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Introduction

This works sits in the framework of the course Topologia descriptiva. Aplicaciones,
which is part of the syllabus of the Master’s programme. Our aim is to present
some of the main results of the course in a complete, systematic and self-contained
way. To be more precise, our main goal is to give a proof of the Yosida Theorem
and some consequences. To do that we present some of the basic facts of Func-
tional Analysis needed to state and understand the result. The work is divided in
five chapters.

In the first chapter we present some of the basics on normed spaces, paying
particular attention to continuity and linear mappings. We consider the space
L(X,Y) of continuous linear operators between two normed spaces X and Y, and
the dual of a normed space X, defined as the space of scalar valued continuous
linear functionals.

The dual space is principle endowed with the topology defined by the natural
norm induced by the norm of X. The second chapter is devoted to the definition of
two other topologies that play an important role within the theory: the weak and
weak™ topologies. In order to do that we introduce the needed basic definitions
and facts on seminorms and locally convex topologies.

In the third chapter we deal with the space L(X) of continuous linear oper-
ators from X (a normed space) to itself. Again, it is endowed with the topology
given by the natural operator norm. In this chapter two other topologies are de-
fined and studied: the strong and weak operator topologies. We prove the Banach-
Steinhaus theorem.

The Yosida Theorem deals with the behavior of the iterates of an operator T
(that is, the iterative composition of T with itself), and the convergence in some
sense in some of the topologies introduced in the previous chapter. This sits in a
wide area known as Ergodic operator theory, and is developed in the fourth chapter.
To handle this issue we introduce the Cesaro means of an operator, and introduce
the notions of power boundedness, mean ergocidity and uniform mean ergodicity.

The final chapter of the work we look closer into uniform mean ergodic op-
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erators, in particular its connection with compact and quasi compact operators.



Chapter 1

Basics on normed spaces

1.1 Normed spaces and linear operators

Definition 1.1. A norm on a real or complex vector space X is a mapping

[l-]]: X > R*

x = ||x]|

which satisfies the following conditions:

1. ||x|| = 0, for all x € X;

2. ||x|| = 0 if and only if x = 0;

3. ||[Ax|| = |A] - ||x]||, for all A € C;

4. ||lx+yl| < ||x]| + |lyl|, for all x,y in X.
Definition 1.2. A normed space is a pair (X, || - ||) where X is a real or complex
vectorial space and || - || a norm.

Definition 1.3. A sequence of elements in a normed space X is a mapping from
the set N of the natural numbers in X:

f*N—X
The element x,, of the sequence is the image:

Xn = f(n)
of the number n trough the function f.

A point [ in X is called limit of the sequence {xy}, if and only if, for all ¢ > 0
there exists ny € N such that, if n > ng then ||x, — I|| < &. In this case we will

write

lim x, =1
n—oo

and we will say that the sequence is convergent.

7
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(n+1)
n neN

is a sequence with values in R and its limit is [ = 1.

Example 1.4. The sequence

Example 1.5. Let p € [1,00[. The space [, := {(xp)nen € KN [1(xn)lp < oo}
where

0 1/p
el = (Z |xn|P)
n=1

is a normed space.
For p = oo the space I is defined as

loo == {(xn)new : sup |xn| < oo}
neN

and it is endowed with the norm

[ Gen) oo := sup |xpl.
neN

Also the space ¢y == {(xp)ner € K : lim x, = 0} endowed with the norm
n—oo

[|(x1)]]o is @ normed space.
Definition 1.6. Let ¢ > 0 and x € X. We define the set
Be(x) ={ye X :||lx—y|| < e}

and we will call it the ball of centre x and radius ¢.

We will always use the notation B to indicate the ball of radius 1 and centre
0. Let us see various interesting properties of the balls. First of all we can see that

B,(-x) =-B,(x), xe€X,r>0

because if y € B,(—x) then ||y — (—x)|| < r. Thanks to the norm properties we
have ||(-1)(y + x)|| < r that implies || — y — x|| < r and so —y € B,(x).
Another interesting property of the balls is the following

B,(x) + B,(—x) = B5,(0), x€X,r>0.

Definition 1.7. A set C C X is said to be bounded if there exists ¢ > 0 such that
C C B.(0).

Definition 1.8. AC Xis an open set if for every point x in A there exists a positive
real number ¢ (depending on x) such that B.(x) C A.
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Definition 1.9. UC X is a neighborhood of x in X if there exists an open set A
such thatx e A C U.
We call

N(x):={U € X :U neighborhood of x}

the set of the all neighborhoods of x.

Definition 1.10. A subset B(x) of N (x) with x in X it is called basis of neighbor-
hoods if for all U in NV (x) there exists V in B(x) such that V C U.

Definition 1.11. Let (X, || - ||) be a normed space. A sequence (x,), € X is said
to be Cauchy if the following condition is satisfied: for every ¢ > 0 thereisny € N
such that ||x, — x;,|| < ¢ for each m,n > n,.

Theorem 1.12. Let X be a normed space. Then every convergent sequence is a
Cauchy sequence.

Proof. The sequence (x,), is convergent so there exists ny € N such that, for all
n > ng we have ||x, — || < /2. Let us now consider n,m € N such that n,m > ny.
We clearly have, thanks to the triangle inequality,

lxn = x| < |lxn = U] + ||l = xml| < e.
O

Definition 1.13. A normed space X is called complete (or Banach) if every Cauchy
sequence is convergent.

Proposition 1.14. Let (X, || - ||x) be a Banach space and Y a linear subspace of X.
Then (Y, || - ||x) is a Banach space if and only if Y is a closed subset of X.

The converse of the Theorem does not hold in general. We see now a space
in which there are Cauchy sequences that do not converge in the space (that is,
we give an example of a normed space that is not Banach).

Example 1.15. The space coo which consists of sequences (a,),en of real number
that are eventually zero, that is to say that there exists N € N such that, for all
n > N, a, = 0, equipped with the I; — norm is not a Banach space.

If we consider the sequence (v,)nen C coo as follow

11 1
om=(1==...—,000,...
2’4 2n

1
it is clear that in I; we have thatov, — v = (1, >

> on? gn+l?

...)asn—>00.

A

o 1
It is clear that v € [; as Z of converges. On the other hand we have that
i=0

11 2
o = onlli = || 0’0"“’0’2_n’2n+1’”' ”1:2"*1_)0
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as n — oo. However v ¢ coo and so we can conclude that cyy does not contain
all its accumulation points. Thanks to the Proposition we can conclude that
(co0 || - 111) is not a Banach space.

1.2 Continuity of the operators

We now remind the characterization of continuity for functions in normed spaces.
Let f : X — Y a mapping between two normed spaces X and Y.

Definition 1.16. The mapping f : X — Y is said continuous at the point x; in X
if for all £ > 0 exists § > 0 such that for all x in X with ||x — xp||x < & we have

that [|f(x) = f(xo)lly <e.

The mapping f is said to be continuous on X when is continuous at every point
of X. The continuity can also be expressed through the analysis of the behavior of
sequences:

Proposition 1.17. The mapping f is continuous on the point x, if and only if for
all sequences (x,)nen converging to xo in X we have that the sequence of the images

(f (>n))nen converges to f(xo) in Y.

Proof. Let us suppose that f is continuous on x, and that (x,),en converges to xo.
For each ¢ > 0 there exists § > 0 such that, if ||x —xo|| < & then ||f(x) — f(x0)|| <
e. As the sequence is convergent to x, we know that there exists ny € N such
that, for all n > ng, ||x, — x0|| < &. For this reason , if we now take n > ny
we will have, thanks to the continuity, ||f(x,) — f(x0)|| < &. This shows that
(f (xn))nen converges to f(xp) in Y. Vice versa, if f is not continuous on x, there
exists £, > 0 such that, for all § > 0 we can find x € X with ||x — x|| < J but
[lf(x) — f(x0)|| > €. Forall n € N and choosing § = 1/n we can now find a point
xn € X such that ||x, — xo|| < 1/nand ||f(x,) — f(x0)|| = &.. This shows us that
the sequence (x,),en converges to xo but the sequence of the images (f(x,))nen
does not converge to f(xy). m]

We are now going to introduce another type of continuity which is going to
be called uniform continuity.

Definition 1.18. The mapping f : X — Y is said uniformly continuous on X if
for all € > 0 exists § > 0 such that, for all x, y € X that satisty ||x — y||x < J, we

have || f(x) = f(y)lly <e.

This new type of continuity is called uniform because the choice of § is uni-
form, in the sense that it depends just on the choice of ¢ (and not on the point).
Let us now introduce another definition which is going to be closely related with
the concept of continuity.

Definition 1.19. A mapping f : X — Y is said to be bounded if f(B) is bounded
inY for every B C X bounded.
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If the mapping is linear, the continuity can be characterized in several ways.
Let us recall when a mapping T : X — Y is said to be linear.

Definition 1.20. Let (X, ||-||x) and (Y, ||-||y) be two normed spaces on K (where
K=R or K=C). An application T : X — Y is said to be linear operator from X to
Y when

e T(x+y)=T(x)+T(y), for all x,y in X
e T(Ax) = AT(x) forallxin X and A € K.

We are now going to prove an important result that allows us to understand
how continuity and being bounded are equivalent for linear operators. It is clear
that to be continuous an operator has to be bounded, but the following theorem
shows that this condition is even sufficient.

Theorem 1.21. Let (X, || - ||x) and (Y,]|| - ||y) be normed spaces andT : X — Y a
linear operator. The following statements are equivalent:

1. the operator T is bounded;

2. there exists a constant C > 0 such that ||T(x)||y < C||x||x, for all x € X and
so sup{||T(x)y| : [|x||lx < 1} < oo;

3. forall x,y € X we have that ||T(x) — T(y)|ly < Cl|x —yl||x, foraC > 0;
4. the operator T is uniformly continuous;

5. the operator T is continuous on X;

6. the operator T is continuous at a point;

7. the operator T is continuous at the origin.

Proof. (1) = (2) The unit sphere U := {x € X : ||x||x = 1} is a bounded set
of X and so its image T(U) will be contained on a ball B(0,C) of W, for a C > 0,
that is to say that when ||x||x = 1 we have that ||T(x)||y < C. Given a vector

x € X\{0}, we consider y := x € X. As x = ||x||xy, from the linearity we

x||x
obtain T(x) = ||x||xT(y) and we have

Ty = llxlIxITW)ly < Clix]lx

(2) = (3) Given a pair of vectors x,y € X from the linearity we have that
T(x)-T(y) =T(x —y) and so

IIT(x) =T(W)lly = IT(x = y)lly < Cllx = yllx.
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(3) = (4) For all ¢ > 0 if we take § = ¢/C then we have that, for all x,y € X
such that ||x — y||x < 6,

IT(x) =T(ylly < Cllx —yllx <Co=e.

(4) = (5) This is trivial.

(5) = (6)This is trivial.

(6) = (7) Let us suppose that T is continuous at the point x € X. Let (yn)nen
a sequence converging to 0. The sequence x + y, converges to x and so, by the
continuity of T in x, we have that T(x + y,) converges to T(x). Now, by the
linearity, we have that T(y,) = T(x+v,) —T(x) and it converges to T(x) —T(x) =
0 = T(0). Thanks to Proposition[1.17] we have that T is continuous at the origin.
(7) = (1) The continuity at the origin implies that there exists § > 0 such that,
if ||x||x < & we then have ||[T(x)||y < 1. Let now A be a bounded subset of X,
which means that there exists R > 0 such that A C B(0,R). If we take a point

é
x €A letu:= I_QX; we now have that ||u||x = I_QHXHX < dandso ||T(w)|ly < 1.

) R
But by the linearity of T we have ||T(u)||y = EllT(x)lly andso ||T(x)||ly < 5 We

now deduce that T(A) C B(0,R/§), that is to say that T(A) is a bounded subset
of Y. O

From now whenever T : X — Y is linear, we will use indistinctly “continu-
ous” and "bounded”.
From what we have seen in Theorem we can assure that verifying the conti-
nuity of a linear operator T : X — Y is equivalent to verify the estimation

NT(x)[ly < C-lxllx
for a C > 0 and for all x € X, that is to say that we have to estimate

T () ly
xeX,x#0 ||x||X

Definition 1.22. Let X, Y be two normed spaces. The Operator Norm of a linear
and continuous operator T : X — Y is defined as

T () lly
Tllx-y = sup ———.
xeX,x#0 ||x||X

It is clear from this Definition that

Tl

<|ITllx=>y, for all xe€X.
Ix[|x
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1.3 The normed space L(X,Y)

If we now denote by L(X,Y) the space of all bounded linear operators T : X — Y
we want to see that (L(X,Y),]|| - ||x—y) is a normed space but before we need to
check that is a vector space. We can define the sum of two operators S, T : X — Y
as

(S+T)x:=S(x)+T(x), for all xeX.

The product between a linear operator T : X — Y and a scalar A € K can be
defined as
(AT)x = A(Tx) for all xeX.

From the linearity of S and T follows that the operators S+T and AT are still linear
operators. The null operator 0 € L(X,Y) is the operator that associate 0 € Y to
every x € X.

Proposition 1.23. IfS,T : X — Y are continuous and linear operators between
normed spaces and A € K then also S + T and AT are continuous and we have

1S+ Tllx-y < lISllx-y +ITllx-y, AT [|x—y = Al - [ITIx>y-
Proof. Let us consider x € X. We have, being (Y, || - ||y) a normed space,

(S +Dx[ly < |[Sxlly + [ITx|ly < |ISllx—y - [Ix|lx + ITllx-y - [Ix|lx =

= ([ISllx-y + [ITlx-y) - llx]|x

and so we get that ||S+ T||x-y < |IS||x—y + ||T||x-y. Now, being || - ||y a norm,
we have that

ATy _ M|||T(x)||Y

[|AT||x >y =
xexqor lIxllx xex~for  llxllx

= Al - [IT[|x -y

O

Observation 1.24. Note that if ||T||x—y = 0 then ||Tx||y = 0 for every x # 0 and
so T has to be the null operator.

This Proposition allows us to claim that S + T and AT are continuous because
of the Theorem and so we get that L(X, Y) is a vector space. Furthermore, as
a consequence of Observation|1.24] we have that (L(X,Y),|| - ||x-y) is a normed
space.

Theorem 1.25. Let X,Y be normed spaces. If Y is a Banach space then L(X,Y) is
also Banach.

Proof. Let (T,,)nen @ Cauchy sequence in L(X, Y). We have that, for all ¢ > 0 there
exists ng € N such that ||T, — Tp,|| < ¢ for all n,m > ny,. We then have that the



14 CHAPTER 1. BASICS ON NORMED SPACES

sequence (T,)nen is bounded in L(X,Y) because it is a Cauchy sequence, there
exists C > 0 such that

sup ||T|| < C.
neN
For all x € X we have
Tn(x) = T ()|ly < [ITn = Tiall - lxl1x < ellx]lx, (1.1)

converges to a point of the space because Y is a complete space. We can now
define the mapping T : X — Y in this way

if n,m > ny. This shows that the sequence (T,(x))nen is Cauchy in Y and so

T(x) = lim T,(x).

As T, is linear and thanks to the linearity of the limit operation it is clear that the
mapping T : X — Y is linear. T is continuous because

ITCOlly = lim [ITa(x)lly < sup |ITu(x)]ly <

neN

< sup ||Tall - [Ix]|x < Cllxllx
neN

and so T € L(X,Y). From the equation taking the limit we have
1T, =TIl <&

for all n > ny. This shows that the sequence (T},),en is convergent on L(X,Y) to
the operator T. O

1.4 The dual of a normed space

The dual of a normed space is defined as X* = L(X, K). The Theorem [1.25 shows
that the dual space X* of a normed space X is always a Banach space because K
is Banach.

We can see that, as an immediate consequence of Theorem we have the
following

Proposition 1.26. Let x™ : X — K be linear. The following statements are equiva-
lent:

1. x* e X*;
2. There exists C > 0 such that |x*(x)| < C||x||x, for all x € X;
3. sup{|x"(x)| : [Ix]|x < 1} < co.
The expression (3) defines a norm on X* and furthermore
Ix* ()| < [Ix"Ix-x - [Ix1x (1.2)

for all x* € X* and for all x € X.



Chapter 2

Topologies on the dual space

2.1 Definition of topologies

Let us now remind how is possible to define a topology over a set X starting from
a family of its subsets.

Theorem 2.1. Let X # 0 and B C P(X) such that

1. X= U B;
Be 8B
2. For all By, B; € B and for all x € By N B, exists Bs € B such that
X € B3 - B1 N Bz.

so there exists over X a unique topology T such that B is a basis for (X, t). Further-
more this topology t is defined as

T = {UBi :B;e€eB, any I}

iel

We are now going to introduce the following comparison between topologies
over the same set.

Definition 2.2. Let 7, o be two topologies over the same set X # 0. The topology
7 is said to be coarser than o if every 7 open set is o open (and we will write ¢ < 7).

Let now be X # @ and let (Y}, 7;);¢; be a family of fixed topological spaces and
(i)ier a family of mappings i/; : X — Y;. We now apply the Theorem[2.1]in order
to build a topology ¢ over X that makes all the functions ¢; : (X,0) — (Y;,73)
continuous. This topology ¢ has to contain the pre-images of the open set, that is
to say that, forall A; € 7;, ¥/, 1(A;) € 0. We even have that the finite intersections
of ;7 ' (A;) have to be in . For this reason we define

8= {( vi'(A) : A € 1},

finite

15
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This family of sets verifies the properties (1) and (2) of the Theorem[2.1]and so there
exists a topology on X that has 8 as a basis. The open sets of this topology are

IR

any finite

where A; is a 7;—open set.

2.2 Locally convex spaces

We have already seen, in the past chapter, that X* is a normed space endowed by
the norm ||x*|| =sup{|x*(x)| : ||x||x < 1} and is even a Banach space. On the
dual X* we can define different topologies but we now need first some concepts.

Definition 2.3. A semi-norm on a real or complex vector space X is a mapping
p: X > RY
x = p(x)
which satisfies the following conditions:
1. p(x) =0, forall x € X;
2. p(Ax) = |A] - p(x), for all A € C;
3. p(x+y) < p(x)+p(y), forall x,y in X.

Note that the only difference with a norm is that if we have a x € X such that
p(x) = 0 we can not conclude that x = 0.

Definition 2.4. A family of semi-norm (p;);es is said to be directed if, for all pair
of i, j € I there exists k € I such that p; < pr and p; < py.

Definition 2.5. A locally convex space is a vector space endowed with the topol-
ogy defined by a directed family of semi-norms.

Suppose that (p;);es is a directed family of semi-norms on a vector space X.
We consider the family

B = {mpi_l(Ai) :A; open of R}
finite

which satisfies the conditions of Theorem[2.1] Then there exists a topology over X
that has 8 as a basis and its open sets are

et
any finite

where A; is an open set of R, for all i € I.
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We also have that, for all x in X, a neighborhoods of x is
Vie(x) ={ye X :pi(x—y) <e}, i€lLe>0.

Following the same idea as in Definition|1.11} we introduce the idea of con-
vergence of sequence in a locally convex space.

Definition 2.6. Let X be a locally convex space whose topology is defined by a
family of semi-norms (p;);e;. We say that a sequence (x,),en in X converges to
x € X if, for every p; and every ¢ > 0, there exists ny € N such that p;(x, —x) < ¢,
for every n > ny.

Definition 2.7. Let X be a locally convex space and (x,),_ , a sequence on X. We
define the Cesaro means of (x,)nen as

1
X[n] = ;(xl + ...+ xp)

[

and we will say that (x,);, is Cesaro convergent to x if

lim x,) = x.

n—oo

Proposition 2.8. Let (x,),., be a sequence on X. If lim x, = x then we have that

n—oo

fim = x

Proof. Let (p;)ier be a set of semi-norms which generates the topology of X. As

lim x,, = x, therefore we have that for all ¢ > 0, for all i € I, there exists nyp € N
n—oo

such that
pi(xn - x) <¢

forall n > ny. We now observe that being (x,),” , convergent implies that (x,),~,
is bounded, so for all i € I exists M; > 0 such that

p,—(x,,) < M; Vn € N.
We now study

(x1—=%x)+ ...+ (xp — x)

Pi(x[n) —x) = pi( ) <

n

IA

1 1 1 1
;pi(xl - X) + ...+ ;pi(xno_l - X) + ;pi(xno — X) + ...+ ;p,-(xn - X) <

1 1 1
< —[pier —x) + o+ pi(xpy—1 — %) + —e+ ...+ —e=
n n n

! —np+1
;[pi(xl —X) + oo+ pi(xny-1 — x)]+l£

and the last term goes to 0 as n — oo. m|
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The converse of Proposition[2.8]is not true in general, that is to say that there
are some non-convergent sequences that are Cesaro convergent as we see in the
following examples.

Example 2.9. The first sequence is

Xn =

m ifn=2"
0 else

which is not bounded and then does not converge. However

1+...+m

m
2.7
j=1

lx[2m| =

goes to 0 as m —> oo.

Example 2.10. The second example of a sequence which is not convergent but
is Cesaro convergent is

Vi ifn=2k keZ
Xp =
—vn ifn=2k-1, keZ

which has no limit but x[,] goes to 0 as n — oo. To see this we note that if n is
even, then x[,] = 0, and if n is odd we have

X[n] =%(—\/ﬁ+\/ﬁ+...—\/ﬁ):__=__

which goes to 0 as n — oo.

We introduce now a new concept, that extends the idea of sequence, to a more
general setting. We need some definitions.

Definition 2.11. A set [ is said to be partially ordered if there exists a binary
relationship ” < ” such that

1. x < x;
2. fx<yandy <zsox <z
3. x < yand y < x implies that x = y.
and we will denote this set as (I, <).
The order is said to be total if, for all pairs i, j € I we have

i<j or j<i

and so (I, <) will be called totally ordered.
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Example 2.12. It is easy to check that the following sets are all totally ordered:
« (N, 2);
- (R 2);
« (P(X),C) where A < Bif ACB.

Definition 2.13. The partially ordered set (I, <) is said to be a directed set if, for
all i, j € I, there exists k € I such that

i<k and j<k
It is clear that if (I, <) is totally ordered it is also a directed set.

Definition 2.14. Let X be a locally convex space and (I, <) a directed set. A net
on X with indexes on I is an application

s: I —> X

i Xi
and we will denote the net as s := (x;);¢;.

Definition 2.15. Let X be a locally convex space. A net (x;);es in X is said con-
vergent to x if, for all ¢ > 0 and for all semi-norms p;, there exists j, € I such
that

Pi (XJ' - Xo) <¢€
forall j > j,.
We can also reformulate this definition using the neighborhood of xy; it is to

say that (x;);es is said to be convergent to x; if for all neighborhood U of x; there
exists jo € I such that j, € U forall j > j.

2.3 Weak Topology

Let E be a vector space. We want to study how the algebraic structure can define a
topology on E. To do that we are going to consider the finest topology that makes
continuous all linear maps. Let us recall that the algebraic dual of E consists of all
scalar-values linear maps defined on E. y : E — K.

Definition 2.16. Let F be a subset of algebraic dual of E. We say that F separates
points if, for all x, y € E, there exists a mapping y € F such that

y(x) #y(y).
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Now, if F is a subset of E* that separates points we can define, for all y € F,

Py (x) = [y(x)]
forallx € E.

Proposition 2.17. Let F C E* and y € F. The mapping

py: E—R
x = py(x) = |y (%)

is a semi-norm.

Proof. For all x € E we have that |y(x)| > 0 because | - | is a norm on R. Let us
now consider p,(Ax) = |y(Ax)| for all 1 € R. Asy € F is linear and being | - |
a norm on R we have that [y(Ax)| = |1 - y(x)| = Aly(x)| = Ap,(x). To show the
triangle inequality we now have to consider that, for all x,y € F,

py(x+y) =ly(x+y)=ly(x) +y@)| < ly()|+ly@)| = py(x) + py(y)

being y linear and | - | a norm.
O

Let us now suppose that p, (x) = 0. This condition clearly does not imply that
x = 0 because if p,(x) = 0 we can have x =0 or y = 0.

Proposition 2.18. The family of semi-norm {p,, : y € F} is a directed family.

Proof. We just have to show that, for all pairs y, ¢ € F, there exists ¥ € F such

that p, < py and py < py.
Suppose that there exist y, ¢ € F such

Py>p1,// or p¢>p¢

that for all / € F. If this were the case we would have that p, > p, or py > py
and this is clearly not possible. O

We can now claim, thanks to Proposition and Proposition that the
family of semi-norms {p, : y € F} defines a locally convex topology on E.
We consider the finest topology that makes continuous all the mappings y : E —
R in F, and call this topology Weak Topology (denoted by o(E, F)). A basis of
open sets for this topology is the family of finite intersections

8= {[ri' (V) :Vi open in Ky eF}
finite

We are now interested in studying the neighborhoods and the basis of neighbor-
hood of this new topology.
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Given € > 0,n € Nand yy, ..., ¥» € F we define the set
U(x0;6 1, Y15 - Yn) ={x € E: |yi(x) —yi(x0)| <& k=1,..,n}
which is a neighborhood of x; for the weak topology o(E, F). Furthermore, the
family
{U(x0; &1, Y1, -es Yn) : € >0,n € N, y1,..., ¥n € F}
is a basis of neighborhoods of x;.

Proposition 2.19. A net (x;);c; in E converges to xo in the weak topology o (E, F)
if and only if y(x,) converges toy(xy) onR forally in F.

Proof. Let us the prove the first implication.
We now have that, for all neighborhood U of x; of the weak topology, which
means that U has the form of

{xeX:|y(x) —y(x)l <&}

for fixed y € F, ¢ > 0, there exists iy € I such that x; € U, foralli > iy. Asx; € U
we have that

ly(xi) —y(xo)| < e

forally € F.
For the converse implication we consider a neighborhood V of xj in the weak
topology of X, so

{x e X :|yi(x) —yi(xo)| <&, k=1,..m}CV

with e > 0,m e Nand yy, ..., ym € F.
We now know that {y;(x,)} converges to y;(xo) foralli € {1, ..., m} so there exists
n; € N such that, if n > n;, we have

lyi(xn) = yi(xo)| <.
If we now consider N = max{n; : i = 1,...,m} we have that, foralln > N
lyi(xn) —vi(xo)| <& Vi=1,..m
and this shows us that x,, € V, for n > N. m|

If we now consider E = X a normed space we have that F = X*, the dual of X,
consisting of all continuous linear maps x* : X — K, is a set of linear mappings
that separates points. Then the topology (X, X*) will simply be called the Weak
Topology of X, denoted w.

Proposition 2.20. A net (x;);e; converges to x, in the weak topology w if and only
if x*(x;) converges to x*(xg) on K for all x* in X*.

This result is a clear consequence of Proposition[2.19]
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2.4 Weak” Topology

If X is a normed space, then its dual X* is a vector space, where we may consider
the topology defined by the norm or the weak topology o(X*, X**) that we defined
in the previous section. Our aim now is to define a third topology. To do this we
need some preliminary results.

Proposition 2.21. Let x € X, then the following mapping

5 X" >R (2.1)

x> S (x) = x* (x) (2.2)
called evaluation on x is linear and continuous.
Proof. The mapping is clearly linear because, for all x*, y* € X*
Se(x™+y") = (X" +y7)(x) = x"(x) + ¥ (x) = 6x(x7) + 6x(y").
To show the continuity we just need to show that its norm is finite. Let us remind
that .
|x*(x)]

x* € X*\{0} [oe* [ xc+
We have that, for all x* € X*, |x*(x)| < ||x*|

|10%|

X =

x+ * ||x||x and so

|x* ()|

X*

lxlx > sup *
x* eX*\{O}”x |

We have obtained that ||d|
uous.

x+ < ||x||x < oo and so this shows that §, is contin-

O

Theorem 2.22. Given a not null vector x of a normed space E there exists (at least)
a mapping Y, € X* such that || |lx+ = 1 and Y (x) = ||x]||x-

This is a consequence of the Hahn-Banach Theorem, and the proof can be
found at [[7, Corollary 3.3] (see also [18]). We have stated the Theorem|[2.22|because
is going to be necessary for the proof of the following

Theorem 2.23. Let x be a vector of a normed space X and &, the mapping defined
in (2.2). We have that
|10%|

x+ = |lx]lx

Proof. We have already seen that ||dy||x= < ||x]||x-
Now, if x # 0, thanks to Theorem [2.22] there exists ¥, € X* such that
[|Uallx+ = 1 and Y (x) = ||x]||x. It implies that
x *
B TR oe5]

|lx[lx = <
Yl ™ o e X*N\{0} |

X
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This result shows us that X can be seen as a subset of X** and furthermore
Proposition 2.24. The subset X C X separates points.

Proof. We have to show that, for all x*, y* € X*, x* # y*, there exists x € X such
that

x"(x) = yx(x%) # yx(y") =y" (%)
Suppose that there exists x*, y* € X* such that, for all x € X,

x"(x) =y (x).
If this were the case we would have x* = y* and this is a contradiction. ]

The Weak™ Topology (X", X). Let X be a normed space and X* its dual.
We want to construct over X™* the coarser topology that makes all the mappings
(0x)xex continuous. We construct this topology applying what we have done in
the Section 2.1 using Y¥; = R and (¢;)ie; = (0x)xex- We will call this topology
Weak” Topology and it will be indicated by (X", X) or w*.

A basis of open sets for this topology is the family of finite intersections

B::{mé;l(Ai):Ai open of R,xeX}

finite

In order to define the neighborhoods of the weak™ topology we have to con-
sider fy € X* ¢ > 0, n € N and xy, ..., x, € X. Now the set

U(fose,n,xy,nxn) ={f € X"t |x:(f) —xi(f)l <& i=1,..,n}
is a neighborhood of f; for the weak™ topology of X*. Furthermore, the family

{U(fo;6,n,x1, s Xp) 1 € > 0,n € N, x1, ..., x5 € X'}

is a basis of neighborhoods of f;.

It is interesting now to see a property for the convergence of sequences in this
new topology because allows us to see a similarity with the convergence of nets
in the weak topology. For this reason, we are now interested on the proof of the
following

Proposition 2.25. A sequence {f,} in X* converges to fy € X* in the weak™ topol-
ogy o(X*, X) if and only if {f,,(x)} converges to fy(x) inK forallx € X.

Proof. Let us the prove the first implication.
Let x be in X and ¢ > 0. We know that

{f eX™:1x(f) —x(fo)l < &}

is a neighborhood of f; in the topology o(X*, X). From the hypothesis we have
that {f,} converges to fy, so that there exists m € N such that, for all n > m we
have

x(fa) = x(fo)l <&
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For the converse implication we now consider V a neighborhood of f; on the
weak” topology, so that

{feX :|xi(f) —xi(fo)l <e i=1..m}CV

with e > 0, m € Nand xy, ..., x,,, € X.
We know that {f(x;)} converges to fy(x;) for each i € {1,...,m} so there exists
n; € N such that, if n > n;, we have

Ixi(f) —xi(f) <& i=1,..,m.

If we now consider N = max{n; : i = 1, ..., m} we have that, foralln > N

lx;(f) —xi(f)l <& i=1,..m

and this shows us that f, € V, forn > N. m]



Chapter 3

Topologies on L(X)

3.1 Norm, SOT and WOT Topologies

In this chapter we are going to define different topologies on the space L(X),
where X is a normed space.

Definition 3.1. Let X be a normed space. The Natural locally convex topology on
the space L(X) is the topology defined by the norm, that is (L(X), ||-||x) where

T = sup [IT(x)]lx.

X € By

It is clear that (L(X), ||-||x) is a Banach space if X is Banach, thanks to what
we have studied in the Chapter 1. We now want to define a family of semi-norms
which is going to define a new type of topology on L(X).

Proposition 3.2. Let X be a normed space and F C X a finite set. The mapping

Pr: L(X) >R
T +— Pp(T) = sup{||T(x)||x : x € F}

is a semi-norm.

Proof. Being || - ||x a norm on X it is clear that Pr(T) > 0 for all T € L(X). Now
let us consider A € R and we get that

sup{||AT(x0)|lx : x € F} = [A] - sup{[|IT(x)]lx : x € F}
being || - ||x a norm. On the other hand we have, for all T, S € L(X),
sup{||T(x) +S(x)||x : x € F} < sup{[|T(x)|lx : x € F} +sup{[|S(x)||x : x € F}
and so we get the triangle inequality. Finally T = 0 implies that Pr(T) = 0. ]

Observation 3.3. Let us notice that if we have Pr(T) = 0 we can not conclude
that T = 0 because we can have F = {0} and in that case T(0) = 0, for any T # 0.
For this reason we can not conclude that the mapping Pr is a norm.

25
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Definition 3.4. Let X be a normed space and F C X a finite set. The Strong
Operator Topology, (SOT) is the topology defined by the family of semi-norms
described on the Proposition With this we have that a net (T;);e; € L(X)
converges to T € L(X) in the SOT topology and we will write

SOT
(Ti)ier — T,

if and only iflinlq [|Ti(x) = T(x)||x = 0 forall x € X.
1€
A neighborhood of a fixed Ty € L(X) in this topology is given by the set
U(To, x,€) :=A{T € L(X) : [|IT(x) = To(x)|Ix < ¢}

where x is any vector of X and ¢ any positive real number.
In order to define the last type of topology on L(X) we now consider the following

Proposition 3.5. Let X be a normed space, F C X a finite set and let ] C X to be
finite. The mapping

PF’]: L(X) - R
T = Ppy(T) = sup{ly" (T(x))| : x € F,yx € J}

is a semi-norm.

Proof. Being |- | a norm on K we get that Pr j(T) > 0, for every T € L(X). Thanks
to the linearity of any y* € J and being | - | a norm we get

sup{ly" (AT (x))| : x € Fyx € J} = |A| - sup{ly" (T (x))| : x € Fyx € J}

and also

Pp (T +S) =sup{ly"(Tx) +y*(Sx)| : x € Fyx € J} <
< sup{ly" (Tx)| + ly"(Sx)| : x € F,y= € J} <
< sup{|ly*(Tx)| : x € F,yx € J} + sup{|ly"(Sx)| : x € F,yx € J} =
=Prj(T) + Pr(S)

for any A € K, and any pair S, T € L(X).
Then, it is clear that T = 0 implies |y*(0)| for any y* € J. m]

Observation 3.6. Let us notice that P j(T) = 0 does not imply that T is the null
operator because we can have that sup{|y*(T(x))| : x € F,y* € J} = 0 can be
given by y* = 0 or x = 0. For this reason we can not conclude that Pr is a norm.
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Definition 3.7. Let X be a normed space, F C X a finite set and let ] € X* be
finite. The Weak Operator Topology, (WOT) is the topology defined by the semi-
norms described in Proposition [3.5] With this we have that a net (T;);e; € L(X)
converges to Ty € L(X) in the WOT topology and we will write

WOT
(Ty)ier — T,

if and only if lim T (x) = Ty(x) forall x € X, that is that
lim |y + (Tix) = y * (Tox)| = 0, for all x € X.
A neighborhood of a fixed Ty € L(X) in this topology is given by the set
N(To,F,J.e) ={T € L(X) : [y" (T - To))(x))| < e, x € F,y" € J}
where F is a subset of X.

Observation 3.8. Let X be a normed space. If we have a sequence {T;};e1 € L(X)
and Ty € L(X) such that lin]ll I|IT; — Tol|L(x) = 0 then we clearly have that
S

lim |3 (x) ~ o)1 = 0 (1)

for any x € X. This shows that the convergence in norm of a net implies the SOT
convergence of the net to the same operator. Now, from (3.1) and thanks to the
continuity of every y* € X*, we get

lim |y (Tix = Ty)| = 0
1€

that is the convergence in the WOT-topology.

Let us see now some examples that show that the converse implications of in
Observation[3.8]do not hold in general

Example 3.9. Let us consider the space ¢y endowed with the norm || (x,,)||e. We
consider the map

B:cy — ¢

(xl,xg, ) (g (Xz, X3, )

as an element of L(cg). We denote B” for the composition of B with itself n — 1
times (see Section 4.1 for more details) then

B": Co — Cp

(xbxz’ ) = (xn+1’ Xn+2, )

We want to see that B"” is SOT-convergent to 0 but does not converge to 0 in the
Norm-Topology. Let us take x = (x;);en € co, that is to say that, for all ¢ > 0,
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there exists kg € N such that, for all k > ko, |xx| < ¢. Now if we take n > ko we
have that B"(x;); = (xp4;); and so

1B" (x:)illeo = 1| (xnsi)illeo < &

It shows that B” is SOT-Convergent to 0. Now if we check the norm of the operator
B™ we have that

IB"l| = sup [IB"(x)lleo = [[(Xn+1, Xps2, ) [|oo < 1.
x € B(0,1)

If we take the sequence e,41 = (0, ...,0,1,0,...) with all zeros except 1 on the (n +
1) — th entrance we get that ||B"(en+1)|| = 1 and so ||B"|| = 1 and it shows that
B" does not converge to 0 in the Norm-Topology.

Example 3.10. Let us consider the same space ¢y and the map

F:Co—)CO

(x1, %2, ...) > (0, %1, X2, ...).

As in the previous example, we write F" for the composition of F with itself n — 1
times.

F": ¢y — ¢

(xl, X2, ) i (0, ceey 0, X1, X2, ),

and then [|F*(x)||e = ||x||c0, for all x € ¢y, and for any n € N, and for this reason

we can claim that F” is not SOT-convergent to 0. Let us now study the WOT-

convergence. We have to see that, for any y* € ¢; = I, lim (F",y") = 0. Being y*
n—oo

an element of [; we have that, for any ¢ > 0, there exists kg € N such that

[ee)

£
D luel <
[Ixle

k:ko+1

If we now consider n > ky then

<Fn(x)a y*> = <(0, cees 0: X1, X25 - -« )9 (yla y29 .. )> = Z xi . yn+i
n=1

and so
KF" (), 5" < O [l = [l < Nlxlleo D [ymanl < e.
n=1 n=1

This clearly shows that F" is WOT-Convergent to 0.
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3.2 Banach Steinhaus theorem and consequences

We now state the Baire’s Theorem without the proof, which is given in [7| Theo-
rem 3.10] (see also [5] and []]), because it is essential on the formulation of the
Banach-Steinhaus Theorem.

Theorem 3.11. Baire’s Theorem
Let (X, d) be a complete metric space. If (V,,),, is a sequence of open and dense subsets

of X then
Ak

neN

is dense.

Corollary 3.12. Let (X, d) be a complete metric space and X = | J,_, F, where F,
is closed for alln € N. Then there exists ng € N such that F,, # 0.

Proof. Let us suppose that

X=OF,,

n=1

where F, are closed for all n € N and F,, = () for all n € N. Now if X\ F,, were
not dense for all n € N then there would exists V C X such that V N FS = 0. It

implies that V' C F, that is clearly not possible since F,, = 0 for all n € N. So we
have that X\ F,, is dense for all n € N and also an open. Then the Baire’s Theorem
implies that N,; (X \F,) is dense but

ﬁkX\ﬂ)zX\djEJz@
n=1 n=1

This is a contradiction and proves the Theorem. ]

Thanks to the Baire’s Theorem and its Corollary we are now ready to prove the
following

Theorem 3.13. (Banach-Steinhaus Theorem)
Let X be a Banach space and (T;)ier © L(X). If My = sup||(T;(x))|| < oo, for all
i€l
x € X, then
M := sup||T;|| < oo (3.2)
iel
Proof. Let us define the sets F,, := {x € X : ||T;(x)|| < n,i € I} for all n € N. This
sets are clearly closed because

m:ﬁﬁ@mm

iel
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and furthermore X = | J;,_; F,. Thanks to Corollary we have that there exists
ny € N such that F,, # 0. Take now x € X and ry > 0 such that

B(x()aro) ano

and observe that, by the definition of the set, if x € F,,, then —x € F,,, and so also
—B(x0,79) = B(—x0,r9) € Fp,. Now we have

B(0,2rg) = B(xq, o) + B(—xo,19) C Fpy + Fyy € Fap,
and this implies that, for all i € I,

sup  ||Ti(x)]| < 2n,.
x € B(0,2rp)

Let us now take x € B(0,1) and fix i € I, then

2ro 1 1 no
Tl = ITi(s—=x)Il = =—ITi(2ro - x)|| £ -—2np = —,
27‘0 27‘0 2?’0 ro

which shows that sup||T;|| < co. O
iel

Corollary 3.14. A subset B C X is bounded if and only if it is weakly bounded.

Proof. Let B = {x; : i € I}. Since X — X** = L(X",K) isometrically, the result
follows directly from Banach-Steinhauss theorem. O

Proposition 3.15. Let X, Y be a Banach spaces. Then L(X, Y) have the same bounbded
sets in the WOT, SOT and norm topology

Proof. Since WOT is coarser that SOT and SOT is coarser than the norm topology,
we only need to show that each WOT bounded set in L(X, Y) is norm bounded. Let
B ={T; : i € I} be WOT bounded. Then, for each x € X, the set {T;(x) : i € I}
is weakly bounded in Y, hence it is norm bounded in Y by Corollary We
conclude that B is norm bounded in L(X, Y) by the Banach-Steinhaus theorem.

O



Chapter 4

Ergodic Operators

4.1 Basics on Ergodic Operators

Our aim in this chapter is to study the behavior of an operator when composed
with itself. To be more precise, if X is a Banach spaceand T € L(X), then we write

T = Id

T =T
T>=ToT
Tn:Tn—loT

and call this the iterate of T. We want to study the behavior of (T"),en as n
grows.

Definition 4.1. Let X be a Banach space and T € L(X). We define its Cesaro
mean as

1
Tin) = ;(T+T2 +o +T7).

Observation 4.2. Let us see that, if the Cesaro means (Tj,), converges to an
operator P(x), in some topology 7, we have that

7= lim Tj,(x) =P(x), for all xe€X

and SO, as a consequence,

™" -1
- lim X _ o gim Ty () = —Tjn_q) (%) | = P(x) = P(x) =0
n—oo n n—oo n
. T"(x)
for all x € X. It clearly shows that r — lim = 0 for any topology 7 that we
n—oo n

are considering.

31
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Definition 4.3. We will say that

1. T es Weakly Mean Ergodic if T}, is convergent to some P € L(X) on WOT,
and we will write
WOT . ) .
Tin) — P. That is to say, thanks to what we have seen in Observatlon

. T™(x)
w — lim =

n—oo n

0, for all xeX.

2. T is Mean Ergodic if Tj,,) is convergent to some P € L(X) on SOT, and we
will write

SOT
Tjn) — P. Thanks to Observation 4.2 we have that

o TGN _
m —— =

n—oo n

0, for all xeX.

3. T is Uniformly Mean Ergodic if exists P € L(X) such that
lim [|Tj,) — P|| = 0. It implies that
n

Tn
il

n—oo n

=0

4. T is Power Bounded if (||T"||), is bounded.

It is now clear that Uniformly Mean Ergodic implies Mean Ergodic which im-
plies Weakly Mean Ergodic. We can see the article [4] for other properties. We
now want to observe that being (||T"||),en bounded is equivalent, thanks to the
Banach-Steinhause Theorem, to (T"(x))nen to be bounded on X, for all x € X.

Definition 4.4. An operator P € L(X) is said to be a projection if
pP*=P.
Proposition 4.5. The mappings P of the previous Definition are all projections.

Proof. Let us consider
x = P(y) = lim T,y (y)

and so, thanks to the continuity of T we have
T(P(y)) = T(lim Tjn) (y)) = Um T(Tjn) (y)) =
1
=lim —(T%(y) + ... + T""'(y)) =
non

= Bm[ S (T(g) + o 4 T () + ~T"™ () - 2T (y)] =
n n n n
= P(y).
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This shows us that, in all cases, we have
TP=PT =P.

Inductively we can show in the same way that, for all n € N,

T"P =PT" =P,
and we deduce

PTj,) = P(%(T +T% 4. +T") =
= %(PT +PT*+ ... +PT") = %(nP) =P.

Now, thanks to the continuity of P, we have that

P =1lim PTj,) = Plim Tj,) = P*.
n n

4.2 Ergodic properties of an operator versus those of
its powers

Proposition 4.6. LetT € L(X). Then the sequence of iterates (T™),, is convergent in
norm SOT or WOT. Then (T™"),, is convergent in the corresponding topologyny € N.

Proof. Just observe that (T™"),, is a subsequence of (T"),, and then it is conver-
gent in the corresponding topology. O

Remark 4.7. The converse in the above proposition is not true. Just observe that
T = —I € L(X) satisfies T?> = I and (T(x)) is not convergent for any x # 0.

Proposition 4.8. Let T € L(X). Then the sequence of iterates (T"),, is convergent
to 0 in norm SOT or WOT if and only if (T™"),, is convergent in the corresponding
topology ny € N.

Proof. By Proposition we only need to show that (T"), is convergent to 0
when (T™"), is. But this convergence implies that (T™"*/), = (T™" o T/), is
convergent to 0 for each j € {0,...,ny — 1}. Then (T™),, can be decomposed in n,
convergent subsequences. ]

Proposition 4.9. Let X be a Banach space and let T € L(X) be an operator. If there
isng € N such that T™ is (uniformly) mean ergodic then T is (uniformly) mean
ergodic.
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Proof. We give the proof for mean ergodicity. The uniformly mean ergodic case

is completely analogous. Let P € L(X) be the projection such that lim T['if] =
Plim(T™)(,) = P in the SOT. Let k € N, for every j =0,1,...,no — 1 we have

Tnoti 4 T2n0+) 4 ... 4 Tknotj . .
lim =limT™ T/ = PT/ (4.1)
k k kK]

in the SOT.
Fix now n € N that, without loss of generality, we may assume n > ny. There
exist k € Na j, € {0,...,no — 1} such that n = kng + jo. Then, we have

T+ T2 4.4 TMo-1 np—1 Tno+j + T2n0+j et Tkn0+j no—1 Tkno+i
Tin) = -
n 7=0 n i=jo+1

. (4.2)

Let observe that k = k(n) and note that, for each n we have k = % and, then,
k 1

lim - = — (4.3)
n n no

Let us study the limit of each one of the three terms in (4.2). The first term
in is unifomly convergent to 0. For the third term let us note that the mean
ergodicity of T implies that lim T—nn = 0 in the SOT. Hence, for each i € {j, +
1,...,n9 — 1} we get

Tkn0+i i kno +i Tkn0+i 0
= |lim =0,
n n  kng+i

in the SOT. Thus, for the third term in we get

lim
n

. no—1 Tro+i 4 T2no+i 4 ... 4 Thnoti
lim =0.
n n

i:j0+1
Finally, for the second term, simply observe that, for j € {0,...,ny — 1}, we

apply and to get

Tnotj 4 T2no+j 4 ... 4 TknotJ k Tt 4 T2noti 4 ... 4 Thknoti 1 )
lim = lim — = —PT’.
n n n n k no
From this we get the convergence of the second term in (4.2). This shows that
(Tjn))n i SOT-convergent and, then, T is mean ergodic. O

Remark 4.10. From the proof of Proposition[4.9]it follows that, if T € L(X) and
lim,, (T™)[,] = P, uniformly or in SOT, then lim T, = nlo (P+PoT+---+PoT™ 1)
in the corresponding topology.

Remark 4.11. An operator T € L(X) is said to be periodic if T* = I for some k.
Note that then T is again I for every n € N. If T is periodic and ny is the first
natural number satisfying T™ = I, then clearly lim T}, = niO(I +T+---+Tn )
in norm and T is uniformly mean ergodic.
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4.3 The Yosida’s Theorem

We are now ready to study the Yosida’s Theorem that gives us a sufficient con-
dition for T to be Mean Ergodic. Before we need to state the following theorem.

Theorem 4.12. (Eberlein) Let X be a Banach space and A a subset of X. Then the
following statements are equivalent

« each sequence of elements of A has a subsequence that is weakly convergent
inX;

« each sequence of elements of A has a weak accumulation point in X;
« The weak closure of A is weakly compact.

The proof of this Theorem can be found at [9, Chapter V] (see also [3]). This
result but it is going to be essential in order to prove the

Theorem 4.13. (Yosida’s Theorem)

Let X be a Banach space. Then there is a bounded linear operator P on X such that
(T{n)x)n is SOT-convergent to P(x) for each x € X if and only if the following two
conditions hold for each x € X:

s T (x)
L-ll-lim—==0
2. {Tjn)(x): n € N} is relatively weakly compact.
Proof. The necessity of condition (1) comes from

(%)

n—1
= Tjny(x) — TT["_” (x), foranyx e X.

Since || - || is stronger than the weak topology, Condition (2) is obviously also
necessary.

We now check the sufficiency of (1) and (2). We first observe that Tj,,) (I-T) =
%(T — T™1), hence Tj,) (I — T)(x) is || - ||-convergent to 0 for every x € X. Since,
by the Banach Steinhaus theorem, (||Tj,]l/)» is a bounded sequence, we get

|| - || = lim T}, (v) = 0 for every v € (I - T)(X). (4.4)

Letnow x € X. As {T[,,)(x): n € N} is relatively weakly compact, we get from
Eberlein’s theorem an increasing sequence (nx) of natural numbers and y_ € X
such that (Tj,,)(x)) is weakly convergent to y . Then, by the preceding para-
graph, and using that TTj,, | = Tjn, T,

0= 0(X") = lim T (1= T)(x) =y, = T(5,). (45)
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On the other hand

x—y. =0o(X,X") - hinnik (Z;(x - T”(x)))

= o(X, X*) - h]?lnik(g;(z ST (I +T 4+ T”—l)(x))).

From this and (I — T)(X) being a vector subspace we deduce, as a consequence of
Hahn-Banach theorem, that x — y_ is in the norm closure (I — T)(X). Applying
(4.4) once more we see that || - || — lim, Tj,;(x — y,) = 0. From this and we
conclude that, putting Px = y_,

lim Tj,jx = Px, for every x € X.
n
Since ||y, || < supy || Tjnlllx]l, it is clear that P € L(X). m|

We are now interested in studying the consequences of this theorem that allow
us to see other sufficient conditions for T to be mean ergodic. The first important
corollary of the Yosida’s Theorem is the following

Proposition 4.14. Let X be a Banach space and T € L(X). If (T"(x)),, is weakly
convergent for all x € X then T is Mean Ergodic.

Proof. From the hypothesis we have that T"(x) — P(x) weakly for all x € X.
This condition implies that the sequence (T"(x)), is weakly bounded and so,
thanks to the Banach-Steinhause Theorem, we get that (||T"||),, is bounded. This
condition says us that T is power bounded and even that
. T"(x)
lim =

n—oo n

0.

So we got the condition 1) of the Yosida-Kakutani’s Theorem. Now if
WOT
T" — P, thanks to the Proposition we get

WOT
Tty —

and so it says that {Tj,(x) : n € N} is relatively weakly compact. Now the
Yosida-Kakutani’s Theorem gives that T is Mean Ergodic. O

Let us now study an example that shows that if T7"(x) is weakly convergent
we can not affirm that T"(x) is SOT-convergent.

Example 4.15. Let p > 1 and F the map defined in the example We know
that the dual space of ¢¢ is [; and so, for all y € [}, we have that

(y, F"(x)) — 0.

This condition affirms that that F”(x) is weakly convergent and so, by Proposition

SOT
4.14] we get that F[,,j — 0. On the other hand we have that |[F"(x)||c = [|x]]co
that does not converges to 0 as n — oo.




Chapter 5

Uniform Convergence

Let T be a continuous linear operator on a Banach space X. We are now inter-
ested in proving that the space X is the direct sum of F := {x € X : Tx = x} and
N = (I -T)(X) (we will write this as X = F @ N).

Before to do this we need the statement of the following classical result in Func-
tional Analysis.

Theorem 5.1. (Open Mapping Theorem) If X and Y are Banach spaces and T :
X — Y is a surjective continuous linear operator, then T is an open map (that is, if
U is an open set of X, then T(U) is open in Y).

The proof of this fact is given in [7, Theorem 3.16]. Having this theorem we
are now ready to prove the following

=0 thenT

Trl
Theorem 5.2. Let T € L(X) where X is a Banach space. If lim 7l
n—oo

n
is Uniformly Mean Ergodic if and only if N = (I — T)(X) is closed.

Proof. All through the proof we write Y = N. Let T be Uniformly Mean Ergodic.
We have that Y is invariant under T and the mapping S := T}y satisfies ||S[,|| — 0.
Now, if n € N is such that |[S[,|| < 1, then I — S|, is invertible. As we have the
following identity

n—-1 n—2

I-95) I+

1
S+..+ ;s"—1 =1- S

we get that I — S is invertible. So we now have that Y = (I-S)Y = I -T)Y C
(I-T)X = N and so, being Y = N, we get Y = N and so N is closed.

Conversely if we assume that N is closed (i.e. Y = N), the Open Mapping Theorem
affirms that (I-T)U is an open set of Y for any open U C X. This shows that there
exists K > 0 such that, for all y € Y, there exists x € X such that (I -T)x = y and
[|x]| < K||y||. Now we have that

1 K
Tty (DI = [Ty (I = Tz < ;III—T”HII lzll < ;III—T"“II Myl

37
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and it shows that S := T}y is Uniformly Mean Ergodic because
K n+1
ITimy I < (=T - Jlyll — 0

asn — oo, for all y € Y. We now have, as above, that I — S is invertible on Y and
(I-T)X=Y=(I-S)Y =({I-T)Y and so there exists, forany z € X,ay € Y
such that

I-T)x=I-T)y (5.1)

and, thanks to the invertibility of (I — S) we may assume that there exists C < co
succh that ||y|| < C - ||(I = T)x||. Let us now write x = (x — y) + y. We have,
thanks to (5.1), that (x — y) is fixed under T and so also under T*, for all k > 0.
This shows us that

K K
Tin) (%) = (x =) = [ITim) (W] < ;III—T”HII-IIyII < ;III—T””H-III—TII-IIXII'

This last identity shows that Tj,] converges uniformly to the projection P given
by Px = x — y is uniform. O

5.1 OQuasi-compact operators

We now introduce a new class of operators for which uniform convergence can
be obtained.

Definition 5.3. Let X be a Banach space and T € L(X). The operator T is called
(weakly) compact if T(B) is (weakly) compact, where B is the unit sphere of X.
T is called (weakly) quasi-compact if there exists an integer m and a (weakly) com-
pact operator Q such that

IIT™ -0l < 1.

Proposition 5.4. T is (weakly) quasi compact if and only if there exists a sequence
Oy, of (weakly) compact operators with

[IT" = Qull — 0.

Proof. Being T quasi-compact we can put M := T™ — Q. For some n > 0 there
exists two integers r, s such that n = ms +r, with 0 < r < m.
We now put Q, = T" — T"M?® in order to obtain

Qn =TM™* —T'M* = T"[T™ - M*] = T"[T™ — (T™ - Q)°].

In the expansion of (T™ — Q)* the only term that does not contain Q as a factor is
T™s. Therefore Q,, is (weakly) compact. As ||[M|| < 1 we have that ||[T" — Q,]| =
IT"ME|| < [[MP]] - sup{[IT"]] : 0 < r <m} — 0.
The converse implication is trivial because, being ||T" — Q,|| — 0, there exists for
sure an integer k > 0 such that ||T* — Q|| < 1 where Qy is (weakly) compact.
Therefore T is (weakly) quasi-compact.

O
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5.2 Yosida-Kakutani’s Theorem

We are now ready to give the proof of the following

Theorem 5.5. (Yosida-Kakutani’s Theorem)
Let T be a power bounded quasi compact operator. ThenT is uniformly mean ergodic.

Proof. We only give the proof when T is power compact, i.e. there is ny € N such
that T™ is a compact operator. Due to Proposition[4.9] we can even assume ng = 1,
i.e. that T itself is compact and, then, T(B) is relatively compact in X. Since T is
power bounded, there is M > 1 such that ||T"|| < M for every n € N. Then
IT"x|| < M]||x|| for every x € X and therefore T"(B) C MB for every n € N.
Hence, for n > 1, we have

T"(B) = T(T"""Y(B)) € T(MB) = MT(B),

and this gives that {T"(x) : x € B,n € N} is relatively compact in X. Since the
absolutely convex hull of a compact set of a Banach space is again compact, we
conclude that {Tj,j(x) : x € B,n € N} is relatively compact in X. Now the result
follows immediately from Yosida Theorem. O

Theorem [5.5 here is a simplified version of the original Yosida-Kakutani the-
orem given in [[10] (see also Theorem 2.8 in [6]). We now state the following
theorem without the proof, in order to see an example of an operator T that
is uniformly mean ergodic but T" is not uniformly convergent, although is SOT-
convergent.

Theorem 5.6. Let T be a power bounded linear operator. The operator T is uni-
formly mean ergodic if and only if (I — T)X is closed. The Banach space X can be
decomposed as

X=(I-T)X®ker(I-T).

The proof of this fact can be found at [2]. We are now ready to see the next

Example 5.7. Let a = (a,) be a sequence such that lim a, = -1 and |a,| < 1 for

n—oo
all n € N. We now consider the operator

M,: [ (N) - [;(N)
(bn) = (anbyp).

It is clear that [M;| = 1and 1 ¢ o(M,) = {a, : n € N} |J {-1}, so we have
that M, is uniformly mean ergodic by the Theorem 14. Moreover M, is even SOT-
convergent to 0. However |M"| = 1 for all n € N. We consider now M? : [;(N) —
L (N). Actually, M2 = M2, when a*(n) = a2 for all n € N. Now o(M,2) = {d? :
n € N} U {1}. Hence 1 is an accumulation point of o(M,:). This implies that M-
is not uniformly mean ergodic by Theorem 5.6]

A power bounded operator T € L(l.) is mean ergodic if and only if T is
uniformly mean ergodic. M, : loc — l» is an example of operator mean ergodic
such that M? is not mean ergodic by Theorem
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