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ABSTRACT

Whenever the closure of an open set is also open, it is called e-open and
if a space have a base consisting of e-open sets, it is called e-space. In
this paper we first introduce and study e-spaces and e-continuous func-
tions (we call a function f from a space X to a space Y an e-continuous
at x € X if for each open set V containing f(x) there is an e-open set
containing x with f(U) C V). We observe that the quasicomponent of
each point in a space X is determined by e-continuous functions on X
and it is characterized as the largest set containing the point on which
every e-continuous function on X is constant. Next, we study the rings
Ce(X) of all real valued e-continuous functions on a space X. It turns
out that C(X) coincides with the ring of real valued clopen continuous
functions on X which is a C(Y') for a zero-dimensional space Y whose
elements are the quasicomponents of X . Using this fact we characterize
the real maximal ideals of C.(X) and also give a natural representation
of its maximal ideals. Finally we have shown that C.(X) determines
the topology of X if and only if it is a zero-dimensional space.
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1. INTRODUCTION

Throughout this article C'(X) denotes the ring of all real-valued continuous
functions on a completely regular Hausdorff space X, and C*(X) is the subring
of C(X) consisting of all bounded elements. For each f € C(X), the set
Z(f) = {z € X : f(z) = 0} is called the zero-set of f. If I is an ideal in
C(X), we denote Z[I| = {Z(f) : f € I} and (N Z[I] = (¢, Z(f). Whenever
() Z[I] is nonempty, I is called fixed; else, free. Maximal ideals of C'(X) are
precisely of the form MP = {f € C(X) : p € clgxZ(f)} for each p € X,
where 8X is the Stone-Cech compactification of X. More generally if A C 8X,
we denote M4 = {f € C(X): ACclgxZ(f)}. The fixed maximal ideals of
C(X) are the sets M, = {f € C(X) :p € Z(f)}, for p € X. The ideals OF =
{f € C(X) : p € intgxclgx Z(f)}, p € BX in the context of C'(X) are lower
bounds for prime ideals of C'(X) in the sense that for every prime ideal P in
C(X), there exists a unique p € X such that OP C P C MP; see Theorem
7.15 in [4]. More generally, for each A C X the ideal O4 is defined by the set
{feC(X): ACintgxclgx Z(f)}. The reader is referred to [3], [4] and [7] for
undefined terms and notations concerning C(X) and the concepts of general
topology.

Let us give a brief outline of this article. In the next section we first observe
that the intersection of two e-open sets is a an e-open set and this follows that
the set C.(X) consisting of real valued e-continuous functions on a space X
is a ring under pointwise addition and multiplication of functions. Next we
show that every open or dense subspace of an e-space is an e-space but not
every subspace (even a closed subspace) is necessarily an e-space. Section 3
is devoted to e-continuous functions. We observe in this section that each e-
continuous function on a space X is constant on every quasicomponent of X
and every subset of X with this property is in fact a quasicomponent of X.
This fact help us to define equivalence classes in 8X for characterization of
maximal and real maximal ideals of C.(X). The characterization of spaces
X for which C.(X) or C¥(X) (the subring of C.(X) consisting of bounded
ones) coincides with one of the rings C(X) and C*(X) are characterized. For
instance it is shown that C,(X) = C(X) if and only if X is an e-space (zero-
dimensional) and C.(X) = C*(X) if and only if X is a pseudocompact e-
space (zero-dimensional). We also observe in this section that the rings C.(X)
coincides with the rings of real valued clopen continuous functions on X which
are first introduced in [6] under the name of super continuous functions.

Finally in section 4 we characterize the maximal and real maximal ideals
of Co(X). In [1] it is shown that the ring Cs(X) (=C.(X)) of real valued
super (clopen) continuous functions on a space X is isomorphic with C(X})
for a zero-dimensional X,. In that reference, for characterization of maximal
ideals of C4(X) the authors have given a representation for maximal ideals
of C(X.). In this section we present the characterization of maximal ideals
of Co(X) by some equivalent classes in X so that if we take X as a zero-
dimensional space they coincide with usual ones. Real maximal ideals of C.(X)
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are also characterized and we have shown in this section that a space X is zero-
dimensional if and only if its topology coincides with the weak topology induced

by Ce(X) (CE(X)).
2. e-SPACES

A set G in a topological space X is called extremely open (briefly e-open)
if G and clxG are open subsets of X. We call a subset of a topological space
an e-closed if its complement is an e-open. Equivalently, a set is e-closed if
and only if it is closed and its interior is also closed. Clearly every closed-open
(clopen) set in a topological space is an e-open set, but not conversely. For
example R\ {0} is an e-open subset of R which is not a clopen set. Moreover,
for each Ti-space X, the set X \ {z} is an e-open set for each z € X. In fact, if
x is an isolated point of X, then X \ {z} is clopen, so it is e-open. Otherwise
X\ {z} is open, since X is T} and clx (X \ {z}) = X is open. Thus every dense
open subset of a space is an e-open set. In particular an open subset G of R is
e-open in R if and only if R\ G has an empty interior.

Using the following lemma, we show that the intersection of every two e-open
sets is an e-open set.

Lemma 2.1. Suppose that V is an e-open and U is an open subset of a space
X, then clx(VNU) =clxV NelxU.

Proof. Let p € clxV NclxU and W be an arbitrary neighborhood of p. Since
V' is e-open, clxV is clopen and therefore it is a neighborhood of p and hence
(WnelxV)NU # @. Thus WN(VNU) # @, which implies p € clx(VNU). O

Now the proof of the following result is evident.

Corollary 2.2. In any space, the intersection of every two e-open sets is an
e-open set.

Corollary 2.2 is not true for an arbitrary intersection (union) of e-open sets.
In fact an arbitrary intersection of e-open sets, even clopen sets, need not be
even an open set. If X is a space and x € X is the lone non-isolated point
of X, then for each z # y € X, the set X \ {y} is e-open (clopen). Now
G = Nyryex (X \ {y}) = {z} which is not even open. Also an arbitrary union
of e-open sets need not be an e-open set. For example if we take X = {% 'n e
N} U {0} as a subspace of R, then G,, = {5}, for each n € N, is clopen and
hence e-open but | J,,cy Gn is not e-open because its closure is {5 : n € N}U{0}
which is not open in X.

Since the intersection of two e-open sets in a topological space (X, 7) is an
e-open set by Corollary 2.2, the set of all e-open subsets of X form a base for a
topology 7. on X. Whenever 7. coincide with 7 (i.e., 7 = 7), we call the space
X an e-space.

Example 2.3. Whenever every open subset of a space has an open closure, i.e.,
if a space is extremally disconnected, then clearly it is an e-space. In particular,
every discrete space is an e-space. For a non-extremally disconnected e-space
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we may consider the one-point compactification space X = {1, %, cee %, U
{0} as a subspace of R. The set B = {{1} : n e NJU{G C X : X\
G is finite and 0 € G} consisting of e-open (clopen) sets is a base for X. Since
the closure of the open set {1,1, 1 ...} is not open, X is an e-space which is

539 50
not extremally disconnected.

Proposition 2.4. The trace of any e-open set on an open subspace and also
on a dense subspace is e-open.

Proof. First, suppose that X is an open subspace of Y and let V' C Y be
e-open. Let Vj =V N X. Then using the previous lemma we have

cdxVo=clyViNX =clyVNelyXNX =clyV N X.

Since V is an e-open subset of Y, cly V is clopen in Y and hence clx V} is clopen
in X. Now, suppose that X is a dense subspace of Y and let V' C Y be e-open.
If we put again Vy = VN X, it is clear that cly Vo = cly (VNX) = cly V because
X is dense in Y. Now clxVp = X NclyV implies that clx Vp is open. O

Corollary 2.5. Fvery open or dense subspace of an e-space is an e-space.

Every subspace (even every e-closed subspace) of an e-space need not be an
e-space; see the following example.

Example 2.6. Let
B ={U CR:U is open in R with usual topology and [0,00) \ U is finite}.

Clearly 8 may be a base for a topology on R, say 7. Since each member of B
is an e-open set with respect to the topology 7, (R, 7) is an e-space. In fact
for each U € B, we have clU = R and hence clU is open. Now consider the
subspace (—o0,0] of (R,7) which is e-closed. The collection of all subsets of
the form U N (—o0, 0] forms a base for (—oo,0], where U is an open subset of
R with usual topology. This implies that the space (—oo,0] as a subspace of
(R, 7) has the usual topology which is not an e-space.

From [3], recall that a Tj-space X is zero-dimensional if each point of X
has a neighborhood base consisting of clopen sets. Equivalently, a T}-space X
is zero-dimensional if and only if for each x € X and each closed set A not
containing z, there exists a clopen set containing x which does not meet A. So
every zero-dimensional space is a completely regular Hausdorff e-space. The
converse is also true by the following proposition.

Proposition 2.7. A space is a T3-e-space if and only if it is zero-dimensional.

Proof. Let X be a T3-e-space. Let G be an open set in X and z € G. Using
the regularity of the e-space X, there exists an open set H such that x € H C
clx H C G. Now, since X is an e-space, there is an e-open set K in X such that
x € K C H and hence x € K C cly K C clxH C G, where clx K is clopen, so
X is zero-dimensional. O
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Example 2.8. Using Proposition 2.7, each Tj-(even T5-)-e-space need not be
zero-dimensional. Whenever X is an infinite set with cofinite topology, then
clearly X is a Tj-e-space which is not even Ts, so it is not zero-dimensional.
Moreover every Ts-e-space is not necessarily a zero-dimensional space. In fact
as in Example 14.2 in [7], we let X be the real line with neighborhoods of any
nonzero point being as in the usual topology, while neighborhoods of 0 will
have the form U \ A, where U is a neighborhood of 0 in the usual topology and
A= {% :n=1,2,...}. Now let Y = X NQ as a subspace of X. Clearly Y is
a Ty-space which is not 75 and B = {((e, 8) \ A)NQ: o, 8 € R\ Q} is a base
for Y consisting of e-open sets. So Y is an e-space and since Y is not T3, it is
not zero-dimensional.

A topological space X is said to be an extremely T;-space (briefly a Tf-space)
if whenever x and y are distinct points in X, there is an e-open set containing
each not the other. We call a space X an e-Hausdorff (or a T§-space), if every
two different points of X can be separated by two disjoint e-open sets and from
[5] a space X is called ultra Hausdorff if every two different points of X can
be separated by two disjoint clopen sets. It is easy to see that Tj-spaces and
Ty-spaces coincide and the following result states that Ti5-spaces also coincide
with ultra Hausdorff spaces.

Proposition 2.9. A topological space is e-Hausdorff if and only if it is ultra
Hausdorff.

Proof. First we note that whenever Uand V are two disjoint e-open subsets of
a topological space X, then clxU NclxV = @ by Lemma 2.1. Next if a space
X is an e-Hausdorff, for each two different points z and y in X there exist two
disjoint e-open subsets U and V' of X containing x and y respectively. But by
Lemma 2.1, clxU and clxV are two disjoint clopen sets containing x and y
respectively, hence X is an ultra Hausdorff. Since every clopen set is an e-open
set, the proof of the converse is evident. ([l

Corollary 2.10. Let X be an e-space. Then X is Hausdorff if and only if it
1s ultra Hausdorff.

Proposition 2.11. Every homeomorphic image of an e-space is an e-space.

Proof. Let X and Y be two homeomorphic spaces, X be an e-space and ¢ :
X — Y be an onto homeomorphism. Let V' be an open subset of Y and y € V.
Then there is # € X such that y = (). Since ¢ is continuous ¢ (V) is an
open subset of X containing = and hence there exists an e-open subset U of X
such that z € U C ¢~ 1(V). But ¢ is an open function, so ¢(U) is open and
y € o(U) C V. Now it is enough to show that cly p(U) is open, i.e., p(U) is an
e-open set. Using Theorem 7.9 in [7], we have ¢(clxU) = clyp(U) and since
¢ is open, p(clxU) is an open subset of ¥ because clxU is an open subset of
X. This shows that cly ¢(U) is open and we are through. O

Similar to definitions preceding the Proposition 2.9, we may define the e-
compactness of the spaces: A space is called e-compact if every e-open cover
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of the space has a finite subcover. Clearly every compact space is e-compact
and using the following proposition, every e-compact is countably compact.

Proposition 2.12. If a space X is compact, then it is e-compact and whenever
X is an e-compact T -space, then it is countably compact.

Proof. The first part is evident. For the second part, suppose on the con-
trary that X is not countably compact. Then there is an infinite subset
A={z1,22,...,2y,... } of X without any cluster point. Now for each n € N,
the set G, = X \ A4,,, where A,, = {&p, Zny1,...} is an e-open set because A,
is closed and clxG,, = X \ B, where B,, C A,, will be open since B, is also
closed. Clearly U2, G, = X and no finite number of G,,’s cover X, i.e., X is
not e-compact.. O

The converse of the second part of the above proposition is not true. To
see this consider the space of ordinals [1,w; ), where w; is the first uncountable
ordinal number. It is known that the space [1,w;) is countably compact. But
{[1,@) : @ € [2,w1)} is a clopen cover for [1,w;) that can have no finite subcover.
We could not prove or disprove the converse of the first part of the proposition,
so we cite it here as a question for interested readers.

Question: Is every e-compact space a compact space?

Let A be a subset of a topological space X. An element z € X is called
an e-cluster point of A if each e-open subset of X containing x meets A. The
set of all e-cluster points of A is called the e-closure of A and we denote it by
e-clx A. Clearly for each subset A of a space X, we have clxA C e-clxy A and
the inclusion may be proper. For instance if we consider the open interval (0, 1)
in R, then clg(0,1) = [0, 1], but e-clg(0,1) = R.

As a closure of a set, the e-closure of a set A in a space X is the intersection
of all e-closed subsets of X containing A. Whenever

S={H CX: H isan e-closed set and A C H},

then e-clx A = (g H. In fact if x € (g H and = ¢e-clx A, then there is
an e-open set G containing = such that GNA = &. now X \ G is an e-closed set
containing A which does not contain z, a contradiction. The reverse inclusion
is also routine. The e-interior is defined similarly and the e-interior of a set A
is denoted by e-intx A.

In contrast to the closure of a set which is closed, the e-closure of a set need
not be e-closed. To this end, we let X = {0,1, 1, %, ...} be a subspace of R
with usual topology and A = {4, %,...}. Then e-clA = AU {0} which is not
e-closed.

Proposition 2.13. Let A be an e-compact subset of a space X and X be
e-Hausdorff. Then A = e-clxA.

Proof. Let x € e-clx A\ A. Since X is e-Hausdorff, for each a € A there exists a
clopen set U, not containing « by Proposition 2.9. Now C = {ANU, : a € A} is
an e-open cover of the e-compact subspace A and hence it has a finite subcover,

© AGT, UPV, 2023 Appl. Gen. Topol. 24, no. 2 438



On e-spaces and rings of real valued e-continuous functions

say {ANUy,,, -+ ,ANU,, },s0 A=, ANU,,. But U = J_, U,, is clopen
not containing z and hence X \ U is e-open containing x which does not meet
A, a contradiction. Therefore A = e-clx A. O

3. e-CONTINUOUS FUNCTIONS

Definition 3.1. Let X and Y be topological spaces and f : X — Y be a
function. We say that f is e-continuous at a point x € X if for each open set V
in Y containing f(z) there exists an e-open set U in X containing x such that
f(U) CV. A function f : X — Y is called e-continuous if it is e-continuous at
each point of X.

Clearly every e-continuous function is continuous, but the converse is not
necessarily true. For instance, the identity function ¢ : R — R is continuous
but not e-continuous, because the only nonempty e-open subsets of R are dense
open subsets of R. Whenever X is an e-space, then every continuous function
on X is e-continuous. In fact if f : X — Y is continuous, z € X and V is an
open subset of Y containing f(x), then there exists an open set G containing
x such that f(G) C V. But X is an e-space, so there is an e-open subset U of
X with z € U CG. Thus f(U) CV implies f is indeed e-continuous.

As the continuity, the e-continuity of a function may be stated via the inverse
images of the open sets under the function and other similar standard condi-
tions. The proof of the following proposition is analogous to that of Theorem
7.2 in [7].

Proposition 3.2. Let X and Y be topological spaces and f : X — Y be a
function. Then the following statements are equivalent.

(1) f is e-continuous.

(2) f7Y(V) is a union of e-open subsets of X for each open subset V of Y.

(3) f~Y(H) is an intersection of e-closed subsets of X for each closed subset
H ofY.

(4) f(e-clxA) C cly f(A).

Proposition 3.3. An e-continuous image of an e-compact space is compact.

Proof. Let f: X — Y be e-continuous from X onto Y and X be e-compact.
Let C = {V, : a € S} be an open cover of Y. For each z € X, there is o € S
such that f(x) € V,. Since f is e-continuous, there exists an e-open set G in
X containing x with f(Gy) C V,. Clearly X = |J, .y G, and e-compactness
of X implies that X = |J!_, G, for some z1,--- ,x, € X. Since f(Gy,) C Va,,
we have Y = |J_, Vi, L.e., Y is compact. O

Whenever X is a topological space, we recall that for each x € X, the largest
connected subset C, of X containing x is the component of z. In fact C, is
the union of all connected subsets of X containing . The quasicomponent @,
of z in X is the intersection of all clopen subsets of X which contain x. It

is well-known that C, C @, for each x and the inclusion may be proper, see
Exercise 26B in [7].
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If X and Y are topological spaces, then a function f : X — Y is called
clopen continuous at x € X if for each neighborhood V of f(x), there is a
clopen subset of X containing x such that f(U) C V. The clopen continuous
functions and also the rings of real valued clopen continuous functions are
studied in [6] and [1] respectively. Clearly every clopen continuous function
f X — Y is e-continuous and whenever Y is a T3-space, the converse is also
true.

Theorem 3.4. Let X and Y be topological spaces and f : X — Y be an
e-continuous function. Then the following statements hold.

(1) If Y is a Ta-space, then f is constant on each quasi-component Q.,
rzeX.
(2) If Y is a Ts-space, then f is clopen continuous.

Proof. (1) Since Y is Hausdorfl, for each y € Y ,where y # yo = f(xg), there
exists an open set V in Y such that yo € Y \ clyV and y € V. By the e-
continuity of f there is an e-open set G, in X containing o such that f(G,) C
Y\ clyV. But f is also continuous, so f(clxG,) C cly f(Gy) Ccly (Y \ V) =
Y\ V. Since Qqzy € [, 2yey lxGy and y & f(clxGy) (for otherwise, y € Y\V
which is impossible), y ¢ f(Q.,) for each y € Y with y # yo. This implies that
f(Qo) = yo.

(2) Let x € X and V be a neighborhood of f(x) in Y. Then there exists
an open subset W of Y containing f(z) with W C cly W C V by regularity of
Y. Since f is e-continuous, there exists an e-open subset U of X containing
x such that f(U) C W. Now f(clxU) C cly f(U) C clyW C V, because f is
continuous. But U is e-open, so clxU is clopen and we are through. O

The converse of part (2) of the above lemma is also true in the sense that
Q. for each = in a space X is in fact the largest subset of X containing = on
which every e-continuous function on X is constant.

Proposition 3.5. Let X be a space and Y be a Hausdorff space containing at
least two points. Then for each x € X,

Q. ={ye X: f(x) = f(y), for each e-continuous function f: X — Y}.

Proof. Whenever y € @, then f(z) = f(y) for each e-continuous function
f: X =Y by Proposition 3.4. Conversely suppose that y ¢ Q.. Hence there
exists a clopen set U containing x but not y. Now define f : X — Y with
f(U)=uy1 and f(X \ U) = ya, where y; and yy are two different points of Y.
Clearly f is e-continuous, f(z) =y1 # y2 = f(y) and we are done. O

If X is a topological space and f : X — R is an e-continuous function, then
using Theorem 3.4, f is a clopen continuous, because R is a T3-space. Therefore
the ring of all real valued e-continuous functions C,(X) on a topological space
X coincides with the ring Cs(X) consisting of real valued clopen continuous
functions. It is easy to see that C(X)(= Cs(X)) is an ordered ring which is a
subring of C'(X) and the following lemma follows that C.(X) is in fact a lattice
ordered ring. Using Theorem 3.4, whenever X is connected, then C.(X) = R.
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We denote by C*(X) the set of all bounded members of C.(X) and we call
X an e-pseudocompact space if C.(X) = C*(X). Clearly every e-compact
space is e-pseudocompact by Proposition 3.3, but the converse is not true. For
example R with usual topology is e-pseudocompact, since it is connected and
each member of C,(X) is constant by Theorem 3.4. But the e-open cover
{R\ {n,n+1,...}}nen of R can have no finite subcover. It is also clear that
every pseudocompact space is e-pseudocompact, however the aforementioned
example shows that the converse is not necessarily true.

Whenever X is an e-space, then clearly C(X) coincides with C.(X). By the
following proposition, the converse is also true if the space X is a completely
regular Hausdorff space. First we need the following lemma.

Lemma 3.6. Let X, Y and Z be topological spaces and f : X =Y, qg:Y = Z
be functions. Then the following statements hold.

(1) If f is e-continuous and g is continuous, then go f : X — Z is e-
continuous.

(2) Ifgof ise-continuous and g is an open one-to-one continuous function,
then f is e-continuous.

Proof. 1t is evident. O

Our proof of the following proposition shows that the parts (1) and (2) are
equivalent for any space X. In the other words, for any space X the equality
C*(X) = C*(X) implies C(X) = C.(X).

Proposition 3.7. For a completely reqular Hausdorff space X, the following
statements are equivalent.
(1) C*(X) = CZ(X).
(2) C(X) = Ce(X).
(3) The space X is an e-space.
(4) The space X is a zero-dimensional space.

Proof. Clearly (2) implies (1) and if (1) holds we let f € C(X) and take a
homeomorphism ¢ : R — (—1,1). Then ¢ o f is bounded e-continuous by part
(1). Now by Lemma 3.6 f will be e-continuous because ¢ is homeomorphism.
Hence C(X) = C.(X), so (1) also implies (2). Using Proposition 2.7, (3) and
(4) are equivalent and clearly (3) implies (2). Thus it remains to show that (2)
implies (3). We note that the set {cozf : f € C(X)} is a base for open subsets
of X by Theorem 3.2 in [4]. Now if z € cozf for some f € C(X) = C.(X), then
f(x) # 0, hence for an open set V in R containing f(z) but not 0, there exists
an e-open set U containing  such that U C f~!(V) C cozf. This implies that
the space X have a base consisting of e-open sets and we are through. ([

By Proposition 3.7, whenever X is an e-space, then C(X) = C.(X). More-
over if X is also e-pseudocompact, then C.(X) = C*(X) implies that C(X) =
C¥(X) C C*(X) and hence X will be pseudocompact. Therefore in the follow-
ing proposition, we may replace “pseudocompact” with “e-pseudocompact”.
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Proposition 3.8. The following statements for a completely reqular Hausdorff
space X are equivalent.
(1) C(X) = C(X).
(2) Ce(X) =C"(X).
(3) The space X is a pseudocompact e-space.
(4) The space X is a pseudocompact zero-dimensional space.

Proof. (1) = (2). First C.(X) C C(X) = C¥(X) C C*(X). Next C*(X) C
C(X) =C¥X) C Ce(X). Hence Co(X) = C*(X).

(2) = (3). The equality Ce(X) = C*(X) implies that C}(X) = Ce(X) N
C*(X) = C*(X). Hence by Proposition 3.7 X is an e-space. On the other
hand, by the same proposition we have C.(X) = C(X). Now using part (2),
C(X)=C.(X)=C*"(X), so X is pseudocompact.

(3) = (4) = (1). By Propositions 2.7 and 3.7, the proof is evident. O

4. CHARACTERIZATION OF MAXIMAL AND REAL MAXIMAL IDEALS OF RINGS
OF REAL VALUED e-CONTINUOUS FUNCTIONS

From now on we need some notations and details of the proof of Theorem
3.1 in [1] for later use. By Theorem 3.1 in [1], Cs(X), the ring of real valued
clopen continuous functions on a space X, is a C(Y) for a zero-dimensional
space Y. As we have already observed C.(X) coincides with C(X), so we use
C.(X) instead of C5(X) in the statement of our Theorem 4.1 which is the same
theorem in [1]. On the other hand, in order to familiar with some notations
in the proof of Theorem 3.1 in [1] and their applications, we have to give the
sketch of the proof.

Theorem 4.1. For every topological space X, there exists a zero-dimensional
space X, such that Co(X) = C(X,).

Proof. Let X, be the decomposition {Q, : © € X} on X, where @, is the
quasicomponent of x and take the collection 7 consisting of subsets G of X,
such that UQweG Q.. is a union of clopen subset of the space X. It is not hard
to see that 7 is a topology on X, and X, with this topology is Hausdorff. To
see that X, is zero-dimensional, let H be an open set in X, and @, € H for
some y € X. Then by definition T' = UQleH (). is a union of clopen subsets of
X and y € T. Therefore there is a clopen subset U of X such that y e U C T
Now take G = {Q. : z € U}. Since Ug_ Q> = U and U is clopen in X, the
set G is clopen in X, and @, € G C H (to see that G C H let Q, € G, then
x € U CT, so there is Q, € H with z € Q, C H. Therefore Q, = Q. € H).
This shows that X, is indeed a zero-dimensional space.

Finally we define ¢ : C.(X) — C(X,) with ¢(f) = f. for each f € C.(X),
where f.(Q.) = f(x) for each © € X. By a routine proof we observe that
f. € C(X,) for each f € C(X) and it is easy to see that ¢ is a one-to-one
homomorphism. To complete the proof it remains to show that ¢ is onto. To
this end, let g € C(Xz). The function f : X — R defined by f(z) = g(Qz),
for all z € X is e-continuous. In fact, if x € X, f(z) = ¢g(Qz) = ¢ and
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€ > 0 is given, then there is an open set H in X, containing @, such that
g(H) C (c—¢,c+e). Now it is enough to take the e-open subset G = (Jg_cy @
of X. Clearly x € G and f(G) C (¢ — ¢, ¢+ &) which implies that f € C.(X).
By definitions of f and ¢ it is clear that ¢(f) = g and we have thus shown
that ¢ is onto. (]

By the above proof, all members of C(X,) will be of the form f, for some
f € C(X). Using Corollaries 27.10 and 27.11 in [7], for a locally connected
space X we have C.(X) = C(Y), where Y is a discrete space and in particular
for a compact locally connected space, we have Ce(X) = R"™ for some n € N.

Now using the definition of the isomorphism ¢, the following result is evident.

Lemma 4.2 ([1, Lemma 4.1]). An ideal I in C.(X) is fized if and only if o(I)
is a fized ideal in C(X.). In particular, ¢ takes fixred mazimal ideals to fized
mazimal ideals.

By this lemma as in Theorems 4.2 and 4.4 in [1], fixed and free maximal
ideals of C¢(X) will be characterized as follows.

Proposition 4.3. ([1], Theorem 4.2) For a topological space X, the fixed maz-
imal ideals of C.(X) are precisely of the form

Mg, ={f€Ce(X):Q: S Z(H}=([) M)NC(X) zeEX.
YEQ

The ideals Mg, are distinct for distinct Q, and for each x € X, Ce(X)/Mq,
is isomorphic with the real field R.

Proposition 4.4 ([1, Theorem 4.4]). For every space X, the mazimal ideals
of Ce(X) are precisely of the form

MP={feCcX):peclhx.Z(f,)} , pepX.

As we observe the free maximal ideals of C.(X) are characterized via the
zero-sets of X,. These maximal ideals MP so defined are in fact the maximal
ideals of C(X,) which are not necessarily distinct for distinct p. For instance
whenever p € X, then MP = M9, for each ¢ € Q,. Here we are going to
introduce more natural representation of the maximal ideals of C.(X) by some
equivalence classes in X which do not depend upon X,. First we construct
equivalence classes in X similar to @;’s in X. Lemma 3.5 will show us the
right way to define such classes. For every p,q € X define p = ¢ if and only
if f8(p) = fP(q), for each f € C*(X). Clearly, this defines an equivalence
relation on SX. Let QP be the equivalence class containing p, for every p €
BX. In case X is a completely regular Hausdorff space, we also note that the
mapping o : X — X, with o(z) = Q. for each x € X has the Stone extension
& : X — BX,, by Theorem 6.5 in [4]. This extension map is onto as o is. to
characterize the maximal ideals of C,(X), we first need the following lemmas.

Lemma 4.5. Let p,q € 8X. Then (p) = a(q) if and only if ¢ € QP.

© AGT, UPV, 2023 Appl. Gen. Topol. 24, no. 2 |443



S. Afrooz, F. Azarpanah and N. Hasan Hajee

Proof. For each f € C.(X) we have f.(Q,) = f(z) for each x € X and this
means that f € C¥(X) if and only if f, € C*(X,). On the other hand f = f,o0
on X for each f € C.(X) implies that f# = f o0& for each f € C*(X). Now
suppose that ¢ ¢ QP, then there exists f € C*(X) such that f%(p) # f%(q).
This implies that f2 o 5(p) # f2 o0 5(q) and hence &(p) # &(q). Conversely,
let ¢ € QP but 6(p) # a(q). Then there exists g € C*(X.) with ¢°(a(p)) #
g°(7(q). Since every member of C*(X.) is of the form f, for some f € C*(X),
we may take g = f, for some f € C*(X). Now ffoa(p) # f805(q) implies that
2 (p) # £5(q), so p is not equivalent to q , i.e., ¢ & QP, a contradiction. O

Note that, o takes zero-sets of members of C.(X) to zero-sets in X, and also
the images of any two disjoint zero-sets of members of C,(X), are disjoint in
X, since o(Z(f)) = Z(f) for each f € C.(X). Also using Lemma 3.6, C.(X)
is a lattice ring. In fact if f € C.(X) and we take g : R — R with g(z) = ||
for each z € R, then by Lemma 3.6 we infer that |f| € Cc(X).

Lemma 4.6. Let f € C.(X). Then 6(p) € clgx,. Z(f.) if and only if QP N
clsx Z(f) # 2.

Proof. Let QPNclgx Z(f) = @. Then by the relation defined preceding Lemma
4.5, for every a € clgx Z(f), there exists g, € C}(X) such that g2 (p) # g2(a).
If we take ¢g2(p) = 6 and gf(a) = a and define k, = [%=%| A 1, then
clearly k, € C¥(X) by the argument preceding the lemma, 0 < k, < 1,
ko(a) = 0 and k.(p) = 1. Hence for every a € clgxZ(f) we may assume
that 0 < g, < 1, g2(p) = 1 and gZ(a) = 0. Again, letting ha = 2(ga V 5 — 3),
we have h, € C(X), 0 < h, < 1, a € intgxZ(h?) and hZ(p) = 1. Since
clgx Z(f) is compact, there exists a finite subset {a1, a9, ...,a,n} of clgx Z(f),
such that clgx Z(f) € Ui_; Z(hf). Then Z(f) C Z(h), where h = [[}_; ha,
and evidently h € C(X), 0 < h < 1 and h’(p) = 1. Hence Z(f) and
h=12,1] = Z(g), where g = h A 2 — 2 € Cc(X) are disjoint zero-sets of
C.(X). Therefore by the argument preceding the lemma, o(Z(f)) = Z(f.)
and 0(Z(g)) = Z(g,) are disjoint zero-sets in X,. Moreover p € clgx Z(g) im-
plies that (p) € o(clax Z(9)) < clax.a(Z(9)) — clax.o(Z(9)) = clox. Z(g:)
and so 7(p) ¢ clgx, Z(f).

Conversely, suppose that ¢ € QP NclgxZ(f) # @. Using the previous
lemma & (p) = (q), and since q € clgx Z(f), we have 5(q) € d(clgxZ(f)) C

clpx.0(Z(f)) = clgx.0(Z(f)) = clgx.Z(f.). Therefore o(p) € clgx.Z(f>).
O

Theorem 4.7. For every completely regular Hausdorff space X, the mazimal
ideals of C.(X) are precisely of the form

M ={feCuX): Q"Nclpx Z(f) # @} = | |J M?|nCe(X) , peBX,

qeEQ?

and they are distinct for distinct QP.
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Proof. Using the previous lemma and Theorem 4.4, the proof of the first part is
evident. For the second part, let QP # Q9. Then g ¢ QP and hence 5 (p) # 7(q)
by Lemma 4.5. Now there exists f, € C*(X,) such that (p) € clgx. Z(f.) and
a(q) ¢ clgx.Z(f.). This means that QPNclgx Z(f) # @ but QINclgx Z(f) = @
by Lemma 4.6. Therefore f € M@\ M@ ie., MQ" # M?". O

We may directly obtain the fixed maximal ideals of C,(X) from Theorem
4.7 which are characterized in Proposition 4.3.

Corollary 4.8. Let X be a completely reqular Hausdorff space and p € pX.
Then the mazimal ideal MR is fized if and only if M9 = Mg, for some
zeX.

Proof. Whenever MQ" = Mg, , clearly M Q" is fixed. Conversely, let M?@” be
fixed. Then there is z € X such that z € Z(f) for each f € M®". Using
Proposition 3.4, f(Q,) = 0, Vf € M. This means that M?" C Mg, and
hence M®Q" = Mg, because M@ is maximal. (]

Remark 4.9. As we observed in Theorem 4.7, M@" = (Ugegr M7)NCe(X) for
each p € BX while for fixed maximal ideals Mg, , we have Mg, = ((,cq, My)N
C.(X). The reason is that the equivalence classes QP’s are constructed by a
bit different relation which is defined preceding Lemma 4.5 and in contrast to
Q.’s, they are not necessarily the quasi components of 3X. In fact QP for each
p € BX is contained in the quasicomponent of p in X . To see this let ¢ € QP
but not in the quasicomponent of p in SX. Then there is a clopen set G in
BX such that p € G but ¢ ¢ G. Now define g € C(8X) with g(G) = 0 and
g(BX \ G) = 1. Clearly g|x € C*(X) and g|§( = ¢ separates p and g, i.e.,
q&Qr.

Moreover, as the representation of M?”’s, we may wright Mg, = (UyGQw M,)N
Ce(X), in fact Mg, = M, N Ce(X) for each y € Q. To this end, whenever
f € Ce(X), then for y € Qg, we have f(y) = 0if and only if f(Qz) = f(Qy) =0
by proposition 3.4.

Since every element of X, is of the form &(p),p € X, the ideal O7(®)
is defined as usual by the set {f, € C(X.) : d(p) € intgx.clgx.Z(f,)}. The
related ideals in C.(X) are o~ '(O%®), p € BX and we are to characterize
them by the following lemma and corollary.

Lemma 4.10. Let f € Co(X) and p € fX. Then 5(p) € intgx, clagx, Z(f2) if
and only if QP C intgx clgx Z(f)

Proof. Let (p) € intgx. clgx, Z(f.). Then there exists g, € C*(X.) (g €
C*(X)) such that ¢2(a(p)) = 1 and cozg? C intpx._clgx. Z(f.). Therefore
cozg, C Z(f,) which implies that f,g. = 0 whence fg = 0. On the other hand,
since g = g, o0 on X, we have g” = g% 0 & and hence ¢°(p) = 1. Now fg =0
implies that clzgxZ(f) U clgxZ(g) = BX or equivalently, 8X \ clgxZ(g) C
clgxZ(f). Using the equivalence relation defined preceding Lemma 4.5, for
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every q € QP we have ¢°(q) = ¢°(p) = 1. Hence
QP C BX \ clgxZ(g) Cintgxclgx Z(f).

For the converse, suppose that QP C intgxclgx Z(f). By a similar argument
in the proof of Lemma 4.5, there exists an e-continuous function h € C*(X)
such that h%(p) = 1 and BX \ intgxclsx Z(f) C clgxZ(h). Thus cozh? C
intgxclgx Z(f), whence cozh C Z(f) and hence fh = 0 which implies that
f-h. = 0. Moreover, since h? = h? o 5 and h?(p) = 1, we have h2(5(p)) = 1
which means that h, ¢ M®®). Therefore f, € O°®) by 7.12(b) in [4], so
a(p) € intgx,clax. Z(fs). O

Now, by the above lemma and the isomorphism ¢ : C.(X) — C(X,), we
have the following corollary.

Corollary 4.11. For each p € BX,
0% = o 1 (0" = {f € C.(X) : QP C intgxclsx Z(f)}.

Corollary 4.12. An ideal I in Co(X) is contained in a unique mazximal ideal
MC" if and only if OR" C I.

Using Theorem 4.1, to study the algebraic properties of the rings C.(X), the
space X may be considered as a zero-dimensional space. The following propo-
sition also states that C.(X) (C¥(X)) determines the topology of a Hausdorff
X if and only if it is zero-dimensional.

Proposition 4.13. Let X be a Hausdorff space. Then X is zero-dimensional
if and only if its topology coincides with the weak topology induced by Ce(X)

(Ce(X)).

Proof. Whenever X is a zero-dimensional space, then C.(X) = C(X) by Propo-
sition 3.7. On the other hand X is completely regular, so its topology coincides
with the weak topology induced by C(X) = C.(X) (C*(X) = C5(X)) by The-
orem 3.6 in [4]. Conversely suppose that the topology on X coincides with the
weak topology induced by C¢(X). Then the collection B = {f~(a,b) : f €
Ce(X),a,b € R} is a base for X. But each f~1(a,b) is a union of e-open subsets
of X by Proposition 3.2 and this shows that the space X has a base consisting
of e-open sets, so X is an e-space. On the other hand, using Theorem 3.7 in
[4] the space X is completely regular and hence X will be zero-dimensional by
Proposition 2.7. ([

Remark 4.14. If we consider X to be zero-dimensional, then C.(X) = C(X)
and every two different points p,q € BX can be separated by f?, for some
f e C*(X) = C#(X). This means that Q? is singleton for each p € X and
each maximal ideals M®" of C.(X) is exactly MP.

The rest of this section is devoted to characterization of real maximal ideals
of C.(X). If R is a commutative ring which contains the real field R, then a
maximal ideal M of R is said to be real whenever % ~ R. In C(X) an ideal
I is a real maximal ideal if and only if for each f € C(X), f —r € I for some
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r € R; see Corollary 3.3 in [2]. From 8B.2 in [4], for every f € C(X), we denote
v X ={p € X : f*(p) # oo}, where f*: X — R* is the Stone extension of
f from X to the one-point compactification R* = R U {oo}. The realcompact
spaces between X and SX are precisely the spaces ver X = fec vy X for a
subset C" of C'(X). The space vo(x) X is called the Hewitt realcompactification
of X which is the smallest; see 8B.3 in [4].

Theorem 4.15. Let X be a completely reqular Hausdorff space and p € BX.
Then the following statements are equivalent.

(1) The mazimal ideal MP" of Co(X) is real.

(2) QP Nve, ()X # 2.
(3) p €ve,(x)X, or equivalently QP C ve, (x)X.

Proof. First note that M%” is real if and only if ¢(M®") is real. On the other
hand, Lemma 4.6, implies that ¢(M®") = M?®) and therefore, M?" is real if
and only if 5(p) € vX,.

(1)=(2). Suppose that QP Nve, (x)X = J. Let ¢ € QP be arbitrary. Then
by the definition of v, (x)X, there exists an e-continuous function f € Cc(X)
such that f*(¢) = co. Using Theorem 7.6 (a) in [4], |[M?(f)| is infinitely large
and therefore by Theorem 5.7 in [4] we infer that the zero-sets Z, = {x € X :
|f(z)| > n}, n € N belong to Z[M?]. Thus Lemma 4.6 implies that

o(Zn) ={y€ X, :|f:(y)| > n} € Z[Mﬁ(p)]a

and hence by Theorems 5.7 and 7.6(a) in [4] we conclude that f}(5(q)) =
fX(@(p)) = oo. This is a contradiction by the preceding argument at the
beginig of the proof; see also Theorem 8.4 in [4].

(2)=(3). Let ¢ € QP Nw¢, (x)X but p ¢ ve, (x)X. Then by the definition of
ve, (x)X, there exists an e-continuous function f € C.(X) such that f*(p) =
co. Since ¢ € v, (x)X, so f*(q) = r, for some real number € R. Let
g=rVfA(rl+1),then g € C}(X) and ¢°(¢q) = f*(¢) = r. But ¢ € QP
and by the definition of QP we have ¢g°(p) = ¢®(q) = r, which implies that
f*(p) = r, a contradiction.

(3)=(1). Using the argument at the beginning of the proof, it is enough to
show that &(p) € vX,. To do this, we need to prove that, f3(5(p)) # oo, for
every f, € C(X.); see Theorem 8.4 in [4]. In fact since f} o0& agree with f* on
X , we have ffoa = f*. Now (ffod)(p) = f*(p) implies that f¥(c(p)) # oo
because f*(p) # oo and we are done. O

Using Theorem 3.1 in [2] and our Theorem 4.15, we have also the following
elementwise characterization of real maximal ideals of C,(X).

Proposition 4.16. Let I be an ideal of C.(X). Then the following statements
are equivalent.
(1) The ideal I is a real mazimal ideal of Ce(X).
(2) For each f € Ce(X), there is T € R such that f —r € I.
(3) There exists p € BX such that for each f € Co(X), QP Nclgx f~1(r) #
J, for some r € R.
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