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E. Defez, J.J. Ibáñez, J. M. Alonso and J.R. Herráiz . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .76

A distribution rule for allocation problems with priority agents using least-squares method
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Probabilistic analysis of scalar random differential
equations with state-dependent impulsive terms via

probability density functions

V. Bevia �,1 J. C. Cortés � M. Jornet # and R.J. Villanueva�

(�) Instituto de Matemática Multidisciplinar (Imm),
Universitat Politècnica de València (UPV)

Camı́ de Vera s/n, València, Spain.

(#) Departament Matemàtiques,
Universitat de València (UV),
Burjassot (València), Spain.

1 Introduction

Most phenomena observed in nature can be described as a function changing smoothly over time.
However, sometimes the system suddenly changes its state, requiring special mathematical tools
to model its dynamics correctly. This is common in biology, medicine, or engineering when deter-
mining the effectiveness of specific impulsive-type control strategies. In ecology, these are known
as harvesting models [5, 9, 10].

In this contribution, we will study, from a probabilistic standpoint, the following random Initial
Value Problem (IVP):

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

dX(t, ω)
dt

= g(X(t, ω), t, A(ω)) −
N∑

k=1
Γk(ω)δ(t − tk)X(t, ω), t > t0,

X(t0, ω) = X0(ω).

(1)

Here t0 denotes a real number; X0(ω), A(ω) := (A1(ω), . . . , Am(ω)) and {Γk(ω)}N
k=1 are assumed

to be independent absolutely continuous random variables defined on the Hilbert space L2(Ω,R),
whose elements are real-valued random variables with finite variance and (Ω, F ,P) denotes a com-
plete probability space [6]; δ(t − tk) stands for the Dirac delta function [4] acting at the prefixed
time instants t = tk, k = 1, . . . , N and g is known as the (scalar) field function satisfying certain
conditions that will be specified later. Finally, X(t, ω) denotes the solution of the random IVP (1)

1vibees@doctor.upv.es
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2 Methods and Results

2.1 Pathwise solution

The deterministic Laplace transform [2] and the usual conditions required for the existence and
uniqueness of ODEs have allowed us to construct a right-continuous pathwise solution of the random
IVP (1), given by

X(t, ω) = X0(ω) +
∫ t

t0
g(X(s, ω), s, A(ω))ds −

N∑
k=1

Γk(ω)X(tk, ω)H(t − tk), t ≥ t0, (2)

X(tk, ω) =
X(t−

k , ω)
1 + Γk(ω)

= X(t+k , ω), ω ∈ Ω̃. (3)

2.2 Probability Density Function evolution

RDEs verifies a probability conservation property; that is, the total probability in the phase space
is conserved through time. This fact gives an evolution PDE which is verified by its 1-PDF. The
theorem can be stated as follows

Theorem 1. [1] Let b(·, t) : R −→ R be a Lipschitz-continuous function for all t ∈ (t0, ∞), and
continuous in t. Let X(t, ω), t ≥ t0, ω ∈ Ω be the stochastic process verifying the following RDE
in the almost-surely or mean square sense:⎧⎪⎪⎨

⎪⎪⎩
dX(t)
dt

= b(X(t), t), t > t0,

X(t0) = X0 ∈ L2(Ω,R).

(4)

Let D be a set such that {X([t0, ∞), ω)}ω∈Ω ⊂ D. Then, the 1-PDF of the stochastic process X(t),
denoted by f = fX(t), verifies the Liouville PDE:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∂tf(x, t) + ∂x[b f ](x, t) = 0, x ∈ D, t > t0,

f(x, t0) = f0(x), x ∈ D,

∂xf(x, t) = 0, x ∈ ∂D, t ≥ t0,

(5)

where f0 is the PDF of X0 = X0(ω).

When the RDE has random parameters, IVP (5) becomes a family of deterministic PDE prob-
lems indexed in the realizations, a, of the random parameter vector, A = A(ω),⎧⎪⎨

⎪⎩
∂tf(x, t | a) + ∂x[b(x, t, a)f(x, t | a)] = 0, x ∈ D ⊆ R, t > t0,

f(x, t0 | a) = f0(x), x ∈ D.
(6)

The PDF of the RDE solution (independent of parameter realizations) is obtained by marginalizing
the joint PDF of both the solution and the parameter vector A, which, using the conditional PDF
can be written as:

f(x, t) =
∫
Rm

f(x, t | a)fA(a)da = EA[f(x, t | A)], (7)

where fA is the parameters’ joint PDF and E denotes the expectation operator. This shows that
the PDF can be obtained by solving (6) for all realizations a of A and then computing its mean.
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However, a priori, global-in-time existence of a solution to the Liouville equation can only be
assured when the field function b(·, t) is Lipschitz continuous, uniformly in t. The field of the RDE
class under study, b(x, t) = g(x, t)− ∑

k γkδ(t − tk)x, does not verify this hypothesis at the impulse
times {tk}N

k=1. We want to obtain a condition such as (3), but for the PDF. This will allow the
computation of the evolution of f0, accurately capturing the discontinuities at the impulse times.

Let us turn back to the set of conditions in (3), which are identities between random variables.
We are going to make use of the RVT theorem, which can be written as follows:

Theorem 2. [2,8] Let X, Y : Ω → R
M be two random vectors with PDFs fX and fY, respectively.

Assume that there is a one-to-one, C1 function h such that X = h(Y). Then, denoting h−1 as the
inverse mapping of h,

fX(x) = fY(h−1(x))
∣∣∣∣∣∂h−1(x)

∂x

∣∣∣∣∣ , (8)

where
∣∣∣∂h−1(x)

∂x

∣∣∣ denotes the absolute value of the determinant of the Jacobian matrix.

Now, the Liouville equation describes the evolution of the PDF between impulse times, whereas
at any impulse time, applying the RVT theorem, we obtain:

f(x, tk) = EΓk
[f

(
x (1 + Γk), t−

k

)
|1 + Γk|], ∀x > 0, k = 1, . . . , N, (9)

because of the relations at (3).

3 Results

In this contribution, we are going to deal with the impulse-harvest generalized logistic model with
a finite number of captures, say N ,

X ′(t, ω) = α(t) r(ω)X(t, ω)
(
1 −

(
X(t, ω)
K(ω)

)ν(ω))
−

N∑
n=1

Γn(ω)δ(t − tn)X(t, ω), (10)

X(t0, ω) = X0(ω),

where t ≥ t0 and ω ∈ Ω̃. As usual, t is interpreted as the time, the parameter r is the growth (r > 0)
or decay (r < 0) rate, and K is the carrying capacity. The differential equation is generalized by
adding two terms: a positive, monotonically growing function α(·) and a constant positive term ν.
The first term, α(·), allows controlling the so-called lag phase, which is the growth phase in which
the population under study has not yet achieved a fully exponential growth. In particular, we have
chosen [7]:

α(t) :=
q(ω)

q(ω) + e−m(ω) t
, q, m > 0 a.s.

The latter, ν, is a power that controls how fast the carrying capacity K is approached and is known
as deceleration term. When ν = 1, the classical logistic differential equation is obtained. And when
ν tends to 0, the Gompertz equation is given. The incorporation of both the function α(·) and the
power ν allows for more flexible S-shaped curves to model growth phenomena over time.

3.1 Tumor removal

Radiotherapy, chemotherapy, and direct retrieval of a fraction of a tumor mass are some of the
main techniques used to treat cancer. The first two treatments have a prolonged effect of tumor
destruction, whereas the latter can be modeled via a delta-type impulse function because of the
sudden extraction of the tumor mass with respect to the total treatment. Let us model this problem
as (10), where the parameter vectors are chosen as follows:
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• The initial tumor size X0 ∼ N|(0,1)(0.15, 0.01), where N|(0,1) is a normal distribution truncated
on the interval (0, 1).

• Variables q and m will be given the same deterministic values as in the previous example:
q = 1 and m = 4.

• We consider r ∼ N|(0,1)(0.15, 0.0075), ν ∼ Unif(1, 1.25) and K ∼ Unif(0.9, 1).

• We are going to consider 5 removals with equally distributed intensity given by Γ ∼ N|R+(2, 0.01),
at times TTumor = {t1 = 15, t2 = 25, t3 = 35, t4 = 45, t5 = 55}.

Figure 1, shows the mean and 95%-confidence intervals according to the prefixed parameters and
removal times. It is seen how, after each removal, the tumor size grows according to the un-removed
size of the tumor. Interestingly, the confidence interval amplitude before each removal is higher than
the uncertainty after the removal. Indeed, since all removals are distributed as Γ ∼ N|R+(2, 0.01),
it is easily seen that each removal takes away half of the tumor (in average), thus reducing the
uncertainty after each removal time. This case allows having a long-time prediction with a reduced
level of uncertainty while still considering random impulses. This is further seen in Figure 2, where
the PDF given as the solution of the Liouville equation in this particular problem setting is shown
in every simulated time in TTumor.
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Figure 1: Time evolution of the mean tumor size and a 95% confidence interval with several
extractions.

4 Conclusions

In this contribution, we have obtained a pathwise solution to a general random differential equa-
tion with a finite number of random-intensity, state-dependent, impulsive terms, with the usual
assumptions on the regularity of the field function. Furthermore, we have determined the evolution
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Figure 2: Full view of the PDF evolution simulations at the corresponding time values in TTumor,
together with the mean (red) and 95% confidence intervals (dashed, black). Compare with Figure
1.

of the first probability density function of the solution stochastic process by combining the Liou-
ville equation and the Random Variable Transformation theorem. We have applied our general
theoretical findings to a mathematical model emerging from the generalized logistic model with
natural growth altered by impulsive terms acting contrarily to its natural dynamics.

As a final note, the work on which this presentation was based has been submitted to a scientific
journal as a research article.
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