZZ = 1 (18)

Now, considering the time derivative of the matrix /R,,,, the angular velocity of the mobile platform is given by:
Wy sin 0

Wy = [wyl = ) (19)
Wy cos 81

From (19) a relationship between the components w, and w, can be established. For a @0 this relationship can be
written as:

sin @
(IJO = (IJO
¥ cosO "%

(20)

The expression (20) is the fifth equation that completes the no nonlinear system to solve each ﬁo. In this study,

there are four %0; thus, it is possible to combine (;), i.e., six possible {; ; indices, that is,

Q, , = arccos (“wol -,uwoz) O, 3 = arccos ('“woz '”‘“03)
Q, 3 = arccos (“wol -,quS) O, 4 = arccos (#woz -ywo4) 21
Q, 4 = arccos (“wol -,uw04) Q3,4 = arccos (,quS '”wo4)

For the proximity to Type II singularity in the PR under study, the €; ; (selected from (21)) that remains close to
zero is analyzed, and verified by the equation corresponding to the linear components m’;

From a theoretical perspective, in the workspace of the PR under study there are cases where two or three different
(); ; are zero simultaneously. In these particular cases, three and four limbs degenerate the OTS system of the PR with
Il/p]l less than 10~5. However, they are very difficult to reach experimentally because a singular configuration is
already met for values higher than 107>, Thus, they are not included in this paper.

3.3. Assembly mode equations
To determine the number of assembly modes of a 3UPS+RPU PR, a polynomial system established from the

constraint equations must be solved. This could be done using Groebner bases [36], Bézout’s elimination method [37],
or another multivariate polynomial solving method [38]. Considering the following variable changes:

X, = Xy, 1—x32 1—x,2
Co = 2 Cy = 2
1+ x; 1+x,
x2=Zm
2x3 2X,
Sy =— S, =—"_
o 1+ x32 v 1+ x,2

After replacing (29) in (15), the polynomial system that defines the solutions of the Forward Kinematic problem
is:
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=X 2x32%,% — x,2x32%,% + Agx1x32%,% — X 2%3% — X12%4% — X32%32 — x,2%,% — AcXpX3%,°
+ AZX3ZX42 + A3X1X32 + A3x1x42 - xlz - x22 + A5x2x3 + A1X32 + A1x42 + A4_x1
+ Az = 0

212232547 — X% %3754 + ByX1X3%%,7 — %1°%3% — %247 — ByoX1 X372 %y — X737 — %,%x,°
— BoxyX3%4% + B3x3%x4% + Bsx,x32 + Bsx,X,%2 — 2B10X5x3%, + Bgx3%xs — x12
+ BigX1Xs — X% + Boxpx3 + Byx3? + Byx,? + Byxy + Bgx, + B, =0 (22)
—x1°X3°0,% = X2 03% %47 + Crxyx3% 5,7 — X17X3% — x1°%,% — CroXaX32Xy — X,°%3° — x,°%,°
— CoXyx3X,2 + C3x32x,% + Csx1%x3% + Csx1%4% — 2C10%2%3%4 + CoX32x, — x12
+ CioX1 X — X532 + Coxpx3 + Cix3% + Coxy® + Coxy + Cgxy + C, =0

_xlz - x22 + szl + Dl =0

where the coefficients of the polynomial system A;, B;, C; and D; are obtained by grouping the geometric terms of the
robot and its active variables. It is computationally complex to solve the system of equations (22) using Groebner
bases. However, this system can be solved by choosing a defined configuration of the PR to apply Groebner bases and
solve it numerically. Subsequently, a maximum of 44 solutions were found for the Forward Kinematic problem.

3.4. Test trajectories

The 3UPS+RPU PR was designed to perform human knee rehabilitation and diagnosis, this task requires three
fundamental movements [39] i) flexion of hip ii) flexion-extension of knee and iii) internal-external rotation knee.
This study combines these three knee movements and ankle rotation through nine trajectories to analyze the angles
Q; ; as indices to detect proximity to Type II singularities. The nine trajectories were designed to make complete use
of the workspace of the PR under study. Table 2 describes the movement performed by each trajectory in the lower
limb and their corresponding motions in the PR under study.

Table 2: Description of test trajectories.

Lower limb

PR

TT1 Complete internal-external knee rotation ~ Rotation around the Z,, axis for the interval ¥ =
[0 59]° with Xp = —0.155m
TT2 Flexion-extension of knee combined with ~ Simultaneous motion of 0.2m on the X axis, 0.1m on
hip flexion, ankle, and knee rotations Zp, while 6 rotates 15° and i rotates 59°
TT3 Flexion-extension of knee combined with  Elliptical motion on the Z axis as a function of 0.2m
hip flexion, ankle, and knee rotations displacement on the X axis, simultaneously turns 4°
in 8 and 4° for
TT4 Flexion-extension of knee combined with  Elliptical motion on Zp axis as a function of 0.2m
hip flexion, ankle, and knee rotations displacement on the X axis, simultaneously rotates
5%in 6 and 10° for
TT5 Partial internal-external knee rotation Rotation around the Z,, axis for the interval ) =
[0 20]° with Xz = 0.012m
TT6 Flexion-extension of knee combined with Displacement of 0.1m on the X axis, while 8 rotates
ankle and knee rotations 20° and 1 rotates 10°
TT7 Flexion-extension of knee combined with  Elliptical motion on Z axis as a function of the 0.1m
hip flexion displacement on the X axis
TTS8 Flexion-extension of knee combined with Displacement of 0.16m on X axis, while 0 rotates 20°
ankle and knee rotations and v rotates 20°
TT9 Flexion-extension of knee combined with Displacement of 0.2m on X axis, while 8 rotates 20°

ankle and knee rotations

and v rotates 20°

For every test performed on the 3UPS+RPU PR the ()5 , is the closest to zero, providing the most useful information
in contrast to the others five angles. The simulation of TT1 shows that ||/, || does not reach zero. In this trajectory the
minimum value of the Q3 , index (0.0193°) is reached in configuration 81 (see Fig. 7a), where the ||/, || has a value of
0.0143 (Fig. 6a). Section 4.2 shows experimentally that for TT1 the PR loses control on its mobile platform in practice.
The time between two different configurations is 0.1s for all the trajectories in this study.

In trajectories TT2-TT4 when the PR undergoes a configuration with ||/, || = 0 (see Fig. 6a, Fig. 6b), the Q3 , index
is zero (see Fig. 7a, Fig. 7b). These configurations in TT2, TT3, TT4 are 157, 244 and 233, respectively. Subsequently,
in the simulations of TT5-TT9 the minimum ||/ || (see Fig. 6b, Fig. 6¢) is different from zero, as is the Q3 , index (see
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Fig. 7b, Fig. 7c). For TT5-TT9 the configurations mentioned are 191, 150, 335, 150 and 150, respectively. At every
singular configuration detected by Q3 4, it is verified that HZ;S = E’):M'

0.06 . . . . .
0.05 p.. ]
NS, rotd
SN o~
0.04 R ‘r 1
, ;

X: 81

0.03 N\, Y:0.0143 .
2 0021 ]
°
S 001} ;
\ '\ s
0 - = £ -
X:157 |/ N S i
-0.01 HY: 0.0 \ Al /, 4
X:244 |7 ;. |—TT1
-0.02 HY:0.0 See~o” - - =-TT2|{
=-=-==TT3
-0.03 ; : : s .
100 200 300 400 500
Configuration
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0.03 /
/'/ A.«X: 150
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g 002 [X:191
= ~1Y:0.0143
= 0.01f
0
X:223 [
Y:0.0 T
-0.01 f I
=-=-==TT6
-0.02 : ' ' : .

100 200 300 400 500
Configuration
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Fig. 6. |/l for (a) TT1-TT3, (b) TT4-TT6, (c) TT7-TT9.
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Fig. 7. Q34 for (a) TT1-TT3, (b) TT4-TT6, (c) TT7-TT9.

All Q; ; presented in (21) are verified. Nevertheless only Q3 4 is presented in Fig. 7, as it corresponds to the angle
closer to the singularity than the others. Thus, in this particular trajectory, the index €3 4 is the first to detect the Type
IT singularities. For TT3, Fig. 8 shows that both €); , and Q5 , decrease until they become zero in a Type II singular
configuration and Qg3 , is closer to zero. In configuration 244 the [|/pll = Q;, = Q3 , = 0 and verifies that m*ol =
m’;3 = m*%. According to these simulation results, we can establish that the €); ; closest to zero is the most suitable
for detecting the proximity to Type II singularities, even though any Q; ; can detect a Type Il singularity. It is important
to mention that the index (); ; and vectors m’;i, m*oj are based on the linearly independent property between the §0

previously demonstrated by Wang et al. [14].
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Fig. 8. Two different Q, ; indices for TT3

3.5. Verification trajectories

The verification trajectories differ from knee movements and have the feature of starting with ||/, || > 0, i.e. a non-
singular configuration, and during the trajectories the ||/p|| decreases up to the final position. The description of the
movements of the three trajectories is shown in Table 3.

Table 3: Description of verification trajectories.
VT1 Independent linear motions to reach Xy = 0.2174m, Zr = 0.7052m, 8 = 27.74° and ¢ = 14°
VT2 Independent linear motions to reach X = 0.087m, Z = 0.705m, 8 = —3.93° and ¢ = 3.38°
VT3 Independent linear motions to reach Xy = 0.088m, Zr = 0.724m, 8 = 6.39° and Y = 15.66°

The decreasing behavior of the verification trajectories for the ||/, || and the Q34 index are shown in Fig. 9a and
Fig. 9b, respectively.
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0 1 1
50 100 150 200
Configuration
(b)
Fig. 9. Verification trajectories (a) ||/pll, (b) ;,.

In this Section, the verification trajectories are used to analyze the sensitivity of the ||/, || and the Q3 4 index in the
proximities of a Type II singularity. For this purpose, the average rate of change of both indices will be analyzed.
However, the ||/ | and Q3 , have different dimensions, so it is necessary to normalize the ||/, || and Q3 4 by dividing
them by their respective maximum value. The normalized indices are represented by |[|/p I, and Q34 , respectively.
For the verification trajectories, the rate of change of ||/ ||,, and Q3y4n considering the initial values as the maximum
can be written as:

d”]D”n d‘()‘3,4n
— — (23)
rate of Change = ¢ = ¢

Fig. 10 shows the rate of change for each verification trajectory for the ||/ || and the Qs , index. In this figure, the
[[/p Il and the Q3 4 index are represented by a continuous and dashed line, respectively. Fig. 10a and Fig. 10c show that
the Q3 , index decreases 0.1 %/ s faster than the ||/p||. In Fig. 10b the Q3 , index decreases 0.05 %/ s faster than the
[l/pIl. Both cases allow us to assume that the )5 , index, which is the closest to zero, is more sensitive in the proximity
of a Type II singularity than the [|/p||. In Section 4.3 this fact is also verified experimentally.



percentage (%)

percentage (%)

-0.05

16 Pulloquinga J. L., Mata V., Valera A., Zamora-Ortiz P., Diaz-Rodriguez M., Zambrano 1./ Mechanism and Machine Theory

(2)

F ||JD| |ref r
Q X: 147

L |77 e, Y:-0.0979 |

r X: 1 ]
AY:-0.3429

d X: 147 ]

Y:-0.4104 [
.._
1

............ X: 1 ]

T Y:-0.5234
50 100 150
Configuration

(b)

— Y:-0.5088
D''ref \
ol Xi215 g
ref“ Y:-0.5463 S\
50 100 150 200
Configuration



17 Pulloquinga J. L., Mata V., Valera A., Zamora-Ortiz P., Diaz-Rodriguez M., Zambrano 1./ Mechanism and Machine Theory

Pt ‘ X162 |/ A
+1Y:-0.3283 | :
= \ Y:-0.3849 | ]
8 _0 6 | ‘-.X: 1 \ X 162 N
S Y:-0.4681 S : o
= Mo [Y:-0.5075 I
-0.7 \\ ” 1
N N 1
~ 1
— Wl : :
08+ QD ref \\\ ,/ |
== = ref
34
_09 1 1 L
50 100 150
Configuration
(©

Fig. 10. Comparison of rate of change between ||/p|| and Q (2) VT1, (b) VT2, (¢) VT3.
3.6. Trajectories with assembly change points (AC points)

The trajectories presented in this Section have a final configuration with the (3 , index equal to zero; however,
[l/p]l is greater than zero and ﬁ;’;g * m’;4. Table 4 provides a brief description of the movements performed in each
trajectory.

Table 4: Description of assembly change trajectories.
ACT1  Independent linear motions to reach Xy = 0.016m, Zp = 0.7076m, 8 = —14.67° and ¢ = 20°
ACT2  Independent linear motions to reach X = —0.1m, Zp = 0.75m, § = —15°and ¢ = 0°
ACT3  Independent linear motions to reach Xy = —0.144m, Zp = 0.7047m, 8 = 7.78° and p = 16.8°

From definition (7) and the assumptions presented in Section 3.4, any (); ; index is expected to be zero only when
a Type II singularity is present. However, after applying the {23 4 index to points in the PR’s workspace, configurations
were found with ||/, || # O, m’;g * /7;;4 and Q3 , = 0. Having a ||/l # 0 and ﬁ;’;g * m’;4, these configurations
cannot be considered as Type II singularities or cusp points. With m;i * ;T,,;j and (; ; = 0 a partial degeneration of
two §0 is detected. Under these conditions the PR could lose control of at least one DOF because two actuators are
contributing to the angular motion of the PR in the same direction.

The simulations of ACT1 and ACT2 show the final configuration with the ||/ || higher than zero (Fig. 11a) and the
Q34 index equal to zero (Fig. 11b). At the same configurations E’)*Os * ﬁ;;4, this result verifies that they are AC

points. Moreover, Fig. 11 shows the advantage of (3 , index, compared to the use of ||/, |, in AC points detection.
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Fig. 11. Assembly change trajectories (a) ||/pll and (b) Q5 4.

In ATC3 the final configuration has the ||/ || greater than zero (Fig. 11a) and the Q index equal to 1.89° (Fig. 11b).
In simulation, this final point is not an AC point, but in Subsection 4.4 the actual PR reaches an AC point, allowing
an assembly change to be performed.
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4. Experimental Results

At the beginning of this Section, the required experimental methodology is described. The experimental
methodology focuses on the actual 3UPS+RPU PR, its unit control, and the high-precision photogrammetry system
(5 tenths of a millimeter).

Subsequently, the three set of trajectories previously described in Section 3 are performed. The performance of the
trajectories has specific objectives that aim to fulfill the three contributions of this study in the following ways:

e  Test Trajectories: First, it is verified that a Type II singularity is presented with values of ||, || = 0. Next, it
allows the experimental benchmark to be established between the ||/l and the Q;; index. Finally, the
experimental benchmark established is applied to set limits for both ||/, || and Q; ; that avoid the actual robot
reaching a Type Il singularity.

e Verification Trajectories: It is confirmed that the experimental limits for both ||/, || and the Q; ; index make it
possible to avoid the Type II singular zone. Moreover, these trajectories show that the (; ; index decreases
faster than ||/ || in the proximities of a Type II singularity.

e Trajectories with assembly change points: First, it is shown that in the AC points at the end of these trajectories
the actual PR loses control of the mobile platform’s movements. Subsequently, an external force is applied to
the mobile platform while the actual PR is at the AC point. The external force makes the actual PR move to
another configuration without moving the actuators’ position. Finally, this uncontrolled movement is
compared with the singular and non-singular assembly change.

4.1. Experimental methodology

In this section, the trajectories established in Subsections 3.4 - 3.6 are performed on the actual 3UPS+RPU PR.
The reference trajectories ()?ref) are transformed to the space of generalized active coordinates G4 by solving the
Inverse kinematics problem (see Fig. 12a). These G4 trajectories are used as a reference for the robot control unit.
This control unit is embedded in a high-performance industrial PC. It is equipped with data acquisition cards for
reading the encoders’ signal and supplying the control actions for the PR actuators (active generalized coordinates

Q13> 923> 933 and q4,). Next, the measure of the position and orientation of the mobile platform ()_(),'md) is smoothed
before being analyzed. Signal smoothing is performed in order to i) reduce the noise on the measurements and ii)
adjust the sampling time from 8.3ms to 0.1s. The signal smoothing uses the Loess algorithm by Cleveland [40]. After

performing a trajectory, the reference )?re ¢ and the filtered position and orientation of the mobile platform ()?med) are
stored. The experimental analysis of singularities uses )?ref and X,,,4 to calculated the ||/, and Q; j and finally
compare the reference and measured results.

Robot 3UPS+RPU
4 —
Reference Xy Inverse 4.4 | Control
Trajectory Kinematics Unit
OptiTrack®

- -
Measured Xow |Signal | X
Trajectory | Smoothing

@
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(b)

Fig. 12. Experimentation (a) diagram (b) equipment.

A critical element in the experimental study is the precise measurement of the position and orientation of the mobile
platform ()? ). For this purpose, an OptiTrack® photogrammetry system consisting of 10 infrared cameras is used (Fig.
12b). This photogrammetry system has been selected due to the following advantages. i) easy calibration of cameras
that provides an accuracy of 0.5 mm. ii) sample time of 8.3 ms compatible with the controller sample time of 10 ms.
ii1) rigid body recognition with minimum modification of their dynamic properties. A rigid body is defined by plastic
spheres (infrared markers) and iv) TCP/IP Communication protocol with .NET technology, compatible with several
software applications such as Matlab and LabVIEW.

4.2. Test trajectories

When executing the trajectories of Table 2 on the actual PR, the trajectory TT1 was stopped in configuration 89
because of the loss of control of the mobile platform. Trajectory TT1 is theoretically non-singular. In configuration
89, where control of the PR is lost, ||/ || is equal to 0.0148 (Fig. 13a), but not zero. In TT2, TT3, TT4 and TT5 control
of the PR is lost in configurations 150, 226, 166, and 191, respectively. In those configurations the value of the ||/ ||
is greater than zero (see Fig. 13a and Fig. 13b).

It was verified that the actual 3UPS+RPU PR had all its components correctly assembled and fixed, ruling out
failures of this type. At the non-singular starting point of TT1, clearances at the actual PR joints were visually verified
(on the mobile platform). The clearances were mainly presented at the spherical joints. Note that the spherical joints
were fabricated by the authors, using an iron sphere and a nylon circular case. The photogrammetry system allows us
to measure a maximum displacement of 2 mm and a maximum rotation of 2.5° from the origin of the mobile platform
with the actuators locked. Using this experimental analysis, a direct relation between joint clearances and singularities
cannot be established. However, the photogrammetry measurements implicitly consider manufacturing errors such as
joint clearances. Moreover, the measurements allow to verify experimentally that a Type II singularity occurs in the
vicinity of ||/, || = 0. Fig. 14a and Fig. 14b show the same results for the values of the Q; , index.

In the case of TT6-TT9, the trajectories are performed easily. The values reached by the actual PR for the ||/ ]| in
each configuration are presented in Fig. 13b and Fig. 13c. The behavior of the ()3, index in each configuration is
presented in Fig. 14b and Fig. 14c. The figures related to the ||/ || show the difficulty of knowing how far the actual
PR is from the Type II singularity due to its dimensionless nature. On the other hand, the figures of the 3 , index,
due to their physical meaning, allow us to interpret the proximity to a Type II singularity. In addition, Fig. 14a, Fig.
14b and Fig. 14c show that the proposed index is able to identify that the Type II singularities are produced by the
actuators on limbs three and four. For trajectories TT6-TT9 the minimum values for ||/, || and Q3 , are presented in
Fig. 13c and Fig. 14c respectively.
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Fig. 13. Results of ||/ || for (a) TT1-TT3, (b) TT4-TT6, (¢) TT7-TT9.
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Fig. 14. Results of Q3 4 for (a) TT1-TT3, (b) TT4-TT6, (c) TT7-TT9.

To ensure proper detection of a Type II singularity in an actual PR, this study proposes the experimental benchmark
shown in Fig. 15. First, based on the task, the fundamental trajectories of the PR under study are selected.
Subsequently, several trajectories similar to the fundamental trajectories are generated to make complete use of the
workspace, especially near to theoretical Type II singularities. The number of test trajectories is represented by npr.
Then, each test trajectory is executed on the actual PR to measure the minimum values reached for the index under
analysis (t,). In a singular trajectory the minimum value is the value reached before losing the control of the PR. The
experimental limit (lim,) for the ¢, is calculated as the average of the minimum values reached in the test trajectories.
Finally, a new set of trajectories is developed to verify that the experimental limit can detect the proximity to a singular
configuration. The number of these verification trajectories has to be at least 30% of the ny; and the final point has
to be next to the experimental limit of t,. If min(¢,) = lim, in the execution of the verification trajectories does not
cause control problems, the process is finished. Otherwise, it is necessary to modify the criteria to generate the test
trajectories, according to the PR application. As mentioned above, the aim of the PR under study is knee and diagnosis
rehabilitation, where three fundamental trajectories are the major tasks performed. After modifying these fundamental
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trajectories, nyr = 9 test trajectories were designed (TT1-TT9). Thus, three verification trajectories (VT1-VT3) were
required in this study. For the 3UPS+RPU PR the , was the ||/p|| or the Q; ;.

Criteria:
e Complete use of workspace
Identification of e Theoretical Type II
aplication requirements singularities
v v [Execution of Test Trajectories
Fundamental trajectories p.Generation of nyr Test Trajectories >
A, = min(t,) fork =1 npp

A

YA
lime = k;k
nrr

v

Generation of 0.3 npy Verification
Trajectories (VT)

v

[Execution VT
Criteria change based on application:
e  Workspace employed No
e Theoretical Type II
singularities
Yes
End

Fig. 15. Experimental benchmark flowchart.

The data used to set the experimental limits for the ||/p|| and the Q3 , index for the PR under study is shown in
Table 5. The theoretical minimum values are included in this table to contrast them with the measurements on the
actual PR.

Table 5: Results of minimum ||/ || and Q, , for test trajectories.
”]D”min (unitless) 'Qmin (0)

Theoretical Measured Theoretical Measured Execution

TT1 0.0041 0.0041 0.0193 0.0000 It stops at sample 89
TT2 -0.0213 0.0113 0.0000 1.0508 It stops at sample 150
TT3 -0.0094 0.0109 0.0011 0.9470 It stops at sample 226
TT4 -0.0106 0.0152 0.0000 1.9782 It stops at sample 166
TT5 0.0143 0.0163 0.8077 1.1556 It stops at sample 191
TT6 0.0227 0.0195 2.7428 2.6781 Complete

TT7 0.0229 0.0207 3.5220 3.1103 Complete

TT8 0.0227 0.0217 2.7428 2.6425 Complete

TT9 0.0194 0.0166 2.9023 2.5478 Complete

Average 0.0151 1.7900

Based on Table 4, the experimental limits for ||Jp[| and Q54 are obtained through averaging the minimal values
reached in the singular and non-singular trajectories. The limit for the ||/ || results in 0.015, this value is approximated
to thousandths of a unit, as the ||/, || has dimensionless values between [0 1]. For the case of the Q3 , index the limit
is set to 1.80°. In this case, the analysis in thousandths does not represent an advantage because it is a physical
magnitude with a range between [0 180]. Then, the approximation of the limit value for the Q5 , index is limited to
hundredths of a degree.

The proposed benchmark (Fig. 15) represents the second contribution of this paper, it can be applied based on ||/ ||
or £; ; as both of them decrease in the proximity of a Type II singularity. The proposed benchmark can be applied to
another PR by modifying the set of trajectories based on the requirements of the new PR application. The set of test
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trajectories must be carefully selected because they directly affect the experimental limit of €; ;. For the PR under
study by using only nine singular and non-singular trajectories ensures enough accuracy for the specific knee
rehabilitation application.

4.3. Verification trajectories

After performing trajectory VT1, the mobile platform does not lose control of its motions throughout the test. Fig.
16a and Fig. 16b show the values of the ||/ || and the Q5 , index, respectively. In trajectory VT1 the minimum value
of the ||/p || and the Q5 , index are higher than the limits established in the previous Section (see Table 6). In the final
configuration of trajectory VT2 the values of the ||/ || and Q54 index are below the established limits (see Fig. 16a
and Fig. 16b, respectively). At the end of VT2 an external force is applied, so the parallel robot cannot maintain its
position (Type II singularity). VT1 and VT2 confirm that the experimental limits for the ||/, || and Q index were
correctly established. The data of the ||/, || and the Q3 , index for both the theoretical and experimental part of the
verification trajectories are depicted in Table 6.

Table 6: Results of verification trajectories.

”]D ”min (Sll) Qmin (0)
Theoretical Measured Theoretical Measured
VT1 0.0194 0.0166 2.90 2.54
VT2 0.0137 0.0140 1.44 1.59
VT3 0.0145 0.0174 0.73 1.29

Finally, trajectory VT3 is performed easily, where the final configuration has the ||/, || greater than the experimental
limit. However, for the same configuration the ()5 4 index is less than the experimental value set (see Table 6). It will
be explained in detail in the next Subsection.
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Fig. 16. Results of verification trajectories (a) ||/p I, (b) Q3 4.

Fig. 17a, Fig. 17b and Fig. 17c show the rate of change between the ||/ || and the Q5 , index for the execution of
trajectories VT% VT2 and VT3, respectively. Fig. 17 shows that the ()3 , index has an increase in the rate of change
of at least 0.05 0/ s- The actual data presented confirm that the Q3 , index decreases faster as it gets closer to a Type
IT singularity. This verifies experimentally that the (3, index has greater sensitivity in the detection of Type II

singularity proximity.

0.4 : : . ; . .
—— gl g
0.2t -0
med
3.4
X

0¢ " [Y:-0.0090 X: 147
" X: 1 Y:-0.3392]+,
s AY:-0.2553
(]
g
=
S
(]
(=¥

-0.8 X:147 | 1L\
Y:-0.8553
-1 : . . : . '
20 40 60 100 120 140
Configuration

@



27 Pulloquinga J. L., Mata V., Valera A., Zamora-Ortiz P., Diaz-Rodriguez M., Zambrano 1./ Mechanism and Machine Theory

0.1 . , | |
— T
op --- Qmed i
Y:0.0789 V
X:1 |
01 1Y:-0.2707
=-02 |
g
£
S -0.3 |
()
o
0.4 . |
X:215 |
-0.5 Y:-0.5289| - .
Y:-0.5315 -
'06 L I n )
50 100 150 200
Configuration
(b)
041 . , |
E—T
.
0.2 ‘:’xXZ 1 medl4
Y:0.3998
0 :X: 1
S Y:-0.2199 167
% Y:-0.3123 ",
g028- - X162 | ™
2 Y:-0.5600]',
2

50 100 150
Configuration

()
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4.4. Trajectories with AC points

In the end configuration of trajectory VT3, the actual PR is not able to keep its position while an external force is
applied to the mobile platform. In this configuration the ||/ || calculated (Fig. 16a) is greater than the experimental
limit but the Q3 , index is below the experimental limit (Fig. 16b). There is a partial degeneration of a pair of $,. In

this Section, three trajectories executed on the actual PR with the same characteristic in the final configuration are
analyzed.

Fig. 18a and Fig. 18b show the initial and final values reached by the ||/p|| and Q3 , respectively, during the
application of the external force. Note that in the trajectory shown in Fig. 18 the condition 171_;:)3 * E’):M is verified.
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Fig. 18. Assembly change performed at the end of ATC1 (a) ||/p | and (b) Q5 4.

(9]

Based on the final configuration reached by the actual PR in ACT1, the Forward Kinematic problem is solved using
the expression (22) from Subsection 3.3. It determines 44 possible positions in which the 3UPS+RPU PR can
theoretically be assembled, 8 of which are real and the others are imaginary. From the 8 real possible assembly modes,
the solutions with negative robot heights (z,,) are eliminated, leaving 3 theoretical assembly modes (Fig. 19).
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Fig. 19. ATCI real assembly modes.

Fig. 19 shows that the ||/ || at the initial and final points reached by the actual PR in Fig. 18a match assembly mode
1 and assembly mode 2. This verifies the existence of a singular assembly change in the AC point reached at the end
of ACT]1. The final configuration of trajectory ATC2 has a similar behavior to that previously analyzed. In the final
configuration of ACT?2 there are 8 real assembly modes that can be reached, and 4 of them can actually be assembled.
In ACT?2 a singular assembly change was performed by the actual PR when the external force was applied.

Finally, for the AC point at the end of ATC3, 4 real assembly modes can be achieved, two of which are feasible.
Fig. 20 shows the non-singular assembly change performed by applying an external force to the mobile platform.
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Fig. 20. ||/ || for assembly change in ATC3, with assembly modes reached.

The final configuration of ACT1-ACT3 cannot be considered a Type II singularity. This is because the ||/p|| has a
value greater than the experimental limit and the theoretical condition of |[/5]| = 0 and m*03 * m:h, is not suitable.
However, the (13 , index has a value below the established limit for a Type II singularity. The previous experimental

observation allows us to state that, in fact, when a partial degeneration in a pair of §0 occurs, the actual robot loses
the control capacity of at least one DOF. A configuration under this condition is not necessarily a Type II singularity
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or a cuspidal point. Nevertheless, the behavior for practical purposes is equivalent, due to loss of control of the mobile
platform.

The proposed indices could identify a novel non-singular configuration where an actual robot loses control of the
end effector. These configurations are the third contribution of this paper. These non-singular configuration are named
AC points because of the assembly change performed by the actual 3UPS+RPU PR. It is necessary to highlight the
capability of a {; ; index to detect this type of points, both analytically and experimentally, something that cannot be

done by |l/pl-
5. Conclusions

From the results obtained in this study, it can be concluded that:

The proposed index ; ;, as a detection index for proximity to Type II singularities, has a physical meaning and a
higher sensitivity near singularities. The higher sensitivity of the proposed index was verified from an analytical and
experimental perspective in contrast to ||/p||. Moreover, the proposed index based on the angle between two
instantaneous screw axes from the Output Twist Screws (OTSs) is capable of identifying the pair of active components
causing the Type II singularity. In other words, the (); ; index detects when two actuators are contributing to the motion

of the mobile platform on a same $,, ;» with H,_,'Zi = H,_,’Zj.

The linear component E*O of two different @0 in Type II singularities are equal, and in this study it is used only to
verify Type II singularities. However, a partial degeneration has not been developed for this component; thus, further
studies are required.

An experimental setup that uses a photogrammetry system in conjunction with an industrial computer-based control
system to measure the position of the actual 3UPS+RPU PR was presented. The experimental setup allows to show,
for the first time, that an actual Type II singularity occurs for ||J,|| > 0 and ; ; > 0. Based on the experiments, a
benchmark has been developed to analyze Type II singularities. The proposed experimental benchmark uses
trajectories that progressively move away from a Type II singularity to establish the limit value of the ||/ || or the Q; ;
index. The experimental limits guarantee that the actual PR does not reach a singularity and avoids the need to model
the error produced by clearances in the PR joints. This study was not intended to establish a direct relation between
Type II singularities and manufacturing errors such as joint clearances. The research was focused on developing an
experimental approach to establish the limits of ||| or ©; ; to determine singular configuration on an actual PR. The
experimental benchmark proposed in this paper can be applied to other types of PRs changing only the set of
trajectories according to the application of the PR. The experimental limits of the ||/5|| and the Q;; index can be
applied to optimization processes in the design of a PR or in trajectory planning.

The proposed index (); ; renders it possible to identify novel configurations of the robot where two angular motions

(ﬁ;;i * HZ;]_) produced by a pair of actuators are aligned with ||/, || # 0. This particular configuration cannot be

considered a Type II singularity, much less a cuspidal point. Through the experiments, it was verified that the actual
PR loses control of its final effector when it reaches these particular configurations. In this configuration, the actual
PR undergoes from one assembly mode to another, by the application of an external force. For this reason, we named
the particular configurations as assembly change points or AC points. It is important to analyze and identify these
points because of the loss of control of at least one degree of freedom of the PR presented at these points. In an AC
point the behavior of the actual PR is analogous to a Type II singularity, which can be dangerous for the user or the
robot itself. Moreover, it is important to mention that the behavior shown by AC points were proven just for a
3UPS+RPU PR assembled according to Table 1, and thus, further studies are required.

The developed experimental analysis for detecting Type II singularities has two limitations. First, the {; ; index
has been tested only in a limited PR with 4-DOF. Second, the generalization of the experimental benchmark has to be
further verified by implementing the indices on a different parallel robot.

The 3UPS+RPU PR used in this study is being developed for knee rehabilitation. In this regard, the main
contribution of this paper is that this index can be implemented for trajectory planning and design of an advanced
controller, focusing on avoiding Type II singularities. Therefore, the experimental limits established for ||J || will be
used to optimize the design of the 3UPS+RPU PR. Moreover, the proposed {; ; index will be applied to an in-depth
study about the peculiar behavior of AC points in several assembly configuration. This study will focus on the partial
degeneration of the angular component of an OTS.

Acknowledgements

This work was supported by the Spanish Government [/ntegracion de modelos biomecanicos en el desarrollo y
operacion de robots rehabilitadores reconfigurables, DP12017-84201-R-AR]. It was also supported in part by Escuela
Politécnica Nacional of Quito, [Control adaptativo basado en inteligencia artificial aplicado a un sistema
mecatronico fundado en un robot paralelo para la diagnosis y rehabilitacion, PIMI-1504].



31 Pulloquinga J. L., Mata V., Valera A., Zamora-Ortiz P., Diaz-Rodriguez M., Zambrano 1./ Mechanism and Machine Theory

References

[10]

[11]

[12]
[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[25]

S. Staicu, Dynamics of Parallel Robots, Springer International Publishing, Cham, 2019.
https://doi.org/10.1007/978-3-319-99522-9.

S. Briot, W. Khalil, Dynamics of Parallel Robots--From Rigid Links to Flexible Elements. ISBN: 978-3-
319-19787-6, 2015. https://doi.org/10.1007/978-3-319-19788-3.

C. Gosselin, J. Angeles, Singularity analysis of closed-loop kinematic chains, IEEE Trans. Robot. Autom. 6
(1990) 281-290. https://doi.org/10.1109/70.56660.

F.C. Park, J.W. Kim, Singularity Analysis of Closed Kinematic Chains, J. Mech. Des. 121 (1999) 32-38.
https://doi.org/10.1115/1.2829426.

R. di Gregorio, V. Parenti-Castelli, Mobility analysis of the 3-UPU parallel mechanism assembled for a pure
translational motion, in: 1999 IEEE/ASME Int. Conf. Adv. Intell. Mechatronics (Cat. No.99TH8399), IEEE,
1999: pp. 520-525. https://doi.org/10.1109/AIM.1999.803224.

M. Slavutin, O. Shai, A. Sheffer, Y. Reich, A novel criterion for singularity analysis of parallel mechanisms,
Mech. Mach. Theory. 137 (2019) 459-475. https://doi.org/10.1016/j.mechmachtheory.2019.03.001.

P.A. Voglewede, 1. Ebert-Uphoff, Measuring “closeness” to singularities for parallel manipulators, in: IEEE
Int. Conf. Robot. Autom. 2004. Proceedings. ICRA °04. 2004, IEEE, 2004: pp. 4539-4544 Vol.5.
https://doi.org/10.1109/ROBOT.2004.1302433.

J.P. Merlet, Jacobian, Manipulability, Condition Number, and Accuracy of Parallel Robots, J. Mech. Des.
128 (2006) 199-206. https://doi.org/10.1115/1.2121740.

J. Gallardo-Alvarado, R. Rodriguez-Castro, P.J. Delossantos-Lara, Kinematics and dynamics of a 4-PRUR
Schonflies parallel manipulator by means of screw theory and the principle of virtual work, Mech. Mach.
Theory. 122 (2018) 347-360. https://doi.org/10.1016/j.mechmachtheory.2017.12.022.

J.K. Davidson, K.H. Hunt, G.R. Pennock, Robots and Screw Theory: Applications of Kinematics and Statics
to Robotics, J. Mech. Des. 126 (2004) 763. https://doi.org/10.1115/1.1775805.

M.S.C. Yuan, F. Freudenstein, L.S. Woo, Kinematic Analysis of Spatial Mechanisms by Means of Screw
Coordinates. Part 2—Analysis of Spatial Mechanisms, J. Eng. Ind. 93 (1971) 67.
https://doi.org/10.1115/1.3427919.

C. Chen, J. Angeles, Generalized transmission index and transmission quality for spatial linkages, Mech.
Mach. Theory. 42 (2007) 1225-1237. https://doi.org/10.1016/j.mechmachtheory.2006.08.001.

Y. Takeda, H. Funabashi, Motion Transmissibility of In-Parallel Actuated Manipulators, JSME Int. Journal.
Ser. C, Dyn. Control. Robot. Des. Manuf. 38 (1995) 749-755. https://doi.org/10.1299/jsmec1993.38.749.

J. Wang, C. Wu, X.-J. Liu, Performance evaluation of parallel manipulators: Motion/force transmissibility
and its index, Mech. Mach. Theory. 45 (2010) 1462—-1476.

https://doi.org/10.1016/J. MECHMACHTHEORY.2010.05.001.

P. Araujo-Gomez, M. Diaz-Rodriguez, V. Mata, O.A. Gonzalez-Estrada, Kinematic analysis and
dimensional optimization of a 2R2T parallel manipulator, J. Brazilian Soc. Mech. Sci. Eng. 41 (2019) 425.
https://doi.org/10.1007/s40430-019-1934-1.

J. Hesselbach, J. MaaB, C. Bier, Singularity prediction for parallel robots for improvement of sensor-
integrated assembly, CIRP Ann. - Manuf. Technol. 54 (2005) 349-352. https://doi.org/10.1016/S0007-
8506(07)60120-6.

K.. Hunt, E.J.. Primrose, Assembly configurations of some in-parallel-actuated manipulators, Mech. Mach.
Theory. 28 (1993) 31-42. https://doi.org/10.1016/0094-114X(93)90044-V.

P. Wenger, D. Chablat, Workspace and Assembly Modes in Fully-Parallel Manipulators: A Descriptive
Study, in: Adv. Robot Kinemat. Anal. Control, Springer Netherlands, 1998: pp. 117-126.
https://doi.org/10.1007/978-94-015-9064-8 12.

C. Innocenti, V. Parenti-Castelli, Singularity-free evolution from one configuration to another in serial and
fully-parallel manipulators, J. Mech. Des. Trans. ASME. 120 (1998) 73-79.
https://doi.org/10.1115/1.2826679.

A. Hernandez, O. Altuzarra, V. Petuya, E. MacHo, Defining conditions for nonsingular transitions between
assembly modes, IEEE Trans. Robot. 25 (2009) 1438-1447. https://doi.org/10.1109/TR0O.2009.2030229.
P.R. McAree, R.W. Daniel, Explanation of never-special assembly changing motions for 3-3 parallel
manipulators, Int. J. Rob. Res. 18 (1999) 556-574. https://doi.org/10.1177/02783649922066394.

B. Dasgupta, T.S. Mruthyunjaya, Singularity-free path planning for the Stewart platform manipulator,
Mech. Mach. Theory. 33 (1998) 711-725. https://doi.org/10.1016/S0094-114X(97)00095-5.

A K. Dash, .M. Chen, S.H. Yeo, G. Yang, Workspace generation and planning singularity-free path for
parallel manipulators, Mech. Mach. Theory. 40 (2005) 776-805.
https://doi.org/10.1016/j.mechmachtheory.2005.01.001.

S. Caro, P. Wenger, D. Chablat, Non-Singular Assembly Mode Changing Trajectories of a 6-DOF Parallel
Robot, in: Vol. 4 36th Mech. Robot. Conf. Parts A B, American Society of Mechanical Engineers, 2012: pp.
1245-1254. https://doi.org/10.1115/DETC2012-70662.

Y. Dai, Y. Fu, B. Li, X. Wang, T. Yu, W. Wang, Clearance effected accuracy and error sensitivity analysis:
A new nonlinear equivalent method for spatial parallel robot, J. Mech. Sci. Technol. 31 (2017) 5493-5504.



32 Pulloquinga J. L., Mata V., Valera A., Zamora-Ortiz P., Diaz-Rodriguez M., Zambrano 1./ Mechanism and Machine Theory

https://doi.org/10.1007/s12206-017-1044-x.

[26]  G. Chen, H. Wang, Z. Lin, A unified approach to the accuracy analysis of planar parallel manipulators both
with input uncertainties and joint clearance, Mech. Mach. Theory. 64 (2013) 1-17.
https://doi.org/10.1016/j.mechmachtheory.2013.01.005.

[27]  N. Binaud, S. Caro, S. Bai, P. Wenger, Comparison of 3-PPR parallel planar manipulators based on their
sensitivity to joint clearances, in: IEEE/RSJ 2010 Int. Conf. Intell. Robot. Syst. IROS 2010 - Conf. Proc.,
2010: pp. 2778-2783. https://doi.org/10.1109/IROS.2010.5649455.

[28] T. Huang, D.G. Chetwynd, J.P. Mei, X.M. Zhao, Tolerance design of a 2-DOF overconstrained translational
parallel robot, IEEE Trans. Robot. 22 (2006) 167—172. https://doi.org/10.1109/TR0O.2005.861456.

[29] M. Ohno, Y. Takeda, Identification of Joint Clearances in Parallel Robots by Using Embedded Sensors,
IFToMM D-A-CH Konf. Vierte IFToMM D-A-CH Konf. 2018. (2018).
https://doi.org/10.17185/DUEPUBLICO/45328.

[30] P. Araujo-Goémez, V. Mata, M. Diaz-Rodriguez, A. Valera, A. Page, Design and kinematic analysis of a
novel 3UPS/RPU parallel kinematic mechanism with 2T2R motion for knee diagnosis and rehabilitation
tasks, J. Mech. Robot. 9 (2017) 061004. https://doi.org/10.1115/1.4037800.

[31] F. Valero, M. Diaz-Rodriguez, M. Vallés, A. Besa, E. Bernabéu, A. Valera, Reconfiguration of a parallel
kinematic manipulator with 2T2R motions for avoiding singularities through minimizing actuator forces,
Mechatronics. 69 (2020) 102382. https://doi.org/10.1016/j.mechatronics.2020.102382.

[32] H. Lipkin, A note on Denavit-Hartenberg notation in robotics, in: Proc. ASME Int. Des. Eng. Tech. Conf.
Comput. Inf. Eng. Conf. - DETC2005, 2005: pp. 921-926. https://doi.org/10.1115/detc2005-85460.

[33] X.-J. Liu, J. Wang, Parallel Kinematics, Springer Berlin Heidelberg, Berlin, Heidelberg, 2014.
https://doi.org/10.1007/978-3-642-36929-2.

[34] F. Xie, X.J. Liu, Analysis of the kinematic characteristics of a high-speed parallel robot with Schonflies
motion: Mobility, kinematics, and singularity, Front. Mech. Eng. 11 (2016) 135-143.
https://doi.org/10.1007/s11465-016-0389-7.

[35] G. Chen, W. Yu, C. Chen, H. Wang, Z. Lin, A new approach for the identification of reciprocal screw
systems and its application to the kinematics analysis of limited-DOF parallel manipulators, Mech. Mach.
Theory. 118 (2017) 194-218. https://doi.org/10.1016/j.mechmachtheory.2017.08.007.

[36] X. Huang, G. He, New and efficient method for the direct kinematic solution of the general planar stewart
platform, in: Proc. 2009 IEEE Int. Conf. Autom. Logist. ICAL 2009, 2009: pp. 1979-1983.
https://doi.org/10.1109/ICAL.2009.5262630.

[37] M.S. Tsai, T.N. Shiau, Y.J. Tsai, T.H. Chang, Direct kinematic analysis of a 3-PRS parallel mechanism,
Mech. Mach. Theory. 38 (2003) 71-83. https://doi.org/10.1016/S0094-114X(02)00069-1.

[38] T. Becker, V. Weispfenning, Grobner Bases, in: 1993: pp. 187—242. https://doi.org/10.1007/978-1-4612-
0913-3 6.

[39] A. Kapandji, Artificial physiology, Editorial médica panamericana, Madrid, 2010.

[40] W.S. Cleveland, C. Loader, Smoothing by Local Regression: Principles and Methods, in: 1996: pp. 10—49.
https://doi.org/10.1007/978-3-642-48425-4 2.



Conflict of Interest

UNIVERSITAT
POLITECNICA
DE VALENCIA

Conflict of interest

Manuscript: Experimental Analysis of Type II singularities and Assembly Change Points in a
3UPS+RPU Parallel Robot.

The authors whose names are listed immediately below certify that they have NO conflict of
interest in the subject matter or materials discussed in this manuscript.

e Pulloquinga Zapata José Luis
e Mata Amela Vicente

e Valera Fernandez Angel

e Zamora Ortiz Pau

e Diaz Rodriguez Miguel

e Zambrano Orejuela Ivan

Yours sincerely,

Firmado digitalmente por

PULLOQUINGA ZAPATA PULLOQUINGA ZAPATA JOSE LUIS -
JOSE LUIS - Y6667433T  Y6667433T

Fecha: 2020.08.11 16:56:45 +02'00'

José¢ Luis Pulloquiga Zapata

Phd Student

Automation, Robotic and Industrial Informatics

Universitat Politécnica de Valéncia, edificio SE, 2% planta, ala sureste
Camino de Vera s/n

46022 Valencia (SPAIN)

E-mail: jopulza@doctor.upv.es

Tel.: +34 632431757



