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Abstract.
We apply a novel 9-moment variational version of the self-consistent non-perturbative

method of moments to study how the temperature affects the dynamic response of the
electron gas in thermodynamic equilibrium. The theoretical results are obtained with the only
input being the static structure factor. Comparison is carried out with the data obtained
in the random-phase and the effective static local-field (ESA) (1) approximations. A quite
satisfactory agreement is achieved with the system dynamic structure factor evaluated within
the ESA interpolation scheme. We analyze the system properties for the temperature values
(1 ≤ T/TF ≤ 4) chosen in the range where the electron gas starts to undergo a transition
from the degenerate to classical behaviour. The extension of the method to a broader range
of temperatures and densities is straightforward and is left for future studies. Nevertheless, we
demonstrate a systematic way to investigate the gradual transition from degenerate to classical
systems.

1. Introduction
A warm dense gas of electrons (see (2) and references therein) is an important particular case
of one-component fluids of charged particles and a key-model for a broad class of warm dense
matter systems which (i) is widely used to testify different theoretical approaches, and (ii) is
of significant practical importance for the interpretation and development of real experimental
studies. Development of novel theoretical simulation techniques for warm dense matter is also
of utmost interest and importance.

Until recently only ab initio path-integral Monte-Carlo (PIMC) simulation results on different
characteristics of a dense warm uniform electron gas (UEG) (see (3) and references therein)
were available. As any simulation data, these results are available in a limited realm of physical
parameters, e.g. the smallest wavenumber being accessible is specified by the system size,
k = 2π/L. Lately, we have presented (4; 5; 6) preliminary theoretical results on the static
and dynamic properties of the UEG obtained within the self-consistent approach based on
the non-perturbative method of moments capable of expressing the system (inverse) dielectric
function, ϵ−1 (q, ω), its static value, the dynamic structure factor, S (q, ω), and other dynamic
characteristics exclusively in terms of the UEG static structure factor (SSF), S (q), and using
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up to nine sum rules and other exact properties (7; 8; 5). The input SSF has been taken from
the recent PIMC simulations (9) by T. Dornheim, S. Groth and M. Bonitz. The obtained
interrelations produce results which are in a good agreement with the available PIMC data (3).

In the present work, we extend the self-consistent method of moments (SCMM) onto a broader
domain of thermodynamic parameters (rs, θ) and wavenumbers (k/kF ), and focus on the analysis
of dynamic characteristics vs. the degeneracy (controlled by the temperature).

2. Parameters and sum rules
The thermodynamic state of the UEG can be uniquely specified by the standard coupling and
degeneracy parameters ({Γ, D} or {rs, θ})

Γ = βe2/a = βe2 3
√
4πn/3 , D = βEF = θ−1 , rs = 1.842Γθ , (1)

where β is the inverse temperature, n is the number density, and a is the average interparticle
spacing. In the following analysis we will consider the warm dense matter regime (10) with
rs, θ ∼ 1. Nevertheless, the approach we suggest is non-perturbative so that the region of
parameter values can be extended as soon as new simulation data (on the SSF) become available.
The wavenumber-dependence will be expressed via the dimensionless parameter q = ka or k/kF .

In the linear response regime, the loss function (or the spectral density) is the central quantity
for modeling of the inverse dielectric function ϵ−1(q, ω) and the dynamic structure factor S(q, ω)

L(q, ω) = −Im ϵ−1 (q, ω) /πω, S(q, ω) =
q2n

3πΓ
βℏω(1− exp(−βℏω))−1L(q, ω). (2)

The method of moments is based on a direct relation between the above dynamical properties
and the sum rules introduced as the loss function frequency power moments

Cℓ (q) =

∞∫
−∞

ωℓ L(q, ω) dω , ℓ = 0, 1, 2, ...8, (3)

or the characteristic frequencies

ωj (q) =
√

C2j/C2j−2 (q) , j = 1, 2, 3, 4 (4)

The odd-order moments vanish due to the symmetry of the loss function. The zero-th moment,
due to the Kramers-Kronig relations, specifies the static limit of the inverse dielectric function,
C0 (q) = 1 − ϵ−1 (q, 0), and the plasma frequency enters in the f-sum rule, C2 = ω2

p. The
knowledge of the fourth moment, by virtue of the detailed balance condition (see (5) and
references therein),

C4 (q) =
6e2

aq2ℏn

∫ ∞

−∞
ω3S (k, ω) dω =

= ω4
p

{
1 +

q2

Γ
θ3/2I3/2 (η) +

q4

12rs
+

1

3π

∫ ∞

0
[S (p)− 1] f (p, q) p2dp

}
, (5)

is reduced to the UEG static structure factor, S (q). Here

f (p, q) =
5

6
− p2

2q2
+

(
p2 − q2

)2
4q3p

ln

∣∣∣∣q + p

q − p

∣∣∣∣ , (6)

and I3/2 (η) is the Fermi integral, I1/2(η) = (2/3) /
√
θ3 is the normalization condition. In a

classical system the third term in (5) vanishes and the second contribution takes the Vlasov
form, q2/Γ.
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3. The self-consistent solution of the five- and nine-moment problems
It was demonstrated in our previous works (7; 8) that the dynamic properties of classical
Coulomb and Yukawa systems can be quite accurately described by the method of moments in
the five-moment approximation. The corresponding Hamburger problem {C0 (q) , 0, C2, 0, C4 (q)}
and the Nevanlinna theorem (11; 12; 13) results in the following ansatz for the inverse dielectric
function and the dynamic structure factor

ϵ−1 (q, ω;Q2) = 1 +
ω2
p (ω +Q2 (q, ω;ω1, ω2))

ω
(
ω2 − ω2

2 (q)
)
+Q2 (q, ω;ω1, ω2)

(
ω2 − ω2

1 (q)
) , (7)

S (q, ω) =
q2n

3πΓ

(
βℏω

1− exp (−βℏω)

)(
− Imϵ−1 (q, ω;Q2)

ω

)
. (8)

Both characteristics are determined by the frequencies ω1(2) (q) and a non-phenomenological
function Q2 (q, ω;ω1, ω2). The quantitative agreement with the OCP molecular-dynamics data
(both on Coulomb and Yukawa systems) could be achieved (7; 8) even within the static
approximation of the Nevanlinna (response) function Q2 (q, z) such that limz→∞ (Q2 (q, z) /z),
Imz > 0 (14),

Q2 (q, z;ω1, ω2) = Q2

(
q, 0+;ω1, ω2

)
= ih2 (q;ω1, ω2) . (9)

The key physical assumption made and validated (7; 8) was that the zero-frequency Rayleigh
mode is generally absent in the above classical systems. This permits to determine the static
parameter as h2 (q;ω1, ω2) = ω2

2 (q) /
(√

2ω1 (q)
)
.

Such a relatively simple approach proves to be insufficient for quantum Fermi fluids of
charged particles, as it is demonstrated in the analysis below (see Fig. 1 and the corresponding
discussion). Our interpretation of this result is the existence in the spectrum of the second
harmonic of the collective plasmon mode. Some indications of this mode, however, quite weak
have been recently reported in (3).

The three-mode structure of the system spectrum can be adequately considered taking into
account the sixth and the eighth moments or the frequencies ω3 (q) and ω4 (q). To this end
we applied the nine-moment Nevanlinna formula (11; 12; 13), and equalized the five- and nine-
moment expressions for the dielectric function. As a result the response-function Q2 (q, z;ω1, ω2)
introduced above is substituted with a new Nevanlinna parameter Q4 (q, z;ω1, ω2, ω3, ω4). The
absence of the zero-frequency Rayleigh mode (7) also in quantum fluids by the quantum-
classical correspondence principle, allows us to employ the same static approximation to the
function Q4 (q, z;ω1, ω2, ω3, ω4) and find a new parameter h4 (q;ω1, ω2, ω3, ω4). Thus we relate
the dynamic five-moment Nevanlinna function,

Q2 (q, ω;ω1, ω2, ω3, ω4) = −ω2
2(ω2

3−ω2
2)

ω2
2−ω2

1

(ω+ih4)

ω(ω+ih4)+

(
ω2
1(ω2

3−ω2
2)

(ω2
2−ω2

1)
−

ω2
3(ω2

4−ω2
3)

(ω2
3−ω2

2)

) ,

h4 (q;ω1, ω2, ω3, ω4) =
ω2
3(ω2

4−ω2
3)(ω2

2−ω2
1)

ω1

√
2(ω2

3−ω2
1)(ω2

3−ω2
2)

3
,

(10)

to the new parameters ω3 (q) and ω4 (q). Certainly, the above expressions simplify into the five-
moment case as soon as we consider two successive limiting transitions: ω4 (q) → ∞ and then
ω3 (q) → ∞ (with ω3 (q) < ω4 (q) following from the Cauchy-Schwarz-Bunyakovsky inequalities).

The characteristic frequency ω1 (q) = ωp

√
1− ϵ−1 (q, 0) and the static dielectric function were

determined by direct analytical and numerical integration in the five- and nine-moment cases,
respectively (5), without any significant difference being observed. The frequency ω2 (q) was
determined by S (q), see Eqs. (4),(5). Thus we reduced the knowledge of the dynamic structure
factor, see Fig. 1, to that of the SSF.
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4. The Shannon entropy maximization technique
The frequencies ω3 (q) and ω4 (q) formally introduced in terms of the higher-order moments,
see Eq. (4), are determined by the virtually unknown three- and four-point static correlators.
On the other hand, the frequencies ω1 (q) and ω2 (q) are uniquely determined by the SSF (5).
Taking into account that the spectral density (here the loss function L(q, ω)) is formed by
different combinations of quasi-particle excitations – the microstates in the sense of statistical
ensemble, we decided that the optimal solution (most probable) should satisfy the principle of
maximum entropy. This allows to determine the unknown parameters ω3(4) by means of the
Shannon information-entropy maximization procedure (15; 16; 17; 18), see also (13). Precisely,
we suggest and resolve the maximization equations for the two-parameter Shannon entropy
functional:

S (q;ω3, ω4) = −
∞∫

−∞

L (ω3, ω4, q, ω) ln [L (ω3, ω4, q, ω)] dω, (11)


−

∞∫
−∞

{
∂L(ω3,ω4;q,ω)

∂ω3
ln [L (ω3, ω4; q, ω)]

}
dω = 0,

−
∞∫

−∞

{
∂L(ω3,ω4;q,ω)

∂ω4
ln [L (ω3, ω4; q, ω)]

}
dω = 0.

(12)

The Hessian of the entropy (11) was studied to warrant its maximization at the solution of the
system (12).

5. Numerical results
To validate our model solution with the higher order moments included (to allow for a second
harmonic) and the principle of maximum entropy for the spectral density, we have performed
comparison of the 9-moment solution (9MA) against the effective static local-field approximation
(ESA) (1) data and the 5-moment solution (5MA), i.e. the static approximation for the
Nevanlinna function, see Eq. (9), being accurate in the classical limit. The corresponding
dynamical structure factor (DSF) from three different models and also the RPA-result is
presented in Fig. 1. A systematic analysis is left for a future work, while here we concentrate on
the intermediate coupling, rs = 2, where the RPA is already insufficient to accurately reproduce
the exchange-correlation effects in the dynamical properties.

First, we observe a very good agreement between the ”9MA” and the ”ESA”. Both
independent approaches reproduce a very similar theoretical solution for the DSF, its variation
with the wavenumber and even with the temperature varied in the range 1 ≤ θ ≤ 4. The half-
width of the DSF around the maximum (the plasmon mode) and the position of the latter
demonstrate a remarkable agreement. Some noticeable discrepancies appear only at small
wavenumbers (i.e. k/kF = 0.60). However, this result could be expected as the principle of
entropy maximization tends to smooth any sharp (resonance) features present in the spectral
density.

Both theoretical approximations (ESA and 9MA), where the correlations effects are included
via the power moments C0(q) and C4(q), significantly deviate from the RPA-result, in particular
by lowering the temperature and the wavenumber (see the plots of DSF in Fig. 1 for q ≤ 2.3
and θ ≤ 2). On the other hand, all three theories agree for large wavenumbers (k/kF ≳ 2.98)
where a broad multiexcitation continuum is present.

Now we turn to the discussion of the DSF in the ”classical” limit, see the ”5MA”-solution.
The term ”classical” applies only to the analytical form used for the inverse dielectric function
(and the dynamic structure factor) similar to the one considered earlier for the description of the
dynamic properties of the classical OCP systems. In contrast, here the power moments C0, C4
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Figure 1. The dynamic structure factor S(k, ω) at three temperatures {θ = 1, 2, 4} and rs = 2.0.
The DSF plots are shifted by the value of k/kF (horizontal dotted lines). Compared are the
results of the random-phase approximation (RPA), the effective static approximation (ESA) (1)
and the present self-consistent method of moments (SCMM) in the nine-moment (”9MA”) and
five-moment (”5MA”) cases. Note that the five-moment approximation corresponds to the static
approximation, Eq. (9), for the Nevanlinna parameter function Q2. Discrepancies observed for
k/kF = 0.60 are due the Shannon entropy maximization which tends to smooth sharp energy
resonances and is much better suited for description of a broad multi-excitation continuum.
In this case a slight modification of the frequency ω3(k) was enough to achieve the level of
agreement observed for other wavenumbers.

go beyond the traditional classical description and include the correlation and degeneracy effects
via the static structure factor (SSF) provided by the QMC simulations.

For the lowest temperature considered (θ = 1) the 5MA-model provides the correct position
of the main plasmon mode, however, it significantly underestimates its broadening due to the
damping effects and presence of the second harmonic. The absence of a second harmonic in
this solution also at other temperatures (θ = 2, 4) shifts the main peak position in the ”5MA”-
solution to higher frequencies. Simultaneously, the peak amplitude is reduced and the overall
shape approaches that of the 9MA-solution. In the limit of higher temperatures (θ ≳ 16) both
solutions are excepted to coincide. This gradual transition can be systematically investigated by
the analysis of the temperature dependence of the higher-moments (C6 and C8) or the frequencies
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ω3(4).
While the high-temperature case is left for the future work, as a preliminary result we

demonstrate in Fig. 2 the temperature and the wavenumber dependence of the characteristic
frequencies. One can clearly see, that the frequencies ω3(4) (q) grow faster with the temperature
in contrast to ω1(2)(q). As a result, in the limiting case (θ ≫ 1) the dynamic frequency-dependent
Nevanlinna function (10) should reduce to its static limiting form ih2(q;ω1, ω2). In other words,
when the system effectively loses its quantum character, we return to the five-moment case which
proved to be valid for classical systems.

0

5
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15

20

25

30

1 2 3 4

ω1

ω2

1 2 3 4 1 2 3 4
k/kF

ω1(2)(k, θ)/ωp

θ = 1
θ = 2
θ = 3
θ = 4

k/kF

ω3(k, θ)/ωp

k/kF

ω4(k, θ)/ωp

Figure 2. The temper-
ature and wavenumber
dependence of the char-
acteristic frequencies
ωi (i = 1, . . . 4) (in units of
plasma frequency) defined
via the power moments, see
Eq. (4). The frequencies
ω3(4) have been obtained
via the Shannon entropy
maximization. Simulation
parameters: rs = 2 and
θ = 1, 2, 3, 4.

Finally, we note that the properties of the collective modes (and the presence of a second
harmonic) within our approach can be studied by the solution of the dispersion equation or
as the poles of the inverse dielectric function. The corresponding algebraic equation is of the
fifth-order and can be written in a closed analytical form. But this analysis goes beyond of the
scope of the present short paper.

6. Conclusions
The dynamic structure factor of a warm and dense uniform electron gas is successfully studied
within two sequential versions of the self-consistent method of moments based on the exact sum
rules, mathematical theorems, and other exact relations. The novel analytical expression for the
loss-function is introduced based on the nine-moment approximation and is complemented by
the Shannon information entropy maximization technique. As a result, we reduce the knowledge
of the dynamic properties of quantum plasmas to the knowledge of a single quantity, i.e. the
static structure factor.

Special attention is paid to the temperature dependence and transition between the
degenerate (θ = 1) and non-degenerate regime (θ = 4). We demonstrate the superior accuracy
and validity of our approach both for low and high temperatures by a direct comparison with
the effective static local-field approximation (1) data based on the ab-initio PIMC simulations.
For all cases considered both theoretical results are found to be in a nice agreement.
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The comparison between the more general 9-moment approximation and the 5-moment
solution can be used in the further analysis of the transition from the quantum to classical
cases.

We stress that in the 5- and 9-moment calculations the only input was the static structure
factor calculated independently using, e.g., the effective static local-field correction (1) or direct
quantum Monte-Carlo simulations. The dielectric function we obtain simultaneously can be also
used in a variety of problems, see e.g. Ref. (19) and references therein.
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