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1 | INTRODUCTION

The discovery that alternative geometries to Euclid’s exist and are just as self-consistent, had a profound impact on the concepts
of mathematics but also—with the advent of general relativity—on our understanding of the physical universe. Models of
hyperbolic geometry are historic landmarks and were crucial for the development and emancipation of geometries other than
Euclid’s. On a cultural level, tessellations of the hyperbolic plane initiated an artistic revolution in its own way, mutually inspiring
mathematics and arts."! In today’s research, for a wide range of scientific disciplines, elementary hyperbolic geometry in the
plane continues to provide an attractive testing ground for diverse and novel theories—in the present case for gravity analogue
models of acoustics. 2545

The Poincaré disk model is a straightforward model of hyperbolic geometry on the 2-dimensional disk®, representing thus
one of the simplest case of non-Euclidean geometry with constant negative curvature. It takes over certain properties from the
Poincaré half-plane”, but obviously possesses a distinct topology and further symmetry properties. For the disk, the associated
metric weighs radial distances from the center of the disk to its circumference in a characteristic manner, thereby contrasting
plain Euclidean behavior.

This particular geometry and topology make it a formidable candidate for acoustic wave simulation with metamaterial
devices—devices composed of extraordinary materials which allow to implement curved background spacetimes in acous-
tics.BRPUOILL A5 we shall see, not only from the mathematical viewpoint has this model fundamental relevance, but we will argue
that its prominent feature can be interpreted as somewhat that of a black hole turned upside down, a quality absent from the
related half-plane analogue.2




FIGURE 1 Schematic view of the stereographic projection of point P on the upper sheet of a circular hyperboloid to point P’
located on the plane z = 0. The projection gives the Poincaré disk, D,, endowed with a characteristic metric, viz. Eq. (7).

In this work we study the feasibility to implement acoustics on the Poincaré disk and investigate the wave propagation in such
a medium. We explore the main differential-geometric features of this spacetime with its asymptotic behavior and causal bound-
aries very much alike to those of acoustic black holes.'!! By employing the framework developed before®, we find the acoustic
laboratory parameters (mass-density tensor and bulk modulus) corresponding to the underlying spacetime structure. Further-
more, we derive the equations of motion which govern acoustic wave propagation on the Poincaré disk. For better illustration,
we present numerical simulations in a variety of scenarios.

The plan of this article is sketched as follows: Section [2]recalls the geometric essentials of the Poincaré disk based on a stere-
ographic projection and thereby introduces the necessary definitions and notations. The 2D metric of the underlying hyperbolic
geometry is generalized to (2 + 1)D curved spacetime, as required for the formalism of the subsequent sections. Section [3|out-
lines how to construct the Poincaré model in two different ways, either gravitationally by predicting the necessary matter-energy
content to deform physical spacetime, or via a analogue model of gravity for metamaterial acoustics, thereby deforming acoustic
space accordingly to conform with the hyperbolic geometry of the Poincaré disk. Also some particularly interesting geometric
characteristics of this spacetime are summarized. Section [ supplies various examples for wave propagation on the Poincaré
disk, using as far as we can get fully analytical results or efficient approximating functions in these toy models. Section [3]is a
brief conclusion to round up the discussion.

2 | SPACETIME GEOMETRY

The Poincaré disk, henceforth denoted by D,, is the resulting image of the stereographic projection (X, Y, Z) — (x, y) of the
upper part of a circular hyperboloid of two sheets, represented by the equation X? + Y2 — Z2? = —a?, onto the xy-plane.

Figure [I ] provides a schematic view of the stereographic mapping, and shows the similar triangles to yield the following
relations between the coordinates of the hyperboloid and its projection to the plane, i.e.
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This induces the following spatial line element for distances £ on Poincaré disk D,:

dx* +dy?
df? = dx? +dy? = 4= 3
(1-r2/a?)
which in polar coordinates takes the form
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Here, in Eq. (@), it is customary to introduce the geodesic radius ¢, which is dimensionless and defined by the integral
o=g/L=ln(a+r>=2artanh(r/a)20, 5)
a) 1-r2/a? a-—r

and sometimes also called the Poincaré geodesic distance from the origin.'® This straightforwardly implies the following
practical relations
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which will be of future use, and also immediately converts Eq. (@) to the much simpler form

d¢? = a*do® + a® sinh’o d ¢”. (7

Note that Eq. (7) represents the metric of hyperbolic geometry underlying much of the famous artwork by the Dutch artist
M.C. Escher.! Moreover, it is not difficult to see that D, is conformally flat with the conformal factor Q = (1 — r?/a%)/2.

For a relativistic treatment, it now only remains to add the time component, so that the full spacetime metric for the Lorentzian
manifold M = D, X R is given by

g= —(cdt) ® (cdl) +(ad0) ® (ado) +(a sinhodqo) ® (a sinhod(p), ®)
—— —— ———
6° 6! 0’

where 8% (1 = 0, 1,2) indicates the dual-base forms of the local coframe. Note that in the remainder of the text, all relevant
tensor components evaluated in the local coframe will be marked with an additional circumflex symbol. Further, observe that
a > 01is a fixed physical length scale, and recall that ¢, @ are the geodesic polar coordinates. Moreover, ¢ > 0 is a constant speed.

This completes the spacetime setup with M = D, X R, and provides all the formal prerequisites necessary for the subsequent
simulation of acoustic wave propagation on the Poincaré disk.

3 | MODEL CONSTRUCTION

3.1 | Physical spacetime

In combination with Cartan’s structure equations, the dual base {0°,6',6%)} introduced by Eq. allows to straightforwardly
compute the Riemann curvature tensor R pys in the coframe of manifold M = D, X R.

In the nonholonomic frame (6°, 8!, #%) local flatness and orthogonality hold satisfying 8 = —0°®6°+60' ®0' +6?>®6?, where g
has the signature of a local Minkowski metric. Within Cartan’s formalism the computation of the corresponding curvature forms
w and Q carries through in a straightforward manner. These explicit results for the curvature forms associated with M = D, xR
are required to furnish additional constraints on the spacetime structure under consideration, and thus will eventually give shape
to the acoustic model.

First, Cartan’s first structure equation expresses that the pseudo-Riemannian geometry, in this case manifold D, XR, is torsion-
free so that the exterior covariant derivatives of the dual-base forms vanishes, i.e. D6* = d6* + w*, A ¥ = 0. Then, for the
particular metric, given by Eq. (8], a simple calculation produces the following components for the curvature 1-forms:

0 0 0
W', =0 0 —icotho&z . 9)
0 icotho 62 0
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Second, by applying once more the exterior derivative to Eq. (9), Cartan’s second structure equation, i.e. Q*, = do* +o* , A0*,.
yields the curvature 2-forms:

0 0 0
o =10 0 —Lo'a6?|, (10)
v a
0 =0'A0> 0
where the only non-zero and independent component is
Q' =do'y = -0'A0%/a® =: R',,0'A 0% (11)
This easily identifies the only non-vanishing component of the Riemann curvature tensor in the nonholonomic base to be
= 1
Ry =—-— 12)
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Performing the usual contraction in Eq. (IZ)) (between the first contravariant and the third covariant index), we obtain the Ricci

tensor (in the nonholonomic basis)

ﬁ:—%[91®91+92®92], (13)
a
and next taking the trace, we obtain the Ricci scalar (for all frames)
R= —2. (14)
a2
Finally, for determining the necessary physical requirements of M = D, X R, we calculate the Einstein tensor via the expression
G=R-!Rg (15)
which gives
A 1 A
G00=—;, G,, =0forpu,v#0. (16)

Note that for the corresponding Einstein tensor @a 5> the 00-component in the local coframe and coordinate frame are identical,
which amounts to G = G for this particular spacetime.

As an immediate consequence of the results Eq. (6], the spacetime manifold M = D, X R displays absence of shear stress
and pressure, whereas the underlying energy-matter density p, is exotic:

8rG c?
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Here, G is the usual gravitational constant. Observe that if the disk extends to infinity, viz. @ — oo, the energy-matter content
will vanish and M becomes asymptotically flat, which intuitively is expected.

Other important spacetime properties are contained in objects such as the Schouten tensor and the Kretschmann scalar. For
example, in the coframe, the Schouten tensor takes the form

S=R-1Rg
which with Egs. (I3) and (T4) leads to

§=-ﬁ[9°®9°+91®91+92®92], (18)
meaning that the Cotton tensor* vanishes, thus again proving conformal flatness for the (2+ 1) D spacetime extension of Eq. (7).
Moreover, if (2 + 1)D conformal flatness holds, the Kretschmann scalar, which is the quadratic invariant composed of the

Riemann tensor, K = R*#" R, . conveniently is given by'!

14

~ A )
K =4R, R" — R*,
and for the present Poincaré model it readily evaluates to

4
K=—. (19)
a4
The Kretschmann invariant would at least for one spacetime point in M be infinite if the geometry possessed any curvature
singularities. Since a > 0, this certainly will never occur, and therefore M = D, X R is singularity free.
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Obviously, physical systems with negative energy-matter content, viz. Eq. (I7), cannot be manufactured and manipulated
in current—and likely any advanced—technology, which demonstrates the fundamental impossibility to reproduce spacetime
M = D, X R within conventional, that is, gravitational engineering. Nonetheless, in the following section, we will carry on with
the implementation of spacetime M for acoustic metamaterials and show that this is feasible, offering a viable prescription on
how to proceed in a laboratory setting.

3.2 | Acoustic gravity analogue

Analog models of gravity!> aim to transfer the spacetime approach of general relativity to phenomena of other physical domains
which at first sight appear to be unrelated with gravity. In a similar fashion as energy-matter deforms and acts on spacetime
in relativity, analogue models attempt to identify parameters in their relevant system which distort or shape their own physical
space, thereby making it possible to simulate relativistic objects and effects (such as e.g. black holes with event horizons) in
a real-life laboratory environment. Metadevices—devices built from metamaterials—are in this process the prime choice for
the practitioner. During the last two decades many remarkable and decisive theoretical and experimental advances have been
accomplished in this field of research. 101718

Metamaterials are artificial materials engineered in the laboratory endowing them with physical characteristics far beyond
those found in nature. With optical metamaterials, for example, it is nowadays possible to manufacture special devices with
negative refractive index'?, or superlenses which defy the diffraction limit irrevocably present in conventional lenses.2%2! Fur-
thermore, cloaking devices which render invisible partially or completely any object, furnish other significant and intriguing
applications.?#2% With metamaterials, researchers and engineers alike are presented with unique possibilities for the development
of such novel devices and are apt to propel technological advances.

In this context, acoustic metamaterials allow to model sophisticated acoustic phenomena with curved background spacetimes
and make predictions for future laboratory experiments. Likely the most powerful approach to describe such phenomena is the
principle of least action, having the advantage to work in a coordinate independent manner and to easily allow the incorporation
of differential-geometric techniques in compact form. Working in an invariant manner with respect to arbitrary transforma-
tions of the coordinates also entails efficiency—already in classical mechanics Newton’s dynamic law for a one-particle system
comprises three equations, whereas the Lagrangian formalism consists of only one scalar expression.

For our purposes, let acoustic phenomena be governed by the following elementary variational principle, namely that for
spacetime M, endowed with metric g, the subsequent action will be stationary with respect to variations of the acoustic potential
¢ : M — R, such that integration over bounded spacetime domain Q C M satisfies>"

% / dvol, L g(Vp, V) = 0, (20)
Q

Here, dvol, = \/—_g dx° A ... A dx? is the invariant volume element with g = detg < 0. The Lagrangian density function is
therefore

(V)= ;8. V) = 38" b, @1)
The factor 1/2 is purely conventional (and obviously of no relevance in Eq. (20)), chosen to be consistent with the acoustic
Lagrangian in standard format.?*

In previous work®, using the conventional acoustic Lagrangian and Eq. (ZI)), we have shown that there exists a general 1-
to-1 correspondence between spacetime metric g and the parameters x (bulk modulus) and p (density tensor) of an acoustic
metamaterial device. Specifically, in the laboratory ( physical space), the acoustic engineer wishes to implement a (2 + 1)D
spacetime (M, g) by calibrating the mass-density tensor ¢ and bulk modulus «. In doing so, he has to relate these parameters to
their values in the corresponding space with known acoustic wave propagation (virtual space), denoted by ¢ and &, respectively.
Similarly, following convention, the contravariant spatial components of the metric in virtual space are denoted by g%/, with
i, j = 1,2. Then, both physical and virtual spaces are explicitly linked by the so-called constitutive relations=:

k=—K  pp’=—=%", (22)

where y = det (g") is the determinant of the spatial metric.
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For the case of the Poincaré disk, we substitute Eq. (3) corresponding to

o (01) Ve

(1-r2/a?) :
into Eq. (2Z2) to obtain

K=;2KO, popij=i(1—r2/a2)2<10>, 0Lr<a. (23)
( 1-r2/ a2) 01
Note that the constants k, and p, (measured in units of Pascal) are fixed by the physical properties of the corresponding flat
space, since as virtual space we identified 2D Minkowskian space (with well-defined properties) by taking g to be the 2 x 2
identity matrix. This, of course, also implies \/7 =1.
Eq. 23) achieves the goal at hand, providing a prescription for simulating acoustic phenomena with underlying spacetime
geometry M = D, X R by fine-tuning the acoustic parameters of a suitable metamaterial.

4 | WAVE SIMULATION

After completing in Section [3.2]the discussion of the specific implementation of M = D, X R for an acoustic metamaterial, we
now proceed to the simulation of wave propagation in such a transmission medium.
The Euler-Lagrange equation for the variational principle, Eq. (20), is

xdxdp =0, 24)

where * is the Hodge dual.> Eq. represents the equation of motion for the acoustic potential ¢ that fully determines the
physical behavior of the system. In local coordinates, Eq. (24) takes the form of the source-free wave equation A ,,¢ = 0, with
the Laplace-Beltrami A , operator for the curved spacetime background M. Adopting the local coframe in Eq.(8) with the dual-
base forms 8° = ¢ dt,0' = ado and 6* = asinh o dg, for Eq. (24) after a lengthy but straightforward computation we obtain
———+—(cothgi+a—2> +;02—¢=0. (25)
a do  0¢? a2 sinh?p 09*

For solving this wave equation, the standard procedure for this type of partial differential equation is to use the separation of
variables method, and thus we take

(1,0, 9) = Po(1) P1(0) h1(@). (26)
The time dependence of the full potential ¢ is then given by ¢,(t) which will display a simple harmonic behavior, namely
d)g = —w?¢,. It then follows that the time dependence has the structure ¢,(f) = A cos (wt) + B sin (wt). Moreover, to take

advantage of the underlying rotational symmetry, we focus on the study of concentric wave propagation, and thus for the angular
dependence it must hold ¢}, = 0. As a result, all non-trivial behavior of the acoustic potential ¢ is contained in the remaining,
radial dependence ¢, (¢). Summing up, to probe the prominent features of spacetime D, X R, the most suitable test waves are
monochromatic concentric waves centered around the origin, so that the potential will take the final form

d(t,0) = AT, (0), 27

where A" is the wave amplitude and w its frequency.
Substitution of the wave potential, Eq. (27), into the wave equation, Eq. (23)), and some simplification produces the ordinary
differential equation describing all non-trivial radial behavior:

2
" 4 cotho ¢ + a2% ¢, =0. (28)

We found that the general analytic solutions of Eq. (28)) are combinations of associated Legendre polynomials of the first and
second type with complex arguments. However, apart from the lengthy exact results, we could derive the following, relatively
simple and accurate, approximate solution for the radial dependence

¢1(0) — e—p/2 I:Ae\/mo + Be™ 1—4a2w2/czo] . (29)
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FIGURE 2 Non-trivial radial dependence of the acoustic potential for fixed scale a = 1, speed ¢ = 1, frequency @ = 1, with
conditions ¢;(1) = 1, ¢ (1) = 0. The correct analytic solution of Eq. (28)) is marked red, and the approximation Eq. (29) is the
plain black line.

Recall, that w specifies the frequency of the monochromatic sound waves set up in the laboratory, whereas A and B are constants
typically determined by the two boundary conditions on ¢, and d)’l. Moreover, in the formula consistent with wave acoustics the
wave number k = w/c emerges.

In the asymptotic limit ¢ — oo (r — a), the amplitude of oscillation decreases with time, i.e. damping occurs exponentially
for the decaying sinusoidal wave, which can be read off directly from the approximation, Eq. (29). For the same limit, ¢ — oo,
we have cotho — 1 rather approaching fast, and the differential equation Eq. (Z8) also has solutions ~ e~¢/2, exhibiting the
same exponential damping. This damping or stretching of the wavelength can also been seen as an immediate consequence of
the variable length calibration due to the underlying curved spacetime, see Eq. (7). Consequently it will never be possible for
the wave to escape D,.

Also note that oscillatory wave behavior only surfaces when o > zc—a; this becomes evident from the bracketed terms of
Eq. (29). Since physics dictates that the corresponding pressure for the acoustic potential is p = —g,d¢/0t, for this case the
acoustic pressure wave will also be sinusoidal. On the other hand, for @ < ;—a, no sinusoidal waves can materialize.

For the following numerical simulations, we assume @ = 1,¢ = 1, and w = 1 > 1/2, so that harmonic wave features naturally
will show up. Figure [2 |captures exact and approximate results for the boundary conditions ¢;(1) = 1 and q’)’l(l) = 0. The
corresponding absolute error is given in Figure [3 ] This demonstrates that approximation Eq. (29) is exceptionally good, with
an error ranging in this example between 2.65 X 1078 and 0.018 (only when close to ¢ = 3.4).

For the next numerical simulation, we switch the boundary conditions to ¢,(1) = 0 and d)’l(l) = 1, with all other parameters
unchanged. The particle velocity of the acoustic wave is defined by v = V¢, which physically means that in this example
the initial radial velocity is non-vanishing, opposed to the previous example. Figure [ ]illustrates the behavior for the radial
dependence ¢, comparing exact results and approximated estimates. Again the approximation fares exceptionally well, and
Figure[5 |establishes that the maximum absolute error is roughly —0.044 occurring around ¢ = 2.5.

As a third and final example, we carry out a full wave simulation for the complete potential, Eq. (26), by using the first set
of boundary conditions for the radial potential of Figure[2 ] Besides, for this purpose, it will suffice to consider only the cosine
mode of the harmonic time dependence. In a nutshell, this amounts to solving the boundary problem detailed in Figure[6 ](with
the previously assigned parameters for a, ¢ and w). As the concentric wave approaches the disk circumference at ¢ — oo with
increasing damping, the medium effectively has a fixed end at its border forming a node, and a standing wave will result. A
graphical animation (based on the data provided in Figure E]) visualizes this effect [http://....... ]E]

At this moment the media file with the animation (PoincWave.avi) is attached to the submission bundle. After a possible acceptance of this work, the publisher
hopefully would provide a public link for access.
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FIGURE 3 Absolute error between the approximate and exact result for the radial dependence of the acoustic potential, using
fixed scale a = 1, speed ¢ = 1, frequency w = 1, with conditions ¢,(1) = 1, ¢’1(1) =0.
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FIGURE 4 Non-trivial radial dependence of the acoustic potential for fixed scale a = 1, speed ¢ = 1, frequency w = 1, with
conditions ¢ (1) = 0, ¢ (1) = 1. The correct analytic solution of Eq. (Z8) is marked red, and the approximation Eq. (Z9) is the

plain black line.

Our examples served as an illustration, preserving as far as possible analytical results, but certainly other, fully numerical
scenarios are conceivable, either by directly integrating the partial differential equation, Eq. (23), with numerical integrator
software, or alternatively, simulating the acoustic parameters, Eq. (22)), with finite-element methods in a virtual laboratory, see

e.g. COMSOL Multiphysics®.%0
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FIGURE 5 Absolute error between the approximate and exact result for the radial dependence of the acoustic potential, using
fixed scale a = 1, speed ¢ = 1, frequency w = 1, with conditions ¢,(1) =0, ¢)’1(1) =1
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FIGURE 6 Boundary-value problem for a full simulation of acoustic wave propagation on the Poincaré disk D,. Fixed scale
a =1, speed ¢ = 1, and frequency @ = 1 remain unchanged.

S | CONCLUSION

In this work, we have focussed on the implementation of hyperbolic geometry as defined by the Poincaré disk model within
metamaterial acoustics. For the conventional gravity model, such a spacetime configuration would require exotic energy-matter,
which is fundamentally impossible to attain. However, the acoustic analogue model of gravity is a more promising and prac-
tical candidate to be carried out in the laboratory. The corresponding constitutive relations reveal how the pertinent acoustic
parameters have to be fine-tuned.

As a toy model, we have derived analytical solutions for concentric wave propagation probing the underlying spacetime struc-
ture. For achieving this aim, we also determined a useful class of approximating functions for the non-trivial radial dependence
of the acoustic potential, which may be used effortlessly in all related numerical predictions. Not surprisingly, the waves are
trapped within the disk and suffer a characteristic frequency shift when approaching its border. In this sense, it somehow resem-
bles the futile attempt of a wave trying to escape a black hole from within which also experiences a redshift (although of distinct
nature).
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We do hope that the variational spacetime approach to transformation acoustics and the corresponding constitutive relations
will establish itself as a compelling tool for the study and design of acoustic metadevices and may help to open up new research
pathways in the field of metamaterials.
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