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Abstract. A theorem of Z. Arad and E. Fisman establishes that if A and
B are two non-trivial conjugacy classes of a finite group G such that
either AB = AUB or AB = A~' U B, then G cannot be a non-abelian
simple group. We demonstrate that, in fact, (A) = (B) is solvable, the
elements of A and B are p-elements for some prime p, and (A) is p-
nilpotent. Moreover, under the second assumption, it turns out that A =
B. This research is done by appealing to recently developed techniques
and results that are based on the Classification of Finite Simple Groups.
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1. Introduction

The well-known and long-standing conjecture of Arad and Herzog claims that
the product of two non-trivial conjugacy classes of a finite non-abelian simple
group cannot be a conjugacy class. Taking one further step, several authors
have studied more general conditions on the product of conjugacy classes
that cannot either happen in a non-abelian simple group. This occurs, for
instance, when the product of two conjugacy classes is the union of certain
limited sets of conjugacy classes (see for instance [2,3,5]).

Our contribution is motivated by the new techniques and results that
have been developed in the last few years (requiring the Classification of
Finite Simple Groups) in this direction. These results not only provide the
non-simplicity of a group but the solvability of certain subgroups generated by
the conjugacy classes when certain conditions on their products are assumed.
This is the case, for example, of the main results of [4,6,8].

Among these results, Arad and Fisman proved that when A and B are
two non-trivial conjugacy classes of a group G such that either AB= AU B
or AB = A7! U B, then G cannot be non-abelian simple [1]. They used
elementary methods to prove it, however, the new outlined approaches allow
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us to revisit this theorem and supply solvability and structural properties in
the group. We prove the following.

Theorem A. Let A and B be conjugacy classes of a finite group G and suppose
that AB = AU B. Then (A) = (B) is solvable. Furthermore, the elements of
A and B are p-elements for some prime p and (A) is p-nilpotent.

Theorem B. Let A and B be conjugacy classes of a finite group G and suppose
that AB = AY U B with A # A™'. Then A = B and (A) is solvable.
Furthermore, the elements of A are p-elements for some prime p and (A) is
p-nilpotent.

The case A = B in Theorem B, that is, 4> = AU A~!, was already
studied in Theorem D of [4]. This asserts that, under this hypothesis, (A) is
solvable and the elements of A are p-elements. We will improve this result by
showing that (A) is in addition p-nilpotent. Moreover, for proving Theorem B,
we also need a new solvability criterion concerning the product of a conjugacy
class and its inverse class, which has interest on its own.

Theorem C. Let A be a conjugacy class of a finite group G such that AA™" =
1UAUAL Then (A) = AA~1 is an elementary abelian group.

The above result provides further evidence of the following conjecture
posed in [6]: If A and B are conjugacy classes of a group such that AA~! =
1UBUB™!, then (A) is solvable. The non-simplicity of G' and the solvability
of (A) for some specific cases were obtained in Theorems A and C of [5] and
also in Theorem C of [7].

The proofs of Theorems A and B are based on the Classification. How-
ever, the proof of Theorem C is elementary. All groups are supposed to be
finite and the notation is standard and essentially follows that appearing in

[1].

2. Preliminary Results

We state some preliminary results. The first one is essential for proving both
Theorems A and B, and part (a) requires the Classification of Finite Simple
Groups. However, part (b) does not need it.

Theorem 2.1. Let G be a finite group and let N be a normal subgroup of G.
Let x € G be such that all elements of xN are conjugate in G. Then:

(a) N is solvable.

(b) Ifx is a p-element for some prime p, then N has a normal p-complement.

Proof. This is Theorem 3.2 (a) and (c) of [8]. O

The following property, however, is elementary and is used for proving
Theorem B. Observe that in the particular case of Theorem C, this property
is trivial. This situation is addressed in [5].

Lemma 2.2. Let K and D be conjugacy classes of a finite group G such that
KK '=1UDUD™'. If K is real, then D is real.
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Proof. See Lemma 3.1 of [5]. O

Our approach mainly utilizes the complex group algebra. We denote by
C|[G] the complex group algebra of a group G over the complex field C. Let
K be a conjugacy class of G and denote by K the class sum of the elements
of K in C[G]. Let g1, ..., gr be representatives of the conjugacy classes of a
finite group G. Let S = Zle nig® with n; € N for 1 < i < k. We write
(S, g¢) = n; following [1]. Nevertheless, our notation for class sums differs
from that appearing in [1] in order to facilitate the reading. The following

properties are well known.

Lemma 2.3. If D1, Dy and D3 are conjugacy classes of a finite group G, then
(i) (D1D2, Ds) = (Dy'Dy D5y

(i) (D1Ds,Ds) = |Dof| D3|~ (D1 D5 ", Dy ') -

(iii) (D1D2, D1)=|Ds||D1|" (D1 Dy ", D3 )= (Do D7, Dy t) = (D5 ' Dy, Dy).

Proof. This easily follows, for instance, from Theorem 4.6 of [9]. g

3. Proofs
We start by proving Theorem C, which will be used for proving Theorem B.

Proof of Theorem C. The case A = A~! is easy and known, so we can assume
that A # A=!. By Lemma 2.3 we have

o~ ~ ~—— — —_~ —_—2 -
m = (AA-1, A) = (AA-1 A1) = (42, A) = (A1 A1),

where m is a positive integer, and so we can write

o ——

AATT = |AT + mA + mA-1
A\Q:mg—l—aﬁ—l—f (1)

—2

Al :mﬁ—i—aﬁ—l—]ﬁ

where a > 0, and T is a sum of conjugacy classes taking into account the
multiplicities and such that (T,L) = (T-1,L) = 0 for L € {1,A, A=1}. For
convenience, we write

T=0Li+ - +1L,
where L; are distinct conjugacy classes of G and [; the corresponding multi-

plicities, and T-1 denotes llLfl 4+ Lt
Suppose first T # () and calculate

o~ —— 2 ~ — ~ — ~ —
A2A-1 = (mA+aA= '+ T)(mA1 + ad +T-)
2 —

— m2AA-1 + maA? + mAT—1 + ma//l——\l +a?A-14
+aA 1T 1+ mTAL +oTA+TT1.
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Consequently, from the above equation, we observe
2
(A2A-1 1) = m2|A| + o®|A| + 11| Ly| + - - - 1| Ls|. (2)
On the other hand,

(AA1)2 = (JA[T+ mA + mA- ) (JA[T + mA + mA-1)
= |APPT + [AlmA + |A/mA -1 + |AjmA + m?A% + m2AA-1
— — —2
+m|A|A~T +m2A-TA+m2A-1 .

Thus,
(AA-1)2.T) = |AP 4 2m?|A|. (3)
By joining Eqgs. (2) and (3) we obtain
BILa| + - + 1| Ls| = |AP? + (m?® — a®)|A] (4)

and from Eq. (1) we have
WL+ + Ll Ls| = [A]* = (m + a)| Al (5)

Hence, from Egs. (4) and (5), we conclude that m = o — 1.
On the other hand, we calculate

A(AAT) = A(JA[T+mA +mA1)
= |A|A+ m(mA + aA1 +T) + m(|A[1+ mA + mA-1) (6)
m|AT + (JA| + 2m2)A + (am + m?) A1 +mT

and

A2A-1 = (m.ll\—i— A1 +1A“)Z—\1
m(|A[T+ mA+mA-1) + a(mAL +ad+T-1)+TA1 (7)
= [AmT + (m?+ a®)A+ (m® +am)AL + T + TAL.

So, from Egs. (6) and (7) we conclude that T'= T~ and m = a + 3
for some 8 € N*, a contradiction. This contradiction implies that T'= (), and
hence A2 = AU AL
Now we prove that (A) is elementary abelian. Indeed, we have A% = AA? =
A(AUA™Y) = A2UAA"L =1UAUA™L so we deduce that (A) = TUAUA™L.
In particular, all non-trivial elements of (A) have the same order, and this
forces (A) to be p-elementary for some prime p. Finally, we prove that (A) is
abelian. Put N = (A) and let z € A. Observe that |#V| divides |A| = |2,
but on the other hand, |z | also divides |[N| = 1 + 2|A|. This implies that
|zN| = 1, and hence N is abelian. O

Examples. The smallest group for Theorem C with A non-trivial and real is
the symmetric group on 3 letters with the conjugacy class of 3-cycles. The
smallest example for Theorem C with A non-real is the non-abelian group of
order 21, G = (z,y | ¥ = 22,27 = 1), when we consider the conjugacy class
A = {z,22,2*} where (A) = () = Z7.
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We restate Theorems A and B in terms of the theorems appearing in
[1]. We will divide the proofs into several steps. Although Steps 1 and 4 are
identical to those appearing in [1] we are including again their proofs for the
reader’s convenience.

Theorem A. Let Dy and Dy be conjugacy classes of a finite group G and
suppose that D1 Dy = Dy U Ds. Then (D1) = (D3) is solvable. Furthermore,
the elements in Dy and Dy are p-elements for some prime p and (D1) is
p-nilpotent.
Proof. First, let us prove (D;) = (D3) by induction on |G|. If G = (Dy) =
(D3) the proof is finished. Suppose, for instance, that (D;) < G and write
G = G/(Dy). Then Dy Dy = Dy U Dy, which implies that Dy = T, and hence
(D3) C (D1). Now, if we consider the factor group G/(Ds), by arguing as
above we get (D1) C (D3).

We continue the proof by induction on |G|. We write B\lb\g = nll/)\l +
n2D2 with nl,ng e N*.
Step 1: D1D2 = n1D1 + ngD2 and D; = D71 for 1<i<2.

By Lemma 2.3 (111) (D1D2,D1) (DyD; ', Dy) and ns = (D) Dy, Dy) =
(l/)\ngl, D;l). So l/)\l = n1D1 + 7’L2D + T where T is a sum of classes

(counting multiplicities) with (T, E) =0 for L € {Dy,D;'}. Since
n1|Dy| + n2| Dy | = na|Di| + n2| D2| = |Di|| D2| = |Dy|| D3|
= n1|D1| + no| Dy | + |T1,

then T = 0.
In addition,

<n1D1+n2D YDy = (D1D;')Dy = (D1 D2)Dy" = (n1 Dy + n2D2) Dy

So Dng = D1D2 or equivalently nlﬁl +n2D;1 = nlﬁl —|—n252 then
Dy = Dy' and similarly D; = D;!
Step 2: We have

— |D1[T + na|D1||Dy| ' Da + 51Dy + M,
— | DaT + na|Dy||Dy| ™' Dy + 52D5 + M

where s; € N and ]\Z are sums of conjugacy classes taking into account their
multiplicities such that (M;,C) =0 for C € {1, D,}, i,j,€ {1,2}.
By Lemma 2.3 we know that

(D1 1) = |D1|(D1, D) = | Dy,
(Di”. D) = |Di|Da| (D1 D, D) = | Dy | Dol "' ma
Then we can write
= |Di[1 + n1|D1||Do| " D3 + 51Dy + M,

and analogously,

= | DsT + na|Dy||Dy| " Dy + s2D3 + M,
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for some s; € N and M; such that (]\Z,é’) =0 for C € {1,D;}, i,j,€ {1, 2}.

We distinguish two subcases depending on whether M; = ) or not.
Step 3: If My = 0, then (Dy) is p-elementary abelian, so the theorem is
proved.

If My = 0, then either D? = 1U Dy U Dy or D? = 1 U Ds. In the first
case, D} = 1U D; U Dy and in the second D} = 1U D; U Dy, so in both
cases it certainly follows that (D;) = 1U Dy U Ds. Hence, joint with the fact
that (D7) = (Ds), we deduce that (Dp) is a minimal normal subgroup of
G. Furthermore, it must be solvable due to the fact that its elements only
have two possible orders. Consequently, (D) is p-elementary abelian for some
prime p, so the thesis of the theorem trivially follows.

Henceforth, we will assume that M7 # ().

Step 4: We have

n1 My = n1|D1||D2| ' M + My Dy — (M1 D, D2) Do
naMs = na|Dy||Dy| " My + My Dy — (M2Dy, D1)Ds.
By applying Steps 1 and 2,
D1(D1Ds) = D1(n1 Dy +n2Ds) = ny(|D1 |1 + ny|Dy||Do| ' Do + 51Dy + M)
+no(n1 D1 + neDo)
and
~2 ~ ~ —~ —~ —~
D1 D2 = (|D1|1 +’ﬂ1‘D1HD2|71D2 + 81D1 + Ml)DQ
= |D1|D2 + nl\D1|\D2|_1(|D2|T+ n2‘D2HD1|_1D1 + 89D9 + Mg)
+s1(n1D1 + neDy) + My Ds.
—_ ~ —~2 —~ —~ ~ o~
Since Dl(DlDQ) = D1 DQ, 0= (]\411)27 1) and
(M1Ds, D1) = |M;||D:1|~" (M1, D1Ds) = 0,
then
niM; = n1|Dy|| Ds| ™' My + My Dy — (M1 Da, D3)Ds.
Similarly we get
n2M2 = TL2|D2||D1|71M1 -+ M2D1 - (]\42D17 Dl)Dl.
Step 5: Conclusion.
First, let us see that (D;) is solvable. By applying Step 4, we have
ninaMs = nins|Ds||Di| ™' My + nq(MaDy — (MsD1, D1)Ds)
n2|D2HD1\*1(n1|D1||D2|*1M2 + My Dy — (M1 D3, D2)D5)
+n1MoDy —ny(MyD1, Dy)D;.
It follows that ng\D2||D1|71]\/4\11/7\2 + ﬂlj@l/)\l = lll/)\l + lgl/)\g for 11,1y €
N. In parmcular M1D2 = m1D1 + m2D2 for mq,mo € N As we know
(Mng, Dl) = O then MlDQ = m2D2 Symmetrlcally, M2D1 = m1D1
Hence, taking into account Step 4 and the definition of M7, we obtain nq M1
n1|D1||Da| 71 Ms. Thus, My = Ms, as sets that are union of conjugacy classes,
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so we have Dy M; = D;. As a result, D;(M;) = D;. Then, as either D} =
1UDy;UDy UM, or D = 1U Dy U M, we easily deduce that (D;) =
1U Dy U Dy U M.

We write G = G//(M;) and then (D7) = TU Dy U D5. By induction, the
elements in Dy and Dy are p-elements for some prime p, so (D;) is a p-group.
Let d € D;. As all elements in d(M;) are conjugate in G, then (M) is solvable
by Theorem A(a). It clearly follows that (D;) is solvable. Finally let us prove
that the elements in Dy and Dy are p-elements too. Let 1 # P € Syl,((D1)).
Note that (D) = P(M;) = P(M;)Dy = PD;. In particular, we can write
1 = xd with x € P and d € D;. This shows that the elements in D; are
p-elements. Analogously, we can deduce that the elements in Dy are also p-
elements. By Theorem A (b), we conclude that (M), and then also (D), has
normal p-complement. O

Examples. We show different examples corresponding to distinct cases of
Theorem A.

1. The easiest example is the dihedral group of order 10, in which the only
two conjugacy classes of size 2 satisfy the hypotheses of the theorem.
This example can be generalized by taking G = () (a) = Z,xZ,_1) /2,
where p is a prime such that p = 1 (mod 4) and « is an automorphism
of order (p — 1)/2 of (x). The subgroup (x) contains exactly the trivial
class and two (real) conjugacy classes A and B of size (p — 1)/2, which
satisfy AB = AUB and (A) = (z). This corresponds to the case M; = ()
in Step 3 of the proof of Theorem A.

2. Two examples with (A) non-cyclic are the following. Let G = ({z) x
(y)) x (a) = (Z3 x Z3) x Z4, where a is defined by: 2 = 22y, y* = zy. If
we take A = {z, 2%y, 22, 2y?} and B = {y,zy,y? 2%y*}, then we have
AB = AUB and (A) = (B) = (z) x (y). On the other hand, the group of
the library of the small groups of GAP [10] with number Id(1176, 213)
has two conjugacy classes A and B of size 24 satisfying the hypotheses
of Theorem A, with (A) = Z; x Z7. Also in both examples M; = ().

3. The group Id(108,15) has two conjugacy classes A and B of size 12
satisfying AB = AU B with (A) = (Z3 x Z3) x Z3. This example
shows that (A) is not necessarily abelian. We remark that this example
corresponds to the case M; # 0 in the proof of Theorem A (see Step 4).
In fact, (My) = Z({A)).

4. The smallest group that we have found with the help of [10] satis-
fying the hypothesis of Theorem A and (A) not being a p-group is
1d(480, 1188). Its structure description is (((Za X Za X Zg X Za) X Zs5) X
Zs) % Z3 and has two conjugacy classes A and B of size 32 of elements
of order 5, such that AB = AUB and (A) = (Zg X Zg X Lo X Z3) X Zs,
which is 5-nilpotent but not a 5-group.

As we said in the introduction, to prove Theorem B we make a slight
improvement of Theorem D of [4] by proving p-nilpotency.

Theorem 3.1. Let G be a group and let K = 2% be a conjugacy class of G. If
K? = KUK, then (K) is solvable. Moreover, x is a p-element for some
prime p and (K) is p-nilpotent.
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Proof. Following the proof of Theorem D of [4] we have KK~! = 1U K U
K~'US where S is union of conjugacy classes of G other than 1, K and K.
If S =0, by the proof given in [4] we have that (K) is p-elementary abelian
for some prime p and the theorem is proved. If S # (), again by following
the quoted proof, KS = K, (K)/(S) is p-elementary abelian for some prime
p and z is a p-element. In particular, the elements of x(S) are all conjugate
in G and, by applying Theorem A(b), (S) has normal p-complement. Since
(K)/(S) is a p-group, then (K) has normal p-complement too. O

Theorem B. Let D; and Dy be conjugacy classes of a finite group G and
suppose that D1 Dy = Dfl U Do with Dy # Dfl, Then D1 = Dy and (D) is
solvable. Moreover, Dy is a class of p-elements and (D) is p-nilpotent.

Proof. By arguing by induction on |G| as at the beginning of the proof of
Theorem B, we can easily deduce that (D) = (Ds).

If Dy = Do, by Theorem 3.1 we have that (D) is solvable, the elements
of D; are p-elements, and (D;) is p-nilpotent. To complete the proof, in
the following, we will prove by minimal counterexample that there do not
exist distinct classes D and Ds in a finite group satisfying the hypotheses
of the theorem. Let G be a finite group of minimal order and let Dy and Dy
two conjugacy classes such that D1Dy; = Dy Ly D5, with Dy non-real and
Dy # Dy. We write Dy Dy = nyD;" +nyDs with ny, ny € N*. We distinguish
two cases: first, Dy = Dy ' and second Dy # D *.

Case 1: D, = D, '
Step 1.1: We have

1/3\12 = ﬂlb\z + n21/)\1
D;'Dy =Dy
Dy = |DafT +no(Ds + Dy ') + L
with L =L~', 0= (L,C) for C € {1,D1,D; ", Dy}
Follow Steps ¢(1)(i), ¢(1)(ii), ¢(1)(iii) and ¢(1)(iv) of the proof of The-

orem 2 of [1]. We remark that the proof of these properties do not need to
assume that G is simple (as assumed in the quoted theorem).

Step 1.2: We have Dl_ll/)\g = nll/)\l + ngﬁg.

Since l/)\ll/)\g = nlDfl + ngl/)\g and l/)\g = D;l, we have Dfll/)\g =
Di'Dy!' = n D, + neDy ' = n1Dy + nyDs.
Step 1.3: L # 0.

If L=0,then D3 =1UD; U Dl_1 and since Ds is real, by Lemma 2.2,
D is also real, a contradiction.

Step 1.4: Conclusion.
We know, by Step 1.1,

—~2 —~ ~ — - o~ o~
Dy Dy = (|Da|1 +ny(Dy + DiY) + L) Dy
—~ —~2 —~2 o~~~

= |D2‘D1 —|—7’L2D1 +7’LQD2 +LD1
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and, by applying Step 1.2,
o~~~ —~ — —~ —~ —~ 2
D2(D1D2) = DQ(’rLlDfl + nQDQ) = nl(n1D1 + nng) + noDs .
Hence
|D2|E\1 + n2(n15\2 + 71251) + Eﬁl = n%ﬁl + n1n25\2~

Thus (|Do| + n%)l/)\l + 1D, = n?[/)\l Tt follows that LD, = kD, for some
k € N*. As a consequence, there exists a conjugacy class C of G other than 1,
Dy, D! and Dy such that D;C = D,. Thus, D, (C) = Dy, with 1 # (C) <G
and we write G = G/(C). We have |G| < |G|, D1Dy = Dy ' U Dy, with D; #
D7Y, because otherwise Dy = D;(C) = D;y*(C) = D!, a contradiction. In
addition, D; # Dy because otherwise Dy = D1(C) = Dy(C) D Dy, which is
impossible. By minimality, we get a contradiction and this case is finished.
Case 2: Dy # Dgl.

We have
ooy P 557 ooy - P2l 5 0 By — (B D=t
0= (D1Dy,Dy) = (D1Dy ", Dy ) = (D1Dy ", D2) = (D1Dy ", Dy)
|D1] | D1
e~~~ Dy|, —~2
0= (5102, D5 Y) = 2B, )
| D
e~ Dy| —~2 ——
ni :<D1D2aD1 1):M(D1 7D21)
| Dy
e~ o~~~ = |Di|, >~
ng = (D1D2,Dy) = (D1 D5 ~, D, )—@(DZDQ ;D)
We denote by
~ T T D], ~2 —~
h=(DiD; D) = P (D) D),
—— Dy| =2 =
ly =(D1D3 ", Dy) = :D;|(D2 ,D1)

Therefore, we can collect all these multiplicities in Table 1, which also appears
in the proof given by Arad and Fisman.

In Table 1, we have N; = N; ' and (L,C) = 0 for C € {1,Dy, D, '},
L € {M;;, N} for every k,i,j € {1,2}.

_ Dyl ~ — e —
Step 2.1: 7’),1N1 = N1 BNQ and N2D1 = (N2D17D1)D1.
2

Follow Steps ¢(2)(i) to (vii) of the proof of Theorem 2 of [1]. We remark
again that the assumption of simplicity of G in that theorem is not needed
to prove these properties.
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Table 1. Multiplicities of D; and D5 and their inverse classes
in their respective products

1 D, Dyt D, D!
515/\2\ 0 ni N9 0
D1D2_1 0 0 ll 12 Up) M12
=2 , | D1 | D1 /\
D 0 d 17— — M
1 ]1D 1 1|D2| nl‘D2| 11
—2 —
D, 0 12M 0 Jo dy Mys
- | D1
DDy | D1 J1 J1 0 0 N,
—~ Dy| | D5 . .
D,D;t D |Ds| == N.
2472 | 2| nQ\D1| nQ\D1| J2 J2 2

Step 2.2: Conclusion.

We distinguish two cases, whether ]/\7\2 # 0 or not. First, if N\g # 0,
then there exists a conjugacy class C' of G such that D1C = D;. We can
apply the same argument as at the end of Step 1.4 of Case 1 and, by minimal
counterexample, we get a contradiction.

Assume now that ]/\7\2 = 0. By Step 2.1, we know that

—~ ‘ D1| —~

n1N1 =11 ‘D2|N2.
Therefore, N\l = 0. Thus, from Table 1, we have DlDl_1 =1UDi U D1_1
and by Theorem C, we conclude that (D) = DlDf1 =1UDyU Dfl. This
forces that Dy = D Lor Dy = Dy and both certainly are contradictions.
This finishes the proof. U

Ezamples. This is an example of Theorem B where (A) is p-nilpotent and not
a p-group. We take the group G = ((Za X Za X Z2) X Zz) x Z3 = 1d(168,43)
which has a conjugacy class A of elements of order 7 and size 24 satisfying
AZ=AUAL Also, <A> = (ZQ X Ly X Zg) X L.
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