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Hausdorff operators on weighted Banach spaces of type H*

José Bonet

Abstract

Some criteria for the continuity of Hausdorff operators on weighted Banach spaces
of analytic functions with sup-norms are presented. The operator is defined in a
different way on spaces of entire functions and on spaces of analytic functions on the
disc. Both cases are analyzed. Our results complement recent work by Stylogiannis
and Galanopoulos, and by Mirotin.

1 Introduction.

The aim of this note is to study continuous Hausdorff operators on weighted Banach spaces
of holomorphic functions of type H, both in the case of spaces of entire functions, in
which the operator is defined as in [23], and in the case of the disc, where it is defined as
n [21]. See the definitions below. In fact, these two papers are the source of motivation
and inspiration for our results below. Our main results are Theorem 2.3, Corollary 2.4
and Theorem 3.1. Connections with multiplier operators and composition operators are
exhibited.

We describe first the spaces where the operators are defined. Let G be the unit disc D
or the whole complex plane C. We set R = 1 for the case of holomorphic functions on the
unit disc, and R = +oo for the case of entire functions. A weight v is a continuous function
v :[0,R) — (0,00), which is non-increasing on [0, R) and satisfies lim,_,r r"v(r) = 0 for
each n € N. We extend v to D if R =1 and to C if R = 400 by v(2) := v(|z|). For such a
weight v, we define the following weighted Banach spaces of holomorphic functions on G

H(G) = {f € H(G); [[f]lo:= ilelgv(Z)lf(Z)\ < oo},

HY(G) := {f € H(G); v|f| vanishes at infinity on G},

endowed with the norm ||.||,. A function g vanishes at infinity on G if for every € > 0
there is a compact subset K of G such that |g(z)| < ¢ if z ¢ K. If G is an open subset of
C, we denote by H(G) the Fréchet space of all holomorphic functions on G endowed with
the topology 7., of uniform convergence on the compact subsets of G.

For an analytic function f € H({z € C;|z| < R}) and r < R, we denote M (f,r) :=
max{|f(z)| ; |z| = r}. Using the notation O and o of Landau, f € H °(G) if and only if
M(f,r) = O(1/v(r)),r — R. Polynomials are contained in H?(G) and the closure of the
polynomials in H°(G) coincides with HY(G), see e.g. [2].

We recall some examples of weights:

For R=1,
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(i) v(r) = (1 — r?)7 with v > 0, which are the so-called standard weights on the disc, for
which Hj°(D) are Korenblum type growth spaces; see Section 4.3 in [15].
(i) v(r) = exp(—=b(1 —7)~*),a,b > 0, which are called exponential weights, and
(ii1) v(z) = (log 15) ™%, a > 0, which are called logarithmic weights.
For R = +o0,
(7) v(r) = exp(—r®) with o > 0,
(ii) v(r) = exp(—exp(r)), and
(iii) v(r) = exp (— (logr)®), where o > 1.

Banach spaces of the type mentioned above appear naturally in the study of growth
conditions of analytic functions and have been considered in many papers. We refer to
[1, 2, 5] and the references therein. Lusky [19] obtained the isomorphic classification of
these spaces. The space H;°(C) is denoted in [11] as the general weighted Fock space FL
of order infinity (i.e. with sup-norms) with v(z) = exp(—¢(|z])), and ¢ : [0, 00[—]0, co[
is a twice continuously differentiable increasing function. See [25] for Fock spaces. We
refer the reader to [15, 24, 25] for unexplained notation. In what follows N stands for the
natural numbers and we set Ny := NU {0}.

2 Hausdorff operators on weighted Banach spaces of entire
functions.

Let p be a positive measure on (0,00). Stylogiannis and Galanopoulos [23] consider for-
mally the Hausdorff operator induced by the measure i defined by

Ho(f)(2) = / T (D)aut), zec

where f € H(C) is an entire function. The operator #,, is studied in [23] on Fock spaces
FE,1 < p < oo,a > 0. This operator is more general than the one considered in [16] for
Hardy spaces of the upper half plane, and was first studied in [22] for analytic Bergman
spaces of the upper half plane. See also [10, 14, 22]. Here we present some results about
the behaviour of H,, when it acts on the weighted spaces H5°(C) and HY(C).

Proposition 2.1 Let v be a radial weight on C.
(1) If the operator H, : H*(C) — H3°(C) is continuous, then
<1
sp [ ) < ) < o (21)
and the operator H,, : H)(C) — HY(C) is also continuous.
(2) If the operator H,, : H)(C) — HY(C) is continuous, then (2.1) holds.
(3) If the operator H,, : H*(C) — H;°(C) is compact, then

[e.e]

L) = 0.

k—o00 0

Proof. (1) Set gy (z) := 2™, m € Ny. Since g, € H)(C) C HS°(C) and H,, is well defined
and continuous on H3°(C), we conclude that the function

Hulon) = ([ gsrdn(®))
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belongs to HS°(C). Moreover, for each m € N,

> 1 m m
(gl = ( / g i) =" o < Il 127

This implies

1
swp [ ) < ) < o
As the polynomials are dense in H? and the continuous operator ‘H,, maps polynomials
into polynomials, we conclude that H,,(HY) C HY.

(2) follows with the same argument, since the polynomials are contained in H?(C).

(3) The sequence hy, = gm/||2"|ls, m € Ny, is clearly bounded and tends to zero
uniformly on compact subsets of C. Indeed, fix R > 0, we have ||z, = sup,>qr"v(r) >
(2R)™v(2R). Then, for each z € C, |z| < R, we get |hn,(2)| < (1/2)™/v(2R) for each
m € N, which yields lim, e Sup|,<g [hm(2)| = 0.

If the operator H, : H°(C) — H;°(C) is compact, then condition (2.1) holds and
the image of the unit ball of H3°(C) is relatively compact in HJ°(C), hence the norm
topology and the weaker Hausdorff topology of uniform convergence on compact subsets
of C coincide on this image. Now, the sequence (H,(hm))m tends to zero uniformly on
the compact subsets, since, for each m € Ny, we have

Hyho) = ([ Grieadi®)

and condition (2.1) holds. Therefore (#,(hm))m tends to zero in H;°(C). Clearly,

>~ 1
Il = [ putt)

which completes the proof. O
Lemma 2.2 (1) Condition (2.1) implies

< 1
sup /0 Wd,u(t) < 00,

n€eNg

for each v > 0.
(2) If the sequence ( [~ tikdu(t))keN tends to zero, then

Proof. (1) Set

o0

1

M(p) = sup/ ——du(t) < oo,
( ) neNy J0 trtl <)

and fix v > 0. If n = 0, then [° m%d,u(t) = Iy 2dp(t) < M(p). We consider now the
interval [1,00). Since yn+1 > 1 for each n > 1, we have 51 < § for each t € [1,00) and
I ﬂn%du(t) < M (p) for each n > 1. Now in the interval (0,1) we proceed as follows.
Given n > 1, select k € N such that yn +1 < k + 1. We have ﬂn% < tk% for each
€ (0,1). This yields

b |
| merdnte) < [ saut < M.
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Therefore, for each n € Ny, we get

> 1 ! <1
/0 Wd,u(t):/o ﬂn“dﬂ(t)"'/l Wdﬂ(t)§2M(ﬂ)-

(2) The proof is similar to part (1). 0

Theorem 2.3 Let o > 0 and B > 0. Let v be the weight on C defined by v(r) =
exp(—pr®). The following conditions are equivalent.

(i) Hy: H(C) — H(C) is continuous.
(i) H, : H)(C) — HY(C) is also continuous.
(i) supen [ rdp(t) < oo.

In this case, we have

* 1
e )

Proof. Proposition 2.1 ensures that (i) implies (ii) and (ii) implies (iii).
Let us assume condition (iii) holds. By Remark 2.2,

o
1
M(p) = ——du(t) < oo.
(1) sup /O sang1 dp(t) < o0

We show that H, : H;°(C) — H:°(C) is well defined and continuous. In particular, we
must prove that #,(f) is an entire function for each f € H3°(C). To do this we apply the
Theorem in Mattner [20] and set F(z,t) := 1/tf(z/t), t € (0,00), z € C, for f € HX(C).
For each z € C the function F(z,.) is continuous, hence p-measurable, and F'(.,t) is an
entire function for each ¢ € (0,00). We have to prove that for each zg € C there is § > 0

such that
i / t‘f< )‘d" < o0

|z—2z0|<d

This will follow from our estimates below.
Given an arbitrary function f € H°(C) we have

[F (O] < exp(BICID)[ fllo, ¢ €C.

Therefore, for each z € C and t € (0, 00), we get

Hr(G)] < L ((ED)" )rfuv—zi, 1

/0 S £(2) | dutt <\f\|v/ ﬂﬁ;aﬁa u(t) =

171 Z 2 ([ mdut) gl < b Ml 3 (Bl = Ml exp(B121%).

nO

Then

This 1mphes that the operator is well defined and

IHu(H)l = Sup [Hu () ()] exp(=B12[") < M ()] fl]o-



Theorem 2.3 for o = 2 is proved in [23]. Our proof is close to the one given there.

The monomials are not a Schauder basis of the Banach space HY(C) for v(r) =
exp(—r®),r > 0, by Theorem 2.3 in Lusky [18]. This is why to see that #, acts as a
multiplier on H:°(C) requires a different proof below.

Corollary 2.4 Let o > 0 and 8 > 0. Let v be the weight on C defined by v(r) =
exp(—Br®). If sup,en [o° tn%d,u(t) < o0, then the continuous operator H, : H°(C) —
H°(C) acts on the Taylor expansion as a multiplier; that is,

HM<7§)anz”> = ian(/ooo tn%du(t))z".

Proof. By the Theorem in [20], see consequence (C3), for each f € H;°(C) and each

n € Ng, we have
((Zjﬂu(f))(z) _ /0°° 1;;1 sz(i)du(t) = /OOO tn%f(n)(%)du(t).

Hence, the entire function #,(f) satisfies for each n € Ny

00 (n)
)0 = (7 i) O

n!
Consequently, . .
H, ( ZO anz”> = ZO an, ( /OOO tn%du(t)) 2"
for each f(z) =Y o2 anz" € H(C). O

It is important to point out that not all multipliers

00 00
T’Y ( Z anzn> = Z an’}/nznv
n=0 n=0

with v € o define a continuous operator from H:°(C) into itself. This question is related
to the solid hull and core of the space H;°(C) which was investigated for spaces of type
H* in [6, 7, 9].

Lemma 2.5 Let v be a radial weight on C or D. If m = (my), € {1, then the operators
Ty : HX® — HS® and Ty, : H) — HY given by T (3 00 g anz™) = > o0 g mpanz™ are well
defined, continuous, their norm satisfies || Tl < 3, |mn|, and they are also compact.

Proof. It is enough to show that 7, : H;° — HZ° is well defined and continuous, since
T,, maps polynomials into polynomials and the subspace of polynomials is dense in HY.
Clearly T,,(f) is an entire function for each f € H°.

Cauchy inequalities imply |ap,|||z" |l < ||f]]o for each f = > > ja,2z™ € HS° and each

n € Ny, see e.g. the proof of Theorem 2.3 in [4]. This implies

oo o o
1Y mnan="llo < (3 tmal) sup lanll="l < (3 mal) 11l
n=0 n=0 n n=0

This proves the continuity and the estimate of the norm.



To show compactness, for each k£ € N, define the operator T, , on H;° by

[es) k
ka(z anz") = E Mpanz".
n=0 n=0

This operator is continuous and has finite rank. Moreover, for each f € H3°, we have

[e.e]

1T = Tonid Dl < (32 a1

n=k+1

and T, is the limit in the operator norm of a sequence of finite rank operators, hence it
is compact. O

Proposition 2.6 Let o > 0 and 8 > 0. Let v be the weight on C defined by v(r) =
exp(—pr®). If the sequence (fOOO tik dﬂ(t))keNo is in {1, then the operator H, is compact
on HX(C) and on HY(C).

Proof. This is a consequence of Corollary 2.4 and Lemma 2.5. a

Observe that one cannot use the argument of the proof of Theorem 3.1 in [23] to prove
compactness of H,, because the monomials are not a Schauder basis of the Banach space
HY(C) for v(r) = exp(—r®),r > 0, by Theorem 2.3 in Lusky [18], as it was mentioned
above. On the other hand, Corollary 2.6 in [18] implies that the monomials are indeed a
Schauder basis of HJ(C) for v(r) = exp(—(logr)?),r > 0.

If the monomials are a Schauder basis of H2(C), then Theorem 5.2 in [7] implies that
the spaces H3°(C) and HJ(C) are solid, that is, if an entire function > o ;a,2™ belongs
to one of these spaces and |by,| < |a,|, n € Ny, then Y > b, 2" is also in the same space.
We have the following results. The first one improves Lemma 2.5 for certain radial weights
on C.

Proposition 2.7 Let v be the radial weight on C defined by v(r) = exp(—(logr)?),r > 0.
If m = (mp)n € o, then the operators T, : HX® — H and Ty, : H) — HY, given
by Trn(Dopr g anz™) = Y oo o mnanz", are well defined and continuous. Moreover T, is
compact if and only if m € cg.

Proof. The monomials are a Schauder basis of H2(C) by Corollary 2.6 in [18]. We can
apply Theorem 5.2 in [7] to conclude that H2°(C) and HY(C) are solid. Then, if m € £,
T, is continuous on H°(C) and HY(C) by the closed graph theorem.
By Theorem 2.5 in [18] there is d > 0 such that for all f(z) = > 2 a,2" € H°(C)
we have
sup |an| exp(n?/4) < ||fllo < d sup |an|exp(n?/4).
neNg n€Ng

This implies || T, (f)|lo < d (Suppen, Imal) || f]lo for each f € H°(C). Define, for k € N,

) k o
Tm,k(z anz") = Zmnanz", Z anz" € H°(C).
n=0 n=0 n=0

Assume that m € c¢g. By the argument given above, we have |[(T" — T x)(f)|lo <
d (sup,>g [mal) ||fllv for each f € H°(C). Therefore T), is compact, since it is the
limit of a sequence of finite rank operators in the operator norm.



Conversely, if T,,, is compact, then the image of the bounded sequence (z"/||z"|s)n,
which tends to zero uniformly on compact sets, satisfies that

(T (2" /112" o)) = (mn2" /|2 o)

tends also to zero uniformly on compact sets, as m € £, hence it tends to zero in norm
too. This implies that m € ¢y, because || T (2" /||z"||v)||o = |mn| for each n € Ny. O

Proposition 2.8 Let v be a radial weight on C such that the monomials are a Schauder
basis of H)(C). If sup,ey [y~ merdu(t) < oo, then the operator

00 00 0 q
T(Z%z") :Z(/ —tn+1)anzn’
n=0 n=0 0

is continuous on H3°(C) and H)(C). Moreover, T(p)(z) = H,(p)(z) for each polynomial
p(z), and the operator H,, has a unique continuous linear extension from the polynomials
to HY(C).

Proof. The continuity of 7' follows again from Theorem 5.2 in [7], which ensures that
H2°(C) and HY(C) are solid. O

Example 2.9 (1) Let x be the characteristic function of (1,00). Consider the measure
du(t) = x(t)1dt, where dt is the Lebesgue measure. If f € H(C) is an entire function, the
Hausdorff operator in this case satisfies

wE = [ (Gano = [ g (Gar= [ =1 [ s

hence it coincides with the Hardy operator H, which was investigated for spaces of type
H:°(C) in Theorem 3.12 in [1]. It is shown there that H is continuous on H3°(C) and
that H2 = H o H is compact.

(2) Let v be the weight on C defined by v(r) = exp(—fr®) with a > 1 and 5 > 0. Let
g € H(C) be an entire function. According to Corollary 3.12 in [8], the Volterra operator

/f ¢)d¢, ze€C,

is continuous on HJ°(C) if and only if ¢ is a polynomial of degree less or equal the integer
part [a] of a. The Volterra operator is also related to the Hausdorff operator. Indeed, if
n < [a] and g(z) = 2", we have

Ve =n [ 10t = [T ()5 =m0,

for the measure du(t) = x(t)(1/t")dt

3 Hausdorff operators on weighted Banach spaces of ana-
lytic functions on the unit disc.

Let p be a positive Radon measure on the unit disc D and let K be a u-measurable function

on D. For w € D, we denote by ¢,, the automorphism of the disc defined by

w—z

ow(z) = , z€D.

1 —wz
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Mirotin [21] defines the Hausdorff operator associated with u and K on the disc D by

Hicu(f)(2) = /D K(w)f(pu(2))du(w), z€D,

for an analytic function f € H (D) on the unit disc. He obtained conditions to ensure that
the operator acts continuously on the Bloch space, Bergman spaces and Hardy spaces.
Similarly defined operators for the Mobius invariant area measure were investigated on
some spaces of integrable functions by Karapetyants, Samko and Zhu in [17]. Our purpose
in this section is to add a few results about the continuity of the operator H , when it
acts on spaces of type H°(D) and HY(ID). It turns out that this question is related to the
continuity of the composition operators Cy,, : Ho°(D) — Hg°(D) for the automorphism
Yw, w € D. By Proposition 2.1 in [5] this composition operator is continuous if and only
if
_e)
seb D(pu(2)

In this case, the norm of the operator satisfies

‘ =Ssup ————~ U(Z) < 0.

1Ceull =00 50 )

wl

Here o is the associated weight to v in the sense of [3]|, which is defined by

5(2) 1= 1/118: ey

The associated weight @ is radial, continuous, decreasing H°(G) = H°(G), H)(G) =
HY(G) and || f|l» = || f||s for each f € H°(G). All the examples of weights on the unit disc
mentioned in the introduction satisfy that there is C' > 0 such that v(z) < 9(2) < Cv(2)
for each z € D. Observe that if Cy,, is continuous, then ||Cy, | > 9(0)/9(w) > 1, hence
supep ||Coy || = 00, since lim, 1 (r) = 0. In particular, the spaces H°(D) and HY(D)
are not Mébius invariant in the sense of [13].

As a consequence of Theorem 2.3 in [5] and its proof, the operator Cy,, is continuous
on H°(D) for all w € D if and only if the weight v satisfies the following condition:

] (1 —27"m)
(%) blTle m < 0.

Standard and logarithmic weights satisfy this condition, but exponential weight do not.

Theorem 3.1 Let v be a radial weight on D satisfying condition (x). If the function
we D — K(w)||Cyp,|| belongs to L(u), then the operators

Hip s HE (D) = H(D),

and

Hic, : HY(D) — HY(D),

are continuous. In this case, we have

T / K ()] |Cp ldpa(a0).



Proof. First we prove the result for the operator acting on H5°(D). To do this, we
use again Mattner’s Theorem in [20] to ensure that Hg ,(f) is an analytic function for
each f € H°(D). We may assume that K(w) is defined for all w € D. Put F(z,w) :=
K(w)f(ew(z)), z,w € D, for f € H*(D). For each z € D, the function F(z,.) is u-
measurable, and for each w € D, the function F(.,w) is analytic on D. We must show that
for each zy € D there is § > 0 such that

sup / K (1) (9 (=) dpa(aw) < o0

|z—zo|<d /D

Since the function w € D — K(w)||Cy,
each z € D,

| belongs to L'(u1), we can estimate as follows, for

wl

1

w2 ) <

/|K )£ (0w (=) ldpa(ew /|K )5(pu()1f (2u(2))]

< W ([ 1K@ Idn(w)

Therefore H ,,(f) is indeed an analytic function and moreover

s Dll < ([ K@ IColldutw))Ifll, S € HE (D)

This implies the statement for H°(D).

To complete the proof it is enough to show that our assumptions imply H ,(H2(D)) C
HY(D). Since the polynomials are dense in H2(D), it is enough to show that H s, (H>) C
H®°. This follows adapting the argument above, having in mind that our assumptions
imply that K € L'(u), because K is p-measurable and |K(w)| < |K(w)| ||Cyp, || for each
w e D. O

Remark 3.2 The arguments in the proof of Theorem 3.1 show that if the function K €
L' (), then the operator Hg,, : H> — H™ is continuous and | Hg .|| < [p 1K (w)|dp(w).
Compare with Theorem 3 in [20] for Hardy spaces HP,1 < p < oo and with Lemma 2.2 in
[16] which considers Hardy spaces on the upper half plane.

Our next lemma is certainly known, but we were not able to find a reference.

Lemma 3.3 (1) If v(r) = (1 — r?)” with v > 0, then

1+ |wl\7
C :( ) , D.
1Cou = [l w e

(2) If v(z) = (log t52) ™%, a >0, then

1+ |w|

1 — [wl

[e%
ICoull < (1+10g ), weD.

Proof. (1) It is easy to see that

(1—|w|)?= mf 11 —wz? < 81615 11 —wz* = (1 + |w|)?
z



Therefore, by Proposition 4.1 in [24], we get

1—|z|? 1—wz]2 1+ w)? 1+ wl
sup = — _ .
2eb 1 —[pw(2)]?  zep 1—|w]? 1 —|w|? 1—|w|

This clearly implies the statement.

(2) We estimate (v(2)/v(pw(2)))/®, 2z € D again using Proposition 4.1 in [24] as

follows. | 2
ell-wz
log(e/(1 — |pu(2)?) _ 108 ((1—|w|2>(1—|z\2*>)
log(e/(1 — |2?) log(e/(1 — |2?)
e(1+|wl)
log ((1—\w\)(1—|z\2>> <1+ 1log 1+ |w]
log(e/(1—1z|?) — 1 — |wl

Our next corollary should be compared with the results in [21].

Corollary 3.4 (1) Let v(r) = (1 —r2)Y with v > 0. If the function w € D — K (w)/(1 —
|w|)” belongs to L' (), then Hic,, : HP(D) — H(D) is continuous.

(2) Let v(r) = (log +%5)~%, a > 0. If the function w € D — K(w)log(1—|w|) belongs

1—r2

to L*(u), then i, : HP(D) — H(D) is continuous.

Proof. This is a direct consequence of Lemma 3.3 and Theorem 3.1. O

Example 3.5 (1) Consider the weight v(r) = (1 —72)7,0 < r < 1, with v > 0 and the
measure du(w) = dA(w)/(1 — |w|?)?, B > 0, where dA is the area measure. If there is
C > 0 such that (1/C)(1—|w|?)* < |K(w)| < C(1—|w|*)* for all z € D, and B+a—v < 1,
then the Hausdorff operator Hg , : Hy°(D) — Hg°(D) is continuous. This follows from
Corollary 3.4 (1) and Lemma 3.9 in [24].

(2) If the measure p is concentrated on a sequence (wy), in D, we get the discrete

Hausdorff operator, for d = (d,,), € C,

Ha(f)(2) = Zdnf(sown(z)), z e D.
n=1

If the sequence reduces to one single point, we obtain the weighted composition operator
dCy,. Theorem 3.1 implies that if > >°, |dy| [|Cp,, || < oo, then H,4 is continuous on
Hy (D).

Acknowledgement. This research was partially supported by the project MICINN
PID2020-119457GB-100.
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