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GDMP-inverses of a matrix and their duals

M.V. Herndndez*, M.B. Lattanzi* , N. Thomef

Abstract

This paper introduces and investigates a new class of generalized inverses, called
GDMP-inverses (and their duals), as a generalization of DMP-inverses. GDMP-inverses
are defined from G-Drazin inverses and the Moore-Penrose inverse of a complex square
matrix. In contrast to most other generalized inverses, GDMP-inverses are not only outer
inverses but also inner inverses. Characterizations and representations of GDMP-inverses

are obtained by means of the core-nilpotent and the Hartwig-Spindelbéck decompositions.
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1 Introduction and background

Let C™*" be the set of m x n complex matrices. For A € C™*", let A* A~! rk(A), and
R(A) denote the conjugate transpose, the inverse (m = n), the rank, and the range space
of A, respectively. As usual, I, stands for the n x n identity matrix and 0 denotes the zero
matrix of adequate size.

Let A € C™*"™. We consider the following list of matrix equations:
(1) AXA=A, ie., X isa {1}-inverse (or inner inverse) of A,

(2) XAX = X, ie., X is a {2}-inverse (or outer inverse) of A,
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(3) (AX)* = AX, ie., X is a {3}-inverse of A,
(4) (XA)* = XA, ie., X is a {4}-inverse of A,
(5) AX = XA,

(6) AkT1X = A*_ for some nonnegative integer k,
(7) XAk = A* for some nonnegative integer k.

A matrix X € C"*™ that satisfies equations (1)-(4) is called the Moore-Penrose inverse of
A € C™*" it always exists and is unique. It is denoted by Af. The set of matrices X € C"*™
satisfying the equation (1) is denoted by A{1} and one element of A{1} is denoted by A~.
The set of matrices X € C™*™ satisfying the equations (1)-(2) is called a {1,2}-inverse of A
and denoted by A{1,2}. Some applications can be found in [1].

The following results are used later.

Theorem 1.1. [2]/ Let A € C™*", B € CP*9, and C € C™*4. The matriz equation AXB = C
has a solution if and only if there exist {1}-inverses A~ and B~ of A and B, respectively,
such that AA=C = C and CB~B = C. In this case, the set of all solutions of AXB = C is
given by

X=ACB +Y—-AAYBB™,

for arbitrary Y € C"*P,

For A € C™ " the index of A is the smallest nonnegative integer k such that R(A*) =
R(A*+1) and is denoted by k = ind(A). Let A € C™*™ with k = ind(A). The Drazin inverse
of A is the unique matrix X € C™*" satisfying equations (2), (5), and (6), and is denoted by
AP. When ind(A) < 1, the Drazin inverse of A is called the group inverse of A (that is, it is
satisfied (1), (2), and (5)) and is denoted by A%. A detailed analysis of all these generalized
inverses can be found, for example, in [2-4] and some applications in [5].

Campbell and Meyer considered in [6] some modifications to the classic Drazin inverse
by introducing weak Drazin inverses. A particular case of weak Drazin inverses was defined
by Wang and Liu in [7] by means of equations (1), (6), and (7). More precisely, for a given

A € C™™™ of index k, a matrix X € C™*" is called a G-Drazin inverse of A if satisfies

AXA=A, XA'=AF and AFTIX = 4F (1.1)



always exists and, in general, is not unique. The symbol A{GD} stands for the set of all
G-Drazin inverses of A; an element of this set is denoted by A®P. In [8], Coll et al. proved

that the set of the equations (1.1) is equivalent to the more simplified system given by
AXA=A and A*X = XA (1.2)

For more details about G-Drazin inverses see [7-9).

Several generalized inverses and their duals were defined from others previously studied.
For a matrix A € C™*", two classes of such (uniquely determined) hybrid generalized inverses,
namely A® := A% AAT and Ag := ATAA#, were defined in [10, p.97]. Both classes were
rediscovered by Baksalary and Trenkler in [11], who introduced the inverse A% as the unique
matrix X € C™*" such that AX = AA" and R(X) C R(A). Clearly, the matrices A% and
Ag only exist when ind(A) < 1; such matrices are known as the core and the dual core inverse
of A, respectively. In [12, Theorem 2.1], Wang and Liu proved that if ind(A) < 1 then the

core inverse of A is the unique matrix X € C™*™ satisfying the following three equations:
AXA=A, AX?=X, and (AX)" = AX. (1.3)

These inverses were generalized for matrices of arbitrary index by Malik and Thome in [13].
For a matrix A € C™*™ with index k, the authors introduced the DMP-inverse as the unique

solution of the system of matrix equations
XAX =X, XA=APA and AFX = AFAT (1.4)

and denoted by AP"T. It was proved that APt = AP AAT. Similarly, its dual can be defined
by AHP = ATAAP. Some more properties and extensions of DMP-inverses and other inverses
were given in [14-18].

On the other hand, for A € C™*™ of index k, it was recently introduced its Drazin-
star matrix by Mosié¢ in [19] as AP* = AP AA*, which is a {2}-inverse of (AT)*. Dually,
A*P = A* AAP is called the star-Drazin of A. Some related results and applications of these
generalized inverses can be found in [13,20-22].

The aforementioned inverses, except for G-Drazin inverses, exist and they are unique.
Moreover, each of them can be represented as the (unique) solution of a system of suitable

matrix equations. Most of them do not satisfy property (1) above.



The main aim of this paper is to introduce and investigate a new generalized hybrid
inverse (and its dual): GDMP inverses (and dual GDMP inverses). This new class of matrices
provides a generalization of DMP inverses to a more general class.

In [2, Lemma 3, p.45], it was proved that if B and C are {1}-inverses of A, then the
product BAC is a {1, 2}-inverse of A. We will exploit this general class of {1,2}-inverses by
considering either B or C as the Moore-Penrose inverse of A.

The paper is organized as follows. In Section 2, we introduce new generalized inverses
called GDMP-inverses, which provide a generalization for DMP-inverses (and their duals).
In addition, we obtain a representation of GDMP-inverses by using the core-nilpotent de-
composition. After giving a representation of G-Drazin inverses, in Section 3 we obtain a
characterization for GDMP-inverses by using the HS-decomposition. Section 4 is devoted to
present GDMP-inverses as the solution of a system of matrix equations. Finally, Section 5

shows that dual GDMP-inverses can be similarly introduced and analyzed.

2 Definition and properties of GDMP-inverses

This section introduces new generalized inverses, named GDMP-inverses, which can be con-

sidered as a generalization of DMP-inverse.

Definition 2.1. Let A € C™" and k = ind(A). For each AP ¢ A{GDY}, the GDMP-inverse

of A, denoted by ASPT, is the n x n matriz
AGPT = AGD A AT,

The symbol A{G Dt} stands for the set of all GDMP-inverses of A; clearly A{GDt} # ()

because A{GD} is a nonempty set. Hence,
A{GDt} = {ASPAAT . AP € A{GD}}.
Therefore, GDMP-inverses of A always exist and, in general, they are not unique.

Proposition 2.2. Let A € C™" and k = ind(A). For each AP ¢ A{GD}, the matriz

AGPT satisfies the following properties:
(a) AGPT ¢ A{1,2}.

(b) AAGPY = AAt and AGPA = AGDA.



(c) ASAGPT = AsAt and ACPTAS = AGP AS for any positive integer s.
(d) AGDT pAk+1 — gk,
(e) AGDT —_ AGDAAGDT.

Proof. (a) Since A9P| At € A{1}, we have that AGPT = AGPAAt € A{1,2}.

(b) AAGPT = (AAGPA)AT = AAT and AGPTA = AGP(AATA) = AGPA.

(c) Let s be a positive integer. Then, ASACPT = ASAGPAAT = AS~1(AACPA)AT =
ASTTAAT = A5 AT, Similarly, AGPTAs = AGD A5,

(d) ACDT AR — AGDY gk A — AGD gk g — AGD gb+1 — gk,

() ACDT — (ACGDT 4) AGDT — (AGD 4) AGDT, O

Since G-Drazin inverses provide a generalization of Drazin inverses, if A € C"*™, for each
ASP ¢ A{GD}, GDMP-inverses constitute a generalization of DMP-inverses. In [13, p.8] the

authors considered the matrix

1100
0000
B= :
0001
0000
for which ind(B) = 2 and
1100 3 000 1000
1
BD_OOOO,BT_5000’BD,T:0000
0000 0000 0000
0000 0010 0000

It is easy to see that the matrix BP'T is not a {1}-inverse of B since rk(B) £ rk(BP'T). Then,
by Proposition 2.2 (a), it is clear that BP>T ¢ B{GDt}. By means of this example, the fact
that both classes of matrices are different, in general, is stated.

Next, we give a decomposition for GDMP-inverses of a matrix A by using its core nilpotent
decomposition [3,23]. The core nilpotent decomposition of a matrix A € C"*", with ind(A) =

k and rk(A) = a > 0, is given by



where P € C"*" and C' € C**% are nonsingular matrices, and N € C"~®)*(n—=a) ig nilpotent
with nilpotence index k.
If A is written in its core nilpotent decomposition as in (2.1), then the G-Drazin inverses

of A can be written as (see [7])

where N~ € N{1}.
The core nilpotent decomposition allows us to find necessary (but not sufficient) conditions

for the characterization of the matrix AGPT,

Proposition 2.3. Let A € C™*™ be written as in (2.1). Then, for each G-Drazin inverse
ACD of A, the GDMP-inverses of A can be represented as follows

-1

0 Ay
where Ao and A4 are matrices of suitable size such that AsN = 0, AyN = NN, and
Ay = N™NAy, for some N~ € N{1} (in consequence, Ay € N{1,2}) .

Proof. Suppose that A and AP are written as in (2.1) and (2.2), respectively.
A Ay

As Ay
A. It is easy to see that

Let AGPT = P P~ be partitioned accordingly to the sizes of the blocks of

A,C AN I, 0
! V) Pt oand ASPA-=p
A3C AyN 0 N™N

APTA =P p.
From Proposition 2.2 (b), A9PTA = AGPA. Thus, Ay = C', AyN = 0, A3 = 0, and
AyN =N"N.

Moreover,

oA cloA
> | p' and AGDTAAGDI _ p 2

0 Ay 0 N NA

ACGDT — p p1

By Proposition 2.2 (a), AGPTAAGPT = AGDPT Hence, N"NA4 = A4, which completes the

proof. ]



Let A be written as in (2.1) in its core-nilpotent decomposition, where C' = ,

0 2
-1 -6 1 0
1 2 8 0 1 01
N = ,and P = . If we consider the matrices Ay = ,
00 1 -6 0 0 0 1
0 400
1 1
Ay = , and N~ = Ay then it is easy to check that the conditions required in
11
1 1 01
- 010
Proposition 2.3 hold. Thus, H = P P! ¢ A{GDt}. However, HA # AP A.
0 0 11
0 0 11

Hence, H # APT. This fact means that A{GD1} ¢ {APT}, from where both classes of

matrices are different each other.

Remark 2.4. The condition A{GDt} = {APT} holds if and only if ind(A) < 1, for every
AeCmm,

3 GDMP-inverses by using the HS-decomposition

In this section, we give a characterization for the GDMP-inverses of a square matrix A by
using the Hartwig-Spindelbock decomposition [24,25]. For a given matrix A € C™"*™ of rank

a > 0, the Hartwig-Spindelbock decomposition (HS-D, for short) is given by

K YL
A=U U, (3.1)

0 0
where U € C"*" is unitary, ¥ = diag(o1ls,,0214,,...,0¢1s,), the diagonal entries o; being
singular values of A, 01 > 09 > ... > 04 >0, a1 +as+ ... +a; = a, and K € C**%,

L € Co*(n=a) gatisfy KK* + LL* = I,.
In what follows, we give a decomposition for every AP € A{GD} from the HS-D for A.

Before that, we state some necessary properties.

Remark 3.1. Suppose that A € C"*" is written in its HS-D as in (3.1), with 7k(A) = a
and ind(A) = k. If A := (XK)%P is a G-Drazin inverse of YK and P := (XK)*AF then the



following properties are valid:

(p1) ind(SK) =k — 1, (see [13, Lemma 2.8]).

(p2) A*=1l is a G-Drazin inverse of (SK)*~!, (see [26, Lemma 3.1]).

(p3) A(ZK)* = (ZK)*A = (SK)F1L.

(pd) (TK)F 1A = A(ZK)+1,

(p5) (BK)*A*EK)" = (BK)F.

(p6) P = (SK)F1Ak-1,

(p7) P(ZK)F! = (ZK)*1P = (SK)* ! In consequence, P(XK)* = (XK)*P = (S K)*.
(p8) PA(ZK)F = (ZK)F1

(p9) SKPA = P.

Properties (p3) and (p4) result directly from the definition of G-Drazin inverse and (pl).
Now, since (ZK)*TAFL(ZK)*1 = (SK)*~! by (p2), the statement (p5) follows from pre-
multiplying by (XK)A, post-multiplying by XK, and applying properties (p4) and (p3).
Property (p6) is obtained by applying (p3), while (p7) follows from (p6), (p2), and (p4).
Property (p8) is obtained from (p6), (p3), and (p2). Finally, (p9) follows from (p6).

Theorem 3.2. Let A € C""™ be written in its HS-D as in (3.1), with rk(A) = a and

ind(A) = k. The following conditions are equivalent:
(i) X € A{GD},
(ii) There exist matrices X;, for i =1,2,3,4 of suitable sizes such that

X1 X,
X=U U*, (3.2)
X5 X4

and the following four conditions are satisfied:
(a) EKXl + ELXg = Ia,
(b) X1 (BK)* = (ZK)*,

(c) X3 (ZK)*1=o,



(d) (K" Xy + (SK)FSLX, = (SK)* ' 2L

(iii) There exists a G-Drazin inverse A := (ZK)P of K such that for arbitrary matrices
S e Cln—a)xa 7 c coxa Ty e CoX(n=a) gnd 'y € Cn=a)*x(n=a) " X can be written as in

(3.2), where P := (SK)* 1Ak and

X, =PA+Z(I, - P),

Xy = K*S7'APSL + (I, - K*S7'PESK) — K*Y71PYLTy,
X3 = S(I, — P),

Xy =LY YAPYL + (Iy_q — L*'S7'PYL)Ty — L*Y"'PYKTY,
(XK Z +XLS)(I, — P) = (I, — P).

Proof. Let A be as in (3.1).

(i) = (ii) Let X € A{GD} partitioned as in (3.2) accordingly to the size of the blocks
of A. From AXA = A and KK* + LL* = I, we obtain XKX; + XLX3 = I,. Also,
X AL = Ak implies X1(ZK)*! = (ZK)*, X1(SK)*SL = (SK)P1SL, X3(3K)FM! =
0, and X3(XK)*SL = 0. Then, by making some computations, we obtain X; (LK)~ =
(SK)*! and X3 (SK)*! = 0. Finally, AFt1X = A* implies (SK)*1 X, + (SK)*SLX, =
(CK)k1%L.

(ii) = (iii) First, we solve the matrix equation in (b) by using Theorem 1.1. Note that there
exists a G-Drazin inverse A := (XK)%P of YK such that AF is a {1}-inverse of (XK)* (see
Remark 3.1 (p5)). Clearly, the equation X1 (SK)F = (SK)*! has (at least) a solution in X.

The set of all solutions of this system is given by
X, =PA+ Z(I, — P), for arbitrary Z € C***.

Analogously, by Theorem 1.1 and using Remark 3.1 (p2) and (p6), we solve the matrix

equation in (c) and obtain
X3 = S(I, — P), for arbitrary S € cn—a)xa

By replacing X7 and X3 in the matrix equation in (a) and by making some computations, we
have (XK Z + XLS)(I, — P) = I, — P. Now, we solve the matrix equation in (d) taking into
account that it can be written as

(K (K L) ? = (SK)" 5L (3.3)
4



*

and using Theorem 1.1. In fact, an easy computation shows that YIAK is a {1}-
L*
Xo

inverse of (LK)F ( YK 2L ) Thus, equation (3.3) has (at least) a solution in ,
Xy

and the set of all solutions of the system (3.3) is given by
Xo = K*S7'APYSL + (I, - K*S7'PYK) — K*S'PYLI,
Xy =LY YAPYL + (In—q — L*S7'PSL)Ty — L*S ' PYKTY,

for arbitrary matrices I'; € Cax(n=a) and Iy e C(n—a)x(n-a)

(iii) = (i) It is easy to see that

AXA—U (KX, 4+ XLX3)LK (KX + SLX3)SL

0 0

By using the expressions for X; and X3, (p9), and the last condition of hypothesis, some
calculations yield XK X + ¥LX3 = XKPA+YKZ(l,— P)+XLS(I,—P)=P+ (XKZ +
YLS)I,— P) =P+ (I, — P) = I,. Then, (XKX; + XLX3)YXK = YK and (KX, +
YLX3)XL =XL. Hence, AXA = A.

On the other hand,

X1 (ZK)* X(SK)F12L
X3(ZK)F X3(SK)F12L

XAk =U

and

(SK)FX) + (BK)FISLX; (BK)FX, + (SK)F1SLXy
0 0

AFX = U

Now, we replace X1, Xo, X3, and X, in block matrices of X A* and A¥X. From (p7), we
get X3(XK)*! = 0. Moreover, using (p7) and (p8), it is clear that X;(XK)* = (PA +
Z(I, — P))(SK)F = PA(XK)* = (SK)*1. From the equality YK X; + X LX3 = I, we have
(EK)kEX) 4+ (BK)P1SLX3 = (SK)PFY(2K X, + 2LX3) = (SK)F1,

Now, from (p7), (p4), and (p2) we get X1(XK)*1EL = (SK)F1AMSK) 1YL+ Z(1, —
P)(EK)F1SL = (SK)¥'AXL. Finally, (SK)*X, + (SK)*12LX, = (SK)*Y(APSL —
PYKT| — PYLTy 4+ KT 4+ XLTy) = (XK)* Y (APXL + (I, — P)XKT 4 (I, — P)SLT,) =
(SK)¥'AXL, where we have used the distributive property and (p7). Therefore, X A% =
AFX. Hence, X € A{GD}. O

10



Next, we are able to state a characterization for GDMP-inverses. The following result

gives the form of any APt € A{G Dt} from the H-SD of A.

Theorem 3.3. Let A € C™™" be written in its HS-D as in (3.1), with rk(A) = a, and

ind(A) = k. The following conditions are equivalent:
(i) Y € A{GD}.
(ii) There exist matrices X1 € C**% and X3 € C"=9*® sych that

X; 0
Y =U U*, (3.4)
X3 0

and the following three conditions are satisfied:

(a) SKX, + SLX3 = I,
(b) X1 (BK)* = (ZK)*,

(c) X3(SK)F=o0.

(iii) There erists a G-Drazin inverse A = (XK)%P of LK such that for arbitrary matrices
S e C=a)xa gnd Z € C™°, Y can be written as in (3.4), where P := (LK)F1Ak-1

and

X, = PA+ Z(I, — P),
X3 =S(I, — P),
(SKZ+ LS — 1,)(I, — P) = 0.

Proof. Let A be as in (3.1).
(i) = (ii) Since Y € A{G D1}, there exists X € A{GD} such that Y = XAA'. By Theorem

X1 X
3.2, the matrix X can be written as X = U ! 2 U*, partitioned accordingly to
Xs Xa
the size of the blocks of A, and the conditions (a), (b), and (c) of item (ii) hold. Since
K*x=1 0 X: 0
At =U U*, it is easy to see that Y = XAAT =U U*.
L=t 0 X3 0
(ii) = (iii) It follows directly from Theorem 3.2.
X, K*S7'APYL
(ili) = (i) Let X :=U U*. From Theorem 3.2, it is clear that
X3 L*S7'APSL
X € A{GD}. Moreover, XAAT =Y. Hence, Y € A{GD1t}. O

Next result follows from Theorems 3.2 and 3.3.

11



Corollary 3.4. Let A € C™™" be written in its HS-D as in (3.1) with ind(A) = k. The

following statements hold:
(a) A{GDt} C A{GD} if and only if (SK)* ' 2L = 0.
(b) A{GD} C A{GD+} if and only if (SK)* ' SL =0,Xy =0, and X4 = 0.
(c) A{GD} = A{GD*} if and only if A{GD} C A{GD1}.

Two subclasses of matrices are of particular interest are those given by EP matrices (AA! =

ATA) and Partial Isometries (AT = A*).

Corollary 3.5. Let A € C™*™ be written in its HS-D as in (3.1), with rk(A) = a, ind(A) = k.
The following statements hold.

(1) If A is an EP matriz, then

K*v7t 0
Y € A{GDt} ifandonlyif Y =U U*.
0 0

This is, the GDMP-inverse of an EP matriz is unique, and ASPT = AT = A#.

(2) If A is a partial isometry, then the following conditions are equivalent:

(i) Y € A{GD1t}.

(ii) There exist matrices X1 € Cyxq and X3 € C(n—a)xa such that

X 0
Y=U U*

X3 0
and the following conditions are satisfied:
(a) KXi1+LX3 =1,
(b) X1 K* = K+,
(c) X3K*=0.
Proof. In [24, Corollary 6] is was proved that A is an FP matrix if and only if L = 0 (or

equivalently, K is a unitary matrix); and A is a partial isometry if and only if ¥ = I,. Then,

the proof is immediate from Theorem 3.3. O

12



4 GDMP-inverses as solution of matrix equations

Let A € C™". From Proposition 2.2, if X € A{GD7}, then there exists Z € A{GD} such
that X = ZAA', and X satisfies the equations of the system

XAX =X, AX = AA", and XA4* = zA4A* (4.1)

Next, we will prove that the set A{GDt} is the solution set of the system (4.1), for any
Z € A{GD}.

Theorem 4.1. Let A € C™"*"™. The following conditions are equivalent:
(i) X € A{GDt}.

(ii) There exists AP € A{GD} such that X is solution of the system
XAX =X, AX = AA', and XAF = AP Ak,

(iii) For each Z € A{GD}, X is solution of the system (4.1).

Proof. (i) = (ii) It has been shown above.
(ii) = (i) Suppose that A € C"*™ be written in its HS-D as in (3.1), with rk(A) = a,
ind(A) = k, and X € C™ " being partitioned accordingly to the size of the blocks of A as

X1 Xo . :
X=U U*. From AX = AA', some calculations yield
X3 Xy
YKX1+YXLX3=1,. (4.2)
ARA
Let AGP =U U* be partitioned accordingly to the size of the blocks of A. By
Z3 2y

Theorem 3.2, the hypothesis AP € A{G D} implies that the following conditions are satisfied:
(a) SKZ) + SLZs = I,

(b) Z1 (SK)* = (SK)*,

() Z3 (SK)* =0,

(d) (SK)"™ Zy + (2K)* 2Lz, = (SK)" ' 2L

13



Comparing blocks in X A¥ = AP A% we have

X, (TK)F = (zK)F!, (4.3)
X, (CK)"2L = (2K Z + (2K eLz,, (4.4)
X3 (ZK)" = o, (4.5)
X3 (SK)"'sL = o. (4.6)

Let us consider the matrix
X1 Z
Zo=U| "' v
X3 Z4
We will see that Zy € A{GD}. Indeed, pre-multiplying equality (4.4) by XK and using

equalities (4.3), (4.2), and (4.6) we obtain

(K Z, + (SK)SLZy = SKX (SK) 'L
= KX, X, (ZK)*SL
= (I,— $LX3)X; (SK)*SL
= X, (SK)*SL - SLX3(SK)" 'L

= (ZK)* 3L

Hence, from this last equality, (4.2), (4.3), (4.5), and the Theorem 3.2 we obtain Zy € A{GD}.
Therefore, there exists Zy € A{GD} such that X = ZoAAT, ie., X € A{GD1}.

(ii) = (iii) From [26, Theorem 3.2], Z € A{GD} if and only if for arbitrary T, W,
Z = A9P 4 (I — Pyi)T(I — Pa)+ (I — Q)W (I — Par), where Py = AF(AGDP)E Py = AAGD
and Q4 = AP A. Now, it is easy to see that, for arbitrary 7 and W, X satisfies equations of
system (4.1) because P4 A" = AF and P, AF = AF.

(iii) = (ii) It follows immediately since A{GD} # 0. O

5 Dual GDMP-inverses

Similarly to GDMP-inverses, we can introduce a dual class of matrices called MPGD-inverses.
Since its development is analogous to GDMP-inverses, we only provide the results without

proofs.
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Definition 5.1. Let A € C™" and k = ind(A). For each AP ¢ A{GDY}, the MPGD-inverse

of A, denoted by ATGP | is the n x n matriz
ATED = ATAACD.
The symbol A{{GD} stands for the set of all MPGD-inverses of A, that is
A{1GD} = {ATAACP . A9P ¢ A{GD}}.

Therefore, MPGD-inverses of A always exist and, in general, they are not unique.
The following result gives a characterization for any AT¢P € A{1GD} from the H-SD of
A.

Theorem 5.2. Let A € C™™" be written in its HS-D as in (3.1), with rk(A) = a, and

ind(A) = k. The following conditions are equivalent:
(i) Y € A{1GD}.
(ii) There exist matrices Xo € Cox(n=a) gnd X, € Cn=a)x(n=a) gych that

K*Y' K*KXo+ K*LX,
Y =U U*, (5.1)
L*>' L*KX,+ L*LX,

where (SK)*M1 Xy + (SK)*SLX, = (SK)F 1L

Notice that X5 and X4 can be also determined as in Theorem 3.3.

Finally, dual GDMP-inverses can be characterized as follows.
Theorem 5.3. Let A € C™*" with ind(A) = k. The following conditions are equivalent:
(i) X € A{1GD}.

(ii) There exists ASP € A{GDY such that X is solution of the system
XAX =X, XA=A'A, and AFX = AFACP.
(iii) For each Z € A{GD}, X is solution of the system

XAX =X, XA=A'A, and A*X = AFZ.
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