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Abstract

This paper introduces 2MP-inverses, MP2-inverses, and C2MP-inverses, for rectangular
matrices following a different approach to that used in the recent literature. These new
inverses generalize some classical inverses in the literature. Instead of considering a sys-
tem of matrix equations as usually, in order to define 2MP-inverses and MP2-inverses, we
consider a construction from oblique projectors represented by means of outer generalized
inverses. We use an adequate equivalence relation, and then we pass to the quotient set in
order to get the most simple canonical representative. An interesting advantage of our exten-
sion of CMP inverses from square to rectangular matrices is that we do not need any auxiliary
weight matrix, but we are using the own matrix A for doing it. In addition, some properties
and representations of 2MP-, MP2-, and C2MP-inverses are given.

Keywords Outer inverse - Moore-Penrose inverse - Matrix equation - Partial order -
Quotient set

Mathematics subject classification 15A09

1 Introduction and preliminary results

Let C™*" be the set of m x n complex matrices. For A € C"*" let A*, A~L k(A), R(A),
and N (A) denote the conjugate transpose, the inverse (when m = n), the rank, the range
space, and the null space of A, respectively. As usual, I and O stand for the identity matrix
and the zero matrix of adequate size.

For a given A € C"™*"", we consider the following sets of matrices:

B4 N. Thome
njthome @mat.upv.es

M. V. Herndndez
mvhernan@doctor.upv.es

M. B. Lattanzi
mblatt@exactas.unlpam.edu.ar
Universidad Nacional de La Pampa, FCEyN, Uruguay 151, 6300 Santa Rosa, La Pampa, Argentina

Instituto Universitario de Matemdtica Multidisciplinar, Universitat Politecnica de Valencia, 46022
Valencia, Spain

Published online: 23 July 2022 9\ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s13398-022-01289-3&domain=pdf
http://orcid.org/0000-0001-5328-6637

156  Page2of12 M. V. Herndndez et al.

o A{1} ={X e C" : AXA = A}; an element of this set is called a {1}-inverse or inner
inverse of A, and is denoted by A™.

e A2} ={X e C" . XAX = X}; an element of this set is called a {2}-inverse or outer
inverse of A, and is denoted by A2,

The Moore-Penrose inverse of A € C"™*" is the unique matrix X € C"*" that satisfies
AXA = A, XAX = X, (AX)* = AX, (XA)* = XA,

and is denoted by AT. The group inverse of A € C"*" is the unique matrix X € C"*" that
satisfies

AXA=A, XAX =X, AX = XA,

and, when it exists, is denoted by A*. It is well known that A* exists if and only if ind (A) < 1,
where ind(A) denotes the smallest nonnegative integer k such that tk(AKy = tk(A¥). The
Drazin inverse of A € C"*" is the unique matrix X € C"*" that satisfies

XAX = X, AX = XA, AFIX = A%,

always exists and is denoted by AP, It is well known that A? = A* when ind(A) < 1.
A detailed analysis of all these generalized inverses can be found, for example, in [2].
The following result is used later.

Theorem 1.1 [2]Let A € C"*", B € CP*4, and C € C"*4. The matrix equation AXB = C
has a solution if and only if there exist {1}-inverses A~ and B~ of A and B, respectively,
such that AA~C = C and CB~ B = C. In this case, the general solutionis X = A—CB™ +
Y — AT AY BB, for arbitrary Y € C"*P.

For any matrix A € C™*" with rk(A) = a > 0, a singular value decomposition (SVD,
for short) [2] is given by
_ D, 0\ 4
A_U<OO>V, (1.1)

where U € C"*™ and V € C"*" are unitary matrices, and D, € C**“ is a positive definite
diagonal matrix.

For A € C™*" written as in (1.1), it is well known that the Moore-Penrose inverse of A
is given by

—1
ATzv(DS 8) U*. (1.2)

The set .A{2} can be characterized as follows.
Lemma 1.2 Let A € C™*" be written as is (1.1), with tk(A) = a > 0. The set of all outer

inverses of A is given by

_ M MY, . . .
A2} = {V (YZIM Y21MY12> U*: MD,M = M, for arbitrary Y12, Y21 ¢ .

For a matrix A € C"*" of index at most 1, two types of (unique) hybrid generalized
inverses, namely A® = A*AAT and Ag = ATAA* were defined in [22, p.97] and called as
the core and the dual core inverse of A, respectively. These inverses were rediscovered by
Baksalary and Trenklerin [1] and, since then, they were a key point of the study of Generalized
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Inverses Theory. In [25, Theorem 2.1], Wang and Liu proved that if ind(A) < 1, then the
core inverse of A is the unique matrix X € C"*" satisfying the following three equations:

AXA=A, AX’=X, and (AX)" = AX.

These inverses were generalized for matrices of arbitrary index by Malik and Thome in
[12]. They introduced the DMP-inverse and its dual, for a matrix A € C"*" of index k, by
ADT = AP AAT and ATP = ATAAP, respectively. It was also proved that the matrix A>T
is the unique solution of the matrix equations system

XAX =X, XA=APA, and AFXx = AFAT.

On the other hand, CMP-inverses were defined by Mehdipour and Salemi in [13] for a square
matrix A by A©T = ATA|AT, with A = AAPA, by the unique solution of the matrix
equations system

XAX =X, AXA=A, AX=AAT, and XA =AT4A,.

Some results, applications, and extensions of these generalized inverses can be found in the
following references. For example, in order to mention only a few of them, characterizations
using arbitrary index in [6, 7, 12, 19, 28], problems related to quaternion matrix equations in
[8], extensions to finite potent endomorphisms in [20], extensions to outer inverses in [16],
applications to partial orders in [5], characterizations and representations of generalized
inverses in rings in [3, 21, 26], generalizations to operator theory in [15], and applications to
neural networks in [27]. For some recent papers related to generalized inverses, we refer the
reader to [9-11, 16, 18, 23, 24].

The common fact that all of aforementioned inverses share is that all of them were defined
as the unique solution to a system of suitable matrix equations.

The main goal of this paper is to introduce new generalized (hybrid) inverses and their
duals, namely 2MP- and MP2-inverses, as well as C2MP-inverses, and investigate many
properties of them. These new classes of inverses provide not only a generalization of the
core inverse to matrices of arbitrary index but also a generalization to rectangular matrices.
Sect. 2 is devoted to the analysis of 2MP-inverses. In Sect. 3, we study MP2-inverses as the
dual concept of 2MP-inverses. Finally, Sect. 4 introduces C2MP-inverses and investigates
their properties.

2 2MP-inverses

Let A € C™*" be written as in (1.1). By Lemma 1.2, the general form for {2}-inverses of A
is given by

2— _ M MY, *
A _V<Y21M Y21 MYi) vt @D

partitioned according to the partition of A, where M € C%*¢ satisfies M D,M = M, and
Y12, Y»; are arbitrary matrices of adequate sizes. Then, it is easy to see that

1y MD, 0).,.
A A_V(YleDao v

We are interested on finding under which conditions two of these projectors (of type
A2~ A) are different each other by ranging A2~ € A{2}. In order to do that, an equivalence
relation is defined on the set A{2}.
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Let A € C™*". We define the binary relation ~; on the set A{2} as follows. For
A2 A%= € A2}, we say that

A* ~; A ifandonlyif A2"A = A’=A.

It is easy to see that ~; is an equivalence relation on .4{2}. Let A%~ € A{2}. Then,
there exist M, Y15, Y21 of adequate sizes such that (2.1) holds. The equivalence class of
A%~ € A{2}is given by [A>"]., = {A?= € A{2} : A=A = A%~ A}. It can be shown that

— M’ M,Yl/z % 2— . . / /gl
A =V<Y2,1M/ Yz/lM/Yl/z)U €[A"7]~, ifandonlyif M =M, Yo, )M =Y M.

That is,
M MY!
AT =1V 12 VYUu*e AQ2}: MD,M = M, for arbitrary Y/, } .
(A7 1~ { <Y21M Y21MY1/2> 2 @ Y
2.2)

A complete set of representatives of the partition on .A{2} induced by ~y is given by

. M 0 * _ (n—a)xa
RN’Z'_{V<Y21MO)U *MD,M =M, Y €C .

By observing that any element in R, can be factorized as A2~ AAT, we can state the
following definition, which introduces a new class of generalized inverses.

Definition 2.1 Let A € C"*". For each A%~ € A{2}, the matrix
AZMP — A27AAT c (Cnxm

is called a 2MP-inverse of A. That is, A2Y* is defined as the most simple representative of
the equivalence class (2.2) of A2~ by ~.

The symbol A{2M P} stands for the set of all 2MP-inverses of A, that is,
A2M P} = (A2~ AAT 1 A%~ € A{2}).

Clearly, since AT is an element of this set, A{2M P} # (. The following result provides a
matrix representation of elements of the set A{2M P}.

Lemma2.2 Let A € C™*" e written as in (1.1) and A>~ be written as in (2.1). Then

M 0

A(2M P} = {V (yle 0

) U* :MD,M =M, Y € (C("_“)X“} . (2.3)

This lemma states a canonical form for every 2MP-inverse of A.

The existence of {2}-inverses and the Moore-Penrose inverse of A guarantees that 2MP-
inverses of A always exist. It is clear that A{2M P} = {A~!} whenever A € C™" is
nonsingular and, moreover, the 2MP-inverse of the zero matrix is itself. In general, 2MP-
inverses are not unique.

We focus our attention on the interesting case: the one determined by matrices A%>~, A>= e
A{2} suchthat A2~ A # A= A; otherwise, both A>~ and A%~ provide the same 2MP-inverse:
A?"AAT = A?=AAT. This fact is shown in the next result, where the symbol M ~ N
indicates that there exists a bijection between the sets M and N.
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Proposition 2.3 Let A € C"*" of rank a > 0 be written as in (1.1). Then
A2}~y =~ AQ2MP}.

Proof Let ¢ : A{2}/~; — A{2M P} be the function defined by ¢([A*>~].,) = A>~AAT.
Clearly, ¢ is well-defined. Let [Az_]W and [Azz]w be in A{2}/~ such that <p([A2_]~£) =
@([A>=]~,). Then A2~ AAT = A?=AAT, so A2ZAATA = A>ZAATA. Hence, A>"A =
A’=A,ie., [A’"]., = [A’7].,, from where ¢ is injective. If Y € A{2M P}, there exists
A%~ € A{2} such that Y = A>7AAT. Thus, ¢([A>"]~,) = A>"AA" = Y. Hence, ¢ is
surjective. In consequence, ¢ is a one-to-one correspondence between the sets .A{2}/~, and
A{2M P}. O

If we solve (by applying Theorem 1.1) the matrix equation A2 A = A=A (in A%), its
solution set is given by

[A%7]., = {A’T € A{2) : A= = A" AAT +Y(I — AAY), for arbitrary ¥ € C"*"},

which allows us to express the solution set as a 1-parametrized set.
In what follows, we show that 2MP-inverses are different from the known inverses in the
literature and we state that 2MP-inverses are a generalization of the well-known inverses.

110 11-—1
Let A= | 000 |.If we consider A2~ = | 11 —1 | e A{2}, we obtain that AT =
001 11-1
1200 10-1
1/200 | and A2MP = A2=AAT = | 10 -1 ]| e A{2MP}. Clearly, A?MP £ AT,
001 10-1

Moreover, A2MP £ AD-T and A?MP £ A® since ind(A) = 1 and AA*MP £ AAT,

Remark 2.4 Forany A € C"™*", by setting adequate matrices A>~ € A{2}, the inverse matrix
AZMP ¢ Cnxm recovers, as particular cases, the Moore-Penrose, the DMP inverse, the core
inverse. In fact, it immediately follows by setting A2~ = AT, A2~ = AP (the Drazin inverse
of A), and A>~ = A* (whenm = n and ind(A) < 1).

The next results give some properties of the 2MP-inverses.
Note that AZMP A = A2~ A. Then, AA’MP A = AA~ A. Following a similar idea to that
studied in [12], for A € C"™*" and each A2~ € A{2}, by the expression

CH = AAMP A = AN’ A (2.4)
we denote a 2MP core-part of A.

Theorem 2.5 Let A € C™*". For each A*~ € A{2}, the matrix A*M¥ is the unique that
satisfies the following equations system (in the unknown X):

() XAX = X, (ii) XA = A’" A, (iii) C{X = CLAT. (2.5)
Proof 1t is immediate that A2M P satisfies equations (i), (ii) and (iii). To prove uniqueness,
suppose that there exist X1, X» € C"* which satisfy conditions (i), (ii) and (iii). Then X| =

X|AX) = A7 AX) = A2 AAYAX| = AT CHX| = A7 C4 Xy = AT AATTAX, =
AT AX> = X2AXs = Xo. o

Theorem 2.6 Let A € C"*". For a given A2~ € A{2}, the matrix A*MP e C™™ satisfies
the following properties:
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(a) AATMP isanobliqueprojectorontoR(C?)along/\/'(AZMP). Moreover, R(A?MF) C
R(AT).

(b) A*MP A is an oblique projector onto R(A>~A) = R(A*MP) = R(A>") along
N (A2 A) = N(CD).

Proof (a) Taking into account that AZMP A — A2- A s satisfied, we have
(AAPMPY(AAMPY = A(APMP ) AP~ AAT = AA" AA*T AAT = AAP"AAT = AAMP,

Moreover, R(AAMP) = R((AA>)AAT) = AAP"R(AAT) = AARMA) =
R(AAT™A) = R(CH).
Clearly, N (AAZMP) = N((AA2~ AAT) = N(A2AAT) = N(AZMP),
In addition, R(AZMP) = R(A2~AAT) € R(A?).
(b) Since A2MP A = A2~ A, we have that A>M* A is clearly idempotent. Moreover,
R(APMP A) = R(A%2A) = A2 R(A) = A2 R(AAT) = R(AZ AAT) = R(AMP),
On the other hand, R(A2MPA) = R(AZ"A) C R(AT) = R(AT-AA?") C
R(A?~A). Finally,
N(APMP A) = N(A27A) = N(AA*"A) = N(C). u]

Theorem 2.7 Let A € C"*". For each A>~ € A{2}, the matrix A*M* is the unique that
satisfies the following properties:

() AX = R(C?),N(X)’ i) R(X) < R(A27)~ (26)

Proof From Theorem 2.6 (a), it is clear that A2M P satisfies conditions (i) and (ii).

To prove uniqueness, suppose that there exist X1, X, € C"™ that satisfy conditions
(i) and (ii). Then AX| = PR(C?)N(CZAAT) = AX», from where A(X; — X») = 0, hence
R(X| — X2) € N(A). Moreover, from R(X;) C R(A%7) fori € {1, 2} we have R(X| —
X5) € R(A%7). Then R(X1 — X»2) € R(A%7) N N(A). Since N (A) € N (A2~ A) and
R(A%) = R(AZ™A), we obtain R(X; — X2) € R(AZ"A) N N (A2~ A) = {0} because
AT Aisa projector. Therefore X| = X». O

From Theorem 2.5 and Theorem 2.7 we can conclude that, for a fixed matrix A2~ € A{2},
the matrix A2 * is the unique that satisfies equations (2.5) and also is the unique matrix that
satisfies relations (2.6). So, each approach is equivalent to the other one.

3 MP2-inverses

This section is devoted to present dual inverses of the 2MP-inverses introduced and char-
acterized in the previous section. Since the development of MP2-inverses is analogous to
2MP-inverses, we provide the results without proofs.

Proceeding as in Sect. 2, if A € C™*" is written as in (1.1) and the general form for
{2}-inverses of A is given by (2.1), we obtain
0 0

AAZ— —U <DaM DaMY]2> U*.

Now, by defining the equivalence relation: for AT A= ¢ A{2},

A>" ~, A= ifandonlyif AA’" = AA’,
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we get
a M MYp . _ B . ,
[AT]~, = [V <Y2/1M YZIIMY12> U e A2} : MD,M = M, for arbitrary YZI} .

A complete set of representatives of the partition on .A{2} induced by ~, is given by

R, = {V (Ag Mg”) U*: MD,M =M, Y € cax(m*@}.

Now, we observe that any element in R~., can be factorized as ATAA?~. So, we introduce a
new class of generalized inverses, which is the dual of the 2MP-inverses.

Definition 3.1 Let A € C™*"_ For each A2~ ¢ A{2}, the MP2-inverse of A, denoted by
AMP2 s the n x m matrix

AMPZ . ATAA2,

The symbol .A{M P2} stands for the set of all MP2-inverses of A; clearly AT is an element
of this set, thus A{M P2} # (. Hence, A{M P2} = {AYAA?~ : A%~ € A{2}}. Therefore,
MP2-inverses of A always exist; in general, they are not unique.

We notice that, if A € C"*" for each A2~ € A{2}, the matrix AMP2 € A{2}.

A 1-parametrized formula for MP2-inverses can be also established. Let A € C"*". Then
Z € A{M P2} if and only if there exists A>~ € A{2} suchthat Z = ATAA?~ + (1 —ATA)Y,
for arbitrary Y of suitable size.

Theorem 3.2 Let A € C"*", For each A>~ € A{2}, the matrix AMF? s the unique that
satisfies the following equations system (in the unknown X):

() XAX = X, (ii) AX = AA®", (iii) XC = ATC3. 3.1

Theorem 3.3 Ler A € C"*". For a given A>~ € A{2}, the matrix AMP? € C"™™ satisfies
the following properties:

(a) AMP2 A jsan oblique projector onto R(AMP2) along/\/(C?). Moreover, R(AMP2) C
R(AT).

(b) AAMP2 s an oblique projector onto R(AA%*™) = R(C?) along N(AA*™) =
N(AZ).

Theorem 3.4 Let A € C™*". For each A>~ € A{2}, the matrix AMP? is the unique that
satisfies the following properties:

(i) XA = PR(X)N(C;)’ (ii)R(X) - R(AT)~ (3.2)

We would like to highlight that the method followed in this paper could be used in future
research to introduce new kind of inverses by considering adequate equivalence relations.

4 C2MP-inverses

In this section, we give a natural generalization for rectangular matrices of CMP-inverses
defined by Mehdipour and Salemi in [13] for a square matrix A by AT = ATA| AT, with
A; = AAPA.
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Our extension of the CMP-inverses is different from the one presented by D. Mosi¢ in
[14], based on a weight matrix W, where the W-weighted Drazin inverse is used instead of
the Drazin inverse. That is, in [14], the author used an auxiliary weight matrix W in order to
define the W-weighted CMP inverse as ATW = ATAWAP-W WA AT, where AP-W denotes
the W-weighted Drazin inverse introduced by Cline and Greville in [4]. In this paper, we
use an outer inverse of a given rectangular matrix A instead of the W-weighted Drazin of
A. Specifically, we consider a 2MP core-part of A, that is, for each AT € A{2}, we take
advantage of Cé“, defined as in (2.4). The most important novelty in our approach is that we do
not need an auxiliary weight matrix but are using the matrix A itself for doing the extension.
This fact represents an interesting advantage with respect to the previous approaches used
for extending generalized inverses from square to rectangular matrices.

Definition 4.1 Let A € C"*". For each A2~ € A{2}, the matrix
ACZMP = ATC?AT c (CI’LXm
is called a C2MP-inverse of A, where C f‘ is defined as in (2.4).

Clearly, these inverses are not unique but always exist, because for A>~ = AT, we get
AC2MP — AT By the symbol A{C2M P} we denote the set of all C2MP-inverses of A, that
1s,

A{C2MP) = {ATCHAT : €5 = AA>™ A, foreach A>™ € A[2}}.

It is clear that, for square matrices, if we take A2~ = AD then AC2MP — ACMP

The following example shows that the Weighted CMP inverse of a matrix A defined by
Mosi¢in[14]as AT-W = ATAWAL-WWAATis, in general, different from a C2MP-inverse
of A analyzed in this paper.

Example 4.2 We consider
11
100 _ 1-11
A=|o01], W:( ) and A2:< )
00 000 0 11
It is easy to see that

A*:(l_”’) and A2 e AQ2).

0 10
11 1
By definition we get A>W = [ 00|, Cc8 = |01 ], A%"W = W, and ACPMP =
00 00
1-10 C2MP enw
(0 1()).Hence,A #* A .

Next result presents some properties of C2M P-inverses and relationships with 2M P-
and M P2-inverses.

Proposition 4.3 Let A € C"*", A>~ € A{2}, C3 defined as in (2.4), and AC*MF =
ATCfAT. Then the following properties are satisfied:

(a) ACZMP — AMPZAA2MP.

(b) ACPMP — ATAAZMP g AT,
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(c) ACMP ¢ A2y,
(d) AACMP A = C4h.
(e) AACPMP — CUAT = AAPMP,

(f) ACZMPA — A‘i‘c? — AMP2A.
Proof In order to simplify the notation, in this proof we set X := AC?M P, O

(@) X = ATC$AT = ATAATAAT = ATAA" AAP" AAT = AMP2AAPMP,

(b) X = ATCHAT = ATAAPMP AAT,

(©) XAX = ATCHATAATCHAT = ATAA2"AATAA?TAAT = ATAAAAT =
ATCHAT = X.

(d) AXA=AATCHATA = AATAA2"AATA = AA>™ A = C3.

(e) AX = AATCSAT = AATAA?" AAT = AA’"AAT. Now, AX = (AA?"A)AT
C5AT and AX = A(A?7 AAT) = AAMP,

() XA = ATCLATA = ATAA”AATA = ATAA?"A. Now, XA = AT(AA®"A)
ATC# and XA = (ATAA?)A = AMP24,

Theorem 4.4 Let A € C™*". For each A~ € A{2}, the matrix ASM¥ is the unique that
satisfies the following equations system:

(i) XAX = X, (ii) AX = C{ A", (iii) XA = ATC3. @.1)

Proof By Proposition 4.3, it is clear that AC?M P satisfies equations in (4.1). For uniqueness,
suppose that X; and X; are both solutions of the system (4.1). Then X; = X1AX| =
X1AXy = X0AX, = X5 ]

The following example shows that, in general, a C2MP-inverse of A is not an inner inverse
of A.

1-11

Example 4.5 Let A as in Example 4.2. If we consider A2~ = ( ) e A{2}, we obtain

1-11
20 1-10
C? =|10|and ACPMP — (1 1 O).Itiseasyto see that AACPMP A £ A,
00

Next, we give more properties of C2MP-inverses. For short, we write Py := AAT and
04:=ATA.

Proposition 4.6 Let A € C"™*". For each A>~ € A{2} the following properties are satisfied:
(a) ACPMP ¢ A(1} if and only if A2~ € A{1}.
(b) ACME = 04 A" Py = Q4421 Py,

(c) ACIMP i 4 (1, 2}-inverse ofC?.
(d) CZAACZMP — AACZMP.

(e) ACZMPC? — ACZMPA.
(f) PaC3 Q4 =C3.
Proof By using that AATA = A, itis evident that A(ATAA2"AANIA=A4 & AA> A=A

holds, which shows item (a).
Item (b) follows from Proposition 4.3 and Definition of C2M P-inverse.
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Now, C$#ACMPCA = AA>” AATA(A>"AATAA?"A) = AA’>”AA*" A = C{. On the
other hand, ACPMPCHACPMP — ATAA?"AATAA? AATAAP AAT = ATAAP AAT =
A'i'C?AT = ACZMP ‘hence AC2MP isa {1, 2}-inverse of C?, which proves (c).

From C3! AC?MP = AA2~AATAA?"AAT = AA’7AAT = C{ AT = AACPMP we have
that (d) holds.

In order to show (e), AC?MPC = ATAA?"AATAA’"A = ATAAA = ATC) =
ACZMPA.

Finally, PAC3' Q4 = AATAA?"AATA = AA>~ A = C4, which proves (f). O
Next lemma states canonical forms for every C2MP-inverse and 2MP core-part of A.

Lemma4.7 If A € C"*" js written as in (1.1) and A*~ is written as in (2.1) then

cr=U (D“AO“)” 8) V¥  and ASMP =y (%’8) U*, with MD,M = M.

Proof The proof follows immediately by taking into account the expression (1.2) for AT, O

Theorem 4.8 Let A € C"*". Foreach A*~ € A{2)}, the following conditions are equivalent:

() ACZMP :AT,

(b) C4t = A,

() A%~ e A1},

(d) A*™ € A{1,2},

() M = D7, for A being as in (1.1) and AT asin(2.1),

a ’

(f) ACMP ¢ Af1}.

Proof (a)=> (b)If AC?MP = AT then pre and post multiplying by A we have Py Cé“ Qs =A.
By Proposition 4.6 (f), C£ = A holds.

(b) = (¢) and (¢) = (d) are trivial.

(d) = (a) Since A>~ € A{1}, it is clear that C{ = A. Then, AC?MP = ATCHAT =
ATAAT = AT,

(e) <= (a) is immediately from Lemma 4.7.

(c) <= (f) follows directly from Proposition 4.6 (a). ]

Remark 4.9 If we assume that A>~ = AT then clearly C3' = A and A“>MP = AT, However,
the converse is not true in general. Let A as in Example 4.2. Consider

A2 = ((1) _} 2) € A{1,2} with¢ £ 0 ord #0.

So, C3 = A and AC?MP = AT but A2~ # AT

Theorem 4.10 Let A € C™*" written as in (1.1). For each A*~ € A{2} written as in (2.1),
the following properties are satisfied:
C2M Pyt MTOY . .
(a) (A yY=u 00 V*, where M has to satisfy MD,M = M.

TO
00
(©) (ACPMPYT — (ANYCMP if and only if MT =T, MD,M = M, and TD;'T =T.
(d) ACMP — A* if and only if M = D,,.

(b) (AHCMP — ¢y ( > V*, where T has to satisfy TDa_] T=T.
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(e) ACPMP =0 ifand only if A>~ = 0 if and only if C = 0.

Proof (a) is trivial.
(b) If A is written as in (1.1) then

T TZ
W2— 12 * : =1 _
(AN =U (Zle ZleZm) V*, where T has tosatisfy TD, T =T.

By computing (ANC?MP = AAT(AT)2~ATA, we get the result.
(c) Follows immediately from (a) and (b). Items (c), (d), and (e) follow immediately from
the expressions and straightforward computations. O
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