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Abstract In this paper a purely phenomenological for-
mulation and finite element numerical implementation
for quasi-incompressible transversely isotropic and or-
thotropic materials is presented. The stored energy is
composed of distinct anisotropic equilibrated and non-
equilibrated parts. The nonequilibrated strains are ob-
tained from the multiplicative decomposition of the de-
formation gradient. The procedure can be considered as
an extension of the Reese and Govindjee framework to
anisotropic materials and reduces to such formulation
for isotropic materials.

The stress-point algorithmic implementation is ba-
sed on an elastic-predictor viscous-corrector algorithm
similar to that employed in plasticity. The consistent
tangent moduli for the general anisotropic case are also
derived. Numerical examples explain the procedure to
obtain the material parameters, show the quadratic con-
vergence of the algorithm and usefulness in multiaxial
loading. One example also highlights the importance
of prescribing a complete set of stress-strain curves in
orthotropic materials.

Keywords Viscoelasticity - Hyperelasticity - Log-
arithmic Strains - Anisotropy - Biological tissues -
Polymers

Marcos Latorre

Escuela Técnica Superior de Ingeniera Aeronautica y del Es-
pacio, Universidad Politécnica de Madrid

Pza.Cardenal Cisneros, 28040-Madrid, Spain

E-mail: m.latorre.ferrus@Qupm.es

Francisco Javier Montans (&)

Escuela Técnica Superior de Ingeniera Aerondutica y del Es-
pacio, Universidad Politécnica de Madrid

Pza.Cardenal Cisneros, 28040-Madrid, Spain

Tel.: +34 637908304

E-mail: fco.montans@Qupm.es

1 Introduction

Polymers above the glass transition temperature and
biological materials present highly nonlinear hypere-
lastic (rubbery) behavior coupled with viscous dissipa-
tion, see for example [1-5]. Many material models have
been proposed for large strain viscoelasticity. Two main
approaches may be clearly distinguished [6]: integral-
type approaches based on functionals or hereditary inte-
grals which are used to account for the time-dependent
and large memory behavior [1,7-13], see review in [14],
and differential-type approaches based on internal state
variables frequently motivated on rheological models
better suited for short memory behavior, see [15-20]
among others. Reference [21] gives a nice overview of
both approaches, including stress and strain-like inter-
nal variables. Other important contributions are those
of Bergstrom and Boyce [22], Le Tallec et al. [23], Haupt
and Sedlan [24] and Lion [25, 26] regarding the inter-
nal variables approach. Between both approaches, the
latter one is preferred for finite element implementa-
tion [2,16,18,27] because the stresses and strains can
be computed from the variables at the immediate pre-
vious step and there is no need to store a large bulk
of information. Furthermore, researchers usually prefer
the latter approach because it is easier to obtain the
material parameters from experiments [6], in general.
However, fractional derivative-type models have also
been used to better capture the relaxation procedure
employing few material parameters [28], even though
the numerical three-dimensional treatment seems to be
complex. Integral-type and differential-type approaches
can be made equivalent only in some cases, for example
in finite linear viscoelasticity [15].

Among internal variable computational approaches,
we can distinguish two clearly different types of formu-
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lations with important theoretical and numerical im-
plications. The first one was proposed by Simo [15,27],
motivated on a similar small strains framework. This
framework has been subsequently used by Holzapfel
[16,19], Kaliske and Rothert [29], Penia et al [17, 18],
Liefeith and Kolling [20], Gasser and Forsell [30], among
others. The second type of formulation has been pro-
posed by Reese and Govindjee [31]. This formulation is
built upon the works of Lubliner [32] who considered
a stored energy function consisting on an equilibrated
and a nonequilibrated part and the multiplicative de-
composition of Sidoroff [33] which is motivated on the
similar Lee multiplicative decomposition in elastoplas-
ticity [34,35].

From a computational standpoint, the formulation
of Simo using stress-like internal variables with their
respective evolution equations is attractive because it
results in a relatively simple numerical algorithm with
reduced memory needs thanks to a one-step second-
order accurate recurrence formula [15]. This procedure
is based on the ideas of Herrmann and Peterson [36] and
Taylor et al [37]. However, as noted by Hartmann [38]
and Eidel and Kuhn [39], the preservation of second or-
der accuracy is not achieved in general in the finite ele-
ment context. Furthermore, these type of formulations
are only adequate for small deviations from thermo-
dynamical equilibrium because the evolution equations
are linear differential equations connected to finite elas-
ticity, whereas the problem is fully nonlinear [14,31,40].
See also [7], Sec. 40, and discussion in [40] regarding a
formulation valid for large deviations from equilibrium
using this framework.

In essence, the framework from Simo consists on
an initial stored energy which may be anisotropic and
from which the initial (second Piola—Kirchhofl) stresses
are obtained. The internal stresses, whose evolution is
given in the form of a linear rate equation typical of
the (three parameter) standard solid, subtract from the
initial stresses to yield the actual stresses. Then, the
actual stresses are not directly derived from a stored
energy, although from a theoretical point of view the
existence of such potential may be assumed [16]. As
noted in [27], the resulting formulation only recovers
nonlinear elasticity for instantaneous and equilibrium
deformations. For the latter relaxed case, the stored
energy is usually set to be a fraction of the initial one
given by a material parameter. Furthermore, the proce-
dure is only consistent with the multiplicative decom-
position of Sidoroff [33] in some special cases, as when
using neo-Hookean stored energies in terms of the right
Cauchy—Green metric [27].

The approach followed by Reese and Govindjee [31]
is more appealing in the sense that it is fully nonlin-

ear, based on the Sidoroff multiplicative decomposition
and arguably more adequate (simpler) for situations ar-
bitrarily away from thermodynamic equilibrium. The
additive split of the stored energy used in the formula-
tion results in an also additive split of the stress tensor
into equilibrated and nonequilibrated addends, a fea-
ture which simplifies considerably the formulation. Ad-
ditive decompositions of energies and hence of stresses
have also been used by Holzapfel [16,19], Pioletti et
al [41] and Merodio and Goicolea [42] but in these last
two cases including rate effects in the viscous potential
which easies the theoretical treatment in terms of some
selected invariants. Other similar formulations based
on isotropic equilibrated and nonequilibrated contribu-
tions are those of Bonet [43], Peri¢ and Dettmer [44]
and Nedjar [45] among others.

As mentioned, the model of Reese and Govindjee
is also based on the (Sidoroff) multiplicative decom-
position of the deformation gradient into a nonequili-
brated elastic deformation gradient and a viscous one.
The former results in the internal variable used by the
model to compute the distinct fully nonlinear nonequi-
librated part, a clear difference with Simo’s approach.
Furthermore, their formulation uses logarithmic stress
and strain measures, which result in a more intuitive
framework [46] and an attractive computational pro-
cedure in which logarithmic strains are updated in an
additive way, or alternatively stretches in an exponen-
tial form. This is a similar set-up to that used in large
strain computational elastoplasticity in which the nat-
ural properties of logarithmic strains are exploited, per-
forming volume-preserving inelastic flows and even em-
ploying small strains integration algorithms during the
plastic correction either for isotropic cases [47,48] or
anisotropic ones [49,50]. A parallelism with computa-
tional elastoplasticity can be established. Many aniso-
tropic constitutive models —see [51,52], among others—
are based on plastic metrics which are interpreted as
internal variables and conveniently integrated and up-
dated. A similar additive formulation for viscous (electro-
active) polymers can be found in [53]. However, it is
possible to develop formulations which do not rely on
those metrics but directly on Lee’s decomposition and
in which the elastic strains are directly computed from
the trial state [47-50] as in the small strain case. In a
similar fashion the formulation of Reese and Govindjee
uses the Sidoroff decomposition to build the nonequili-
brated strains which are again computed directly from
the trial state.

However, despite of its attractive features, the for-
mulation of Reese and Govindjee is valid only for iso-
tropy [31,54], whereas the framework of Simo is valid for
anisotropic stored energies even though the viscous con-
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tribution is isotropic [15,16,27]. Hence, Simo’s frame-
work is still widely used for anisotropic materials [20],
particularly for fibre-reinforced materials like many liv-
ing tissues, see for example [17,18,55]. It is interesting to
note that most hyperelastic formulations on anisotropic
materials are built upon their constituents, also when
using frameworks similar to that of Reese and Govind-
jee, see for example [56,57]. Whereas this micromechan-
ical approach is interesting in order to understand the
physics behind the problem and simplifies the numeri-
cal treatment considerably, it is difficult to include all
interactions among components or even frequently to
accurately measure the behavior of them in an isolated
manner as it is the case of living tissues. Moreover, the
addition of a viscous component complicates the prob-
lem substantially. Hence, a continuum finite viscoelastic
formulation which considers the anisotropic material as
a whole and is valid for large deviations from thermo-
dynamical equilibrium is needed.

Recently we have presented a novel formulation for
isochoric transversely isotropic materials [58] and for
isochoric orthotropic materials [59] in which the shape
of the stored energy is not given a priori, but directly
obtained from experiments by solving the proper equi-
librium and compatibility equations. We considered the
material as a whole and we have been able to simulta-
neously and accurately (exactly for practical purposes)
predict the material behavior for three (transversely
isotropic materials) or six (orthotropic materials) ex-
perimental tests. We note that all curves are essential
in properly capturing the multiaxial behavior of the ma-
terial, as it is for the case of the three or six material
constants needed to correctly characterize linear trans-
versely isotropic or orthotropic incompressible materi-
als. If properly formulated, these models retain mate-
rial symmetries congruency not only from an analytical
point of view but also from a numerical one [60]. These
type of procedures can also be extended to damage me-
chanics to account for Mullins effects [61].

The purpose of this paper is to present a purely
phenomenological, continuum-based visco-hyperelastic
model and finite element implementation for anisotro-
pic materials. The formulation is built upon the ideas
given in Reese and Govindjee [31], i.e. we use the Sido-
roff multiplicative decomposition [33] and an additive
split of the stored energy into equilibrated and nonequi-
librated parts [32]. The only internal variables are the
nonequilibrated logarithmic elastic strains which are
obtained from the Sidoroff decomposition. The stored
energies may be isotropic, transversely isotropic or or-
thotropic. The fully nonlinear formulation and finite
element implementation takes advantage of the singu-
lar properties of the logarithmic strains as the natural

extension of the infinitesimal strains [46]. The use of
the Sidoroff decomposition in orthotropy implies that
some assumption needs to be taken as for the evolu-
tion of the material preferred directions due to viscous
flow. A similar situation is found in large strain elasto-
plasticity formulations [50,62,63]. We assume here that
the preferred material directions are not modified by
the viscous flow, i.e. the material symmetries are the
same in the reference and in the intermediate configu-
rations. In line with this assumption, we suggest that
the viscosity tensor is isotropic. For the purely isotropic
case, the present formulation recovers that of Reese and
Govindjee [31].

In the following sections we first motivate the ideas
using small strains and quadratic large strain measures
and then develop the formulation and numerical algo-
rithm using logarithmic strains. Finally, some demon-
strative examples show some features of the model and
the applicability for finite element analysis.

2 Motivation: infinitesimal viscoelasticity

The visco-hyperelasticity model for large deformations
presented in the next sections is derived using loga-
rithmic strains. Logarithmic strains naturally extend
the well-known physical meaning of the infinitesimal
strains, both for axial and shear components [46], to the
large strain setting. Then, as a natural consequence, we
will show in the next sections that the finite strain vis-
coelasticity formulation presented in this work is just
an extension of the infinitesimal theory introduced in
this section.

2.1 Continuum theory

Unidimensional viscoelasticity is satisfactorily motiva-
ted from the rheological model represented by the well-
known standard solid [15], schematically outlined by
a mechanical device consisting of two springs and a
dashpot being arranged as in Figure 1, where the small
elongations of the springs and the viscous dashpot per
unit device-length (i.e. infinitesimal strains) are related
through

E=Ec+ &y (1)

On purely physical grounds, the total strain energy den-
sity of this unidimensional solid at a given instant ¢ ac-
counts for the stored elastic energy on both springs and
it can be additively split as

V(e ee) = Weq (&) + Wneq (e) (2)
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Fig. 1 Standard solid

where ¥, and W, ., represent the so-called equilibrated
and non-equilibrated strain energy functions associated
to the elastic deformations € and €., respectively. This
denomination arises from the fact that ¥,cq (ec # 0) >
0 accounts for the deviation (in terms of stored energy)
from static thermodynamical equilibrium when the to-
tal strain ¢ is fixed. If static equilibrium is attained for
that value of €, then both &, and ¥,., vanish and the
resulting strain energy function is ¥ (g,0) = @, (¢).

The dissipated power in this rate-dependent sys-
tem is directly dependent on the rate of &, so, even
though the natural arguments of the strain energy func-
tions in Eq. (2) are the strain components ¢ and e,
it is convenient to take the total (external) strain e
and the viscous (internal) strain ¢, as the independent
variables of the problem. However, note that the non-
equilibrated elastic strain €, may be also taken as an in-
ternal variable with the dependencies e.(g,&,) = £ —&,,.
In rate form, we directly write —we use 9(-)/9(x) to
denote partial differentiation, placing also emphasis on
the variable which remains fixed in each partial deriva-
tive

Oee

Oee iy Oce
Oe

—0 Oey

v =& — &y (3)
=0

Ee =

v

which, for further use, can be interpreted as the addi-
tion of two independent (partial) contributions to &

Ee = Eelg,—o T el (4)

The rate of the strain energy function in terms of € and
€, reads —we use d(-)/d(*) to denote total differentia-
tion

dweq . dwneq .
de c de, ce

Oe, Oe,
= 0pgé + ol° 5
1 e\ Oe |, Oy |-
v -

V=

with the superscript (e)!¢ indicating that the variable
(e) has been obtained through differentiation with re-
spect to the internal elastic strain e..

The mechanical power dissipated in the device must
be non-negative, hence we arrive to the inequality

. Oe,
oe -V = U—Jeq—cflfeq— 5
( Oz |: _o
Oe. )
— Ulleeq g Ev Z 0 (6)
v le=0

In the absence of viscous strain rate, i.e. &, = 0, the
deformation is conservative and the equality must hold,
so the total (external) stress in Figure 1 is

le 856

0 =0¢q + Oneq _65

= Ocq + Oneq (7)

£,=0

This last expression gives the way in which the non-
equilibrated stress opeq is obtained from the non-equi-
librated strain energy function ¥4, i.e. taking the par-
tial derivative of Wpeq () = Yneq (€c (€,60)) = ¥neq (€, €0)
with respect to e —note the abuse of notation employed
for ¥,,cq

AWpeq Occ

6Wneq
Oneq = =
1 de, Oe

_ Opeq(e,e0)
Oe o

Oe

£,=0 £,=0

(8)
In this particular case, note that de./0e|. _o =1 so

le 586

= ‘6
neq 9o o (9)

€,=0

Oneq =0

The distinction between taking derivatives with respect
to either total strains or elastic strains will be relevant
in the finite deformation context, where different con-
figurations will be introduced. Upon the acceptance of
Eq. (7), the dissipation inequality reduces to

e 856

neq agv

—0

¢ 2, >0 (10)

£=0

i.e. the mechanical power dissipated by the dashpot
must be non-negative. In order to enforce this physical
restriction, we previously rewrite it using the interpre-
tation given in Eq. (4), i.e.

Oe ) .
Nt Doy, &0 = "Ten Seleco 2 0 (1)

-0, neq

é=0
which is automatically satisfied if we choose the follow-

ing flow rule

dee
dt

1

e _ 1d%eq
"y de Ui

=0 n
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where 7 > 0 is the so-called dynamic viscosity of the
dashpot, which measures the motion resistance via vis-
cous effects (the greater the value of 7, the longer the in-
ternal relazation process to reach thermodynamic equi-
librium for a given ¥, and a fixed ¢).

Note that Eq. (12); is usually written as &, = opeq/1.

However, we want here to remark that the subscript
¢ = 0 in the left-hand side of Eq. (12); is just indicat-
ing that the rate of the independent internal variable
g, can be alternatively seen as (minus) the rate of the
dependent internal variable e.(e,,) in a hypothetical
situation in which the total strain € remains fixed. In-
terestingly, this interpretation of the continuum theory
will facilitate the numerical integration of that equa-
tion by means of an operator split of €., as we briefly
introduce next (Section 2.2).

For the special case of infinitesimal linear viscoelas-
ticity 1 is a constant and ¥,., = 1/2F,..e2, so the
evolution Equation (12); results in

de, Ereq 1

_ - Ee = —€¢ 13
dt =0 n T (13)

where 7 := 1/ Eypq is the relaxation time associated to
the Maxwell element in Figure 1. Equation (13) is es-
sentially the classical evolution equation for linear vis-
coelasticity, i.e.

1 1
.'U:_e:_ —&v 14
5 7_6 7_(5 ) (14)

which, note, is expressed in this case in terms of the
internal inelastic strain e,.

2.2 Incremental theory

The constitutive equation proposal for one-dimensional
viscous flow given in Eq. (12); is non-linear in terms of
€e, in general. Since €, is a function of € and &, this vis-
cous flow rule can be integrated by means of a two-step,
elastic predictor/viscous corrector incremental scheme
to give the internal deformation state at ¢t + At when
the state at ¢t is known and the total strain € at ¢t + At
is given. Within the elastic predictor substep there is
no viscous dissipation, so £, = 0 and the trial state at
t+ At is

Ev = bhEu (15)

tr _ t+At tr _ t+At t
Ee = e — ey = 6E — 0Ew (16)

tr

where [ () represents the amount from the reference
state to time ¢ and *"(-) stands for trial state quantities.
Within the wviscous corrector substep the total strain
rate is frozen and the integration of Eq. (12); yields

t+At t+At
1dv,
deg|. o = — = Cneq gy 17
/t Seleo /t n de. (a7

i.e. using a backward-Euler integration

1dv,
AL, — e, o~ — At (——"eq) (18)
n dee ) yiny
which in general provides a non-linear viscous correc-
tion for HAése in terms of "¢, through
1dv,
Hraile. + At (——”eq> = e, (19)
N dge )iy

In the sections below we will discuss how to deal with
equations of this type in a finite element procedure. For
the special case of infinitesimal linear viscoelasticity, the
viscous correction Eq. (19) becomes linear, i.e.

At
14+ =
-

tr

<1 T %) t+A(t)5€e N t+Aé€e _ Ee (20)

Finally, the linear evolution Equation (14), expressed
in terms of the viscous internal variable €,, can be ana-
lytically integrated with the proper initial condition us-
ing the convolution representation [15]. These type of
analytical solutions have motivated a remarkably dif-
ferent type of incremental integration algorithms for fi-
nite linear viscoelasticity based on stress-like (viscous)
internal variables, cf. for example Refs. [15-17,27,30].

3 Finite strain viscoelasticity: material and
spatial continuum formulations

The preceding one-dimensional viscoelastic model for
small strains has been built on the basis of the kine-
matical assumption of additive elastic €, and inelas-
tic g, internal strains. Within the context of three-
dimensional large deformations, a generalization of this
decomposition in terms of some finite deformation mea-
sure is needed as point of departure in order to for-
mulate strain-based constitutive viscoelastic models. To
this end, following the lines of the Lee decomposition
for finite elastoplasticity, the so-called Sidoroff’s multi-
plicative decomposition of the deformation gradient X
assumes [33] —note that this tensor is usually written
as F', but we adopt the notation given in Ref. [64]

X =X.X, (21)

where X, includes the viscous contribution to the total
deformation and X, accounts for the remaining elastic
contribution, see Figure 2. Having in mind the stan-
dard solid of Figure 1, the intermediate state may be
seen as the internal, stress-free configuration obtained
by the hypothetical elastic unloading of the equiva-
lent Maxwell element from the current configuration
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X,

v

Fig. 2 Sidoroff’s multiplicative decomposition of the defor-
mation gradient X = X . X,.

by means of X_' [22]. However, note that the rhe-
ological model of Figure 1, based on additive inter-
nal strains, does not exactly corresponds to the one-
dimensional version of Eq. (21), based on multiplica-
tive internal stretches, i.e. A = A \,. Interestingly, the
same additive structure shown in Figure 1 is recov-
ered if finite logarithmic strain measures are consid-
ered, i.e. In A =In A, + In \,. Hence, upon the accepta-
tion of the Sidoroff’s decomposition hypothesis within
the large strain visco-hyperelastic framework, the log-
arithmic strain measure naturally arises as the large
strain measure to be used in constitutive modelling
in order to preserve the same algorithmic structure of
the small strains formulation. A similar reasoning has
led to a variety of finite elastoplasticity formulations
based on Lee’s decomposition and that preserve the
classical return mapping algorithm of the small strain
case [47-49,65].

3.1 Material description

From Eq. (21), the expression of the elastic non-equi-
librated right Cauchy—Green tensor C, = X ZX e in
terms of the right Cauchy—Green tensor C = X7 X
and the viscous deformation gradient X, (both C' and
X, taken as the independent variables) results in

c.c,x,)=xTcx;'=x,Tox,7:C (22

where we have introduced the notation (Y © Y ) =
Y;;Yj and have omitted symmetrization issues for the
matter of notation simplicity. In terms of Green—La-
grange strain measures we have

A(AX) =5 (Co- D) =X, (A~ A) X,

=X, Tox,;T:(A-A4,) (23)

The material rate of this last equation gives

: 0A.
Ae = 0A

Ay QA

: X, (24)
Xu—0 X,

A=0

Then, analogously to Eq. (4), we identify

A, = A, + A, (25)

X.,=0

A=0

which is a very useful interpretation when one has the
total strain energy function expressed in terms of La-
grangian strain tensors. We will take advantage of this
fact in the two-step predictor-corrector integration sche-
me used below. At this point and for further use, we just
note that the fourth-order geometrical tensor

0A, _r _r_ 0A.(A X,)
_xTox T=22 D)
A | 4 o 0% 0A

»=0

(26)

obtained by direct differentiation in Eq. (23), defines
the push-forward and pull-back operations (when the
viscous flow is frozen) between A, defined in the refer-
ence configuration, and Ae, defined in the intermedi-
ate configuration. The partial gradient 0A./0X, with
A = 0 is easily obtained taking the time derivative
of Eq. (22) and identifying terms. However, it is not
needed in the formulation we present below.

Motivated by the small strain case, the total stored
energy density function is assumed to contain two hy-
perelastic contributions, an equilibrated one associated
to the (right) stretch of X and a non-equilibrated one
associated to the (right) stretch of X .. For example,
in terms of Green-Lagrange strains, the stored energy
function is

V= Ve (A) + Vg () (27)

and its material rate —recall the notation introduced
in Eq. (5)

v = W'eq (A) + LZ./neq (Ae)

AWy i AW
= t A+ A t A,
=S8, A+ Slfeq - A, (28)

where S stand for second Piola—Kirchhoff stresses. The
insertion of Eq. (24) into Eq. (28) yields

. 0A .
- le . i .
v (Seq+sneq. A X1,—0> CA
0A .
" c X, 29
St px e (29)
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The dissipation inequality in material description

L A, .
S:ALI'/(SSeqS,feq:%A ):A
X,=0
0A :
_qle . € X, >
Shea’ Dx JIRE 0 (30)

o

is fulfilled if, first (X, = 0 implies no dissipation, so
the equality must hold)

. . 0A.
S=Se+ S5y 54

=8cq+ Sneq (31)
X,=0

and, second, the stresses S‘,feq dissipate power when the

viscous flow is taking place by means of
0A

7S"rfe : -

770X,

: X, >0 (32)

A=0

Equation (31) gives the existing geometrical mapping
between the non-equilibrated Second Piola—Kirchhoff
stress tensors S),¢q, operating in the reference configu-

ration, and Slfeq, defined in the relaxed configuration

AVneq  O0A.
dA. T 0A %
which is in correspondence with the mapping given in
the first addend of Eq. (24). Hence, note that the me-
chanical power S, : Ais equivalent to the mechanical
power S‘neeq . A, when the viscous flow is frozen, i.e.

Sneq - S‘e

neq

X, Tox T =

(33)

Sheq : A:Slfeq: A

Wy 34
X,=0 Nx%,=0 (34)

Equation (33)2 provides the following definition for S,,cq
in terms of ¥,., —again, note the abuse of notation
Ureq (Ae) = Yneq (Ae (A, Xo)) = neq (A, X )
Oyeq _ OWneq(A, X )

A |x o A
On the other hand, the dissipation inequality Eq. (32)

becomes more familiar if one uses the interpretation
given in Eq. (25) —cf. Eq. (11)

Sheq = (35)

OA . .

_Gle . e X, =8 . A, >0 (36

neq GXU Ao neq A—0 — ( )
i.e.

W, <0 37

P (37)

which will be very useful in order to define a general
anisotropic constitutive equation for the viscous flow in
the next Section. At this point, note that Eq. (36)2 is
equivalent to the general residual Eq. (14) in Ref. [31]
—just differentiate Eq. (22); with C constant

1

“ldi—o 2 ¢

- _% (trc.+cu,) (38)

C=0

where 1, = X v Xy Lis the viscous velocity gradient.

3.2 Spatial description

From Eq. (21) one can also obtain the expression of

o1
the spatial velocity gradient I = X X  in terms of the
elastic velocity gradient I, = X X ;1 and the viscous
velocity gradient I, = X, X !

l=1,+X1,X." (39)

where l and I, operate in the current configuration and
l, does in the intermediate configuration. Hence, the
elastic deformation rate tensor d. = sym(l.) is ob-
tained as a function of the deformation rate tensor
d = sym(l) and l,, (taken as the independent variables
in rate form) through

d.(d,1,) =d—sym (X.1,X.") (40)
or
d. (d,l,) = M s d 4 M b (41)
v= v =0
with the fourth-order mapping tensors Mge . and
»=0

de
M 4
in Eq. (24). For further use, we just recognize herein
that

playing the role of the partial gradients present
0

M =1° (42)

1,=0

where 1% stands for the fourth-order symmetric projec-
tor tensor, with components in any given basis

1
(Hs)ijkl = 5 (5ik6jl + 5i15jk) (43)
Analogously to Eq. (25), we can write Eq. (40) as
de = de (d7 0) + de (O7l’u) = delly:() + d€|d:0 (44)

Since A, is the pull-back of d, from the current con-
figuration to the intermediate configuration by means
of

A =XTd.X.=XToXT:d, = Mj:d, (45

note that Eqs. (24) and (44) are just the same expres-
sion, but written in different configurations:

i Ae . g — \Ae - A
Ac=Mg° :de =Mg©: de|Ly:0 + M © delgo

= Ae . (46)

A=0

.+ A,
0

This last relation between the additive decompositions
of A, and d. may also be obtained taking the time
derivative of Eq. (22) and then identifying the decompo-
sition of Eq. (40). It is instructive to observe in Eq. (46)
that the same mapping tensor, i.e. Mﬁj = XZ @XZ, is
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employed to relate d. to A, independently of whether
they represent generic rates or are associated to any of
the particular cases I, = 0 or d = 0. This consideration
will be useful below.

The spatial counterpart of Eq. (28) is

=8.,:X"dX + 8¢, Xld.X.

= XS, X":d+Xx.8l°, X" d,

neq

d+7le, de (47)

=Teq:

where we have delﬁned the symmetric Kirchhoff stress

tensors T4 and Tneeq in the current configuration as

Teqgi= X8 X7 =S, : M7 (48)
e e T e A,
T"neq =X S"neqX S|neq Mde (49)

with M4 = XToXT and M4 given in Eq. (45). Using
Eq. (41), ¥ is expressed as

) . d
1,=0

- (50)

U= (Teq + 7le Md

neq *

le . de
+ Theq Mlv o

It is straightforward to obtain that the dissipation
inequality in spatial description 7:d —%¥ > 0 is ful-
filled if, first

le . de
neq ° d

T="Teq+T = Teq + Thneg (51)

1,=0

and, second, the Kirchhoff stresses Tl,feq dissipate power

with the push-forward of I, from the intermediate to
the current configuration

X A, X >0 (52)

i, =Tl
where Eq. (40) and the symmetry of T‘feq have been
used. From Expression (51) for the total Kirchhoff stress
tensor 7 we readily identify

_ e .1S _ _le

= Theq 17 = Tieg (53)

de
Tneq = Tneq M,

l,=
which is an obvious result due to the fact that Tpeq =
XSneqXT and T‘neeq =X Slfeq represent the same
Kirchhoff stress tensor defined in the current configura-
tion, even though being pushed forward from different
configurations —compare to Egs. (9) and (33);. We no-
tice that

Thneq 1 d = Tneq cd, |l 0= 'I/neq Lo (54)

Finally, the dissipated power due to viscous effects can
be rewritten using Eqgs. (41) and (44) as
|e Md

neq

iy, = _Tneq d. |d 0 (55)

which can be read as

Veq| <0 (56)
Equations (36) and (55) are equivalent in the sense that
the fulfillment of one of them implies the fulfillment of
the other one. In other words, we are just invoking the
equivalence between the material and spatial descrip-
tions of the same (dissipative) mechanical power. Fur-
thermore, it is interesting to note that Eq. (55)2 gives
another interpretation of the general residual Eq. (17)
in Ref. [31] —i.e. Eq. (52)2 above—, which we do not need
to further specialize to isotropy.

4 Finite visco-hyperelasticity based on
logarithmic stress-strain measures

In Section 3.1 we have taken advantage of the fact that
an analytical decomposition in terms of A and X, is
known for the elastic Green—Lagrange strains A., i.e.
Eq. (23). For the reasons discussed above, we are in-
terested in developing a model based on material loga-
rithmic strain measures. The (only apparent) problem
that arises herein is that we do not know the general
analytical expression E.(E,X,), with E. =1/2InC,
and E = 1/2InC. Hence the partial derivatives ten-
sor OE./OE with the viscous flow frozen is unknown
in general —compare to Eq. (26). However, as we show
below we can circumvent this issue making use of sev-
eral known mapping tensors, in this case relating the
rate of logarithmic strains to either the rate of Green—
Lagrange strains or the corresponding deformation rate
tensors.

Following the aforementioned arguments, we pro-
pose a strain energy function based on material loga-
rithmic strain measures

V= Ve (B) + Vg (Ee) (57)

The formulation presented in Section 3 is valid for com-
pressible anisotropic viscoelastic materials undergoing
large deformations. However, the present work is in-
tended to model the behavior of (nearly-)incompressible
viscoelastic materials, for which J = det(X) ~ 1. Hence,
in practice, it is convenient to decompose first the de-
formation gradient using the Flory’s decomposition

X = (JY*nx* (58)

where det(X?) = 1, and, subsequently, decompose the
distortional part of the deformation gradient by means
of the Sidoroft’s decomposition

X' =xix=Xx,X, (59)
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Note that with these assumptions at hand, the isochoric
nature of the non-equilibrium part is exactly preserved
by construction and there is no further need to consider
this constraint for the inelastic contribution [21,66,67].
Furthermore, the volumetric external deformation (if
any) in Eq. (58) is always at thermodynamic equilib-
rium, i.e. it may be considered hyperelastic. The usual
split of the total strain energy in deviatoric-volumetric
uncoupled behaviors is further assumed

W = [Weg(BY) + Ung ()] + Waea (ED) (60)

= [We(BY) + Waeo (BD)] +Uey (1) =W +U  (61)

where W = Weq + Wheq accounts for the contributions
to the stored energy ¥ due to the total and elastic de-
viatoric (true) behaviors, through E? and E¢ respec-
tively, and U = U4 will be just used herein to impose a
volumetric constraint to the deformation in the Finite
Element simulations being carried out. Hereafter in this
Section, we assume that the three functions present in
Eq. (61); are known, the former two We, and W, be-
ing determined from experimental data and U, being
proposed as a proper penalty volumetric function.

The key idea when formulating computational algo-
rithms in finite-element procedures for materials with
a history-dependent behavior is to use a recurrence for-
mula involving internal variables that makes possible to
compute the internal state at an instant ¢ + At when
the internal state at ¢ is known [15]. Hence, the en-
tire history of strains is not needed and only the in-
ternal variables at ¢ are to be stored at the integration
points. Particularizing to this case, we need to com-
pute the second Piola—Kirchhoff stress tensor 4§ de-
rived from the stored energy function given in Eq. (60)
and the corresponding tangent moduli *+4*C when the
multiplicative decomposition §X = §J/3{X?E X% is
known at t and only the deformation gradient t+AéX
is known at t+ At. To this end, it is convenient to make
use of the split given in Eq. (60) into equilibrated and
non-equilibrated parts of ¥ and then simply add both
contributions to t+4t§ = tHAtg 4 t+ALG  and to
t+At(C — t+At(Ceq + t+At(Cneq-

As we will see below, the equilibrated part presents
no difficulty because it is readily obtained from the
hyperelastic constitutive relation from the total defor-
mation gradient. The more difficult part comes from
the non-equilibrated contribution, which needs a vis-
cous constitutive equation and a local iterative pro-
cedure in the most general case. We first address the
non-equilibrated contribution and then we address the
simpler equilibrated one.

5 Non-equilibrated contribution

In order to obtain the purely deviatoric contribution
to S and C at instant ¢t + At due to ¥,,cq, where only the
total gradient X is known, it is apparent that we pre-
viously need to compute the elastic logarithmic strains
E. at t + At from the internal variables at t. That is,
we need to propose a viscous flow rule that gives the
evolution of elastic (and viscous) finite strains during
the time step At. We will see that we can proceed as
introduced in Section 2.2 for infinitesimal viscoelastic-
ity, with the only added difficulty being the non-linear
kinematic relations involved in the finite deformation
context.

5.1 Constitutive equation for the viscous flow

The dissipation inequality in material description given
in Eq. (36)2 can be formulated in terms of material
logarithmic stress-strain measures through

. dA .
—Sle . A, =8l . E, 62
neq A—o0 neq (dEe E—O) ( )
dA .
—_ (8l . °): E. 63
(Ses 55 ) s Blyy 9
=-T E|, >0 (64)

where the elastic-deformation-dependent fourth-order
tensor dA./dE. (see Ref. [59]) maps, on the one hand,
any material rate E, (in particular Ee| B—0’ recall Eq.
(46)) to its respective material rate A, and, on the
other hand (by power conjugacy equivalences), the gen-
eralized Kirchhoff stresses T!° = d¥yeq/dE. to the

neq
second Piola—Kirchhoff stresses Slfeq = dWpeq/dA,, ie.

. dA, . dA
A=t E,, Tl =gl .—2¢ 65
dEe ’ neq neq dEe ( )

Due to the fact that Wpeq(E.) = Wiey(E?), we note

that the non-equilibrated stress tensor T‘neeq present in
Eq. (64) is purely deviatoric, i.e. traceless:
AWieg _ AWneg  dE; _ dWye
rie = e _ Wneg  dBe _ DWneg . ps (g5
7 dE, dE¢ ~dE.  JdE¢

where PS = dE!/dE. = 1° — 11 ® I is the fourth-
order deviatoric projector tensor, with components in
any given basis

1 1

(Ps)ijkl = 5 (5ik5jl + 5il5jk) — g(sij(skl (67)
Equation (64) can be satisfied enforcing the following
viscous flow rule —cf. Eq. (12)1

dE. _
- == =yl (68)

dt | o ned
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for a given fourth-order positive-definite viscosity ten-
sor V=1 thereby Eq. (64)
T, VT, >0 (69)
is automatically fulfilled.

Interestingly, a similar interpretation to that con-
sidered in Eq. (68) may be inferred from the non-linear
spatial evolution Eq. (21) in Ref. [31]. Consider the non-
equilibrated elastic left Cauchy—Green deformation ten-
sor B, = X, X! with the dependencies B.(X,C, ') =
XC;lXT. Then, the Lie derivative of B, may be al-
ternatively seen as indicated in Eq. (70)2

dC," v _ dB.

LB, =X
dt dt

. (70)

which allowed Reese and Govindjee to integrate the flow
rule performing an operator split of B, and using the
exponential mapping. As a result, an incremental evo-
lution equation in terms of principal elastic logarithmic
strains, valid for isotropy behavior only, was derived, cf.
Eq. (45) in Ref. [31]. Equation (68) allows us to extend
these ideas to anisotropic materials using logarithmic
strain measures directly.

5.2 Integration of the evolution equation

The constitutive equation in material rate form given
in Eq. (68) can be integrated by means of a two-step,
elastic predictor/viscous corrector method. Previously,
we obtain C, = X, 7 C*X ! from Eq. (59), with C? =
X9 X9 Hence we observe the dependencies E, =
Ee(Ed, X ). Within the elastic predictor step there is
no viscous dissipation, whereupon Eq. (32) —equiva-
lently, Eq. (55)— yields

X,=0 = E.=E,.. (71)
X,=0

and the trial (isochoric) state at time ¢ + At is given by

(see Figure 3)

rx, = BXU (72)
trXe _ t+AéXd t’l“X;l _ t+AfXd éXe (73)

where X, and T4/ X% are known. Clearly, the in-
crement of deformation T4 X = AL x4t x4)-1
is completely applied to the elastic deformation gradi-
ent § X . within the trial substep. The trial logarithmic
strain tensor is then

1 1
"E. = 3 m(rC.) = 3 (" xTirx,) (74)

Subsequently, during the viscous corrector substep we
. . d o
enforce —we use E = 0 instead of E- =P° : E =0
for notational simplicity
E=0 = E.=F.

E=0

(75)

and then we integrate Eq. (68) using a first-order accu-
rate, backward Euler scheme

t+ At t+ At ‘
-1, e
/t dB.| ;g = — /t voloTle di (76)
HAE. - "B~ -At (VT 7
0 neq A ( )
which provides a non-linear correction for HASEE in
terms of " E, through —compare to Eq. (19)
d ne
HAB, 4+ At (VL neq =B, (78)
0 dE
e /Ji+At

For the most general, non-linear anisotropic case, Eq.
(78) is to be solved by means of a local Newton itera-
tive scheme at the quadrature point level of the finite-
element procedure (see next Section). Therefore, if V1
and Wheq are known, we can compute t+AéEe for a
given time step At and then proceed to obtain the de-
viatoric non-equilibrated stresses and tangent moduli
at t + At. One important issue that arises herein is
due to the fact that V="' and W,,eq(E?) are defined in
the intermediate configuration. Hence, for example, if
the material is orthotropic, one has to make some as-
sumptions about how the preferred material axes (in-
ternally) evolve from the reference to the intermediate
configuration. Then, the strain energy function Wi
should be accordingly defined in order to describe the
material anisotropy in the relaxed state. One possibility
consists of assuming that the preferred material direc-
tions transform like material line elements by means
of the viscous deformation gradient X,, thereby the
reference orthotropic symmetry is lost in the interme-
diate configuration and the formulation becomes im-
practical to apply for most problems of interests, so
further simplifications are needed, cf. [56]. Other pro-
posed transformations perform a push-forward of the
preferred structural tensors such as for velocity gradi-
ents, i.e. using the gradient X, and its inverse, see [68].
As in Ref. [69] in the context of anisotropic viscoelastic-
ity or Ref. [49] for anisotropic elastoplasticity, we will
assume herein that the preferred material orientations
remain the same in both the intermediate and refer-
ence configurations, thus making possible the use of or-
thotropic spline-based strain energy functions in both
configurations [59], i.e. Weq(E?) and Wi,eq(E2). Obvi-
ously, any of these important constitutive assumptions
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t+Atyrd
oX

Fig. 3 Multiplicative decomposition of the (isochoric) trial
state at ¢ + At. Note "X, = § X ,.

(not experimentally verified) is not needed if the mate-
rial is assumed isotropic in both the reference and the
stress-free configurations, in which case the formulation
can be developed in the space of principal strain-stress
directions, cf. [31,54].

At this point, only the fourth-order viscosity ten-
sor V! remains to be defined. From a mathematical
and computational standpoint there would be no prob-
lem in using an anisotropic viscous tensor. However, as
discussed above, we assume that the viscous flow does
not change the (internal) material symmetries during
generic deformations. Consistently with this hypoth-
esis, we suggest that the viscous behavior should be
isotropic, so there would be no preference in space for
the viscous effects. We propose then that V—!
isotropic deviatoric tensor, which is expressed in terms
of the deviatoric scalar viscosity 7 through

is an

-1 L s

V™ = 2_77dP (79)
In the sections below we will see that the consideration
of an isotropic viscosity tensor teamed with equilibra-
ted and non-equilibrated anisotropic hyperelastic func-
tions will result in an anisotropic viscoelastic model in
which the relaxation processes associated to the differ-
ent symmetry directions of the material will be coupled
themselves. The evolution equation in rate form, Eq.
(68), and its solution in terms of incremental elastic
strains, Eq. (78), reduce then to

dE. 1 dWie
_ Wheq (80)
it |50 20 dE.
and
t+AtEe+ ﬁ AWheq _ g, (81)
20t dE. |,

which, note, are purely deviatoric. For orthotropic ma-
terials, dWheq/dE. and E. do not commute. Hence, in

general, “TA E, and " E. in Eq. (81) will not have the
same Lagrangian principal basis, which becomes an es-
sential difference between this anisotropic formulation
and the isotropic ones. This distinction is similar to
that found in anisotropic elastoplasticity [49]. In fact,
Eq. (81) may be written as

% 10g (t-l—AéCe) —

i.e. for At/n? — 0

1
3 log (trCe) + AE. |5, (82)

H'A(%Ce ~ exp (AE6|E:0) rC, exp (AE€|E.:0) (83)

which has a similar format to that of the update in ani-
sotropic elastoplasticity. The difference is that whereas
Eq. (83) is an approximation of Eq. (82), in plasticity
the situation is reversed. In this case, once a converged
solution t+AéEe has been obtained, we update

t+AéXe _ tTRe t+A8Ue _ tTRe exp (t-l—AéEe) (84)
or
t+ At _ t+At —1t+At d

tx, = tHALx 1ttty

— (t+AtU—1 trU ) — t+Atth BX’U (85)

The value of the material parameter 77 in Eq. (81)
may be related to, for example, a relaxation time mea-
sured from a given experimental test. In order to ob-
tain this relation we linearize the response of the non-
equilibrated orthotropic strain energy function Wy, in
the flow rule of Eq. (80) to obtain

dEe 1 d Wneq

- — E.
dt | o 277d dE.dE,

) (PS E.
lin

L} ® Lj; | :P°: E.

lin
_ps. (1 APPWieq
2nd dEddE

e

neq

3 3
ZZ ij.@ij ‘PS . E,
i J
(86)
where
Wieq( Ed ZZ ) (87)

is expressed in terms of the orthotropic reference shear
moduli 4z;;* and the components of E? in the mate-
rial orthotropy basis {a1, a2, as} (the subscript lin im-
plies a linearized response, usually at the origin, i.e.
quadratic strain energy with constant coefficients). In
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the preceding expressions ij =1/2(a;®a; +a;Qa;)
stand for the structural tensors associated to the pre-
ferred basis. Thus, we obtain

d
i, =1{1,2,3} (88)

Tij = Tji = ~meq >

ij
which represent the orthotropic relaxation times associ-
ated to the relaxation processes defined by the compo-
nents of Eq. (80), see also Eq. (86). Note that we use the
same symbol for the relaxation times as for the Kirch-
hoff stresses but by context confusion is hardly possi-
ble. From Eqs. (87) and (88) we observe that the stiffer
the non-equilibrated contribution to the material de-
formation about a given preferred “direction” Lisj, the
shorter relaxation time associated to that deformation
process. We want to remark that with this orthotropic
formulation based on an isotropic viscous behavior we
can only prescribe one (characteristic) relaxation time
obtained from a given relaxation test, for example 7.,
from uniaxial testing in the preferred direction a.,. In
Section 7 we show how to obtain this characteristic re-
laxation time for orthotropic viscoelasticity. Then, the
deviatoric viscosity included in V! is

d _ neq __ Tmm aQWneq
n = Tmm’umg,b = T m . (HO Sum) (89)

and the model predicts relaxation times for the tests
in the other directions being weighted by the existing
relations between the different deviatoric moduli, i.e.

neq

_ Hmm

qu = Tmm neq
Hpq

(no sum on m) (90)

Once the viscosity parameter n? has been determined
from Eq. (89), the non-linear Equations (80) and (81)
are to be used. In those equations we will assume that
n? is deformation independent, which is a usual hypoth-
esis in finite viscoelasticity.

5.3 Local Newton iterations for the non-equilibrated
part

Once the trial elastic logarithmic strains *"E. have
been obtained using Eq. (74), we proceed to solve Eq.
(81) in residual form

A
R(E,) = E, + 2 Wnes

R E— - "R, 91
2nd dE. (o1)

for the most general case when hyperelasticity is non-
linear in logarithmic strains. In order to apply Newton’s
method, take the initial approximation (k = 0)

E® = g, (92)

e

then evaluate the residual

—"E, (93)

and proceed as usual for every iteration, i.e.

R® + —

= (Eg’““) - Eg@) =0 (94)

(k)
Using Eq. (91) we employ

dR(E.) g s At d*Wieq g
— =" +P°: ———:P
iE, 210 AET 4" (95)
so the update is
dR |7
EFD = g TN : R (96)
e l(k)

We perform iterations (k = 1,2,...,m) until the norm
of the residual tensor R® reaches the desired toler-
ance. Then, at the last iteration, say £ = m, we can
take t+AéEe = ES’”. It is apparent that this iterative
procedure is volume-preserving.

5.4 Deviatoric contribution to S and C

Once the elastic strains FE,. are known at ¢ + At we
can proceed to compute the deviatoric non-equilibrated
contribution to the stress and global tangent tensors.
First of all, attending to the dependencies A, (Ad, X))
(from Eq. (59)) and A%(A) (from Eq. (58)), the non-
equilibrated second Piola—Kirchhoff stresses of Eq. (35)
result in

MWneq(A, X,) dAY(A)
oA? T dA
MWeq

= — =gl
(9A Xv:()

Sneq =
= (97)

where dA%/dA represents the fourth-order deviatoric
projection tensor in the space of quadratic strains, see
Appendix A, and we define the modified second Piola—
Kirchhoff stresses Slfleq as the work-conjugate stress

measures of A? such that —recall Eq. (34)

Sneq : A = Sl;ieq : Ad = Wneq . (98)
X,=0

However, in order to obtain the non-equilibrated stresses
and tangent moduli consistent with the integration al-
gorithm employed, it is convenient to deal with varia-
tions of " A, instead of variations of A% in Eq. (97).
Due to the fact that —mote that it is the isochoric coun-
terpart of Eq. (23) specialized to the trial state

trg, = trx-Totrx-T. (Ad _ trAU) (99)
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the rates " A, and A ? relate to each other through the
one-to-one mapping d" A./dA? = "X ;T o rx ;T
which remains constant during the finite-element global
iterations at time t+ At, see Figure 3. Hence, the depen-
dencies of A, may be re-written as Ae(Ad ("A.), X,) =
Ac (""Ae, X,) and those of Wy,eq become W,y (Ae) =
Wheq (" A, X,,). The consideration of this change of
independent variable in the modified stress tensor pre-
sent in Eq. (97) yields

gl Mneg _ W CdTA,
neq aAd X,—0 6trAe X,-0 dAd
_Qltr . try—-T tryv—T _ tryv—1gltr tr yv—T
_Sneq' XU © XU - XU Sneq X’U

(100)

where we define the non-equilibrated stresses in the trial
intermediate configuration

S\tr L awneq awneq(tTAe,Xv)

neq T gt A, = otrA, (101)

X17:0

as the work-conjugate stresses of " A,, i.e. Sheq - A=

S‘,fgq : ' A,. The modified consistent tangent moduli in

the reference configuration (Clldeq relate to the consistent
tangent moduli in the trial intermediate configuration
Clir, through —note that d*" A./dA% has only minor
symmetries

ol _ Sy, _ (d"AN" dSL,  dV A,
me gAY dA“? “dirA. T dA?
— tTX,;1 ® t’l“X;l : (C’\rf:q : trX;T o tTX;T

(102)

where the fact that " X7 ® " X ;7 remains constant
at each time step has been used. Thus, we are dealt
with the task of obtaining the stress and tangent mod-

uli tensors I and Clf7, in the trial (fixed) interme-

ne
diate conﬁgurazion and then just performing the cor-
responding pull-back operations to the reference con-
figuration (defined by the inverse gradient "X ') by
means of Eqgs. (100) and (102). Subsequently, the devia-
toric projection of S Ldeq and (Clldeq will give the final non-
equilibrated stresses and consistent tangent moduli, cf.
Egs. (114) and (115). We want to emphasize herein that
there exists a fundamental difference between the gra-
dient respect to A% (equivalently, " A,) taken in Egs.
(100) and (102). In Eq. (100), the stresses S\, (ST )
are obtained through the partial gradient of W, ., with
respect to A? (" A.) when the viscous flow at ¢ + At
is frozen, hence the notation 9(-)/9(x) is used and the
subscript X, =0is emphasized. This comes from our
theoretical definition of the stresses Syeq, see Eq. (35),
which naturally arises from the dissipation inequality.

On the other hand, in Eq. (102) we are interested in

computing the total gradient of Slfleq (S‘,fgq) with re-
spect to A (" A,) to be used between consecutive
global iterations in the finite element procedure at time
step t + At. Since HASXU does not remain constant
at each time step (note that it is implicitly changed
by the different viscous corrector substeps), this varia-
tion has to be taken into account when computing the
gradients given in Eq. (102). Accordingly, the notation
d(-)/d(*) is used and the subscript X, = 0 is intention-
ally not indicated in the tangent moduli (leleq and (C‘ngq
present in that equation. This consideration will lead to
the consistent linearization of the integration algorithm
employed.

The tensors S!'” and le;z may be obtained from

neq
our model, based on logarithmic strains, through
a ne 6 ne dtTEe
str, = Pnes = Pneg : (103)
q atrAe Xv:(] atrEe Xv:(] dtrAe

and —note that the one-to-one mapping d'"E./d'" A,
has major and minor symmetries

(C‘tr _ dslfgq _ dtrEe . dT"rf:q . dtTEe
neq dtr A, - dtr A, ) dt"E, ’ dtr A,
d2 trE
pltr .= e
+ neq dtrAed trAe

(104)

The generalized Kirchhoff stress tensor in the fixed in-
termediate configuration
OWheq

Tlir = Z27nea =
neq tr .
a Ee X,=0

aaneq(tTEez Xv)
atrEe

(105)

is to be previously related to the generalized Kirchhoff
stress tensor in the updated intermediate configuration
T‘neeq, which is the resulting stress tensor at each global
iteration obtained from W, (E.) using Eq. (66). Tak-
ing into consideration the dependencies E. (" E., X,),

the application of the chain rule of differentiation gives

pltr — Wneq _ AWheq OB,
" QB | _o  dE. T O07E.|x _g
OFE
=Tl . = (106)
q atrEe XUZO

Note the analogy between Eq. (106) and Eq. (33) (just
change E, by A, and "E, by A). Analogously as we
did therein, see Eq. (26), the mapping tensor 0E. /0 E,
with the viscous flow frozen is to be obtained taking
the corresponding partial derivatives in the analytical
expression E. ("E., X,). For example, for the sim-
plified cases of isotropic materials under generic defor-
mations or orthotropic materials undergoing finite de-
formations along the preferred material directions, the
trial and updated elastic stretch tensors commute (re-
call Eq. (81)). Then, from the relation between the trial
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and updated (isochoric) states "X, "X, = X.X,,
and taking "R, = R., we readily arrive to —note
that only the axial components are relevant and that
tr X, = 0 by definition

OF
e _ ]IS = T\tr _ T\e
6 tTEe XU:O neq neq

(107)

For the more general case addressed herein of orthotropic
materials undergoing off-axis deformations, the trial and
updated elastic material tensors do not commute in

general and the analytical expression of dE./0'" E,

with X, = 0 is to be computed following another ap-

proach (see Appendix B). However, if the time step

increment At is small with respect to the characteristic

relaxation time 7 of the orthotropic model at hand, i.e.

At/T < 1, then

OF
¢ ~I° = T ~Tl 108
P) tTEe %o neq neq ( )
From now on we will assume that T/ = T!° and, as

ne ne
a return, we obtain a much simpler andqefﬁcieng tangent
moduli which are algorithmically consistent with these
generalized Kirchhoff stresses. Note that an approxi-
mation of this kind is also usual in the context of finite
anisotropic elasto-plasticity, see for example Ref. [49)],
Section 6.4, and note that the assumption Slf;q = Slfeq
(using the nomenclature of this paper) is implicitly con-
sidered therein. Then the algorithmic consistent elasto-
plastic tangent moduli associated to those stresses is
computed in that Reference. If we do not wish to take
this approximation, we should compute the analytical
mapping tensor present in Eq. (106) and its derivatives
in the numerical algorithm, as shown in Appendix B.
The modified second Piola-Kirchhoff stresses Slfleq are
obtained combining, first, Eqgs. (103), (106) and (107);

deeq
dE.

. dtrEe
' dtrAe

S‘tT o

neq

(109)
t+ At

and then performing the pull-back to the reference con-
figuration with Eq. (100).

In order to obtain the consistent tangent moduli
dTlfgq/d”Ee, needed in Eq. (104), we have to take into
consideration that the updated logarithmic strain ten-
sor and the trial logarithmic strain tensor relate to each
other (when E = 0 and X, # 0) through the one-
to-one algorithmic non-linear relation "™ E (" E.,)
given in Eq. (81). Hence

[tr le le t+ At
dTneq _ dTneq _ dTneq . d ()Ee (1 10)
dt"E.  dt"E. dE. ~ d'E.

with the tensor cltJrAéEe /d'"E. providing the consis-
tent linearization of the algorithmic formulation. Tak-
ing derivatives in Eq. (81)
-1
t+At>

A

dt“r éEe _ HS
dtr Ee

we obtain the purely deviatoric fourth-order tensor in

the trial configuration —note that the volumetric part

of Eq. (111) is cancelled in the operation of Eq. (110)

At d*Wieq

= L Tneg 111
20t dE.dE. (111)

[tr -1
dTneq d2 Wneq

d*E,  dE.dE.

_dR
' dE,

(112)

t+ At t+ At

where the algorithmic gradient d HAéEe /d'"E, is given
by the inverse of Eq. (95) evaluated at the updated
strains tJrA(t)E67 see Section 5.3. It can be shown that
the consistent tangent tensor dTlfgq /d*"E., as given in
Eq. (112), is symmetric, which is a direct consequence of
the fact that the right-hand side of Eq. (68) derives from
a Lagrangian creep potential (see Ref. [31] for a formal
proof based on an Eulerian creep potential and notice
that only the deviatoric contribution is relevant in our
formulation). It is again important to emphasize the
difference between the gradients given in Egs. (107);
(or (108)1) and (111): the former is obtained from a
theoretical expression with the viscous flow frozen and
is needed to calculate the stresses, whereas the latter is
computed from the algorithm when the total deforma-
tion gradient is frozen (i.e. during the viscous correc-
tion phase) and is needed to calculate the derivatives
of the stresses (i.e. consistent tangents). The modified
consistent (fully symmetric) tangent moduli (leleq for

the non-equilibrated part is obtained combining, first,
Eqgs. (104), (107)2 and (112)

clir _ 47Ee - W d"YE, dVE,
"4 qirA, " dE.dE.|,, ., d"E. dTA,
dWhe PE,
T B, |, 7 AdTA (113)
e lt+At e e

and then performing the pull-back to the reference con-
figuration with Eq. (102). All the preceding calculations
involving mapping tensors between " A, and " E. can
be performed in an analogous way, from a numerical
perspective, to those corresponding to a typical hyper-
elastic calculation in terms of total strains A and E (cf.
Ref. [59], Section 2.5).

Finally, the corresponding deviatoric projections of
S‘,fleq (Egs. (100) and (109)) and (C‘,fleq (Egs. (102) and
(113)) within the space of quadratic strains give the fi-
nal non-equilibrated stress and consistent tangent mod-
uli tensors as —see Appendix A

awneq(Ada X0) _ J2/3gld

Sneq = aA neq

(114)



Anisotropic finite strain viscoelasticity based on the Sidoroff multiplicative decomposition and logarithmic strains 15

and

dSneq _ J-4/3¢ld
dA ned
As we show in the first example below, the present
fully material formulation gives exactly the same results
than the spatial formulation in principal directions of
Ref. [31] for the particular case of isotropy. Further-
more, the present model provides the formal extension
of the model of Ref. [31] to the general anisotropic case,
even though the model has been particularized then to
the case of material orthotropic symmetry.

Creq = (115)

5.5 Linearized case: Finite linear viscoelasticity

There are two specific cases in which the constitutive
Equation (80) for the viscous flow derived above may be
simplified. One of them corresponds to the case in which
the hyperelastic constitutive relation between logarith-
mic stress and strain measures of the non-equilibrated
part is linear. For this first case, we just have

3 3
Waea(BE) = D03 i B,
g

Waeo (B (16)

In the second case ||E.|| < 1, i.e. only small perturba-
tions E. = e, away from the thermodynamical equilib-
rium occur, where g, stands for the infinitesimal strain
tensor. In this second case, we can take —mnote that
we are linearizing the non-equilibrated response in the
intermediate configuration in this case

3 3 5
i = 220 el ()
i

We show next that both cases lead to the same linear-
linearized solution for the evolution equation, i.e. the
so-called Finite Linear Viscoelasticity. However, one has
to take into account that the former is still valid for
finite elastic deformations away from the thermody-
namic equilibrium (a linear theory in terms of loga-
rithmic strains for large internal strains), whereas the
latter is only valid for small non-equilibrated pertur-
bations (a linearized theory for infinitesimal internal
strains). Note that the total and viscous gradients X
and X, may represent large deformations in both cases.
Since E. = €, within the context of infinitesimal elas-
ticity, we will employ the notation E. in this section
to represent the internal elastic strains in both cases.
Models that make use of the linearized formulation are
discussed in, for example, Refs. [31] and [32] for vis-
coelasticity based on strain-like internal variables and
Refs. [16] and [27] for viscoelasticity based on stress-like
internal variables.

Wheq (Eg) = Wheq (E'Z)

Introducing Eq. (116) in the viscous flow rule of Eq.
(80) we obtain

3 3
1
_ oS . S S .S .
=PS: § § ;jLij@)Lij :PS: E,
i

Tfl

dE.
dt

E=0

(118)

where the relaxation times 7;; are defined in Eq. (88).
Even though V~! has been assumed isotropic, note that
an orthotropic viscoelastic behavior (linear in logarith-
mic, or infinitesimal, strains) is obtained in terms of
a fourth-order deviatoric orthotropic relazation tensor
T, :=P5: T~ : PY where T~! is “diagonal” (in its
matrix representation in preferred axes) and includes
the six different, but not independent, relaxation times
7i;. Equation (118) is to be directly compared to its
one-dimensional, infinitesimal version given in Eq. (13).
Furthermore, even though Egs. (86) and (118) seem
identical, the difference in nature between them must
be emphasized: Eq. (86) is only a particularization of
the general non-linear constitutive Equation (80) used
to determine the viscosity constant n¢ from experimen-
tal data, whereas Eq. (118) represents the constitutive
equation itself for the non-equilibrated part of the Fi-
nite Linear Viscoelasticity models. The former is only
employed to arrive at Eq. (89), whereas the latter is
the equation employed to integrate the strains in the
particular linear case of this Section.

The integration of Eq. (118) gives an explicit update
for HASEe in terms of " E., i.e. —compare to Eq. (81)
for the non-linear case

(15 + AT, . TAE, = "E, (119)
or
HALE, = (IS + AT, TE, (120)

so the local Newton iterations at the quadrature points
of the finite-element discretization, see Section 5.3, are
not needed. We observe again that HASEG and ""E,
are traceless and that they do not have the same prin-
cipal basis due to the orthotropic nature of the fourth-
order deviatoric relaxation tensor 'H‘;l.

Finally, for pure isotropic behavior ;" = 1"°?, so
only one relaxation time 7 = n?/u"? is obtained, as
one would expect. Then

1

1
T,! =P%. 77! PS =P =15 . p¥ = —p¥ (121)
T T
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and the “return mapping” for the elastic deviatoric log-
arithmic strains becomes linear isotropic:

1
At
14+ =
-

HAE, = "B, (122)

with t+AéEe and " E, being coaxial in this particular
case. This last equation clearly represents the extension
of Eq. (20) to the context of isotropic incompressible
finite linear viscoelasticity based either on linear loga-
rithmic stress-strain relations or on infinitesimal elas-
ticity for the non-equilibrated response.

6 Equilibrated contribution

If the total gradient HASX is known at the time step
t+ At, then the equilibrated contributions *+4¢S., and
t+AtC,, are just obtained from ¥, (E) as hyperelastic
calculations, i.e.

v, dv,, dE IE
= — = L = T el 12

Sea=a ~dE ‘da_ Teiga (123)
dS., dE dT., dE  PE

Co="3a “da a8 ‘da T gaga (124

Furthermore, since Wy (E) = Woy(E®) + Uey(J), the
computation of S., and C., can also be conveniently
separated into their respective deviatoric and volumet-
ric parts. These computations do not bring about fur-
ther difficulties, so we omit further details in this work.
The interested reader can see the detailed formulae
needed to compute these (hyperelastic) contributions
for nearly-incompressible orthotropic materials in Ref.
[59], Section 2.5.

7 Determination of the relaxation time(s) of
the orthotropic model

Consider a small strains uniaxial relaxation test per-
formed about the preferred material direction a; of an
incompressible material. Equation (86) represented in
preferred material axes and specialized at ¢ = 0% (just
after the total deformation in direction a; is applied
and retained) reads —mnote that shear terms are not
needed and that €Y = e.(t = 07) = e(t = 07) = & are
isochoric (traceless)

£ 2 —1-1 et/
— | € =5 |-12 -1 €95/ T22
€3] ag —l-12 €93/733
0 2/{{55 + s Py + s v
= 3pd *M:}eq — 21551105 + Mf’iql}? (125)
=Y s v — 23507

where the relations of Eq. (88) have been used and
the initial Poisson ratios v, = —&9,/e9; and v}y =
—eY9,/€Y, are expressed below in terms of the equilibra-
ted and non-equilibrated reference shear moduli.

Stresses at t = 07 are obtained through —mnote that
in infinitesimal kinematics there is no distinction among
stress tensors

0 ey

AWheq
o= 0' et aneq e + —

01 (126
il (126)

0

where p is the (initial) hydrostatic pressure needed to
fulfill the boundary conditions. In matrix notation we
can write

a’?l 2,u(l)l + ﬁo
0 | =eb | —2udory +p° (127)
0 —2p35105 + p°
where
40, = 0+ 0 (no sum on ) (125)

and we have defined p° := p®/e9;. The boundary condi-
tions 09y = 0953 = 0, together with the incompressibility
constraint 1 —v9, — )5 = 0, let us obtain the expression
of the modified pressure p° and also the Poisson ratios

0 neq
V?Q = 0 M33 0 = Nr?é))q+ 'u neq (129)
19y + 133 93 + pos? + psh + pas
0 neq
V?S =0 o 0 = Mr?(?q—’— Ha neq (130)
19y + 1S5 pos 4 oy + pss + pis

The stress component o¥; is then

0

o1 = (QH% + 19911y + Mg3’/?3) el) =t E{jel) (131)

where we identify EY; as the instantaneous Young’s
modulus in direction a;.

In order to determine the relaxation time 711 we
need previously to obtain the expression of the time
derivative of the relaxation curve oy1(¢) at t = 07. To
this end, it is convenient to rewrite Eq. (131) as —note
that the same initial Poisson’s ratios v{, = —€9,/e9; =
—€dp/etny and 1y = —el3/ely = —elsz/edy; are to
be used in order to define the equilibrated and non-
equilibrated instantaneous Young’s moduli 7 and E7}?

oty = (2p5T + w53ty + psivs) €9
EY
+ (20077 + pss s + s ) e (132)
By
whereupon
oty = Eﬁequu (133)
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s t

Fig. 4 Determination of the experimental factor t11 =
—09, /69, from the curve o11 (t) obtained from a uniaxial
relaxation test performed about the preferred material direc-
tion ai.

because of €11 (t) = &Y, is retained for ¢ > 0. Inserting
the first component of Eq. (125), with n¢ = 71u77?,
into Eq. (133) gives
o __ 1 By’

. neq O
01y = — E e
1 neq *—11 11
Ti1 3fyy

(134)

Therefore, by direct comparison of Egs. (131) and (134),
with EY; = E{f + E{{? and t{, := —0?,/59;, we arrive
to

o B/ Gut)

=t
111+E /Eneq

(135)
where the numerical value tJ; may be measured tracing
the tangent to the experimental relaxation curve o11 (t)
at t = 0T, see Figure 4. For further use, we can gener-
alize Eq. (135) to give the expression of the relaxation
time 7;; (no sum on i) associated to the preferred di-
rection a;, i.e. for i # j # k # i = {1,2,3} and not
applying the summation convention

Eneq (Suneq )

Tii = ”W (136)
with
tis = — 03/ % (137)
Bt = 20+ g v+ g vik (138)
B =2 + uj}] 7,0_] + :u’kkyzk (139)
and
V’ioj = Mgk = ‘uik i Mneq neq (140)

ot G

Recall that we can only characterize one relaxation
time 7;; (i.e. only one isotropic viscosity n¢ = 7l ?)
from experimental data. Subsequently, the remaining
relaxation times predicted by the model for axial and

shear behaviors are given by Eqgs. (88) or (90). Finally,

U o Moy Yo

pAN
h

Fig. 5 Cyclic shear of a square (h x h) specimen under plane
strain. Mesh discretization, boundary conditions and applied
displacements u(t) = uo sin(wt) [31].

for the case of incompressible isotropic viscoelasticity
we get the single value 1Y = 1/2, hence E® = 3u°
and E"°1 = 3u™%4, and we recover the usual value in
all directions—compare to the compressible model of
Ref. [15]

t0 t0
- 1+ Eeq/Eneq = 1 +ueq/uneq

(141)

with the special case 7 ~ t0 for p™°? > ;4.

8 Examples

In the following examples we make use of the spline-
based strain energy functions described in Refs. [70]
and [59] for isotropic and orthotropic incompressible
hyperelasticity, respectively. We see below that with
this hyperelastic models we are able to capture the
equilibrated and non-equilibrated behaviors in an exact
way. As an additional material parameter, a relaxation
time obtained from a relaxation test about a specific
preferred material direction will also be needed in or-
der to complete the definition of the model.

8.1 Isotropic material

In the first example of Ref. [31] a square specimen under
a plane strain state is subjected to cyclic shear loading,
see Figure 5, where u(t) = ugsin(wt). In the present
example we reproduce the results of the simulations of
that paper using the general formulation for nearly in-
compressible materials presented in the preceding Sec-
tions in order to show that it gives the same results that
the isotropic formulation in principal strain directions

derived in [31].
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First, we use the spline-based hyperelastic formu-
lation for incompressible isotropic materials (see Ref.
[70]) to obtain two strain energy functions W., and
Wheq expressed in terms of principal deviatoric loga-
rithmic strains, i.e.

Weq(Ed) = Weq(Eii) +weq(Eg) +weq(E§l) (142)

Wneq(Eg) = wneq(Egl) + Wneq(EéiQ) + wneq(Eg3) (143)

that exactly replicate the respective stresses associated
to the two Ogden-type energy functions used in the first
example of Ref. [31]. Note that, actually, we would de-
termine these functions from experimental data from,
first, an instantaneous test (from which we would de-
termine W = Weq + Wheq) and, second, a sufficiently
slow test (from which we would determine W,,). How-
ever, we want to predict the results of Ref. [31] using
our model. In Figure 6 the (analytical) stresses from
the respective uniaxial tests obtained using the Ogden
strain energy functions are shown. Subsequently, from
discrete representations of those curves, two respective
spline-based strain energy functions We, and W,,., are
obtained separately (not shown). Finally, in Figure 6
the stresses predicted by each spline-based strain energy
function are shown. The fact that both stress distribu-
tions are exactly replicated indicates that the spline-
based functions We, and W,,¢, that we use in the finite-
element calculations are equivalent to those used by the
authors in Ref. [31]. Note that all of these functions,
spline type and Ogden type, are based on the same ad-
ditive decomposition, i.e. the Valanis-Landel hypothe-
sis. Of course we could have equally used the Ogden
model, but an additional purpose of this example is to
show the capabilities of the spline-based energy func-
tions, where no material parameter is employed and
the behavior is exactly captured. On the other hand,
we prescribe the same relaxation time provided in that
Reference, i.e. 7 = 17.5s, so almost identical final re-
sults are expected to be obtained if the same finite ele-
ment formulation is employed.

The only difference between our strain energy pro-
posal (see Egs. (60)—(61)) and the one of Ref. [31] is that
Reese and Govindjee initially assume volumetric func-
tions for both the equilibrated and the non-equilibrated
stored energy contributions (see Eq. (56) of that Refer-
ence). However, Reese and Govindjee neglect the non-
equilibrated volumetric part of the evolution equation
in all the numerical calculations that they perform in
order to gain computational efficiency. Hence, the strain
energy proposals used in their calculations and our cal-
culations become the same. We have seen above that if
a non-equilibrated volumetric part is not initially con-
sidered, then the viscous flow is deviatoric, as it should

be for a totally incompressible material. Thus, we note
that we neglect that contribution from purely physi-
cal grounds. Since only one volumetrical contribution
is considered, the same mixed formulation [71] used to
avoid mesh locking in nearly-incompressible hyperelas-
tic numerical calculations (cf. [59]) may be used herein.
That is, all the variables needed to interpolate the pres-
sure at each finite-element are obtainable from Section
6; further modifications due to the non-equilibrated de-
viatoric contribution to stress and tangent are not re-
quired.

In this bi-dimensional example we employ the 4/1
quad element (or Q1/P0 element) for u/p mixed for-
mulation [64] in order to perform proper comparisons
to the results of Ref. [31] (because in the first exam-
ple of Ref. [31] the authors have used four elements
with four displacement nodes each). We also assume
that the volumetric penalty function of the equilibra-
ted part Ue, (J) used in Ref. [31] is the same that the
authors indicate for the non-equilibrated part, i.e.

Upg (J) = % (J2=2mnJ —1) (144)

where k¢4 is the bulk modulus. The exact numerical
value assigned to the penalty parameter k.4 is not pro-
vided in the example under study of that reference, so
high enough ratios keq/pteq are chosen so that (nearly-)
incompressibility is attained at each case. The reference
shear modulus i¢, is readily obtained from the spline-
based strain energy function W, through

(145)

In Figure 7, the Cauchy shear stresses o12(t) are plotted
against the engineering shear strains v12(t) = u(t)/h =
uo/hxsin(0.3t) for four amplitudes ug/h = {0.01,1,2,5}.
For these simulations, 50 time steps per cycle have been
chosen.

No difference can be appreciated between these re-
sults and those presented in Figure 3(a —d) of Ref. [31],
even though both the formulation and the strain energy
functions are “different”. Obviously, all the conclusions
reached in that paper regarding the non-linear and lin-
earized formulations are also applicable to our model,
which is essentially the same model of Reese and Govin-
djee but formulated using a more general approach that
makes possible its extension to anisotropic materials, as
we show in the next examples.
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Equilibrated contribution Non-equilibrated contribution
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Fig. 6 Uniaxial stresses from the equilibrated and non-equilibrated Ogden-type strain energy functions given in the first
example of Ref. [31] and exact fitting of that data using the respective spline-based strain energy functions.
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Fig. 7 Cauchy shear stresses o12(t) versus engineering shear strains v12(t) = u(t)/h = uo/h X sin(0.3t) for the amplitudes:
a) up/h = 0.01, b) up/h =1, ¢) up/h =2, d) up/h = 5. No differences are observable with respect to the results of the first
example of Ref. [31]. FV = finite (non-linear) viscoelasticity case; FLV = finite linear viscoelasticity case.
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8.2 Orthotropic material with linear logarithmic
stress-strain relations

In this example we perform three relaxation tests us-
ing the finite linear viscoelasticity model explained in
Section 5.5 in order to show that the computational
results predict the relaxation times given by Eq. (136),
together with the Poisson’s ratios of Eq. (140), and also
agree with the existing relations between the relaxation
times given by Eq. (90).
Consider the following strain energy functions

Weq(Ed) = ST (BH)? + 15y (ES)? + psi(Egs)?  (146)

Wneq(Eg) = TN (ELL)? + nps (Blyy)? + 15t (B3 )
(147)

where only their axial components in principal material
directions are needed in order to simulate the different
uniaxial relaxation tests about the preferred material
axes. We take, for example, the following values for the
shear moduli in Eqs. (146) and (147)

pit = 4MPa, usd = 2MPa, p5i = 1 MPa (148)

pir? =5MPa, uss? = 3MPa, us? =2MPa  (149)

Finally, the value of the relaxation time 717 = 20s com-
pletes the definition of the model.

In Figure 8 the undeformed (at ¢ = 0) and deformed
(at t = 0") configurations of the specimen being tested
are shown. In this first computational calculation, the
specimen has been stretched in the material direction
1 up to Ay = 3 with the lateral faces being stress-
free. Subsequently, the stretch A\; = 3 is maintained
2508, so the normal stresses in direction a; and the
transverse strains in directions ao and as relax up to
the statically equilibrated configuration (¢ — oc). The
time steps have been chosen as follows: At = 0.1s for
0t <t <bs, At =0.5s for s <t < 20s and At = 2s
for 20s < t < 250s. The volumetric penalty function of
the equilibrated part U, (J) employed in this case is

Ueq () = "2 (] = 1)°

: (150)

with x = 10* MPa. The deformation is uniform, so only
one u,/p mixed finite element (8/1 or Q1/P0 brick) has
been used in the simulations.

The relaxation curve o711 (¢) that has been obtained
is shown in Figure 9 (in red). The value t{; used in Eq.
(135) is easily measured from that graph, see Figure 4.

504

4\ )
/ t=0

Fig. 8 Uniaxial relaxation test in material direction a;. Con-
figurations at ¢ = 0 and ¢t = 0t. Only the displacement
w1 = 200mm (A1 = 3) is prescribed for ¢ > 0. Different
transverse deformations in directions a2 and ag are obtained
at ¢ = 0T (indicated in the figure) as a consequence of the
single imposed elongation in direction a; and the material
orthotropy. The transverse deformations relax for ¢ > 01 up
to reach the equilibrated state at t — oo.

Equation (135), with the initial Poisson’s ratios given
in Egs. (129) and (130), gives as result

5 =20.15 (151)

The fact that the exzperimental (“numerical”) relax-
ation time 7{¢%" obtained from the computed relaxation
curve 011 (t) at t = 0T is in very good agreement with
the prescribed (“theoretical”) relaxation time 711 (with
a difference of 0.5%) shows that Eq. (135) is consis-
tent with the present finite linear formulation. Thus,
inversely, Eq. (135) can be used in an actual situation in
which 71 is initially unknown in order to properly char-
acterize the model by means of an experimental relax-
ation curve o1y (t) (usually obtained at small strains).
Then, we can take 711 = 7{¢%" and the viscosity param-
eter n?, needed to perform further finite non-linear vis-
coelasticity simulations, is just taken as n¢ = 71§t 7.

The curves 99 (t) and o33 (t) corresponding to uni-
axial relaxation tests in the other preferred directions
are also shown in Figure 9. Equations (136)—(140) give

the results

Tlest = 3345, i =50.1s (152)

On the other hand, we can verify that the reciprocal
relations of Eq. (90) are also satisfied

test neq test neq

T22 M1y 733 H1q
=1.66 = , =249~ 153
i i w0

Hence, any of these stress relaxation curves obtained
from experimental testing (at small strains in general
or at large strains for the very specific case of materials



Anisotropic finite strain viscoelasticity based on the Sidoroff multiplicative decomposition and logarithmic strains 21

25
Direction 1
20} Direction 2 1
Direction 3
g 1
2
O 10 3
5
0 . . . .
0 50 100 150 200 250

t[s]

Fig. 9 Stress relaxation curves o11(t), o22(t) and o33(t) ob-
tained from the uniaxial relaxation tests performed about the
preferred material directions ai, az and as, respectively.

with linear logarithmic constitutive relations) may be
used to characterize the model by means of the viscosity
77d testuzeq (Z — 1, 2’ 3)

Finally, as expected, note that when the correspond-
ing value t/7; is large enough, each curve in Figure
9 tends to its respective equilibrated value of; —just
remove the non-equilibrated constants in Eqs. (128)-
(131) and substitute € by E =In\ =1n3 = 1.099

011 = 10.25 MPa , 022 = 6.15 MPa , 033 = 5.13MPa

(154)

Accordingly to Egs. (151) and (152), i.e. 7§58 < 7455t <
7485t we observe that the uniaxial stress oq; relaxes
faster (in relative terms respect to its initial value) than

092 and that og9 relaxes (slightly) faster than oss.

8.3 Orthotropic material

In this example we study the use of the presented or-
thotropic visco-hyperelastic model and algorithm based
on material logarithmic strains in non-uniform off-axis
deformation cases. Two separated relaxation tests are
performed over a three-dimensional plate with a con-
centric circular hole in which the preferred material
axes are not aligned with the test axes. The geome-
try and finite element discretization of the undeformed
plate are depicted in Figure 10. The plate is stretched
in z-direction by imposing an instantaneous total elon-
gation of | = 40mm at ¢t = 0T, which is then retained
for t > 0. We assume perfectly lubricated grips at both
ends and a plane strain condition throughout the plate.

The deviatoric responses of the equilibrated and non-
equilibrated parts of our model are described by or-
thotropic spline-based strain energy functions of the
type —cf. Ref. [59]

IGIC)

Weq(EY) = (155)

Wieq(EY) = (156)

SIICH
where six dlfferent terms w;; are needed for each strain
energy function. The volumetric function is given in Eq.
(150), in this case with x = 2 x 10 MPa, and the cho-
sen relaxation time is 791 = 10s. In order to prevent
mesh-locking, fully integrated (3 x 3 x 3 Gauss integra-
tion) 27/4, u/p mixed finite elements are used in all
the simulations. A standard Newton—Raphson scheme,
without line searches, is employed for the incremental
(global) solution.

The same off-axis uniaxial test, with the same ref-
erence configuration of the plate and loading condi-
tions, is simulated for two different materials. The only
difference between these materials is the component
wis?(EY,) included in the non-equilibrated strain en-
ergy function W, (Eg), i.e. eleven functions w;; over a
total of twelve functions needed to define each material
are the same for both materials. However, we will see
that very different responses are obtained in both cases,
which reveals the importance of using a set of, at least,
six curves (as for infinitesimal elasticity) to define an
orthotropic strain energy function (equilibrated, non-
equilibrated or just purely hyperelastic). Obviously, if
less than six behavior curves are used to characterize
an orthotropic hyperelastic strain energy function, then
details as the ones shown in this example are surely lost
in generic computational calculations.

For the first case we have chosen equal strain en-
ergy functions for the equilibrated and non-equilibrated
parts, i.e. Weq = Whyeq = WI, where the first deriva-
tives of the components w” used for both stored en-
ergy functions are shown in Figures 11.a and 11.b. The
values for these components have been taken from the
orthotropic hyperelastic function calculated in the first
case of Section 4.3 of Ref. [59], i.e. the case for which
v12 = 0.3. The component w/, has been intentionally
made less stiff than in that Reference in order to in-
crease the overall observed angular distortion (7., < 0
or clockwise angular distortion) undergone by the plate,
see Appendix C. In Figure 12, the deformed configura-
tions of the plate at several instants are depicted. For
t = 07 the internal elastic strains are coincident to the
total strains, i.e. Eg = EY, so the instantancous re-
sponse of the plate is given by the initial strain energy
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Fig. 11 (a) and (b): First derivatives of the components of the strain energy function Wr. (¢) and (d): First derivatives
of the components of the strain energy function Wrr. For the first case addressed in this example (see Figure 12) we use
Weq = Wheq = Wr. For the second case addressed in this example (see Figure 13) we use Weq = Wy and Wyeq = Wrr. Note
that the only difference between Wr and Wiy is the component wi2. The symmetries wi;(—FE;;) = —wj; (E;;) are considered
for all the functions shown in this figure.
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function WP = Weq+Wheq = 2Wr. On the other hand,
for t — oo the elastic strains have vanished throughout
the plate, so W = W,, = W; = W°/2. Hence, for
this case, it is observed that the instantaneous (¢t = 07)
and relaxed (¢ — oo) plate deformations and relative
distributions of deviatoric Cauchy stresses are almost
identical. The only observed difference between them
is that the magnitude of the deviatoric stresses in the
initial state is twice the magnitude of the deviatoric
stresses in the relaxed state. For 07 < t < oo, the plate
deformation and distribution of stresses over the plate
may slightly vary (when compared to the initial and
final states) due to the non-uniform evolution of E.
from t = 0T to t — oo; see Eq. (80) and notice that the
evolution of the elastic strains at a given point depends
on the stresses in that point. The time steps have been
chosen as follows: At = 0.125s for 07 < ¢ < 5s and
At = 1.5s for 5s <t < 155s.

For the second case being analyzed, the first deriva-
tive of the function wiy?(E%,) of the non-equilibrated
contribution is modified as shown in Figure 11.d, i.e. in
this case we have W, = W, (Figures 11.a and 11.b)
and Wyeq = Wy (Figures 11.c and 11.d). Note that
eleven components w;; (six equilibrated and five non-
equilibrated) are exactly the same than in the preceding
case. In this case Weq # Wieq and WO # 2W™ (even
though the initial strains Eg = E" are again coinci-
dent), so the instantaneous and relaxed plate deforma-
tions and distributions of stresses are not expected to be
equal. In Figure 13, the deformed configuration of the
plate and the distribution of deviatoric Cauchy stresses
are depicted at several instants. Interestingly, the mod-
ification of the single function wyy? with respect to the
previous case makes that the instantaneous overall an-
gular distortion 7., of the plate at ¢ = 0% becomes
positive. This fact may be easily understood from the
small strains theory, see Appendix C. Subsequently, the
internal elastic strains and the influence of the modified
term wy’s? continuously decrease, so the angular distor-
tion also decreases (relaxes) from the initial (positive)
value to the completely relaxed (negative) value. Note
that the same equilibrated state is reached in both sim-
ulations because both materials have the same equi-
librated strain energy function We,(E?) = Wi (E®).
However, remarkably different instantaneous responses
(in terms of plate deformations and magnitude and dis-
tribution of stresses) are obtained in both cases. We
emphasize that these differences are a consequence of
the consideration of just one different curve wis? in the
strain energy functions of the materials under study.

Tables 1 and 2 show that quadratic force and energy

rates of convergence are obtained in typical steps during
the computation of the second case addressed in this

Table 1 Asymptotic quadratic convergence: Unbalanced en-
ergy and force during a typical computed step of size At =
0.125s using a Newton—Raphson scheme

Step Iteration Force Energy

20 1/4 1.000E400 1.000E+400
20 2/4 2.913E-01 8.257E-04
20 3/4 3.401E-03 1.459E-08
20 4/4 2.050E-07 2.267E-16

Table 2 Asymptotic quadratic convergence: Unbalanced en-
ergy and force during a typical computed step of size At =
1.5s using a Newton—Raphson scheme

Step Iteration Force Energy

50 1/4 1.000E400 1.000E+400
50 2/4 2.669E-01 4.022E-04
50 3/4 3.870E-04 2.634E-09
50 4/4 6.079E-08  4.802E-17

example. In the incremental calculations for the first
case, even faster rates of convergence are obtained.

Finally, note that this example has been designed
as to let us show the capabilities of the presented or-
thotropic finite visco-hyperelastic model and at the same
time to highlight the importance of considering all twelve
experimental curves. In actual situations, the non-equi-
librated strain energy function may be completely dif-
ferent to the equilibrated strain energy function and
very different instantaneous and final responses may be
obtained. In those cases, this model is of course still
capable of simulating the relaxation or creep evolutions
of those materials.

9 Conclusions

In this paper we have presented a formulation for aniso-
tropic visco-hyperelasticity and a stress-point integra-
tion algorithm for finite element analysis. The purely
phenomenological formulation is based on the ideas given
by Reese and Govindjee for isotropic materials. As pro-
posed by Lubliner, the stored energy is split into an
equilibrated part and a nonequilibrated contribution.
The only internal variable used by the formulation are
the elastic nonequilibrated strains obtained from the
nonequilibrated deformation gradient component by the
Sidoroff multiplicative decomposition.

The model has been motivated on the small strains
formulation for the rheological standard solid. Applica-
tions of partial derivatives yielding to elastic-predictor,
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Fig. 12 Relaxation process of the plate with equal equilibrated and non-equilibrated strain energy functions Weq = Wheq =
Wr (see Figures 11.a and 11.b). Deformed configurations and distributions of ||0'd|| (MPa) at instants t = 0t's, t = 5s,¢t = 80s
and ¢t = 155s. Unavereged results at nodes.



Anisotropic finite strain viscoelasticity based on the Sidoroff multiplicative decomposition and logarithmic strains 25

10
t=0"s

Fig. 13 Relaxation process of the plate with equilibrated and non-equilibrated strain energy functions W, = Wr (see Figures
11.a and 11.b) and Whpeq = Wrr (see Figures 11.c and 11.d), respectively. Deformed configurations and distributions of ||0'd||
(MPa) at instants t = 0Ts, t = 55, t = 80s and t = 155s. Unavereged results at nodes.
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viscous-corrector algorithms have been carefully intro-
duced in order to extend them to large strain kinemat-
ics. Ideas central to the large strains formulation and to
the algorithmic development have been given in terms
of simpler quadratic stress and strain measures. How-
ever, the present formulation has been fully developed
in logarithmic strains using mapping tensors in order
to directly employ stored energies expressed in such
measures. The model is fully nonlinear, i.e. a finite vis-
coelasticity model and requires local iterations at the
integration point level. For the simpler case of finite lin-
ear viscoelasticity, no local iterations are needed. The
procedure to seamlessly obtain the material parameters
has also been explained.

The model may be used with any phenomenological
isotropic, transversely isotropic or orthotropic stored
energy function. However, greatest advantage may be
taken when combined with spline-based stored energies
because both the instantaneous and the equilibrium re-
sponses may be predicted to a great detail.

The numerical examples show that the computa-
tional results are in agreement with the expected ones
and that the formulation yields the same response as
the Reese and Govindjee formulation for the isotropic
case. They also show that the solution may be obtained
in few steps achieving second order convergence. A nu-
merical example also emphasizes the importance of all
components of the equilibrated and non-equilibrated
stored energies in the predictions.

Appendix A: Proof of Eqgs. (114) and (115)

The stress tensor S

neq defined in Eq. (97) is traceless
in the sense that

I=T

neq

Cl=7ld . T=r1l

neq * neq

sld

neq :I=0 (157)
where the results T‘,fleq = XdSl;iequT = XGS‘neequT =
Theqs 1r(Theq) = tr(TI%,,) (see Ref. [59]) and Eq. (66)
have been used. Therefore, the expression of the second
Piola—Kirchhoff stress tensor Sy,c, that derives from the
purely deviatoric strain energy function W,,, as given

in Eq. (97), reduces to Eq. (114)

le

1
Speq =Sl T3 (H - gCd ® Cdl)
_ 7-2/3Qld
=J2Bs (158)

where dA%/dA = dC®/dC has been obtained differ-
entiating the expression C¢ = J~2/3C, with J?
det(C), with respect to C.

Differentiating Eq. (157) with respect to C'*

o d(Sl;ieq : Cd) o |d . dcd d . dSl;ieq
B dc? STt g dc
1
=Sl +c?: Ec\geq (159)

Using the major symmetries of leleq, cf. Egs. (102) and
(113), we arrive at the following relation
ds!d

neq

ac*
After some algebraic manipulations, we identify this
last result in the expression of the deviatoric consti-
tutive tensor that derives from 8,4, which finally sim-
plifies to Eq. (115)

d .9
Sl + cl=0 (160)

—-2/3 |d d

Creg = 25me0 _ 9614 % Py s @Sneg  dA°

? dA ned acC dA® ~ dA

= J*3¢cld, (161)

Appendix B: General expressions for Tlrfzq and
dr’" /d*"E,

If the approximation of Eq. (108) is not considered ade-
quate, we can compute the mapping tensor dE,. /0" E,
with the viscous flow frozen, needed for the computa-
tion of the stresses in Eq. (106), and its gradient with
respect to " E,, needed for the computation of the con-
sistent tangent moduli.

From the relation " X, = X¢ ”X;l, with X, fixed
see Figure 3, we obtain

rd, = sym(" X X ) = sym(XdXd_l) = d*
(162)

which represents the spatial counterpart, in rate-form,
of the change of variable given in Eq. (99). Accordingly,
the independent variables of Eq. (40) may be changed
to give

d. (""d.,1,) = "de — sym (X 1, X ") (163)
or
d. ("d.,1,) = M% trd, + M 1,

( L) dely o + M a0

(164)
with M‘fﬁ d ‘ = T°. Hence we obtain —recall Eq.
cli, =0

(54)
T"neeq : de|Lv:0 = Tlfgq : trde = T"r;ieq : dd = Wneq

1,=0

)
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(165)
with
tr  __ e de _ e .78 e
Tl =Tl M, 1,_o”'lwq'l =rle,  (166)

Although ‘r‘neeq = ‘r‘,fgq = ‘r‘,{ieq represent all them the
same Kirchhoff stress tensor operating in the current
isochoric configuration, we use different superscripts to
emphasize the fact that this stress tensor may be ob-
tained from different Lagrangian stress tensors defined
in different configurations. In terms of Generalized Kirch-
hoff stresses, Eq. (166) reads
T\tr M "E. T|e ME Md

neq * trd, neq * “hde rde -0
l,=

(167)

where, for example, Mi ¢ is the fourth-order tensor that
maps, on the one hand, the elastic deformation rate ten-
sor d. to the material rate tensor E,. and, on the other

hand, the stresses TI¢  to the stresses Tlfeq, compare

neq
to Egs. (45) and (49). Hence
t E. de trd,
T"ngq T"rfeq Md Mtrd o . MtTEe (168)
=Tl MBS [ =Tl o
ne * tr ne N
q E 1,=0 q atTEe X,-0
Taking into consideration that Mtr 4 =T° we ar-
1,=0
rive at
0E, i try
= Md: : MME'E
elxX,=0 ©
B de . pp'de) .t de
= ME- . (Mde .M%) M, %
Ee . qz'"de
= MJE : MME.e (169)

where we have defined the rotated deformation rate ten-
sors

d.:=R'oR!:d. =M : d,
vd,:="RI © "Rl : "d, =M, % : "d,

(170)
(171)

and we have used the fact that "R, = R,, so Mgz :

Mtrj = I°. Thus, the general expression for Eq. (106)
reads
oOF : tr 7
[tr  __ mole e _ e E. . de
Toca =Tnea* Gurg, |, _ = Trea 1 M7 s ML
(172)

which defines the mapping between the stress tensors

T‘,feq, defined in the updated intermediate configura-
tion, and Tlfeq, defined in the trial (fixed) intermediate

configuration. The reader is referred to Ref. [59], E

(35), to see the specific spectral form of the mapping
tensors present in Eq. (172), where the Lagrangian basis
and the stretches are to be adapted to each case. Note
that if the deformation occurs about the preferred ma-
terial directions, then the shear terms of these mapping
tensors do not take place in the relation between T‘,fgq
and T)¢ (because they are coaxial) so from the spec-

tral forms of M and M -E we obtain T!'" = Tl¢

neq neq;
recall Eq. (107) Furthermore the approximation of

Eq. (108)2 is also based on the specific spectral forms
of ME and M .e and on the fact that the eigenvectors

of E. “and ”E are almost coincident for At /T < 1, as
one may deduce from Eq. (81).

For the computation of the consistent tangent mod-
uli dT‘,f:q/d"Ee, to be used in Eq. (104), we must
take into consideration that the trial logarithmic strains
. and the updated logarithmic strains HAéEe are
related in the algorithm through Eq. (81), so their in-

crements relate through Eq. (111), see also Eq. (112).
Then, taking derivatives in Eq. (172) —note that Mge

and M de have major and minor symmetries

dTleq vd. B | dT‘neeq dt+AéEe
d”E’e trg, " de dE. dt"E,
E. t+At
+M d . T|e Mde . d OEe
B, et 4B, d"E,
tr 7
. dM, e
+ Tl : M s e (173)
or, equivalently
ar\i,  oE. |" PWieq 'd”Af)Ee
di'E, OE,.|x dE dE. d¥7E,
Je
_ OE. ’ | oFle . dMEe ) A" E,
O Ee|x. o et dE, d"E,
tr 7
dMr, %
—le . rE,
e o B (174)

where the result obtained from taking derivatives with
respect to E. in the identity Mge : M%“' = I% has been

—|e
used and T»‘neq

stands for the Kirchhoff stress tensor
T»‘neq rotated by R , 1.e. ?Leq = Tlfeq ME Follow-
ing customary arguments, the sixth-order tensors of the
type dM?E /dE present in this last equation may be ob-
tained from the comparison of the spectral decomposi-
tions of the material rate of MdE. and the material rate
of E, i.e.
s de

Mi = —E.F

4 - (175)
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see Refs. [49,59,72] for similar derivations and further
details.

Appendix C: Interpretation of off-axis shearing
effects

From the third example above we infer that two dif-
ferent orthotropic materials subjected to the same off-
axis finite deformation and with the same orientation
of the preferred material axes may undergo angular dis-
tortions of opposite sign. Based on the fact that finite
logarithmic strains extend the small strains meaning
to the large strains setting [46] and on the fact that in
that example we are using strain energy functions based
on the same invariants used in infinitesimal orthotropic
elasticity, we can explain these different mechanical re-
sponses from the infinitesimal theory and then extend
the results to the case of Example 3.

Consider as an example the uniaxial test of Fig-
ure 14 performed over a perfectly incompressible or-
thotropic material with the preferred material direction
1 oriented at o = 30° with respect to the test axis x.
We consider a plane strain state, so the out-of-plane
strains vanish, i.e. €31 = €32 = €33 = 0. The in-plane
contribution of the (deviatoric) strain energy function
is expressed in terms of the components of the infinites-
imal strain tensor € in the preferred material axes as

W (e, a1, az) = pa1eT) + pazesy + a2 (€1, +€5,) (176)

The stresses in principal material directions are

o11 = 2u11€11 + P (177)
022 = 2i22€22 + P = —2/22611 + P (178)
012 = 2041212 = 2[412€21 = 021 (179)
where the incompressibility constraint eso = —e11 has

been used and p is the initially unknown hydrostatic
pressure. Since o123 < 0, Eq. (179) yields £12 < 0. From
the Mohr’s circle of in-plane stresses shown in Figure
15 we get the relation 017 = 3022 (note that the axes
{z,y} are the principal directions of stresses because
02y = 0). Combining Eqgs. (177), (178)2 and the relation
011 = 3092 we arrive to

o11 = 3 (11 + p22) €11 (180)

The sign of the angular distortion v,, = 2e,, under-
gone by the specimen may be obtained by direct com-
parison of the Mohr’s representations of stresses and
strains, see Figure 15. On the one hand, in the Mohr’s
circle of stresses we have —o12/ (011/3) = tan (2 x 30°) =
tan (60°). On the other hand, from the Mohr’s circle in

the strain space we obtain —e15/e17 = tan (26). These
angles are related by Eqgs. (179) and (180), i.e.

_ 9 _
12 _ H12 €12 (181)

o11/3  par+pe2 Enn

Hence we distinguish three different possibilities

2u12 = pr11 + po2 = 20 =60° = v,, =0 (182)

2#12 > 11 + pog = 20 < 60° = Yoy > 0 (183)

2p12 < pir + po2 = 20 >60° = 5, <0 (184)

which, note, satisfactorily explain the different behav-
iors obtained for the instantaneous (equilibrated plus
non-equilibrated) and equilibrated responses in the Ex-
ample 3 above. Finally, we remark that the condition
212 = p11 + poe does not imply isotropic behavior in
the plane 12. Evidently, if the material is isotropic in
the plane 12, then p11 = poo = p12 and the condition
2012 = 11 + po2 is also satisfied, as one would expect.

Interestingly, the strain components €;, and e, ob-
tained for the orientations of o = 30° and a = 60° for
the same uniaxial stress o, relate through

€on = E€la (185)
Wy =y (186)

which, again, let us explain the symmetric responses in
the finite deformation context shown in Figures 8 and
9 of Ref. [59] (compare the cases a = 30° and « = 60°
of each figure). Note that the reference configurations
for o = 30° and a = 60° are different (i.e. they are not
a reflection from each other). The symmetric responses
are just a consequence of the plane strain condition,
the incompressible behavior and the symmetry of the
strain energy terms w;;(F;;) = w;j(—E;;) considered in
that paper (as in the small strains case).

Another interesting view of this phenomenon may
be obtained through the skew part of the Mandel stress
tensor, used in Refs. [50,63,73] in the context of plas-
ticity to account for the update of the principal mate-
rial directions. This tensor, work-conjugate to spins and
which may be interpreted as fictitious angular moments
per unit volume (couple-stress), accounts for the lack of
commutativity due to elastic anisotropy and is obtained
from the elastic strains and stored energy function as

T,:=ET -TE (187)

For this particular case, using Eq. (176) and small strains
0 —0ow21 0

ow21 0 0
0 0 O

Oy = €0 —0E = (188)
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Fig. 14 Uniaxial test over an incompressible orthotropic specimen in which the preferred material axes {1, 2} are not aligned

with the test axes {z,y}.
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Fig. 15 Mohr’s circles for stresses (left) and strains (right) associated to the uniaxial test under plane strain of Figure 14
with a = 30°. In the Mohr’s circle of stresses we use 04y = 0yy = 0 (boundary conditions). In the Mohr’s circle of strains we
use €yy = —€gq (incompressibility). Subscript n means “normal” and subscript ¢ means “tangential”.

where

Owo1 = 2€11612 (11 + proo — 2p12) (189)
Note that there is a change of sign if either uq; +
a2 —2p12 (material dependent) changes sign or if €11£12
(load dependent) changes sign. Furthermore, for in-axis
(axial) loading €12 = 0 or pure shear loading £1; =
€95 = 0, the tensor o, vanishes. Obviously for the
isotropic case all p;; are coincident and o, also van-
ishes.
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