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Abstract: The concept of function is a threshold concept in mathematics since it is essential for a deep
understanding of the subject and is often problematic for students. Despite the importance of this
concept, numerous studies have found that students have several difficulties and misconceptions
about it. This work aims to assess, classify and synthesize the existing information about the learning
difficulties and misconceptions related to the concept of function. In this sense, the main achievement
of the work is the synthesis and classification by topics of the information gathered from the literature.

Keywords: concept of function; mathematics teaching and learning; learning difficulties; function
representation

1. Introduction

A threshold concept can transform the understanding of a subject, and its learning
is often problematic for students [1]. In teaching/learning mathematics, functions, limits,
derivatives and integrals are recognized as threshold concepts [2]. Among all these concepts,
functions are especially important because other concepts, such as integrals, derivatives or
limits, strongly depend on a deep understanding of the concept [3].

Functions begin to be studied in secondary education and are a fundamental concept
in mathematics subjects of university degrees related to basic sciences, social sciences,
engineering and architecture. The lack of a deep understanding of the concept of function
provokes (1) comprehension problems with subsequent concepts, such as limits, derivatives
or integrals; (2) precarious application of functions in other subjects or professional future;
and (3) a feeling that the concept is useless, which leads to low motivation and interest in
its study [4].

Since the late 1970s, several studies have been published about the characterization
of the difficulties in the teaching/learning process of the concept of function [5–9]. In
1992, Dubinsky and Harel published a book [10] about the main comprehension problems
that students had with this concept. This book outlines previously documented learning
difficulties and introduces new ideas, suggesting that misunderstandings can impede
accurate comprehension of the concept.

However, despite the existing body of literature on this issue, we have experienced
that it is challenging to become aware of the main results. This is mainly because there
is a significant heterogeneity in the quality of the references. In addition, there is a lot
of redundant information presented in different ways, which obscures the main findings.
On the other hand, some works study issues about the concept of function that are very
fragmented or too specific, and it is easy to lose sight of the problem. Finally, we missed a
classification of learning difficulties based on the main characteristics of the concept. Thus,
the purpose of this work is to carry out a review and analysis of the existing literature on
the learning difficulties and misconceptions related to the concept of function, with the aim
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of (1) clarifying and unifying the results and conclusions obtained so far; (2) contributing
to have a broader and more uniform knowledge about the teaching/learning process of
the concept of function; (3) pointing out lines of research that remain to be explored; and
(4) helping mathematics teachers, who could anticipate their students’ comprehension
problems once they know their main learning difficulties and misconceptions, and who
could also design teaching methodologies and materials to attack them. Consequently, the
research question of this work is:

What are the main results and conclusions detected in the literature with respect to
the learning difficulties and misconceptions of the concept of function?

Despite all the previous studies, further research is still needed since current students
continue to have learning difficulties with the concept of function. The present work may
help to continue this research.

2. Materials and Methods

This work was developed as follows: First, the criteria for the literature review and
the characterization of the selected works were defined, which is explained in this section.
Then, the information found was classified according to the main characteristics of the
concept of function, which is detailed in Section 3. Finally, results were summarized and
conclusions were derived (see Section 4).

2.1. Search and Literature Analysis

An exhaustive literature search of learning difficulties related to the concept of function
was carried out. The Web of Science (WOS), Scopus and ERIC were used as databases.

The search strategy included several search engines and the introduction of the fol-
lowing terms: «threshold concept» and «function», «learning progression» and «func-
tion concept», «mathematics education» and «function concept», «learning difficulties»
and «function concept», and «misconception» and «function concept». These terms were
searched within the title, abstract and keywords of WOS and Scopus, the field Topic of
WOS, and the title and descriptors of ERIC. No time limit was specified. Since the term
«function» is a broad term that can have many meanings, it was essential to use the term
«function concept» instead of «function» to narrow the search. Articles written not only in
English but also in Spanish (our mother tongue) were selected to enrich the search.

In the first step, called selection, all the references found were independently reviewed
by two of the authors to select those works directly related to the work’s aim. Most of the
references to be discarded were directly detected by the title. In the case of not being sure
about discarding by the title, the abstract or even the full text were read. Both authors
worked independently. The criteria for the selection were:

(1) The study referred to the mathematical concept of function. We discarded works
focused on functions with other meanings, such as role in economics or code in
programming. Moreover, works that contained the word «function» in the title or
abstract but were not related to the topic of the study were also discarded.

(2) Only studies that refer to learning difficulties and misconceptions about the concept
of function were considered. It is important to remark that we did not consider in our
study other types of studies related to the concept of function, such as those based on
interventions to improve the understanding of the concept, or those based on how the
learning of functions evolves in students.

Each author saved all the references selected in the same folder using this code: year
of publication_first author family name. Both authors shared their findings and created a
new folder with the selected references, including a reference number for each one.

In the second step, called synthesis, we built a data sheet to synthesize the informa-
tion from the papers selected. Each paper was fully reviewed by two authors, who first
independently filled in the table and then shared their findings. The data fields of the table
were ID (number of reference), name (first author family name), year of publication, educa-
tional level (secondary or university education), type of study (experimental or without
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experimentation, sample size for experimental studies, qualitative or quantitative analysis,
students’ profile, duration of the study), objective of the study, aspects of the concept of
function that authors assessed and the main ideas of the results. During this full review of
the first selected references, a group of references was also discarded because we found
that they were outside of the scope. Moreover, we noticed some repeated ideas in different
papers written by the same author (or group of authors). In these cases, we only selected
one of the papers, usually an older paper or a paper that joined more ideas, prioritizing
journal over conference papers.

Citations included in the selected studies were also reviewed in order not to lose
possible relevant information.

After this process, we obtained the entire sample of references for the literature review.

2.2. Characterization of the Selected Studies

In the third step, called classification, a new data sheet was compiled using Table 1 in
order to record the characteristics of each paper chosen for review. Five categories were
established for the topic data field in order to classify the broad aspects of the concept of
function found in the synthesis step: 1: definition; 2: interpretation or meaning; 3: notation
or expression; 4: graphic representation; and 5: management and characteristics. The last
category (number 5) refers to types of functions, the operations made with functions and
their properties.

Table 1. Information included in the data sheet used for the characterization of the selected papers.

Author Family name of the author, two authors, or the first in a list of
authors, followed by the year of publication

Sample size Number of participants in the study. In the case of being a theoretical
study without experimentation, the acronym NE is used

Educational level Secondary education (SE) or university education (UE)

Topic
Learning issues studied related to the concept of function
(1: definition; 2: interpretation or meaning; 3: notation;
4: representation; 5: management and characteristics)

Results and conclusions Main results and conclusions classified with respect to learning
difficulties and misconceptions

We named non-experimental studies (NE) those theoretical studies in which students
have not participated, and we referred to experimental studies when there has been student
participation. In the case of experimental studies, we divided them into two groups: those
in which a small sample is used (n < 25), and studies with a larger sample (n ≥ 25).

On the other hand, we thought it was necessary to distinguish between secondary
education (SE) and university education (UE) since the concept is not dealt with the same
complexity at both educational levels, which can provoke different learning difficulties.

Finally, the results and conclusions were classified as either learning difficulties or
misconceptions based on what they referred to. A learning difficulty is a condition that
affects a person’s ability to learn, such as difficulty understanding or remembering new
information or skills. A misconception is an incorrect or misunderstood belief, idea or
opinion about something. It is typically formed without enough evidence or research and
can be challenging to correct.

Repeated ideas found in different references were written with the same wording to
systematize the results and conclusions field.

3. Results
3.1. Literature Review

The search produced the following number of papers according to the terms used:

• «threshold concept» and «function», 3856 papers;
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• «learning progression» and «function concept», 140 papers;
• «mathematics education» and «function concept», 533 papers;
• «learning difficulties» and «function concept», 885 papers;
• «misconception» and «function concept», 329 papers.

During the selection (first step), we detected many coincidences between the references
found with different queries. Additionally, most of the papers that contained the word
«function» in the title or abstract were not related to the mathematical concept of function.
At the end of the first step, 54 papers were selected. After the synthesis (second step),
22 papers were discarded, and one new paper was selected that came from the references
analysis of the 54 papers. The total number of articles selected was 33. Table 2 shows the
selected articles and the items used for the characterization.

Table 2. List of the selected papers.

Reference Sample Size Educational Level Topic
[11] Abdullah, 2010 4 SE 1, 2, 3

[12] Akkoç y Tall, 2003 9 SE 1, 2

[13] Bardini et al., 2014 383 UE 1, 2, 5

[14] Borke, 2021 NE NE 2

[15] Cansiz et al., 2011 61 SE 2, 4, 5

[16] Carlson y Oehrtman, 2005 NE NE 1, 2, 3, 4, 5

[17] Clement, 2001 60 SE 2, 4

[18] Dogan, 2007 2 SE 1, 2

[19] Dreyfus y Eisenberg, 1992 443 SE 1, 2, 4

[20] Dubinsky y Wilson, 2013 15 SE 1, 3, 4, 5

[21] Eames et al., 2021 680 SE 1, 2, 4

[22] Evangelidou et al., 2014 164 UE 4

[8] Even, 1990 NE NE 2

[23] Font et al., 2003 NE NE 2

[24] Hatisaru y Erbas, 2017 56 SE 5

[25] Hitt, 1998 30 SE 4

[26] Leinhardt et al., 1990 NE NE 1, 2, 3, 4

[27] Markovits et al., 1986 NE NE 4

[28] Martinez Planell et al., 2009 9 SE 1, 2

[29] O’Shea et al., 2016 117 UE 1, 2, 3, 4, 5

[30] Panaoura et al., 2015 756 SE 1, 4, 5

[31] Parhizgar et al., 2021 74 SE 1, 4, 5

[32] Petterson et al., 2013 4 UE 1, 2, 5

[33] Petterson, 2012 4 UE 1, 2, 5

[34] Sajka, 2003 1 SE 1, 2, 3

[35] Sierpinska, 1992 NE NE 1, 2, 3, 4, 5

[36] Tall y Bakar, 1992 28 SE 2, 5

[37] Thomas, 1975 50 SE 1, 2

[38] Thompson, 1994 NE NE 1, 2, 3, 4, 5

[39] Vinner y Dreyfus, 1989 271 SE 2, 5
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Table 2. Cont.

Reference Sample Size Educational Level Topic
[40] Walde, 2017 352 SE 1, 2, 3, 4, 5

[41] Widada et al., 2020 1 UE 1, 2, 3, 4, 5

[42] Yusof et al., 2014 52 UE 2

Figure 1 shows the distribution of the papers by educational level and topic. The
number included in each sector refers to the number of papers. As shown in the last column
of Table 2, some studies deal with various topics, so they may be counted in multiple
sectors within the same graph. A total of 18 out of 33 papers describe interventions with
SE students, 7 with UE students and 8 have no experimentation. The topic with a higher
incidence is interpretation or meaning (topic 2) at all educational levels.
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3.2. Learning Difficulties and Misconceptions in the Concept of Function

After analyzing the results and conclusions of the references selected for the study,
misconceptions (M) and learning difficulties (D) related to the concept of function were
identified (Tables 3 and 4, respectively). In both tables, each difficulty and misconception
was coded with its corresponding letter, followed by two digits. The first digit refers to the
topic (1: definition; 2: interpretation or meaning; 3: notation and expression; 4: graphic
representation; 5: management and characteristics), and the second digit orders the list
within the topic.

Table 3. Misconceptions (M) related to the concept of function.

M2. With the interpretation or meaning:

• M21. A function is only considered like a transformative “box” or “automatic
machine” (transformation instead of an association).
• M22. A function is always given by a rule defined by an algebraic expression, or it is

even the rule itself.
• M23. A function is an association of a single element of the domain with another in

the range, and vice versa.
M4. With the graphic representation:

• M41. All functions have a graphical representation on the cartesian axes.
• M42. All functions have a graphical representation in the form of a line or parabola.

M5. With the management and characteristics:

• M51. Constant functions are not functions.
• M52. The non-continuous functions are not functions.
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Table 4. Learning difficulties (D) related to the concept of function.

D1. With the definition:

• D11. Give a clear and precise definition using mathematical vocabulary and without
graphic aids.

D2. With the interpretation or meaning:

• D21. Distinguish between function and equation.
• D22. Use functions for the modeling of a phenomenon or a real situation.

D3. With the notation and expression:

• D31. Understand what the function represents.
• D32. Understand what the role of a variable in a function is.
• D33. Manipulate different algebraic representation of the same function.

D4. With the graphic representation:

• D41. Switch between the algebraic expression and the graphic representation.
• D42. Understand that the points of a function’s graphic representation are equivalent

to the pairs of values which constitute the function.
• D43. Realize that f (x) = y.
• D45. Connect the concept of function with the table of values and the graphic.

D5. With the management and characteristics:

• D51. Distinguish whether an expression is a function or not.
• D52. Use the properties of functions and operate with them.
• D53. Realize how domain constraints also affect the range.

3.2.1. Definition (D1)

There is not a single definition of the concept of function. The Dirichlet–Bourbaki
definition, which is based on the set theory, says:

A function is a relationship between two sets, called domain and range (or codomain),
such that each element of the domain corresponds to exactly one element of the range.

Although this definition is broadly used, it does not express the dynamic or variational
aspect of this concept, which is considered in this definition [43]:

A function, covariationally, is a conception of two quantities varying simultaneously,
such that there is an invariant relationship between their values that has the property that,
in the person’s conception, every value of one quantity determines exactly one value of
the other.

This last definition eases the students’ comprehension of the concept of variable,
domain or range. Moreover, it makes more intuitive the use of functions to model real
situations and processes. In addition, it allows students to think of a function as a process
that may be reversed (inverse functions).

On the other hand, mainly for the first stages of learning, teachers usually explain
functions as input–output machines in which an element is transformed into another [33].
Thus, the function is defined as a transformation instead of an association.

The three interrelated aspects of the concept of function are summarized in [44]
(page 1246):

“The function as an input–output assignment. The function is an input–output assign-
ment that helps to organize and to carry out a calculation process . . . The representation of
an input calculation-output chain is appropriate for this view on function.

The function as a dynamic process of co-variation. This aspect concerns the notion that
the independent variable, while running through the domain set, causes the dependent vari-
able to run through a range set. The dependent variable co-varies with the independent . . .
Helpful representations for studying co-variation are tables and graphs, . . .

The function as a mathematical object. A function is a mathematical object which
can be represented in different ways, such as arrow chains, tables, graphs, formulas, and
phrases, each providing a different view on the same object . . . ”

It is important to remark that the image of the concept that students have usually
differs from the definition. This image is the result of their experience with the context,
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which can range between the geometric approach (expressed as a curve), the algebraic
approach (expressed as a formula) and the logic idea (input–output machine), according to
Kleiner (1989) [45].

Students’ difficulties begin with the definition of the concept [11,16,20,30,31,33,40,41].
Most secondary school students cannot specify what a function is. Students find it easier
to give an example than a definition [18]. However, some authors have detected that the
examples used are often not correct either [30,32,33]. On the other hand, students do not use
abstract mathematical terminology, and without the appropriate vocabulary, it is difficult
to define a function [30,32–34]. In addition to the abstraction of the concept, experts point
out that textbooks use different definitions of the concept of function and, although they
essentially refer to the same thing, generate confusion among students [41].

Without a clear definition of the concept, students have difficulties distinguishing
when an expression corresponds to a function or not [29,41].

3.2.2. Interpretation or Meaning (M2 and D2)

Difficulties with the definition of a function are closely related to misconceptions and
difficulties related to its meaning or interpretation. One of the most common interpretations
that students hold of functions is that they are like transformative «boxes» or «automatic
machines» [14,18,23,33] (M21-Table 3). Many students maintain this interpretation of
functions since teachers sometimes use the analogy of the box and the transformation
to explain the concept, as we mentioned in the previous section. This is not a wrong
interpretation, and it is very useful for the initial stages of learning; however, it is incomplete
because it reduces the concept to some types of functions, mainly those that are defined
with algebraic expressions [17]. Furthermore, if students only have the image provided by
this analogy, they understand a function as a mathematical object, but not as an association
or dynamic process of co-variation. In short, they understand the concept as an action, not
as a process [34], and not as a set of pairs, the elements of the domain and range, which are
related. The restriction to only one approach is problematic mainly for university students.

On the other hand, due to the type of functions that students usually use, they consider
that there must always be a rule (an algebraic expression) that defines the function. They
even think that the rule is in fact the function [33,34,41]. Students wrongly think that all
functions must be defined by an algebraic expression [8,13,16,41] (M22-Table 3).

Another misconception that students have is that the relationship between domain
and range elements must be bijective (M23-Table 3); that is, one element of the domain
corresponds to one element of the range, and vice versa [14,15,26,36,37,39,41]. However,
the definition only says that an element of the domain corresponds to exactly one element
of the range. There are no restrictions about how many elements of the domain can be
related to the same range element. When the relationship is bijective, it is a function, but
not only in this case.

It has been found that students have difficulty distinguishing between equations
and functions [11,13,40] (D21-Table 4). For some students, functions are two algebraic
expressions separated by an equal, and in this sense, they do not distinguish between
functions and equations [16,34]. It is true that, in some cases, it may coincide, and that they
correspond to many functions used in high school or first university courses; however, it is
not something general for all functions. Students must understand that, although in some
cases they share an expression, an equation and a function are different concepts.

Finally, one aspect to highlight about the interpretation of functions is that students
have difficulties putting functions in a practical context, that is, to understand the sense
of a function to model a phenomenon [12,29,35,38,42]. Both in the works of O’Shea et al.,
2016 [29] and Yusof et al., 2014 [42], students were asked to interpret the graphs of a function
which models a real phenomenon and the authors verified students’ difficulties with this
task (D21-Table 4).
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3.2.3. Notation and Expression (D3)

For functions that depend on a single variable, x is generally used to denote an element
of the domain and f (x) the element of the range with which x is associated. x is called
an independent variable because it refers to the elements of the domain which “choose”
elements of the range. As mentioned above, in some functions, the relationship between x
and f (x) follows a rule that can also be expressed algebraically. For example, if the domain
of the function is the set of real numbers and they are related to the numbers that double
their value, the function would be expressed as:

f : R→ R f (x) = 2x (1)

Sometimes, the elements of a range are denoted as y (that is, y = 2x for the previous
example), which usually leads to confusion between equation and function (D21-Table 4).
Students have difficulties in understanding the meaning of the mathematical notation
exemplified in expression (1) [11,16,19,28,29,34,40] (D31-Table 4).

On the other hand, x is called a variable because, as the suffix –able indicates, it can
cause the function (the relationship) to vary. However, students, based on the notation used,
have difficulties understanding what the variable is and what it represents [11,16,20,29].
Students do not understand that instead of x, it could be any element of the domain. In
a study by Carlson and Oehrtman in 2005 [16], the authors detected that if they asked
students what the value of the function f (x) = 2x is when x is substituted by x + a, they
did not understand that the variable is now called x + a instead of x. As the authors
reported in their work, the obtained result was often wrong: f (x + a) = 2x + a, instead of
f (x + a) = 2(x + a).

Students’ difficulties with the notation and expressions used to represent functions also lead
to problems in working with different algebraic representations of the same function [16,29,41]
(D33-Table 4). To illustrate this difficulty, Carlson and Oehrtman [16] give an example of the
same function with two different expressions: f (x) = n2 y g(x) = ∑n

k=1 2k− 1.

3.2.4. Graphic Representation (M4 and D4)

Functions can be represented by Venn diagrams, although the usual and practical way
to graphically represent functions is using a coordinate system.

Generally, secondary school and first-year undergraduate students use functions that
depend on a single variable, in which the elements of the domain are usually real numbers.
The representation of these functions is made in the X-Y Cartesian coordinate system. The
x values are located on the abscissa axis and the y or f (x) values on the ordinate axis.
Figure 2 shows the graphical representation of a function whose expression is (1).
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In this regard, students find it challenging to switch from the algebraic expression
of the function to its graphic representation, and vice versa [15,25,30,37,40] (D41-Table 4).
Again, since they do not understand the notation used and do not deeply understand the
definition of a function, they cannot interpret that they are being asked to locate in a graph
the pairs of values which represent the function [21] (D42-Table 4). That is, the pairs of
values are the points on the graph, in which the first coordinate of the point represents
the element of the domain and the second coordinate represents the associated element
of the range. In Figure 2, one of these points is represented in red color, although there
would be infinite pairs of values (red points) that form the function (blue line). Students
usually substitute x by defined values in Equation (1) mechanically, but without having a
clear idea of what they are doing, frequently leading them to a misrepresentation. They
consider that the graphic representation is like a photo of a physical situation; they do
not interpret it as a relationship between some input values located on the abscissa axis
and some output values located on the ordinate axis [16]. In addition, they have problems
relating the ordinate axis to the range values, i.e., understanding that f (x) = y [11,31]
(D43-Table 4). In fact, in the work of Tall and Bakar (1992) [36], the authors found that
almost two thirds of the high school students in their study thought that a circle could be
the graph of a function.

Tables of values are also used to represent functions, especially those that do not
follow a particular rule or cannot be expressed by an algebraic expression. In these cases, it
has been detected that students have difficulties connecting the concept of function with
the table of values, and this table with the graphic representation [17,20,41] (D44-Table 4).
Again, as students do not consider a function as a set of pairs of values, it is difficult for
them to understand the different ways of representing functions.

A misconception related to graphic representation is that only graphs that represent
straight lines or parabolas correspond to a function’s representation [16,27,41] (M41-Table 3).
It seems surprising that university students have this idea, but the truth is that many
examples of functions used in high school (such as f (x) = 2x) have a graphic representation
in the form of a straight line or parabola, so students make a false association: «All functions
have a graph in the form of a line or parabola». Moreover, students often have another
false idea: «All functions have a graphic representation in a Cartesian diagram» [22] (M42-
Table 3), which is true for functions that associate two sets of numbers, but not for those
associating non-numeric objects.

3.2.5. Management and Characteristics (M5 and D5)

As previous studies have confirmed, students have difficulties working with the
properties of functions, i.e., operating with them [29,31] (D52-Table 3).

In addition, there are various types of functions around which they have miscon-
ceptions. One of them is that constant functions ( f (x) = k, k being a constant) are not
really functions [16,36] (M51-Table 3). The graphic representation of a constant function
is a straight line parallel to the abscissa axis, so students consider that these functions are
not functions because they confuse them with non-functions whose graph is a straight
line parallel to the ordinate axis [15]. Furthermore, they have difficulties in recognizing
these functions because they expect an independent variable on the right-hand side of the
algebraic expression [24,36,39].

Discontinuous functions are also especially problematic for students [16,24,33,36,39–41].
The fact that their graph is not a continuous line makes them assume that what is repre-
sented is not a function (M52-Table 3).

The misconceptions found in the two types of functions mentioned are closely related
to difficulty D51 in Table 4, which states that students have difficulty distinguishing when
an expression represents a function or not, either from its algebraic expression or its graphic
representation [20,29,30].
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Lastly, students find it difficult to consider that domain restrictions have an impact
on range [13,31,41] (D53-Table 4). Again, since they do not consider a function as an
association, they cannot extend the domain restriction to the range.

4. Discussion

The general objective of this review was to analyze the existing results with respect to
the difficulties and misconceptions that students have regarding the concept of function
in mathematics.

It is overwhelming that students have difficulties and/or misconceptions in all main
aspects related to the concept of function and that most of these difficulties were detected
more than 30 years ago and remain today. Sierpisnka [35] already published a paper
on a study of the concept of function, and in her conclusions, she proposed some ideas
about how to improve understanding of this key concept in mathematics. The first idea
refers to the use of functions in real contexts, in problem modeling. The author highlights
the importance of the fact that students are protagonists in the meaning of the functions.
However, it should be noted that, years later, as we have seen in the results (D22), both
in [29] and in [42], the authors have verified that students continue to have great difficulties
with this aspect. This is also a problem for other aspects of mathematics, such as abstract
algebra [46]

The difficulties and misconceptions detected are found both in secondary and higher
education students. This leads us to think that the difficulties drag from secondary to
higher courses, although perhaps with less intensity, as indicated in the works of [30,32,33].

It is true that there a considerable number of references used with a small sample
size (n < 25), or that they are theoretical studies without experimentation with students
(classified as NE). However, the ideas found in these works can also be found in other
experimental studies with much larger sample sizes, therefore validating them. On the
other hand, studies with a small sample size usually use qualitative data collection and
analysis techniques such as interviews, which is why they provide another methodology
for detecting learning difficulties necessary for the validity of results.

Our motivation for this work has focused on extracting from the literature only refer-
ences to difficulties and misconceptions detected with the concept of function. However,
since function is a key concept in any mathematics course, much research has been carried
out focused on different issues related to the learning of the concept. As an example,
in [47], the author studied the learning process of the concept of function by developing
and assessing a teaching unit. Obviously, trying to understand the learning process of
students is related to knowledge of students’ difficulties with the concept. For this reason,
the author carried out an intervention to detect his students’ main difficulties with the
concept of function. Therefore, this is a good reference in terms of knowing how to detect
students’ difficulties and misconceptions related to the concept of function. In [48], we
have another example of intervention, but in this case related to the detection of learning
difficulties with abstract algebra.

References relating to the opinions of experts are very limited. We have not found
much information about this; the work of Bardini et al. [13] is the one that has contributed
the most. In this sense, it would be interesting to continue the research to find out why the
experts consider that the concept of function is difficult for students.

Most studies agree that students tend to memorize the concept of function, as they
do with many other concepts, but without reasoning [41]. The deep understanding of a
threshold concept is a process; if it starts with memorization and no reasoning, this process
cannot evolve. This same idea is found in the results of Veith et al. [46] in the case of
abstract algebra.

Regarding the literature review, the use of the query «threshold concept» and «func-
tion» produced a great number of papers that were discarded and was not productive.
The use of queries with «function concept» instead of «function» narrowed the search and
focused on conceptual understanding works.
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5. Conclusions

The concept of function is a key concept in mathematics. In this work, we conducted an
extensive review of the literature to gather clear, precise and schematic information about
the main difficulties and misconceptions that students have with the concept of function.
The review identified the main difficulties and misconceptions detected up to now, both in
secondary and in higher education. In addition, we also classified the results according
to the aspect of the function concept to which they referred. We summarized them in two
tables, which is the main contribution of this work, as these extensive categorized lists
cannot be found in the literature.

The review and synthesis undertaken in this work are especially interesting for teach-
ers of mathematics or related disciplines, such as physics, economics or engineering. The
information from this study allows teachers to anticipate the comprehension problems that
may arise in their students. Moreover, with this information, it is possible for teachers to
design teaching materials or implement methodologies to help their students to have a
better understanding of the concept of function.

Author Contributions: Conceptualization, M.T., L.A., M.J.C. and M.A.P.-P.; methodology M.T.,
L.A., M.J.C. and M.A.P.-P.; validation, M.T., L.A., M.J.C. and M.A.P.-P.; formal analysis, M.T., L.A.,
M.J.C. and M.A.P.-P.; investigation, M.T.; resources, M.T.; writing—original draft preparation, M.T.;
writing—review and editing, M.T., L.A., M.J.C. and M.A.P.-P.; visualization, M.T., L.A., M.J.C. and
M.A.P.-P.; supervision, M.T., L.A., M.J.C. and M.A.P.-P.; project administration, M.T., L.A., M.J.C. and
M.A.P.-P.; funding acquisition, M.T., L.A., M.J.C. and M.A.P.-P. All authors have read and agreed to
the published version of the manuscript.

Funding: This research was funded by Universitat Politècnica de València. Convocatoria A+D 2021.
Proyectos de Innovación y Mejora Educativa. PIME E-1810.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Meyer, J.H.F.; Land, R. Threshold concepts and troublesome knowledge (2): Epistemological considerations and a conceptual

framework for teaching and learning. High. Educ. 2005, 49, 373–388. [CrossRef]
2. Pettersson, K. Algoritmiska, Intuitiva och Formella Aspekter av Matematiken i Dynamiskt Samspel: En Studie av hur Studenter Nyttjar

Sina Begreppsuppfattningar Inom Matematisk Analys; Chalmers Tekniska Hogskola: Gothenburg, Sweden, 2008.
3. Lima, P.D.S.N.; das Almas Silva, L.; Félix, I.M.; de Oliveira Brandão, L. Difficulties in basic concepts of mathematics in higher

education: A systematic review. In Proceedings of the 2019 IEEE Frontiers in Education Conference (FIE), Covington, KY, USA,
16–19 October 2019; pp. 1–7.

4. Thomas, M.O.; Freitas Druck, I.D.; Huillet, D.; Ju, M.K.; Nardi, E.; Rasmussen, C.; Xie, J. Key mathematical concepts in the
transition from secondary school to university. In Proceedings of the 12th International Congress on Mathematical Education,
Seoul, Republic of Korea, 8–15 July 2012; Springer: Cham, Switzerland, 2015; pp. 265–284.

5. Bergeron, J.C.; Herscovics, N. Levels in the understanding of the function concept. Proc. Conf. Funct. 1982, 1, 39–46.
6. Janvier, C. Translation processes in mathematics education. In Problems of Representation in the Teaching and Learning of Mathematics;

Janvier, C., Ed.; Lawrence Erlbaum Associates: Mahwah, NJ, USA, 1978; pp. 27–31.
7. Herscovics, N.; Van Barnveld, G.; Krabbendam, H. Problems related to the understanding of functions. Conference on junctions

1982 Enschede, The Netherlands Foundation for Curriculum Development 67-84 Report 1.
8. Even, R. Subject matter knowledge for teaching and the case of functions. Educ. Stud. Math. 1990, 21, 521–544. [CrossRef]
9. Vinner, S. Concept definition, concept image and the notion of function. Int. J. Math. Educ. Sci. Technol. 1983, 14, 293–305.

[CrossRef]
10. Dubinsky, E.; Harel, G. The concept of function. In Aspects of Epistemology and Pedagogy; Mathematical Association of America

(MMA): Washington, DC, USA, 1992.
11. Abdullah, S.A.S. Comprehending the concept of functions. Procedia-Soc. Behav. Sci. 2010, 8, 281–287. [CrossRef]
12. Akkoç, H.; Tall, D. The function concept: Comprehension and complication. Proc. Br. Soc. Res. Learn. Math. 2003, 23, 1–6.
13. Bardini, C.; Pierce, R.; Vincent, J.; King, D. Undergraduate Mathematics Students’ Understanding of the Concept of Function.

Indones. Math. Soc. J. Math. Educ. 2014, 5, 85–107. [CrossRef]
14. Borke, M. Student Teachers’ Knowledge of Students’ Difficulties with the Concept of Function. LUMAT Int. J. Math Sci. Technol.

Educ. 2021, 9, 670–695. [CrossRef]
15. Cansiz, S.; Küçük, B.; Isleyen, T. Identifying the secondary school students’ misconceptions about functions. Procedia-Soc. Behav.

Sci. 2011, 15, 3837–3842. [CrossRef]

https://doi.org/10.1007/s10734-004-6779-5
https://doi.org/10.1007/BF00315943
https://doi.org/10.1080/0020739830140305
https://doi.org/10.1016/j.sbspro.2010.12.038
https://doi.org/10.22342/jme.5.2.1495.85-107
https://doi.org/10.31129/LUMAT.9.1.1661
https://doi.org/10.1016/j.sbspro.2011.04.382


Educ. Sci. 2023, 13, 495 12 of 13

16. Carlson, M.; Oehrtman, M. Key aspects of knowing and learning the concept of function. Math. Assoc. Am. Res. Sampl. 2005, 9.
17. Clement, L.L. Connecting research to teaching: What do students really know about functions? Math. Teach. 2001, 94, 745–748.

[CrossRef]
18. Dogan-Dunlap, H. Reasoning with metaphors and constructing an understanding of the mathematical function concept. In

Proceedings of the 31st Conference of the International Group for the Psychology of Mathematics Education, Seoul, Republic of
Korea, 8–13 July 2007; Volume 2, pp. 209–216.

19. Dreyfus, T.; Eisenberg, T. Intuitive functional concepts: A baseline study on intuitions. J. Res. Math. Educ. 1982, 13, 360–380.
[CrossRef]

20. Dubinsky, E.; Wilson, R.T. High school students’ understanding of the function concept. J. Math. Behav. 2013, 32, 83–101.
[CrossRef]

21. Eames, C.L.; Graf, E.A.; van Rijn, P.W.; Budzban, G.; Voepel, T. The finite-to-finite strand of a learning progression for the concept
of function: A research synthesis and cognitive analysis. J. Math. Behav. 2021, 62, 100864. [CrossRef]

22. Evangelidou, A.; Spyrou, P.; Elia, I.; Gagatsis, A. University Students’ Conceptions of Function; International Group for the
Psychology of Mathematics Education: Karlsruhe, Germany, 2004.

23. Font Moll, V.; Acevedo Nanclares, J.I. Fenómenos relacionados con el uso de metáforas en el discurso del profesor: El caso de las
gráficas de funciones. Enseñanza Las Cienc. Rev. Investig. Exp. Didácticas 2003, 21, 405–481. [CrossRef]

24. Hatisaru, V.; Erbas, A.K. Mathematical knowledge for teaching the function concept and student learning outcomes. Int. J. Sci.
Math. Educ. 2017, 15, 703–722. [CrossRef]

25. Hitt, F. Difficulties in the articulation of different representations linked to the concept of function. J. Math. Behav. 1998, 17,
123–134. [CrossRef]

26. Leinhardt, G.; Zaslavsky, O.; Stein, M.K. Functions, graphs, and graphing: Tasks, learning, and teaching. Rev. Educ. Res. 1990, 60,
1–64. [CrossRef]

27. Markovits, Z.; Eylon, B.S.; Bruckheimer, M. Functions today and yesterday. Learn. Math. 1986, 6, 18–28.
28. Martínez-Planell, R.; Trigueros Gaisman, M. Students’ ideas on functions of two variables: Domain, range, and representations.

In Proceedings of the 31st annual meeting of the North American Chapter of the International Group for the Psychology of
Mathematics Education, Georgia State University, Atlanta, Georgia, 23–26 September 2009; Volume 5, pp. 73–80.

29. O’Shea, A.; Breen, S.; Jaworski, B. The development of a function concept inventory. Int. J. Res. Undergrad. Math. Educ. 2016, 2,
279–296. [CrossRef]

30. Panaoura, A.; Michael-Chrysanthou, P.; Philippou, A. Teaching the concept of function: Definition and problem solving. In Ninth
Congress of the European Society for Research in Mathematics Education CERME; Charles University in Prague, Faculty of Education
and ERME: Prague, Czech Republic, 2015; Volume 9, pp. 440–445.

31. Parhizgar, Z.; Dehbashi, A.; Liljedahl, P.; Alamolhodaei, H. Exploring students’ misconceptions of the function concept through
problem-posing tasks and their views thereon. Int. J. Math. Educ. Sci. Technol. 2021, 53, 3261–3285. [CrossRef]

32. Pettersson, K.; Stadler, E.; Tambour, T. Transformation of students’ discourse on the threshold concept of function. In Eighth
Congress of European Research in Mathematics Education CERME; Middle East Technical University and ERME: Manavgat/Side,
Turkey, 2013; Volume 8, pp. 2406–2415.

33. Pettersson, K. The Threshold Concept of a Function–A Case Study of a Student’s Development of Her Understanding; Eighth Swedish
Mathematics Education Research Seminar: Umeå, Sweden, 2012.

34. Sajka, M. A secondary school student’s understanding of the concept of function—A case study. Educ. Stud. Math. 2003, 53,
229–254. [CrossRef]

35. Sierpinska, A. On understanding the notion of function. Concept Funct. Asp. Epistemol. Pedagog. 1992, 25, 23–58.
36. Tall, D.; Bakar, M. Students’ mental prototypes for functions and graphs. Int. J. Math. Educ. Sci. Technol. 1992, 23, 39–50. [CrossRef]
37. Thomas, H. The concept of function. In Children’s Mathematical Concepts: Six Piagetian Studies in Mathematical Education;

Rosskopf, M., Ed.; Teachers College Press: New York, NY, USA, 1975; pp. 145–172.
38. Thompson, P.W. Students, functions, and the undergraduate curriculum. In Research in Collegiate Mathematics Education;

Dubinsky, E., Schoenfeld, A.H., Kaput, J.J., Eds.; American Mathematical Society: Providence, RI, USA, 1994; pp. 21–44.
39. Vinner, S.; Dreyfus, T. Images and definitions for the concept of function. J. Res. Math. Educ. 1989, 20, 356–366. [CrossRef]
40. Walde, G.S. Difficulties of concept of function: The case of general secondary school students of Ethiopia. Int. J. Sci. Eng. Res.

2017, 8, 1–10. [CrossRef]
41. Widada, W.; Herawati, A.; Fata, R.; Nurhasanah, S.; Yanty, E.P.; Suharno, A.S. Students’ understanding of the concept of function

and mapping. J. Phys. Conf. Ser. 2020, 1657, 012072.
42. Yusof, Y.M.; Othman, M.F.B.; Mahmood, A. Making Students’ Thinking Explicit: Learning What They Know about Functions. In

Proceedings of the 2014 International Conference on Teaching and Learning in Computing and Engineering, Kuching, Malaysia,
11–13 April 2014; pp. 256–261.

43. Thompson, P.W.; Carlson, M.P. Variation, covariation, and functions: Foundational ways of thinking mathematically. In
Compendium for Research in Mathematics Education; Cai, J., Ed.; National Council of Teachers of Mathematics: Reston, VA, USA,
2017; pp. 421–456.

44. Doorman, M.; Drijvers, P.; Gravemeijer, K.; Boon, P.; Reed, H. Tool use and the development of the function concept: From
repeated calculations to functional thinking. Int. J. Sci. Math. Educ. 2012, 10, 1243–1267. [CrossRef]

https://doi.org/10.5951/MT.94.9.0745
https://doi.org/10.2307/749011
https://doi.org/10.1016/j.jmathb.2012.12.001
https://doi.org/10.1016/j.jmathb.2021.100864
https://doi.org/10.5565/rev/ensciencias.3917
https://doi.org/10.1007/s10763-015-9707-5
https://doi.org/10.1016/S0732-3123(99)80064-9
https://doi.org/10.3102/00346543060001001
https://doi.org/10.1007/s40753-016-0030-5
https://doi.org/10.1080/0020739X.2021.1937732
https://doi.org/10.1023/A:1026033415747
https://doi.org/10.1080/0020739920230105
https://doi.org/10.2307/749441
https://doi.org/10.14299/ijser.2017.04.002
https://doi.org/10.1007/s10763-012-9329-0


Educ. Sci. 2023, 13, 495 13 of 13

45. Kleiner, I. Evolution of the function concept: A brief survey. Coll. Math. J. 1989, 20, 282–300. [CrossRef]
46. Veith, J.M.; Bitzenbauer, P.; Girnat, B. Exploring Learning Difficulties in Abstract Algebra: The Case of Group Theory. Educ. Sci.

2022, 12, 516. [CrossRef]
47. Cuesta Borges, A. El Proceso de Aprendizaje de los Conceptos de Función y Extremo en Estudiantes de Economía: Análisis de

Una Innovación Didáctica. Ph.D. Thesis, Universitat Autònoma de Barcelona, Barcelona, Spain, 2007.
48. Veith, J.M.; Bitzenbauer, P.; Girnat, B. Assessing Learners’ Conceptual Understanding of Introductory Group Theory Using the

CI2GT: Development and Analysis of a Concept Inventory. Educ. Sci. 2022, 12, 376. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.1080/07468342.1989.11973245
https://doi.org/10.3390/educsci12080516
https://doi.org/10.3390/educsci12060376

	Introduction 
	Materials and Methods 
	Search and Literature Analysis 
	Characterization of the Selected Studies 

	Results 
	Literature Review 
	Learning Difficulties and Misconceptions in the Concept of Function 
	Definition (D1) 
	Interpretation or Meaning (M2 and D2) 
	Notation and Expression (D3) 
	Graphic Representation (M4 and D4) 
	Management and Characteristics (M5 and D5) 


	Discussion 
	Conclusions 
	References

