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Abstract

We consider a generic type of nonlinear Hammerstein-type integral equations
with the particularity of having non-differentiable kernel of Nemystkii type.
So, in order to solve it we consider a uniparametric family of iterative processes
derivative free, with the main advantage that for a special value of the involved
parameter the iterative method obtained coincides with Newton’s method, that
is due to the fact of evaluating the divided difference operator when the two
values are the same. We perform a qualitative convergence study by choosing
an auxiliary point, that allow us to obtain the existence and separation of solu-
tions of the given equation, that is, local and semilocal convergence balls can
be obtained.
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1 Introduction

In this paper, we focus on the study of the existence of a solution for nonlinear Ham-
merstein-type integral equations, as well as the uniqueness of this solution and its
approximation. So, we consider nonlinear Hammerstein-type integral equations of
the form [5, 28, 31]

b
z2(s) = h(s) + 9/ K@, ON@)@®dt, s € [a,b], 0 €R, (D

where h € Cla, b], the kernel K(s,t) is a known function in [a,b] X [a,b], N is the
Nemytskii operator N : Cla,b] — Cla,b] such that M)(x) = N(¢(x)), where
N : R - R, and z is the unknown function to be determined. In our case, we will
require that the Nemystkii operator A/ be a simply continuous operator.

A commonly used procedure to prove the existence and uniqueness of a solution
of the (1) consists in transforming said equation into an equivalent fixed point prob-
lem (see [30, 31]). Thus, considering the operator 7 : Q C Cla, b] — Cla, b] with

b
T(z)(s) = h(s)+ 0 / K, DNMz)(®dt, s € la,b], 0 €R, 2)

by using a fixed point theorem, it is proved that the method of Successive Approxi-
mations converges to a fixed point of (2) and therefore a solution of (1). Other itera-
tive methods are also used for this purpose. Thus, for example, the Picard method has
been used (see [10]), testing its convergence to a solution of the equation G(z) = 0,
equivalent to (1), where we consider the operator G : Q C Cla, b] - Cla, b] with

b

[G(D)](x) = z(s) — h(s) — 0/ K(s,hbMz)(0dt, s € [a,b], 0 €R, 3)

Other methods such as Newton’s method [12] and Newton-type methods [7, 25,
29] have been used to prove the existence and uniqueness of a solution for the (1).
These studies are based on the qualitative results, of existence and uniqueness of
solution, provided by the study of the convergence of iterative processes considered.

In our case, since the kernel of Nemystkii A/ is a continuous operator, there may
be a possibility that it is not differentiable. In [16], the non-differentiable case has
been studied. Also in this work, we will consider an iterative process that does not
use derivatives in its algorithm, that is, a derivative-free iterative process. So, one of
the aims of this paper is the qualitative study that we can obtain from the unipara-
metric family of iterative processes

29,2-; givenin Q, 4 € [0, 1],
Xn = (] - j')Zn + /12”_1,
Yn = (1 + A)Zn - /lzn—l’ (4)

Intl =% — [xmyn;g]_lg(zn), n> 0.
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Note that this uniparametric family of iterative processes can be considered as
a combination of the Kurchatov method [4, 22](4 =1) and, for differentiable case,
Newton’s method [8] (4 =0). But, the main advantage for considering this scheme is
that we have a family of derivative-free iterative methods that can be used in the non
differential case. We use a first-order divided difference [1, 6, 14]. It is well known
that, if we denote by “AX, Y) the space of bounded linear operators from X to Y, an
operator [x, y;D] € AX,Y) is called a first-order divided difference for the operator
D : Q C X — Y on the points x and y (x#y) if

[x,y:D](x = y) = D(x) = D(y). (5)

To realize the qualitative study for the uniparametric family of iterative processes
(4), we do an analysis of the convergence for (4), so that we can obtain the existence
of a solution of (1) in a certain domain. Moreover, we obtain a result on the unique-
ness of solution that allows separating solutions of (1). We analyze the convergence
of the method by a technique based on recurrence relations that use an auxiliary
function [9, 11]. So, we use the theoretical results obtained from the convergence of
the method (4) to draw conclusions about the existence and separation of solutions
of (1).

Other of the aims of this paper is to approximate a solution of (1). To obtain this
objective in an appropriate way, we have considered the family of iterative processes
given in (4), which is formed by iterative processes with quadratic convergence
and low operational cost, therefore efficient iterative processes that also have good
accessibility [19]

Our main result in the paper is to perform a complete convergence study of the
scheme that we state and prove in Section 2.1 along with some necessary lemmas.
In Section 2.2 we introduce the assumptions to make the semilocal convergence
analysis and give some preliminary results before to set the main theorem. Then, in
Section 2.3 by choosing an adequate auxiliary point we get the local convergence
results.

In Section 3, we apply the theoretical results obtained in previous sections
for obtaining domains of existence and uniqueness of solutions for the nonlin-
ear Hammerstein-type integral equation, giving in the last subsection a numerical
experiment.

Finally, in Section 4 we drawn some conclusions.

2 Convergence of Kurchatov-type methods

In this section, to make our study of convergence as general as possible, we consider
a nonlinear equation

G(x) =0, (6)
where G : Q C X — Y is a continuous operator defined on a nonempty convex sub-

set Q of a Banach space X to a Banach space Y.

@ Springer



134 Numerical Algorithms (2023) 93:131-155

In previous works [2, 3, 8, 13], the convergence analysis for these kind of itera-
tive methods, (4), have been analyzed from two different points of view. On the one
hand, the semilocal convergence study, where we assume conditions on the initial
guess 7, and on the operator G, in order to obtain the existence ball, that is, this pro-
cess assures the existence of solution z* of the equation G(z) =0 remaining all the
iterates and the solution in the cited ball. On the other hand, the local convergence
study, where we must assume the existence of a solution z° of G(z) =0 and then,
with additional assumptions on the involved operators, we obtain the convergence
domain, that is the ball centered at the z* where we can take a possible starting guess
for the iterative process. Moreover, we also have in the literature the technique based
on auxiliary points [9, 10]. We use it in this paper. So, we assume some conditions
on the operator G and on an auxiliary point Z in Q for getting the existence of a
solution z* of G(z) =0 and to prove the convergence of (4) to Z". So, this technique
is much general driving us to obtain results of semilocal and local convergence for
iterative process (4) by choosing adequately two particular auxiliary point Z.

2.1 Convergence from an auxiliary point

Throughout our study, we will assume that there is a first-order divided difference in
the Banach space X. Now, we perform a convergence result for the iterative process
defined in (4), for a fixed value 4 € (0,1], by assuming that G is a continuous opera-
tor in Q and such that the following conditions are satisfied.

(C1) Let zy,Z € Q, with z; € B(Z, 4), 7y # Z, and there exists [Z, zO;G]‘l verifying
12, 20:G1' G(zp)ll < a.

(C2) Letz_, €Q, withz_, € B(zp,a) and z_ #z,

(C3) For all x,y,u,v €Q, with x#y and u#v, holds: ||[z,z,:GI"(Ix, y:G] — [, v;G])
Il < w(lix—ull, |y - vI)» Where y : Rt x R* — R™ is a continuous nondecreasing
function in its two arguments.

We notice that from (C3), we deduce the following condition:

(C37) For all x,y €Q, with x#y holds: || <y (Ilx = 2Il. lly = z0l[2.20:G17 (1. :G — [2. 20:GD)>
withy, : R X Rt - R*is a continuous nondecreasing function in two argu-
ments.

Therefore, (C3) is not an extra condition.
In addition, we assume that the following items are verified:

(C4) The auxiliary real equation
(8o + 1 =g — (1 —-g) =0, @)

where
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o
T =y + Aa, Aa)’

n

v(n + Aa, la)
I —yy(u+An+t,An+1)

go([) =

and

w(n + An, An)
l—wy(u+An+t,in+1)’

g =

has at least one positive real root and we denote by r the smallest positive real
root.
(C5) B@E, pu+r+in) CQywy(u+r+ Anr+ An) <1 and max{gy(r), g(r)} < 1.

Firstly, notice that parameter # is well defined since that yy(u + Aa.da) < yy(u + 1+
An,r+ An) <1.

Secondly, we will consider that z;, ;#z, for all K > 0, because, in other case, z;, | =
7, for some k > 0, and then the sequence {z,} converges to z° with 7 =z, = 7, | = %
for all n > k + 2. Moreover, if z;, ;#z; we obtain that x; ;#y,, ;. Therefore, the opera-
tors [Xx;, 1,V 1:G] are always well defined.

Finally, with respect to the first-order divided differences, [1], we include the bound-
edness process by means of w-functions, that is used in the non-differentiable case, (see
[17]), and it is a generalization of the case in which [x,y;G] is Lipschitz-continuous or
Holder-continuous condition [20]. In the above cases, the Fréchet derivative of G exists
in Q and satisfies [x, x;G] = G'(x), see[1]. Moreover, it is already well known, see [18],
that if y(0,0) =0 then G is differentiable, so in non-differentiable situations we have
that y(0,0) > 0.

We will begin our convergence study by considering n =0. Firstly, notice that

llxo =2l < llxg — 20ll + llzo — ZI
< A = Azg + Az_y =zl + llzo — ZI
< lzog = 2l + Allzg — 24 I
< U+ Aa,

and
o = zoll < N1+ Dzg — Az_; — 25|l £ Alzg — 241l < Aa.

So, it follows that x,,y, € B(Z, u +r + An), and as xy#y, then [x,.y,;G] is well
defined.
Secondly, by using (C3), we have that

II[Z, ZQ;G]_] [xo’yO;G] =1 Iz, Z();G]_] ([xo’)’o;G] -z ZO;G])”
lI/0(||x0 =2 llyo — Zo||)
wo(p + Aa, Aa)

Yo(u+r+An,r+An) < 1.

IAIAIN IA
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Therefore, by applying Banach Lemma, one gets the existence of [x,y,:G]™!
and

llz) = zoll < [1lxg, Y0361 [Z 205G (2, 203G Glzp)Il < m =1.

Next, we consider two technical lemmas that we use later.

Lemmal Ifz,z,,, €2, then
G(zpp1) = (Zor1> 205G = %, Y:GD(Z00 1 — 2,) 8)

Proof As z,,,#z, and x,#y,, then [z, ;.z,;G] and [x,,.y,;G] are well defined.
Then, by taking into account the algorithm (4), we have

G(Zn+1) = G(Zn+1) - G(Zn) - [x,,,y,,;G](Z,,+1 - Z,,).

Next, as [z, 1,262, 1 — 2,) = G(z,4 1) — G(z,), the result is proved.

Lemma 2 Let G be a continuous operator in 2 such that the conditions (C1)—
(CS5) are satisfied, z,.,z,_; € B(zyr) and lz, — z,_I<llzy — zyll, for n > 1, then
X, Y, € B(Z, u + r+ An), and there exists [xn,yn;G]_1 with

1
wolu +r+ An,r+ An)’

105,361 2205611 < 7=

Proof Firstly, notice that

llx, =2l < llx, = 2ol + llzo = ZI
< ”(1 — A)Zn + /11,1_1 — Z()” + ”ZO - Z”
< lzg = 2l + llz, = 20l + Allz, = 2,4 |l
< u+r+Ain,

C))

and

1y, — 2ol < NA + Dz, — 42,1 = 201l < Mz, — 2ol + Allz, — 2,1 | <7+ An.
(10)
It follows that x,,y, € BZ u+r+ An), and as x,#y, then [x,y,;G] is well
defined.
Secondly, by using (C3) and (10), we have that

12, 20:G17" (1%, ¥,:G1 = [2.20:GDIl < wo (Ilx, = 21 1y, = 2oll)
Sy +r+inr+ in) < 1.

Therefore, by applying Banach Lemma, one gets the existence of [x,.,y,;G]™ ' and
the result is obtained.

To continue, we set n =1. From (9) and (10), we obtain that x,,y, €B
G, u+r+ Ang) C Q. Next, as zy#z; then x;#y,, and it follows that [x,,y;;G] is well
defined.
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In addition, from (7), it follows that llz; — zyl< < r, then z; € B(z.r). So, by
applying Lemma 2, there exists [x,,y;;G]~".
On the other hand, we have

llzy = xoll = llzy = (1 = Dzg = Az | < llzg — ol + Allzg — 24 | <7+ Aa
and
llzo = yoll = llzg = (1 + Az + Az | < Allzg — 241l < Aar.
Then, from Lemma 1, (9) and (10),

iz =21l = iy, y13G17 GGl

< s y13GT7 (215 20361 = [x, ¥0:GD(z; = 2)l
< xys v G E 203GINNNEZ: 20:G1 7 ([245 205G1 = [0, Y0:GDIIzy = 2l
< - - — - —
= T ”)w(llzl Xolls 120 = ¥olDllzy = 2ol
< m”m Zoll
(11)
= &Mllz; = zll (12)
< llzy = 2ll- (13)
Thus, as gy(r) <1 by (CS5), from (7) and (11), we get
ez = 20ll < ez = 20l + Iz = 20l < (o) + Dllzy = 2oll < (25 +1)n = 7.

Therefore, iterate z, € B(zy,r) and llz, — z)ll < llz; — zyll< 7.
Next, we establish the recurrence relations that verify the elements of the
sequence {x,} generated by the method (4) for a fixed A € (0,1].

Lemma 3 Let G be a continuous operator in 82, z, € B(Z, u) and z_| € B(zy,a) such
that the conditions (C1)—(C5) are satisfied, then the following items hold, for j >3,
by the sequence {z,}:

@) x;_ 1,y,- 1 € B(zg,r + An) and x; l,yj | € BG p+r+ n).

(i) lz;_y — x;_,llI< 77 + A and liz; y] HI< .

(iiiy) Nz~ 1||< glizi_—z; 2|I< g(r)’ 2go(Mlizy=zolI< g(rY~2go(rn < 1.
(ivj)llz Zoll < ( g_"(r + 11)?1 = r, then z; € B(zy,1).

Proof Note that previously we have proved (i)—(iiiy) for j = 1,2.

We consider j =3. From (9) and (10), we obtain that x,,y, € B(z,r + An) and
Xy, ¥y € B(Z, p + r+ An), which proves item (i5).

On the one hand, we have

llzy = X1l = llzg = (1 = Dz — Azl < llzp — 2yl + Allzy —z0ll <+ An
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and
llzy = yill = llzg = (1 + Dzy + Azpll < Allzy = zoll < An.

Then (ii5) is satisfied.
On the other hand,

llzs = 221l < lI[x5,323G1 Gl

< Nxg, ¥23G1 7 (29, 213G = [x1, 136Gz, — 20|
< 1B, ¥23G17E, 29 GIIE 20:G1 7 (22, 213G1 = [x1, y1:GD |z — 24
< w(llzp = x s Iz =y IDllz2 = 24l

L=yl =2l lly2 =201

y(ntin,An) _ _ _
< T—wo it A Am) lzo =zl = gz — 2l
< llzz =zl

So, as g(r) <1, we obtain that llz; — z,ll < llz, — z;Il < 5. Therefore, (iii;) is proved.

To continue, we prove (iv;), this is that iterate z; remains in the ball B(z,r). For
this, noting that the fact of being g(r) < 1 allow us to sum a geometric progression of
reason g(r), we have

13 = 20ll < Nz = 2ol + llz = 2 ll + llz) — 2o/l < (g(r) + Dgo(r) + Dllzy — 2l
< (g0 + Dgo() + Dy < G+ Dn=r.
In order to complete the proof we apply an inductive procedure. So, we suppose
that the items are satisfied, for k > j >3 and similarly to the case j =3, we prove that

these items hold for j = k + 1.

Theorem 4 Let G be a continuous operator in 2, for each z, € B(Z, u) and z_,
€ B(zyp,) such that the conditions (C1)—(C5) are satisfied, then the sequence
{z,}, given by (4), converges to Z a solution of equation G(z) =0. Moreover,
Z,,2" € B(zy, 1) foralln > 1.

Proof From the recurrence relations given in Lemma 3 we only have to prove the
convergence of the sequence {z,}, given by (4). As X is a Banach space, we will see
that {z,} is a Cauchy sequence. For this, we consider

”Zn+k - Zn” < ||zn+k ~ k-1 ” + ||Zn+k—1 - Zn+k—2” + ot ||Zn+2 ~ Intl ” + ||Zn+l - Z,,”
k k
< Y llznsi = Zpgict | £ 2 8 280(M 2y = 2ol
i=1 i=

1—g(n* n—1 _
< (2 gy g iz, = 21l

By taking limits when n — oo, then ||z, — z,|l = 0. Hence, {z,} is a Cauchy
sequence which converges to z* € B(z,, r).
Moreover, from the following
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Iz, 20:G17 Gz DIl = N2 20561 ([2ry 10 243G = [ Vs Gy — 20
Wllzeer = Xl Nz = YelDlzigr — zel
l[/(”Zk_H — + Azk - )'Zk—l ”, ”Zk — = jlk + iZk-] ”)”Zk+1 - Zk”

v+ An, Allzey, — 2l < win + An, Ang(r) =" go(rn.

INIAIA I

)k— 1

by the continuity of the operator G and as g(r tends to zero when k tends to

infinity, we have that G(z*) =0.

Notice that B(z,, r) is a domain of existence of solution for G(z) =0.
To prove the uniqueness we give the following result,

Theorem 5 Let G be a continuous operator in £2, z, € B(Z, u) and z_ | € B(zp,a) such
that the conditions (C1)—(CS) are satisfied. We assume that there exists r| = r such
that

yolu+r+An,rp+An) <1,
then, the limit point 7" is the only solution of equation G(z) =0 in B(zy,r; + An) N Q.

Proof Let y* € B(z, 1, + An) N Q be such that G(y") =0. By defining Q = [Z" "Gl
we get

I1Z, zo:G1 (2%, y*:G1 = [Z,2:GDII < wolllz* = ZII, 11y* = 2oll)
< wolllz" = zoll + llzg = ZIIL lly* = 21D
<

wolu +r+ An,rp + An) < 1.
Hence, by Banach lemma the operator Q™! exists and as
[z%,y"GlE" = y) = G(2) - GO =0,
thenz =y".

Note that it may happen that the hypotheses necessary to ensure convergence
are not verified for all values of 4 € (0,1].

2.2 Semilocal convergence

To establish another result for semilocal convergence, we consider Z = z_; under
the following conditions:

(S1) Letz_, € B(zg,u), with u >0, B(z,, ) C  and there exists [z_l,zo;G]_l with
I[z_,20:G1™ 'G(z)lI< .

(S2) Wz_,.zg:GI™ Y([x,y;G] = [u,v;GDI< w(llx — ull,lly — vll) holds for all x,y,u,v €EQ
with x#y and u#v, where y : RT x R — R is a continuous non decreasing
function in its both arguments.

(S3) The scalar equation
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(1 -g®)—n=0, (14)

where we have 5 >0, for

a

v P

— g
g(t) - L=y (u+t+Ant+n)’°
and

g = max{y(n+ Au, Ap), w(n + An, An)},

has at least one positive real root and we denote by r the smallest positive
root.
(S4) B(zyp,r+An) € Qand 0 < g(r) <1.

As the previous study, we notice that from (52), we deduce the following condition:

(82°) Mz_1,20:G1™ ([x,y:G] = [z_ 12:GDI wrp(llx — z_ LIy = z,ll) holds for all x,y
€Q with x#y, where y, : Rt x Rt — R* is a continuous non decreasing func-
tion in both arguments.

We assume that z,#z,_,, for all n > 1, otherwise the sequence {z,} is convergent. If
2,#Z,_ 1, then we obtain x,#y,. By using the definition of the method (4), we get

”x0 - Z0” < i”Z() — 2 ” = Au, (15)
and
”yO - ZO” < )f”Z() - Z_1|| = /lﬂ (16)

It shows that x,,,y, € B(z,, #) C  and as xy#y,, then [xy,yy;G] is well defined. So,
by using (52 as 5 >0, we obtain

17 - [Z—l’ZOQG]_] [x05 Yo: Gl < wo(llxg = 21l 1yo — 20lD) < wou + Au, Ap) < 1.

Therefore, by the Banach Lemma on invertible operators, [xo,yo;G]'1 exists and

.G1-1 . 1
%0, y0:G1 ™ (e 203Gl < = (17)

Moreover,

¢4

llz; = 2oll < lxg, ¥0: Gl z_ 1, 20:GII 215 20:G1 ' Gzl < o

wtamdm

Lemma 6 Assume that the conditions (S1)—(S4) hold. If z,.,z,_, € B(zy.r) and llz, —
2,1l <z, = zoll for n > 1, then x,.y, € B(zq,r + M) and there exists [x,,y,;G]™ " such
that
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1
<—
G]” = 1=y (utr+An,r+Ain)

”[xn’yn;G]_l[Z_pZo;
Proof Consider
X, = 2ol < Iz, = 20ll + Allz, = 2,4 | < 7+ 4n, (18)
and

Iy, = 2oll < llz, = 2ol + Allz,, — 2,y |l <7+ An. (19)

Thus, x,,y, € B(zo,r + A7) CQ and as x,#y,, then [x,.y,;G] is well defined. Using
(S1), (52, (18) and (19), and g(r) >0, we get

1= [z_1, 20:G1 %, y,3 Gl < wiopt + 1+ A+ An) < 1.

Therefore, by Banach Lemma, [xn,yn;G]_l exists and

1

(-1 . -
||[-xn7yn7G] [Z_]7Z07G]I| S 1—1//0(;4+r+)n1,r+i;1).

Using (18) and (19), we obtain x,,y; € B(zo,r + 1) CQ. As, zy#z; then x,#y,,
s0 [x,y;;G] is well defined. Also from (14), we obtain llz; — zlI< n < 7, then z; €
B(zy,1). So, by using Lemma 6, there exists [xl,yl;G]'1 and we have

llzy =z 1l = llxp.y:GI7 Gl
< ey y1:GY 21, 203G || (2215 203G ([215 205G = [x0. Yo:GD || 112y — 2ol
< v (llz;=xo Il lzo=o ) ||Z —z ”
- 1—1//0(54+r/1+/l:{7,r)+2;7) 1 0
+Au,
T llzy = zoll

1=y (u+r+An,r+An)
gz = zll <1,

INIA

since g(r) < 1. Further,

22 = 2oll < llzo = 21 ll + llz) = 2ol < @) + Dllzy = 2oll < =5 = -
So, z, € B(zy,r) € B(zy, v+ An) C Q and llz, — z;ll < llz; — zyI< #. In the next
Lemma, we establish the recurrence relations to prove the convergence of the
sequence {z,}.

Lemma 7 Assume that the conditions (S1)—-(S4) hold. Then for j >3, the following
items are satisfied by the sequence {z,} :

(@) x;_1,y;—1 € B(zg,r + An).

(ii) llz; — 7 1< g(M)llz;_y = 7 o< gV~ lizy — Zoll< g(rY~ 'y < .
(iii) [lz; — oIl < I—Z(r) = r, then z; € B(z,1).

Proof We have just shown that (i)—(iii) holds true for j = 1,2. From (18) and (19), we
obtain x,,y, € B(z,r + An) which proves (i) for j =3. Then,
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llzs = 220l < 1x00 2361 [z_15 20361221 203GT 7 (122, 213G =[xy, y13G1) Iz — 2
< w(llzp=x; [l llzi =y, 1D ”Zz -z ”

1=y (u+r+An,r+4n)
el = 2l < g0l =zl

1=y (u+r+An,r+4n)

IA

As g(r) <1, therefore, llz; — z,Il < llz, — z;Il < 5. Hence, (ii) is proved for j =3.
Further,

lz3 = zoll < llzz = 2ol + 1z = 24|l + |z = ol

< (@) + D) + 1llz = 5l < s = 7.

Therefore, z;3 € B(zy,r) and hence (iii) is proved for j =3. We suppose that the
items are satisfied, for k£ > j >3 and similarly to the case j =3, we prove that these
items hold forj = k + 1.

Theorem 8 Suppose that the conditions (S1)—(S4) hold, then the sequence {z,} given
by (4) converges to 7' a solution of equation G(z) =0 for each 70 € and z_, €
B(zy.p). Furthermore, z,, € B(z,r) for all n >1. Moreover, if we suppose that there
exists ry 2 r such that yy(u + r + An,ry + An) <1, then 2" is the unique solution of
equation G(z) =0 in B(zy, ry + An) N Q.

Proof To prove the convergence of the sequence, it is sufficient to prove that the
sequence {z,} is a Cauchy sequence. For this, we consider

”Zn+k - Zn” < ||Zn+k - Zn+k—l|| + ”Zn+k—1 - Zn+k—2” +t+ ||Zn+2 - Zn+1” + ||Zn+1 - Zn”
k k
< 2 Mznsi = 2t | £ 2 8@ 2y = 2l
i=1 i=1
1—g(n* n _
< T 8z = ol

As n — oo, then ||z, — z,/l = 0, hence, {z,} is a Cauchy sequence which con-
verges to z* € B(z, r). Now,

Iz_1, 20:G1 ' Gy DIl = Nlz_1520:G) ™ ([Z0415 203G = [%5 ¥3G1) Gt — 20l
W(llzp1 = Xl 1z = YulDllZgs — 2,

W(’/I + A’L Ar])llzn+l - Zn”'

INIA I

As n — oo, we obtain G(z") =0 by using the continuity of G.
To prove the uniqueness, let y" be another solution of G(z) =0 in
B(zy, 1, + Anp) N Q. Define Q = [z",y";G], then

lz_1.20:G1 (21, 20:G1 = [2%, y*;GDII < wolllz_y = 2"l llzo = y*1)
Swolup+r+inr + in) < 1.

Thus, by the Banach Lemma, Q™! exists and hence, 7" = y".
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2.3 Local convergence

In this section, a local convergence result is obtained by considering Z = z* under the
following conditions:

(LCl)Let z'€EQ be a solution of G(z) =0 and z, € B(z ), with u >0, such that
[z*,ZO;G]_l exists.

(LC2)Let z_,; €Q, with z_ | € B(zp,a), @ <2p and z_ | #z.

(LC3)N[z",20;G1™ 1 ([x,y;G] = [u,v;GDIL w(llx — ull,lly — vIl) holds for all x,y,u,v €EQ
with x#y and u#v, where y : Rt X RT — R is a continuous non decreasing
function in its both arguments.

(LC4) B(z*, (1 +2)p)) € Q with w(2Au,(1 + 2)p) + w(1 + 2)p,2(1 + A)p) < 1.

As previously, we notice that from (LC3), we deduce the following condition:

(LC3) I[z",20:G1™ 1 ([x,y;G1 = [220: GDIL wrp(llx — 271 lly — z,ll) holds for all x,y EQ
with x#y, where y; : Rt X R* — R*is a continuous non decreasing function
in both arguments.

Firstly, we present a result on the inverse of the divided difference of the operator
G.

Lemma9 Under conditions (LC1) and (LC3), then there exists [x,y;G]~" and

et . 1 —
Ix. y:G17 2% 203Gl < =i (20)

for each pair of distinct points (x,y) € Bz ,(1 + 2)u) % B(Z',(1 + 20)p).

Proof Using (LC3), we get
Ilz*, 203617 (12, 20:G1 = [, ;6D < wpUlx = 2% 11y = 2o l1) < wo((1 + 20, 2(1 + Ap) < 1.

Thus, by Banach Lemma, [x,y;G]_1 exists and the result is obtained.

Now, by the definition of the method (4), it follows

llxo = 2"l < llxg = 2zl + llzg — 2|l
< ||(1 — /1)20 + /1Z_1 - Z()” + ”ZO - Z%“
< llzg = 2° I+ Allzg — 24l
< pu+ia <1 +24)pu,

and

Iyo = 2°Il < llyo = 2o/l + llzg — 2*II < 11+ A)zg — A2y — 3l
+llzg — 2l < Allzg — z_4 |
+lzg = 2l < (A + 2.
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It follows that x,y, € B(z*,(l + 2A)u), and as xy#y, then [xy,y,;G] is well defined.
Therefore, by using Lemma 9, [xo,yo;G]_1 exists. Again, by using (LC3) and
(LC3), we get

llzy = 2l = 12y = 2°) = [%0, ¥0:G1~ ' (G(z9) = G|

< Nxg y0:G17 2", 20: G (2%, 203G (%0, Y03 G — [20, 2:GDl1zg — 2* I
< vlboalbbn-zh

S e

< =t — ||z, — 2| = g(w)llzg — ¥,

1=y (A+2D)p.2(1+ ) p)

2n

_ Y (2Apu(142)p)
where g(u) = Ty (42 2 B As g(u) <1, therefore

llzy =2l <llzg = "Il < .
In addition, we consider z,#z, then x,#y, and [x;,y,;G] is well defined. Thus,

ey =z < llxy =zl + llzy = 2"l
< (L= Azy + Azg =zl + Nz = 25|
< lzg =25l + Allzy = 2ol
<u+in <A +20pu

and

Iy = 2" < llyy =zl + llzg = 2" L A+ Dzy — Azg — z4 |
+lzy = 2l < Allzy = 2ol + llzy =27 < (L + 2D
Hence, iterates x;,y, € B(z*,(l + 2A)p) and, by using Lemma 9, there exists
[x.y;;Gl™ !, Further, it follows that
lzp = 21l < gllzy — 2*Il < g(w)*llzg — 2*Il < llzg — 2°Il < m.

To continue this and by applying the mathematical induction, we get the follow-
ing recurrence relations for the sequence {z,} given by (4).

Lemma 10 Assume that the conditions (LC1)—(LC4) hold, then, for n > 1, it follows:

(i) x,,y, € B(z*,(1 + 24)u) C Q with x,£y,,
(i) Iz, — 21 < g(u)llz,_; — 21l < g(u)"llzg — 21l < llzg — 2l < .

Next, by using Lemma 10, we obtain a local convergence result for the sequence
{z,} given by (4).

Theorem 11 Assume that the conditions (LC1)—(LC4) hold. For each z, € B(z*,u),
with z_, € B(zp,a), the sequence {z,} given by (4) remains in B(z*,y) and converges
to 7', a solution of equation G(z) =0. Furthermore, if we assume that there exists r,

> u such that wy(O.u + r) <1. Then, 7" is the unique solution of the equation G(z)
=0in B(Z ,r)) NQ.
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Proof From the previous Lemma, the sequence {z,} is well defined remains in
B(z",pt) and converges to 7. To prove the uniqueness of solution, suppose that y“€
B(z",r;) NQ be such that G(y") =0. Then by using (LC2), we get

llz*, 20:G1 " ([2%, 20:G1 — [z, y*:GDIl < wollz* = ¥l llzg = ¥ ID) S w0, + 1) < 1.

Therefore, [z,y";G]™! exists and hence 7" = y".

3 Non-differentiable Hammerstein-type integral equations

One of the most important mathematical tool to describe applied problems is related
with nonlinear integral equations. We can mention among others science applied
problems, fracture mechanics problems, aerodynamics, the theory of porous filter-
ing, antenna problems in electromagnetic theory and others. These complex and
practical situations can be formulated as integral equations of the first, second and
third kind. It is well known that, the obtainment of a solution of these equations
are used to be very difficult and sometimes impossible, so numerical procedures to
approximate the solutions are the angular stone in Numerical Methods. In the litera-
ture, we find different Fredholm-type integral equations [27, 31], Volterra-Fredholm
integral equations [15, 26], nonlinear Fredholm integro-differential equations [23],
systems of Fredholm-Volterra integral equations [24], etc.

Next, we deal with the following case of nonlinear Hammerstein-type integral
equation [7, 25, 27]:

b

2(s) = h(s) + 6’/ K(s, ON@)(®dt, s € [a,b], (22)

a

where § € R, —0o < a < b < 400, the function A(s) is a given continuous func-
tion on [a,b], the kernel (s, 1) is a known continuous function in [a,b] X [a,b], the
Nemytskii operator N : Q C €([a,b]) — €[a,b]), where Q is a nonempty open
convex domain in 6{[a, b]), given by Mz)(f) = N(z(¢)), where N is a known con-
tinuous but non-differentiable function in R and z is a solution to be determined in
é[a, b]), where é([a, b]) denotes the space of continuous real functions in [a,b].

In this section, our first objective is to carry out a qualitative study of (22),
obtaining domains of existence and uniqueness of solutions. The second objective
is to use an iterative process of (4) for a fixed value 1 € (0,1], and by direct appli-
cation to approximate a solution of (22). For this, we observe that the (22) can be
defined as G(z) = 0 for G : Q C €([a, b]) — E[a, b]), where Q is a nonempty open
convex domain in é([a, b]) and

b
[G@)](s) = z(s) — h(s) — 0 / K(s, hN(2)(0)dt, s € [a, b]. (23)

Obviously, a solution of G(z) = 0 is a solution of (22).
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It is clear that, in order to apply an iterative process of (4) for a fixed value 1 €
(0,1], we will first need to define a first-order divided difference for the G opera-
tor. Taking into account that AV is a non-derivable real function, we can define the
first-order divided difference in [a, b] C R given by

W ifu,v € [a, b]such thatu # v,
[u,v:N] =
0 ifu,v € [a, b]such thatu = v.

Then, from this definition, we can define [x,y;G] : Q C ¥([a, b]) = ¢€[a, b]
with

b
[x, y;G1(w)(s) = u(s) — 6 / K(s, 0)lx, y:N1u)(0)dt, (24)
where we consider

ﬂ%ﬁ%%@ ift € [a, b]such thatx(f) # y(?),
[, ysNIu)(0) =
0 ift € [a, b]such thatx(r) = y(z).

(25)
Therefore, for the continuous real functions x and y(x#y), obviously [xy:g]
€ AQ.Aa. b)) and

[x.y:6](x — y) = G(x) - G().

Then, [x, y;g] is a first-order divided difference for the operator G : Q ¢ 4([a, b)) = €[a, b))
In our study, the max-norm has been considered in 6{[a, b]).

3.1 Domain of existence of solution

As a consequence of Theorem 4 we saw that for each z, € B(Z, u) and z_, €
B(zy,@) such that the conditions (C1)-(C5) are satisfied, from the iterative pro-
cesses given in (4), we obtain a domain of existence of solution, B(z,, ), for the
equation G(z) =0. Therefore, we study what conditions must be verified on the
operator G, given in (23) from the integral (22), so that the corresponding condi-
tions (C1)-(C5) are satisfied and then, we apply the Theorem 4.

Firstly, we suppose that z;,, Z € Q, withz, # Z, such that[Z, zO;Q]‘leXiSts.

Notice that as z, # % then, [Z, z,:/N] is well defined and if 7 is the identity on
é“[a, a]), we have

b
T = [Z,zp;GD(u)(s) = 0 / K(s, 0)[Z, 2o N(Du(p)dr.
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Then, |IZ — 2, 2:G11l < 10IMII[Z 20:M1]l. where M = | /7K(s. |
Thus, if ||[Z, zo:V]|| < 1/(]0|M), by the Banach Lemma for inverse operators
[21], we obtain that there exists [Z, z,;G] ™! with
1
10IM|[Z, zos M|

12,2091l < 1=

1
1-10|1M||[Z2o:MI| ©
Secondly, in order to analyze the domain of existence of iterative processes that
do not use derivatives in their algorithms, the conditions are usually required on the
operator divided difference. For this, we have that for each pair of distinct points x,y
€Q, there exists a first-order divided difference of G at these points given in (24).
Then, if we suppose that the following condition hold:

so, we denote f =

x, N = [, vVl < o(llx = ull, Ly = vID, x, y, u,v € Q, (26)

where @ : Rt x Rt - R* is a continuous nondecreasing function in its two argu-
ments, then we deduce that

b
(22001 (1.9 = [1,v:61 )0 = [2.20:17 (0 / K. 011 NI = L M) Jwioree ),
and therefore
I12.20:917" (L3261 = 3G )| < [OMBoo(lie = ul. Iy = VD 27)

Notice that, from (26), we deduce the following condition: For all x,y €Q, with
x#y holds:

10, ysM1 = 12, 20, NDIT < @ (11X = ZI1 lly = 2ol (28)

where @, : R* X R* — R* is a continuous nondecreasing function in its two
arguments.

Next, we establish the following convergence result for the sequence {z,}, given
in (4). This sequence converges to a solution of equation G(z) = 0 with G given in
(23).

Theorem 12 Let G be the continuous operator in Q C €([a, b)) given in (23). Fixed A
€ (0,11, we suppose that the following conditions are satisfied:

(I Let zy,Z € Q, with z, € B(Z, u) and z, # Z, such that [Z, zo;g]‘1 exists and
Iz, 20:G117" < .

(I) Let z_, €Q, with z_, € B(z,,$8) and z_,#z,, Where ||G(zy)|| < 6.

(110 106, M = [, NI < ao(llx = ull, lly = vID, x, y,u,v € Q, where
o : R X R - R is a continuous nondecreasing function in its two arguments.
(IV) The auxiliary real equation
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o+ 1—-fO)E—-A—-f®)=0, (29)
where

£ = i

1= |0IMBewy(u + ABS, ABS)
[O|M Bw(E + ABS, ABS)
Jo@® = 1
— |0IMPBwy(u + AE + 1, AE+ 1)

and

[0IM B (& + A&, AE)
1= |0|MBwy(u + AE + 1, A6+ 1)’

f@) =

has at least one positive real root and we denote by R the smallest positive real
root.

(V) BEZu+R+1)CQ, 0Mpwye + R + AR + A <1 and
max{f,(R),f(R)} < 1.

Then, for each z, € B(Z, u) and z_| € B(z,,30) satisfying the previous conditions,
the sequence {z,}, given by (4), converges to Z" a solution of equation G(z) = 0.
Moreover, z,,7" € B(zy,R) foralln > 1.

Proof The idea of the proof is to apply Theorem 5 to the operator G given in (23).

From condition (I), we have that there exists [Z,z,;G]~! with ||[Z,z,:G]17!| < B
Then, if||G(z,)|| < 8, so that (C1) is satisfied with a = 6. Obviously, from (II), with
this notation (C2) is verified.

Moreover, from condition (III), taking into account (27), if we consider y(—,—) =
|6\Mpw(—,—), the condition (C3) is satisfied. Moreover, from (28), taking yy(—,—) =
10IMpBawy(—,—), the condition (C3) is satisfied.

To finish, note that, for @ = 8, the real functions y(—,—) and y,(—,—) indicated
previously and r = R, from conditions (IV) and (V), it follows that the conditions
(C4) and (C5) are also satisfied. Therefore we can apply the Theorem 5 and the
result is proved.

Note that, the ball B(z,, R) is the domain of existence of solution for the equation
G(z) =0.
3.2 Domain of uniqueness of solution

To obtain the domain of uniqueness of solution for the (23), it is enough to apply the
Theorem 5 taking into account the Theorem 12 that we have just proved.

@ Springer



Numerical Algorithms (2023) 93:131-155 149

Theorem 13 Let G be the continuous operator in Q2 given in (23), z, € B(Z, u) and
21 € B(z(,p0) such that the conditions (I)-(V) are satisfied. We assume that there
exists R = R such that

|01Mpos(pt + R+ AE.Ry + A8 < 1,

then, the limit point 7 is the only solution of equation G(z) = 0 in B(zy, R, + A&) N Q

Therefore, B(zy, R, + A§) N Q is the domain of uniqueness of solution for the
equation G(z) = 0.

3.3 Numerical experiment

Next, we present a numerical experiment where we illustrate all the above results.
We consider the following nonlinear and non-differentiable integral equation of
Fredholm-type of the form given in (22):

1

z(s) = h(s) + 6/ st (z(t)2 - |Zi_—t)|>dt, s €[0,1], (30)

0

this is, for a fixed value 8 € R, we consider X(s,7) = st and Mz)(®) = z(£)? — @
The function A(s) is chosen in order to z*(s) = s — % be a solution. In this case

—a-dy 1
hs) = (1= Z5)s = 5 31)

Then, to solve this (30), we apply the iterative scheme (4) to the operator (23),
with

7] 1 ! 2 |z(D)]
[G@D1(s) = z(s) — (1 — @)s + 3" 9/ st(z(t) - T)dt. s€[0,1], (32)
0

being G : Q C é[a, b]) — €([a, b]), where Q is a nonempty open convex domain in
(la, b))

On the one hand, note that, if we consider z, # Z with z,,Z € Q and 7 is the iden-
tity on é([a, B]), it follows that

1

T 2200006 =0 [ sz e,
0
then, we have
- 0| 0] 1 -
17~ 260 < 20z 2l < L gz + g,

So, if'i;| (é +1Z]| + ||Zo||) < 1, by the Banach Lemma for inverse operators [21],
we obtain that there exists [Z, zo;g]‘1 with
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Table 1 Radii of the balls of

. . A R R,
existence and uniqueness, y =1,
1=05=1/6,z, =19,/ 0.2 0.8129 18.1235
=1.0187, 6 =0.6667.
04 0.8439 17.7865
0.6 0.8780 17.4368
0.8 0.9158 17.0733
1 0.9584 16.6947
. 1
I1Z, 2:G1" || <

ol(1, = ’
= (L 2+ Do)

1
=L (L)

On the other hand, in this case, N(r) = 72 — lsil and from (25), it is easy to
check that

Then, we have f =

2
10x, ysNT = [u, viN] || < 3t llx = ull + lly = vl (33)

therefore, for condition (II) we have w(z,{) = % + 7+, a non decreasing real
function in its two variables.

To analyze the existence and uniqueness of solution for (23), we consider
Q = ¢(0,1]), 6 =1/10, and also v, = w.

Firstly, fixed ¢ =1, and taking different values for z_, and z, by applying
the theoretical results obtained in Theorems 6 and 7 we get the results given in
Tables 1 and 2 . In this case, we observe that taking smaller values for the output
points, better domains of existence and uniqueness are obtained. Besides, as one
can check, when 4 decreases the values slightly improve. The ball of existence
(see R) is smaller, that is, we locate the solution better. While the ball of unique-
ness (see R;) grows, so we better separate the solutions.

Secondly, for y =1, p =1/3 and p =1/5 with 2 =0,z, = 1/2u and z_, =1/3,
by applying the theoretical results obtained in Theorems 6 and 7 we get the
results given in Tables 2, 3 and 4. This study allows us to affirm that, reducing the
value of u better domains of existence and uniqueness are obtained. Furthermore,
in each case, we can observe that when A decreases the radii of existence and
uniqueness balls slightly improve.

Table 2 Radii of the balls of

; ‘ 2 R R,

existence and uniqueness, y =1,

2=025=1/2puz =183 f 3 131875 17.1237

=1.0363,6=1.
04 1.4135 16.5493
0.6 1.5305 15.9286
0.8 1.6834 15.2464
1 1.9039 14.4689
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Table 3 Radii of the balls of

; i 2 R R,
existence and uniqueness, y
=1/3,2=0,20=1/2u,2_, 0.2 0.7792 18.6873
=1/3u, =1.0187, 5 =0.6667.
0.4 0.8072 18.3832
0.6 0.8378 18.0694
0.8 0.8714 17.7453
1 0.9087 17.4103

In general, since this situation is not differentiable, we observe that by
approaching Newton’s method (1 =0) with the iterative processes given in (4), we

obtain better qualitative results.

Next, our interest is focused on approximating a solution of the (22), for this
we will apply the iterative processes (4) to the operator G, given in (23), and thus
obtain a solution of G(z) = 0. In first place, we will need to calculate [xn,yn;g]‘l.
For this, taking into account (24), for u,v,x,y € Q = %([0, 1]), with x#y, we

consider

1

[x, y:G)(u)(s) = u(s) — 6 / stlx, yN@)(0)dt = v(s),
0

then we have u(s) = v(s) + 6ls, where | = / (l)t[x, y:N(w)()dt, with [ € R. Therefore,

1 1 1
/ skx, yiN(u)(s)ds = / sk, y NIW)(8)ds + 01 [ [x, v NI (w)(s)ds,
0 0

0

where w(s) = s°. So, we obtain

_J oS VNI)(s)ds
1= 0/ o, yNw)(s)ds

and then

o5l NI (s)ds

u(s) =[x, ;617 ()(8) = W(s) + 0 1 ,
1= 6/ ylx ysNIw)(s)ds

as long as 0 [ o [x, y;N(w)(s)ds # 1.

Table 4 Radii of the balls of

. . A R R,

existence and uniqueness, y

=15.2=0.2=1/2u.2_, 02 0.6867 18.9087

=1/3u, f=1.0152, 5 =0.6.
0.4 0.7801 18.6435
0.6 0.7308 18.3711
0.8 0.7556 18.0915
1 0.7825 17.8017
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Iz(t)l

Now, taking into account (25), as Mz)(t) = z(t)* — is easy to check that

[x, yN(0)(s) = <x(S) + y(s) = [M] > V(s)

x(s) = y(s)
and
where EOIEDOL 3¢ 5 erq if there exists s € [0,1] such that x(s) = y(s).

x(5)=y(s)

To approximate a solution of the (22) by means the iterative process (4), with 4 €

(0,1], we take z_;,zp €Q and as x,(t) + y, () =2z,(?), fixed 8 € R we apply the fol-
lowing algorithm for n > 0:

First step: Calculate:

i e 1 , 1z, @l
[Gz))(s) = 2,(5) = (1 = £5)s + 5 6'S/ 0< 0 )

Second step: Calculate:

1 1 _
A, = / 2tz,(O[G(z,)](H)dt, B, = / t[w] [G(z)](1))dt.
0 ol %, =y,

1
an/ <2 ()__[Ix (O] = Iyn(t)|]>t2dt
= y,(0)

Third step: Calculate:

Wn =
1-6C,
and finally set new iterate:
Z,41(8) = 2,(5) = [G(z,)1(s) — OW,s.

We implement this algorithm working with Matlab R2019a setting variable pre-
cision arithmetic with 60 digits, by choosing 8 =1/10, z; =1/2 and z_,; =1/3.
So, by imposing as a stopping criteria llz,, ;(s) — z,(s)I< 1073% we obtain the
exact solution z*. With the results of Table 5, it can be checked that for smaller
values of A the results show a slight improvement in accuracy although in all
cases computational order of convergence p =2 is reached with the same num-
ber of iterations, iter. Also, we can compare the distance between the last 2 iter-
ates, llz,, (s) — z,(s)Il, the value of the function at the approximation solution,
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Table 5 Numerical results for different value of 4 with 60 digits

Method (4) 2=0.1 =02 2=04 1=06 2=0.8
iter 6 6 6 6 6

p 2 2.0022 2.0548 2.0151 1.9246
11z, 1 () = Z (NI 1.2238e-58 1.3607¢-59 3.7993e-60 3.0797e-59 1.6014¢-56
NG(Zy () 6.0931e-59 6.7723e-60 3.7993e-60 1.5344e-59 7.9730e-57
llz,,, 1(5) = 2" (Il 0 0 0 0 0

1G(z,, )(s)Il and the distance between the approximated solution an the exact
solution llz,, ;(s) =z (s)II.

Now, by following the theoretical study performed in section 2.3 we obtain the con-
vergence ball centered at the exact solution Z'(s) = s —1/2. We take the values Zo($)
=1/2 and z_,(s) =1/3 so, a = llz_,(s) — zy(s)Il =1/6 and then by imposing condition
(LC4) we solve the equation:

Yy (2AL (14200 + wy(1 +20)62(1 + A)H) =1 =0,

which smallest positive root gives us the value of y =1.7548, then we verify that 2a
< u, that is we obtain the local convergence ball B(z",1.7) in case A =0.8. In Table 6
we can check the radius for other values of parameter A. We notice that the domain
of convergence is better for smaller values ofA.

4 Conclusions

In this work, we consider a uniparametric family of iterative processes that are
derivative free, so we can apply them to solve non-differentiable problems, as is
the case of nonlinear Hammerstein-type integral equations with the Nemystkii
operator continuous but maybe non-differentiable. We perform a qualitative con-
vergence study with the particularity of using the technique based on auxiliary
points, that allow us to obtain local and semilocal convergence balls. Finally, we
apply the theoretical results for proving the existence of solution of an apply prob-
lem, obtaining the domain of existence and uniqueness. Moreover, the accessibil-
ity region is also provided.

Table 6 Radii of the
convergence ball for different

values of 1 u 3.7 32 25 2 1.7
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