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ABSTRACT

Motivated by Gopal and Vetro, we introduce a symmetric pair of (-
admissible mappings and obtain common fixed point theorems for such
a pair in complete and weak G-complete fuzzy metric spaces. In par-
ticular, we rectify, generalize and improve the common fixed point the-
orem obtained by Turkoglu and Sangurlu for two fuzzy -contractive
mappings. We include non-trivial examples to exhibit the generality
and demonstrate our results.

2020 MSC: 47H10; 54A40; 54H25.

KEYWORDS: common fixed point; fuzzy metric space; weak G-complete.

1. INTRODUCTION

Finding an appropriate analogue for metric spaces in fuzzy setting was a
long standing problem. In 1975, motivated by the idea of Menger spaces [11],
Kramosil and Michalek [10] gave a solution to this problem and introduced
fuzzy metric spaces. Grabiec [5], in 1988, defined Cauchy sequences in such
spaces. However, while modifying the definition of fuzzy metric, George and
Veeramani [3] strengthened Grabiec’s definition of Cauchy sequences which is
now widely accepted as standard for fuzzy metric spaces.

In fact, Grabiec’s original definition of Cauchy sequence (now known as G-
Cauchy sequence [7]) was so weak that even a compact fuzzy metric space fails
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to be complete (now known as G-complete [7]) in the Grabiec’s sense. Due to
this drawback, in [7], Gregori et. al. introduced a new form of completeness. It
is called weak G-completeness for fuzzy metric spaces. Weak G-completeness
has been further studied in [1] and [2]. In this paper, we establish certain fixed
point theorems in weak G-complete fuzzy metric spaces.

It is known that, alike metric spaces, fixed point theory is a rich subfield
of fuzzy metric spaces where contractive and contractive-type mappings play
important roles for obtaining fixed points theorems. The first fuzzy version
of Banach Contraction Principle was established in 1988 by Grabiec for G-
complete fuzzy metric spaces [5]. In 2002, Gregori and Sapena introduced fuzzy
contractive mappings and obtained several fixed point theorems for complete
fuzzy metric spaces [8]. Mihet enlarged this class of contractive mappings
and introduced the notion of fuzzy 1-contractive mappings. This new class of
mappings was utilized to establish a new version of fuzzy Banach contraction
theorem for complete non-Archimedean fuzzy metric spaces [12] which was
further generalized for weak G-complete fuzzy metric spaces [7].

The above class of contractive mappings, introduced by Mihet, has been
extensively used to obtain fixed point theorems in fuzzy metric spaces. In
2014, Turkoglu and Sangurlu obtained a common fixed point theorem for a
pair of fuzzy -contractive mappings in G-complete fuzzy metric spaces [15].

In this paper, motivated by the work of Gopal and Vetro [4], we introduce a
symmetric pair of S-admissible mappings and a pair of S-1-fuzzy contractive
mappings. These new families are utilized here to establish common fixed point
theorems in complete and weak G-complete fuzzy metric spaces, both in the
senses of [3] and [10]. In particular, we rectify the fixed point theorem obtained
by Turkoglu et. al. [15] and substantially generalize and improve it. Our theory
is supported and illustrated by appropriate examples.

2. PRELIMINARIES

In this section, we recall some basic definitions and facts which are referred
subsequently.

Definition 2.1 ([14]). A mapping * : [0,1] x [0,1] — [0, 1] is called a contin-
uous t-norm if (i) * is associative and commutative, (ii) * is continuous, (iii)
axl=a, Va€[0,1],and (iv) for a,b,c,d € [0,1],a < ¢,b < d = axb < cxd.

It is easy to note that, the followings are examples of continuous ¢-norms:
(i) a * b = min(a, b), and

(ii) ax b= ab

for any a,b € [0,1].

Definition 2.2 (Kramosil and Michalek [10]). Given a nonempty set X, a con-
tinuous ¢-norm * and a mapping M : X x X x [0, 00) — [0, 1], the ordered triple
(X, M, *) is called a KM fuzzy metric space if, for all z,y,z € X and s,t > 0,
the following conditions hold:

a) M(z,y,0) =0,
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b) M(xz,y,t) =1, Vt>0 < z =y,
C) M(’Jl,y,t) = M(y,IE,t),
d) M(x,y,t)« M(y,z,s) < M(x,z,t+s),

e) M(z,y,.):[0,00) — [0,1] is left continuous.

Definition 2.3 (George and Veeramani [3]). Given a nonempty set X, a con-
tinuous t-norm * and a mapping M : X x X x (0,00) — [0, 1], the ordered triple
(X, M, ) is called a GV fuzzy metric space if, for all z,y,z € X and s,¢ > 0,
the following conditions hold:

a) M(z,y,t) >0,
b) M(z,y,t) =1 < x =y,
C) M(x,y,t) = M(y,x,t),
d) M(x,y,t)« M(y,z,s) < M(x,z,t+s),
e) M(z,y,.): (0,00) — [0,1] is continuous.

Unless otherwise specified, by a fuzzy metric space we refer to the GV fuzzy
metric space.

Definition 2.4 ([9]). A (KM) fuzzy metric space (X, M, *) is said to be non-
Archimedean if M (z,y,t) x M(y,z,s) < M(x, z,max{t, s}), for all z,y,z € X
and s,t > 0.

Lemma 2.5 ([3], [5]). Given a (KM) fuzzy metric space (X, M,*), M(z,y,-)
defines a nondecreasing map, ¥V x,y € X.

Let (X, M, %) be a (KM) fuzzy metric space. It is well-known ([3], [7]) that,
{B(z,r,t) :x € X,r € (0,1),¢t > 0} forms a base for some topology 7ps on X,
where B(z,r,t) ={y € X : M(x,y,t) >1—r}, Va e X,r € (0,1),t > 0. The
topological behaviour of (X, M, ) is defined with respect to the topology 7a;.
In particular, given two (KM) fuzzy metric spaces (X, M, ) and (Y, N, %), a
mapping f : X — Y is called continuous if f is continuous as a mapping from
(X,70) to (Y, 7n).

Similarly, sequential convergence is defined as follows: A sequence (x,) in
a (KM) fuzzy metric space (X, M, ) is said to be convergent to some z € X
(resp. clusters), if it does so in (X, 7).

It is easy to note that, if f is a continuous mapping from a (KM) fuzzy
metric space (X, M, ) to a (KM) fuzzy metric space (Y, N, ), and (z,,) is a
sequence in X converging to x € X, then f(x,) — f(z) as n — oc.

The following is an easy consequence that has been shown in [3] for GV
fuzzy metric spaces. The case for KM fuzzy metric spaces is similar as stated
next.

Theorem 2.6. A sequence (z,,) in a (KM) fuzzy metric space (X, M, *) con-
verges to x € X if and only if lim M (z,,z,t) =1, V> 0.
n—oo

Definition 2.7 ([3], [13]). Let (X, M,x) be a (KM) fuzzy metric space. A
sequence (z,) in X is called Cauchy if for € € (0,1),¢ > 0, there exists k € N
such that M (z,, z,,t) > 1 —¢€, ¥ m,n > k. Clearly every convergent sequence
in (X, M,x) is Cauchy. (X, M, x) is complete if every Cauchy sequence in it
converges.
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Definition 2.8 ([5], [7]). Let (X, M, %) be a (KM) fuzzy metric space. A
sequence (x,) in X is called G-Cauchy if nhHH;O M(zp, Tpy1,t) =1, V> 0. If
in (X, M, ), every G-Cauchy sequence converges, then (X, M, %) is said to be
G-complete.

Though G-completeness necessarily imply completeness in (KM) fuzzy met-
ric spaces, a compact (KM) fuzzy metric space may not be G-complete. To
overcome this drawback, the following weaker version of completeness has been
introduced in [7] .

A (KM) fuzzy metric space in which every G-Cauchy sequence clusters is
called a weak G-complete (KM) fuzzy metric space.

We finish this section by recalling the definitions of [-1-fuzzy contractive
mapping and S-admissible mapping introduced by Gopal and Vetro in [4].

Following [12], we denote by ¥ the family of all mappings v : [0,1] — [0, 1]
such that,

(i) ¢ is non-decreasing and continuous,

(i) ¥(t) > t, Yt e (0,1).

It is easy to check that (1) = 1 and nlLrI;Ow”(r) =1, V¢ eUre(1)

(e.g. consult [16]).

Definition 2.9. Let (X, M, ) be a (KM) fuzzy metric space and f be a self-
mapping on X. For some 9 € ¥, and a mapping 3 : X2 x (0,00) — (0,00), f
is called a p-1-fuzzy contractive mapping if V z,y € X with  # y and ¢ > 0,

Definition 2.10. Let (X, M,*) be a (KM) fuzzy metric space and f be a
self-mapping on X. For a mapping 3 : X2 x (0,00) — (0,00), f is called
B-admissible if V z,y € X,t > 0,

Blx,y,t) <1 = B(fx, fy,t) < 1.

3. MAIN RESULTS

We begin this section by introducing a pair of g-1-fuzzy contractive map-
pings and a symmetric pair of S-admissible mappings that extend respectively
the class of B-1-fuzzy contractive mappings and [-admissible mappings in a
(KM) fuzzy metric space.

Definition 3.1 ([12], [16]). Let (X, M, *) be a (KM) fuzzy metric space and
Y ew.
a) A mapping f: X — X is called fuzzy -contractive if V z,y € X,t > 0,

M(z,y,t) >0 = M(fz, fy,t) > (M(z,y,t)).

b) Given a pair of mappings f,g9 : X — X, (f,g) is called a pair of fuzzy
1-contractive mappings if V z,y € Xt > 0,

M(z,y,t) >0 = M(fx,gy,t) > Y (min{M(z,y,t), M (x, fz,t), M(y, gy,t)})-
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Definition 3.2. Let (X, M, *) be a (KM) fuzzy metric space and f, g be self-
mappings on X.

a) For a mapping 3 : X2 x (0,00) — (0,00), the pair (f,g) is called a
symmetric pair of S-admissible mappings if V x,y € X, ¢t > 0,

Blz,y,t) <1 = max{B(fz,gy.1), Bgy, fx,1), B(gz, fy,1), B(fy, gz, 1)} < 1.

b) For some 1 € ¥, and a mapping 3 : X2 x (0,00) — (0,00), the pair
(f,g) is called a pair of S-1)-fuzzy contractive mappings if V x,y € X,t > 0,
M(z,y,t) >0 =

B(x,y, t)M(fx,gy,t) > b(min{M (x,y,t), M(z, fz,t), M(y,gy,t)}).

We note that if 8(x,y,t) = 1, then a pair of S-1-fuzzy contractive mappings
is a pair of fuzzy 1-contractive mappings.

The subsequent discussion explores common fixed point theorems for sym-
metric pairs of S-admissible mappings on weak G-complete (KM) fuzzy metric
spaces. Hereafter, (X, M, x) denotes a weak G-complete (KM) fuzzy metric
space, with f and ¢ as self-mappings on X, ¢ as a member of ¥, and 3 as a
mapping from X? x (0,00) to (0,00) such that (f,g) forms a symmetric pair
of B-admissible mappings, unless specified otherwise.

Theorem 3.3. Let f, g be continuous mappings such that
(i) M(z, fz,t), M(x,gz,t) >0,V 2 € X,t >0,
(ii) (f,g) is a pair of S-iy-fuzzy contractive mappings,
(iii) for some xg € X, B(xo, fxo,t) <1 and M (xg, fzo,t) >0,V ¢ > 0.
Then f and g have a common fixed point in X.
Moreover, if (z,y,t) < 1, V z,y € X,t > 0 and for z,y (x # y) € X,
M(z,y,t) >0, Vt >0, then the fixed point is unique.

Proof. Define a sequence (z,) as follows: z1 = fxo,z2 = gx1, -+ ,Topt1 =
fTon, Tonto = gTony1, .

We have 3(zg,z1,t) = B(zo, fzo,t) < 1, V¢t > 0. Since S(xp-1,Zn,t)
1 = B(xn,Tnt1,t) < max{B(frn_1,92n,t), B(g2Tn-1, fxn,t)} <1,V n
N,¢ > 0, so by applying induction, we obtain S(z,Tn4+1,t) < 1, V n
0,1,2,--- and t > 0.

Consequently, S(xp41,Zn,t) <1, Vn e Nt > 0.

Let n be a positive integer.

If n is odd, then for chosen t > 0,
M(xp—1,Zn,t) >0 = M(xp,Tpi1,t) = M(frp_1,9Tn,1t)
> B(xn—ly T, t)M(fﬂfn—l,gﬂUm t)
> Y(min{M (x,—1,zn, t), M(xp—1, fXn_1,t), M(Tpn, gTn,t)})
= (M (1, 20,1)) > 0.
Again if n is even, then for chosen ¢t > 0,
(Xp—1,Tn,t) >0 = M(xn,Tpt1,t) = M(g2n—_1, fTn,t)
= M(fan, gn1,?)
B( @y Tn—1,t) M (f2r, gTn—_1,1)
Y(min{ M (zn, Tn—1,1), M(Tn, fTn,t), M(Tn-1,9Tn-1,1)})
Y(M(xp-1,%n,t)) > 0.

I mIA

S
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Thus, by using induction, we have M (x,,xn11,t) > V(M (xp—_1,Tn,t)),
V' n e N,t> 0 and hence, M(x,, Tpi1,t) > V" (M(xo,z1,t)), ¥V n € N;t > 0.

Thus ILm M(zp,@ny1,t) =1, V¢t > 0. Hence (z,) is a G-Cauchy sequence
mx.

Since (X, M, x) is weak G-complete, (z,) has a cluster point x in X.

So there exists a subsequence (., ) of (x,) such that (x, ) converges to x
where r,,’s are either all even or all odd.

Without loss of generality, suppose all the r,,’s are even. ThenVn € N;t > 0,
M(z, fx,t) > M (2,2, %) « M (20, @, 41, %) * M (2,11, f7, §)
=M (2,3, L) « M (z,, 41, %) * M (far,, fz, L).

Taking limit as n — oo, we have M(x, fz,t) = 1, V t > 0, since f is
continuous and (x,) is G-Cauchy. Hence fz = x.

Again, since V ¢t > 0, M (2, —1,2,t) > M (2,1, %, 5) * M (z,,,2,%) —
lxl=1asn—o0,s0Vit>0 Mz, _1,z,t) - 1 as n — oo, and conse-
quently, V ¢ > 0, M (z, gz, t) > M (z,2,,,%) * M (2,92, %) = M (z,z,,, %) *
M (gmrn_l,gaz, %) —1%x1=1asn — oo, since g is continuous.

Thus M (x,gx,t) =1, V ¢t > 0, and hence gz = x.

Again, if all the r,’s are odd, it can be similarly shown that fx = gz = z.

Thus, in general, z is a common fixed point of both f and g.

Let us now assume, in addition to condition (i) and (ii), that B(z,y,t) <
1, Va,ye X,t >0and for 2,y (z £y) € X, M(x,y,t) >0,V¢>0.

If possible, let x,y be two common fixed points of f and g such that = # y.
Then there exists to > 0 such that 0 < M(z,y,t) < 1.

Now M(x,y,to)

B(z,y,to) M (fz, gy, to)

1/J(min{M($a Y, t0)7 M(LB, fxv t0)7 M(ya 9Y, tO)})

Y(M(z,y, to))

M(x,y,tg), a contradiction.

Hence the common fixed point is unique. O

>
>
>

By putting S =1 in Theorem 3.3, we obtain the following:

Corollary 3.4. Let f, g be continuous mappings with M (z, fx,t), M(x, gz,t) >
0,V 2z € X,t > 0. Suppose for some zy € X, M(xq, fzo,t) > 0,V ¢t > 0 and
M(fz,gy,t) = Pp(min{M(z,y,t), M(z, fz,t), M(y,gy,t)}), V z,y € X,t > 0.
Then f and g have a common fixed point in X.

Moreover, if for x,y (x # y) € X, M(z,y,t) > 0, V ¢t > 0, then the fixed
point is unique.

The last corollary shows that in the following common fixed point result
obtained by Turkoglu and Sangurlu, we do not require to specify the continuous
t-norm * or assume f, g to be fuzzy ¥-contractive mappings.

Theorem 3.5 ([15], Common fized point theorem by Turkoglu and Sanguriu).
Let (X, M, %) be a G-complete KM fuzzy metric space such that axb = min{a, b}.
Let there be a ©g € X such that M(xg, fxo,t) > 0, YVt > 0. If f and g are
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continuous self-mappings on X satisfying M (x, fx,t), M (z,gx,t) > 0,V x €
X,t >0 such that

(i) f,g are fuzzy 1-contractive mappings,

(it) M(fz,gy,t) > ¢(min{M (2, y,t), M(x, fz,t), M(y,gy,t)}), ¥V z,y € X,
t>0,

then f and g have a common fixed point in X.

Note 3.6. It should be noted, in [15], Turkoglu et. al. included the following
additional condition in the hypothesis:

(zn) is a sequence in X such that x1 = fxg, o = gx1, -, Topt1 = f(T2n),
Lan+2 = g($2n+1), .

However, noting that such sequence always exists, we remove it from the
statement of Theorem 3.5.

Moreover, we have included the additional condition:

M(z, fe,t), M(z,gz,t) >0,V z € X,t >0

in the hypothesis of Theorem 3.5 noting that it is essential even for the proof
provided by Turkoglu et. al. [15].

Note 3.7. In [15], Turkoglu et. al. concluded that under the hypothesis of
Theorem 3.5, f and g have a unique common fixed point. However, this is not
true as is exhibited next.

Consider the KM fuzzy metric space (X, M,*), where X = [0,1], a b =
min{a, b}, V a,b € [0,1], and for x,y € X,

0 ifx#y,t>0
M(z,y,t) =10 ifx=y,t=0

1 ife=y,t>0

Then X is a G-complete KM fuzzy metric space.

Then by setting ¥(t) = /£, ¥ t € [0,1], for f,g: X — X given by f(z) =
g(z) =z, Vo € X the hypothesis of Theorem 3.5 gets satisfied. However every
point of X is a common fixed point of f and g and hence the common fixed
point is not unique.

In what follows, we exhibit the applicability of our theorems, namely, The-
orem 3.3 over Theorem 3.5 (due to [15]) in the following aspects:

(a) Theorem 3.3 is applicable even for a weak G-complete (KM) fuzzy metric
space (X, M, ) which is not G-complete;

(b) Theorem 3.3 is applicable also for 8 # 1;

(c) Theorem 3.3 is applicable even when a * b is not defined as min{a, b}.

Example 3.8. Consider the fuzzy metric space (X, M, -), where X = {2% in > 2}
Ulz.1], M(z,y,t) = minfz.u} vy o0y € X,t >0 and - is the usual product of

max{z,y}’
reals. It is known that (X, M, -) is a weak G-complete fuzzy metric space which
is not G-complete [7]. Further, 75, defines the usual topology of R restricted

to the set X [6].
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Let f,g be two selfmappings on X such that fr =z, gz =1, V2 € X.
Then f, g are continuous on X.
Now by setting 8 : X2 x (0,00) — (0,00) as

% ife <y

Bla,y,t) = HE ify<z<1

2 ify<z=1

forall z,y € X,t > 0, we see that (f, g) defines a symmetric pair of S-admissible

mappings and V ¢ > 0, B(zo, fzo,t) < 1, M(xo, fxo,t) > 0 hold for zy = 1.
Let ¢ : [0,1] — [0,1] be defined by ¢(z) = 2%, V a € [0,1]. Clearly, ¢ € V.
We now show that, (f,g) is a pair of S-¢)-fuzzy contractive mappings.
Choose =,y € X and t > 0.
Case I: © <y. Then B(z,y,t)M(fz,gy,t) = L x M(z,1,t) =1

> P(min{M (z,y,t), M(z, fz,t), M(y, gy, t)}).

Case II: y < x < 1. Then f(x,y,t)M(fz, gy, t) = 1"’7“ and

1+1/J(lﬂflilfl{1\4(ﬂc,y,t),M(ﬂc,fﬂc,t%JVI(y,gy,t)}) = Ymin{4,1,y}) = ¢(y) =
71‘/_
’ Since = > y, we obtain

Bx,y, t)M(fx,gy,t) > Y(min{M (z,y,t), M(z, fz,t), M(y, gy, t)}).

Case III: y < x = 1. Then B(x,y, t) M (fz, gy, t) = 2x M (x,1,t) > Y (min{ M (z, y, 1),
M(a, fa,t), M(y, gy, t)})-

Thus, in view of Theorem 3.3, f, g have a common fixed point.

In what follows we show that, in Theorem 3.3, the last condition is essential
to ensure the uniqueness of the common fixed point.

Example 3.9. Consider the fuzzy metric space (X, M, ) of Example 3.8. Let
f, g be self-mappings on X such that

e 1
ifrx=3

=

fr=gx= .
1 otherwise

Clearly, f,g are continuous on X.
If B: X2 x (0,00) = (0,00) is defined by

1 ife=y=1
Bz, y,t) =

4 otherwise

then (f, g) is a pair of S-1)-fuzzy contractive mappings, V ¢ € U.
It is easy to see that conditions (i) and (ii) of Theorem 3.3 hold immediately.
So, in view of Theorem 3.3, f, g have a common fixed point.
However the fixed point is not unique. Indeed z = 1 and z = % are two such

1
points.
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Theorem 3.10. Let f, g be continuous mappings such that
(i) M(z, fz,t), M(z,gz,t) >0,V e X, t>0,
(ii) for some 91, 9,%3 € ¥, M (z,y,t) >0 =
ﬂ(i, Y, t)M(fI’,gy, t) Z ¢1(M(I7 Y, t)) + q/}2(‘]\4'(x7 fxa t)) + 1/)3(M(Z/a gy, t))a
Va,ye X, t>0,
(iii) for some zg € X, B(xo, fxo,t) <1 and M (xg, fzo,t) >0,V ¢ > 0.
Then f and g have a common fixed point in X.

Proof. Set 1) = min{t1,12,13}. Then it is easy to see that ¢ € V.
Further V z,y € X,t > 0,
M(z,y,t) >0 = B(x,y,t)M(fx,gy,t)
> ¢1(M(9€» Y, t)) + ¢2(M($7 f{E, t)) + wB(M(yvgya t))
> 1/J(mln{M(~"Ua Y, t)7 M(LL’, fiU, t)7 M(y7 9Y, t)})
Thus the conclusion follows from Theorem 3.3. O

Corollary 3.11. Let f, g be continuous mappings such that
(i) M(z, fz,t), M(z,gz,t) >0,V e X, t>0,
(ii) for some a,b,c > 1, M(z,y,t) >0 =
Blx,y, )M (fx,gy,t) = aM(z,y,t) + bM(z, fz,t) + cM(y, gy, 1),
Va,ye X, t>0,
(iii) for some zg € X, B(xo, fxo,t) <1 and M (xg, fzo,t) >0,V ¢ > 0.
Then f and g have a common fixed point in X.

Proof. Immediate from Theorem 3.10 by setting

¥1(x) = min{az, /z},
Po(x) = min{bz, /x},
¥3(z) = min{cz, \/7},
vV x € [0,1]. O

In the next theorem, we omit the continuity hypothesis of f,g in Theorem
3.3 for fuzzy metric spaces defined by George and Veeramani [3].

Theorem 3.12. Let (X, M, ) be a non-Archimedean weak G-complete fuzzy
metric space and (f, g), a pair of 8-¢-fuzzy contractive mappings such that

(i) for some z¢ € X, B(xg, fzo,t) <1V t>0,

(ii) for each sequence (x,) in X with B(x,, Tp41,t) <1, Vn € N,t >0 and
a subsequence (z,, ) of (x,) with nh_}n;@ x,, = x, we have f(z, ,z,t) <1, Vne€
N, ¢ > 0.

Then f and g have a common fixed point in X.

Proof. Proceeding as in Theorem 3.3, we obtain the G-Cauchy sequence (z,,)
in X given by 1 = fxo, T2 = g%1, - , Tont1 = [Ton, Tont2 = gTont1,- - such
that B(zn, nt1,t) <1, Vn=0,1,2,--- and ¢t > 0.

Since (X, M, x) is weak G-complete, there exists a subsequence (.., ) of (x,)
such that (z,,) converges to some x € X where r,’s are either all even or all
odd.
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Without loss of generality, suppose all the r,’s are even.

If possible, let gx # z. Then 0 < M (z, gz, ty) < 1, for some to > 0.

Since X is non-Archimedean, V n € N we have

M(z, gz, to) > M(z,xy, +1,t0) * M(2r, 41,92, t0)
= M(z, s, +1,t0) * M(fzr,, 9T, t0)
> M(z,xr, +1,t0) * (B(xr,, x,t0) M (fx,, , gz, to))(by (iii))
> M(z, @y, +1,t0) * Y(min{M (z,_,z,t0), M(xy,, f2r, ,to), M(x,gz,t0)})
> M(x, x,,, to)*M(xy,,, Ty, 41, to) ¥ (min{ M (2, , x, o), M (27, , Tr,+1,t0), M (2, gz, 10)})
— 1x1x(M(z, gz, ty)) = Y(M(z, gz, ty)) as n — oo, since * is continuous
and (x,) is G-Cauchy.

Thus M (x, gz, to) > (M (x, gz, to)) > M(x,gx,to), a contradiction.

Consequently gr = .

Again if fax # 2, 0 < M(x, fz,t1) < 1, for some ¢; > 0.

Since X is non-Archimedean, V n € N we have

M(z, fo,t1) > M(z,xy, +2,t1) * M (2, 42, f2,t1)
= M(z, T, 42,t1) * M(fz,9%r, +1,11)
> M(z, @, 41,t1) * M(2p, 41, T 42, t1) * M(fz, gz, +1,t1).

Since f(zy,,x,t1) <1, ¥ n € N we have f(z, zr +1,t1) <1, Vn € N by (i).

Thus V n € N,

M(x, fx,t1) > M(z,x,, 41, t1)%M (2, 41, T, 42, 01)%(B(x, T, 41, 01) M (f2, 921, 41,t1))
> M(x, %, +1,81)*M (2y, 11, Tp, 42, t1)xp(min{ M (z, z,, 41, t1), M (z, fz, t1), M (2, 41,
9%r,+1,t1)})
> M(z, @, 41,t1) %M (2r, 41, T, +2, t1)*0(min{ M (x, ;. , t1 )M (2y, , Tr, 41, t1), M (2, fz,
t1), M(@r, 41, 9%r,41,11)})
> M(z, 2, 41,t1) %M (2, 11, T, 12, t1) %0 (min{ M (x, ., t1) M (2p, , Zp 41, t1), M (2, f2,
t1), M(xr, 41, Tr 42,81)}) = O(M(z, fz,t1)) as n — oo, since * is continuous
and (z,) is G-Cauchy.

Thus M(z, fx,t1) > (M (z, fz,t1)) > M(z, fz,t1), a contradiction.

Consequently fz = x.

Thus f, g have a common fixed point x.

Again, if all the r,,’s are odd, it can be similarly shown that fx = gxr =z. O

Example 3.13. Consider the fuzzy metric space (X, M, -) of Example 3.8. Let
f, g be self-mappings on X such that

1 ifzeQ
fz =
% otherwise
and
1 fx=1
gr = % if x = %
% otherwise
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If B: X2 x (0,00) — (0,00) is defined by

1 ife=y=1
Bz, y,t) =

4 otherwise

then (f,g) is a pair of 8-¢-fuzzy contractive mappings, ¥V ¢ € W.
It is easy to see that conditions (i)—(ii) of Theorem 3.12 hold immediately.
So, in view of Theorem 3.12, f, g have a common fixed point.
However the fixed point is not unique. Indeed z = 1 and = = % are two

such points.

By putting 8 = 1 in Theorem 3.12 and proceeding as in Theorem 3.3
for uniqueness of fixed point, we see that for a GV fuzzy metric space, non-
Archimedeaness replaces the continuity of f, g in Corollary 3.4:

Corollary 3.14. Let (X, M, *) be a non-Archimedean weak G-complete fuzzy
metric space. Suppose

M(fz,gy,t) > ¢(min{M(z,y,t), M(x, fz,t), M(y, gy, t)}),
Vx,y € X,t > 0. Then f and g have a unique common fixed point in X.

We will later see that the above conclusion of the last corollary holds, in
fact, in a complete GV fuzzy metric space.

In what follows, we show that the additional hypothesis:

for each sequence (x,,) in X satisfying B(xn, Tpy1,t) <1, Vn €N, t >0,
there exists ko € N such that S(Tpm, zn,t) < 1, Vm,n € N with m > n > ko
andt >0
enables the conclusion of Theorem 3.12 to work in a complete GV fuzzy metric
space.

Theorem 3.15. Let (X, M, *) be a non-Archimedean complete fuzzy metric
space and (f,g), a pair of S-1-fuzzy contractive mappings such that

(i) for some zp € X, B(xo, fxo,t) <1,V ¢ >0,

(ii) for each sequence (z,,) in X with 8(z,, z,41,t) <1, Vn € Nt > 0 and
lim z, =z, we have B(z,,z,t) <1, Vn e Nt >0,

n—oo

(iii) for each sequence (x,,) in X satisfying 8(z,, Tpt1,t) <1, Vn e N, t > 0,
there exists k' € N such that B(xm, z,,t) <1, Vm,n € Nwith m >n >k’
and t > 0.

Then f and g have a common fixed point in X.

Proof. Consider the G-Cauchy sequence (x,,) obtained in Theorem 3.12. Then
by condition (iv), there exists k1 € N such that 8(z,, zn,t) <1, Vm,n € N
with m >n > k; and ¢ > 0.

We show that (z,) is a Cauchy sequence. If not, there exist € € (0,1),¢ >0
and ko € N with ko > ki such that for k € N with k > ko, we have m/(k), n(k) €
N with m’(k) > n(k) > k satisfying M (s (), Tn(k) 1) <1 — €.

For each k > kg, we set m(k) to be the smallest positive integer exceeding
n(k) such that M (z,,(k), ZTnk),t) <1 —¢€and M(Tp )1, Tnk),t) > 1 — €
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Therefore V k > ko,
1 —€2> M(Tpm), Tncr),t)

Z M (2 (ky—1> Tn(k)> t) * M(Tom(k)—1, Tm(k)s )
> (1 =€) * M(@pmr)—1, Tm(k), t)-

Taking limit as k — oo, we obtain lim M (Zp, k), Tr(k),t) =1 — €.
k—o0

Now for each k € N with k > kg, we set

u(k) = M(Zm k), Tmk)+25 1) * M (T k)42, Trk)+2> L) * M (Tn(h), Tnir)+2, 1),
if m(k) = odd, n(k) = even
= M(wm(k)7 Tm(k)+25 t) * M(xm(k)-i-% Tn(k)+1s t) * M(xn(k)a Ln(k)+1s t)a
if m(k) = odd, n(k) = odd
= M(Zn(k)s Tm(k)+1> 1) * M(Tpi) 11, Ty 125 t) * M (Tn(r)s Tniry+2, 1),
if m(k) = even, n(k) = even
= M(xm(k)a T (k)+1> t) * M(xm(k)+lv Tn(k)4+15 t) * M(xn(k)u Ln(k)+1s t)7
if m(k) = even, n(k) = odd
and

v(k) = M(Zpy(ky, T (i)425 1) * B(@Zmk)+1> Tn(i)+15 1) M (T (k)25 Tr(i) 42, ) *
M (Zy(k)s Tr(k)42, 1), if m(k) = odd, n(k) = even
= M(Zp (), Tm(r)+25 1) * BTk +1> Tr(r)s 1) M (T (k) 425 Trk)+1, 1) * M (2 ),
Tp(ky+1,t), if m(k) = odd, n(k) = odd
= M(Zp (), (k)15 1) * BTy Trgi)y+15 1) M (T () 415 Ty 2, 1) * M (2 ),
Tp(k)+2,t), if m(k) = even, n(k) = even
= M(Z (), T (k) +15 £)*B (k) s Tru()> OV M (Tom(k) 415> T ()15 1) F M (T (), T ()41
t), if m(k) = even, n(k) = odd

Since B(Zm,Zn,t) < 1, Vm,n € N with m > n > ko, we have V k > ko,
1 —€> M(Zpi), Tner), t) > u(k) > v(k)--- (*).

Now for each k € N with k > kg, we also set

w(k) = Y(in{ M (T (k) 41> Tre)+1, 1) M (T (k) +1, Tm(k)+251)s M (T (k)15 Triy+2, 1)),
if m(k) = odd, n(k) = even
—w(mln{M(iﬂm(k)H,xn(k) ), M(Z (k)41 T2 1)y M( Ty, Triy 11, 1) )

) = odd, n(k) = odd
mlH{M(fcm (k) Tr(k)+15 1)y M (T (eys T ()15 1)y M (Z ()15 Tra()+25 1) })s
k) = even, n(k) = even
mln{M(xm(k) T ) ) M (2 (k) s T (k)15 )y M (Tri) s Tragiy+15 1) })s

1f m(k) = even, n(k) =
and

w' (k) = P (min{ M (T k), Tm(k)+1> M (Tm(k)s Trcr), FM (Tnh)s Tok)+1, 1)
M(xm(k)+17 Tin(k)+25 t), M(xn(k)+1, T (k)+25 t)}),if m(k) = odd, n(k) = even
= Yp(min{ M (T (k)s Tm(k) 115 1) * M(Trn(k)s Trr)s 1)y M(Tim()£15 Tmr) 125 1),
M (Zp(k)s Tr(k)+1,1)}), if m(k) = odd, n(k) = odd
= P(min{ M (T, (1), Tn(r)> t) ¥ M(Trk)s Trii)+15 1) M( Ty, Tom(i)+15 1)
M (2 ()41, Tn(k)+2, 1) }), if m(k) = even, n(k) = even
= Y(min{ M (2, k), Tn(r)s 1) M (), Tom(r)+15 1) M (Zn(k)s Trne)+1, 1)),
if m(k) = even, n(k) = odd.

For each k € N with k& > kg, we further set

(k
U(
1f m(
¥(
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<

(k) = M (Zpm(k)s Trn ()42, U)xw (k)% M (T (), T k)42, ), if m(k) = odd, n(k) = even

= M (T (), Tn(r)+2, 1) ¥ W (k) * M (T (), Tp(ry+1, 1), if m(k) = odd, n(k) = odd

= M (T (), ()41, £)¥W(E)* M (Ty (), Tr(i)+2, ), if m(k) = even, n(k) = even
= M (T (), Tn ()41, ) ¥W(K)* M (2 (1), T ()41, 1), if m(k) = even, n(k) = odd
and

<

(k) = M (k) Tr()+2, )W (B)$ M (2(1), T (r)42, 1), if m(k) = odd, n(k) = even

( ’m(k)7 m(k)+2,t)*w (k)*M(In(k), n(k)+1, ),lf m(k) = Odd, n(k) = odd

(T (k) Trn(k) 15 )W (R)x M (2 (1), Ty 2, 1), if m(k) = even, n(k) = even
(xm(k)axm(k)Jrl: ) ( )*M(xn(k Tn(k)+1> )71f m(k) = even, n(k) = odd.

Slnce kl;r{)low (k) =¢(1 —€), we have klggor (k) =¢(1 —e).

Using (x), we have 1 — e > M(Zm(), Tnk),t) = w(k) = v(k) = r(k) =
r'(k), V¥ k > ko. Thus by taking limit as k — oo, we have 1—¢ > 9(1—¢) > 1—¢,
which leads to a contradiction.

Thus (z,) is a Cauchy sequence and hence converges to some = € X.

We now show that fz = gz = .

If gx # x, then there exists to > 0 such that 0 < M (x, gz, to) < 1.

Since M (x, gz, tg) > M(x,xan+1,t0) * M(fxan, gz, to)
> M(z, z2n+1,t0) * B(w2n, z,t0) M (f2n, g, to)
> M({E, L2n+1, tU) * w(mln{M(% L2n, tU)a M(LU, gz, tO)? M(x2n+1a L2n, to)})

so by taking limit as n — oo, we have M(z,gx,to) > (M (x,gx,tg) >
M (zx, gz, to), which leads to a contradiction.

Thus gz = . Similarly, fo = x. Hence fx = gz = x. O

iii

By putting 8 = 1 in Theorem 3.15 and proceeding as in Theorem 3.3 for
uniqueness of fixed point, we have the following:

Corollary 3.16. Let (X, M, %) be a non-Archimedean complete fuzzy metric
space. Suppose

M(fx,gy,t) > ¢Y(min{ M (z,y,t), M (x, fz,t), M(y, g9y,t)}), ¥V 2,y € X,t > 0.
Then f and g have a unique common fixed point in X.

We encourage the readers to compare the above result with Corollary 3.4
and Theorem 3.5.

Theorem 3.17. Let f, g be continuous mappings such that

(i) M(z,y,t) >0 =

B, y, )M (gfz, fgy,t) = P(min{ M (z,y,t), M(z, fz,t), M(y, gy,1)}),

Vaz,y€e X,t>0,

(ii) for some xg € X, B(xo, fxo,t) < 1and M(fxzo,g9fxo,t), M(g9fxo, fgfxo,t)
>0,Vt>0.
Then f and g have a common fixed point in X.
Proof. Define a sequence (z,) as follows: x1 = fxg,x0 = gz1, -+ ,Topt1 =
JTon, Tant2 = gTany1, -

Then proceeding as Theorem 3.3, we obtain

ﬁ(xn,xn+1,t),ﬁ(xn+1,xn,t) < ]-7 Vne Nvt > 0.

© AGT, UPV, 2024 Appl. Gen. Topol. 25, no. 1 29



Sugata Adhya and A. Deb Ray

Let n be a positive integer bigger than 1.

If n is odd, then for chosen t > 0, M (z,—1,%pn,t) >0 =

M(xn+1a Tn+42, t) = M(gfxnfly fgmnv t)

2 B(:L.nfh Tn, t)M(gfmnfh fgxna t)

> Y(min{ M (zn—1,Tn,t), M(Tn-1, fTn—1,t), M(2pn, gTn,t)})

- ¢(min{M($n—1, Ty t)) M(J)n, Tn+1, t)})

If n is even, then for chosen t > 0, M (z,—1,%pn,t) >0 =

M(Tpy1, Tnyo,t) = M(gfrn, fgrn-1,t)

2 B(xru Tn—1, t)M(gf(ETu fgxnflv t)

> ¢(m1n{M($n7 Tn—1, t)? M($n7 f.’Iin, t); M(mnfngnfh t)})

= ¢(min{M(xn_1, Tn, t): M(xna Tn+1, t)})

Consequently, Vn > 2,t > 0, M(z,_1,Tn,t) >0 = either M(x, 11, Tp40,1)
> w(M(xn—hxnvt) or M(xn+17xn+2,t) > w(M(xn7xn+1at))'

Since M (z1,x2,t), M (22, 23,t) > 0, we conclude M (z,,—1,zn,t) >0, Vn >
2,t > 0.

Let us set Sy = min{M (z1,x2,t), M(x2,z3,t)}, ¥V t > 0.

Then M($2n—17x2nat) Z ¢n71(St) and M($2na $2n+17t) 2 wnil(st)y Vn Z
2,t> 0.

NOWVt>0,St >0 = lim 'I/Jnil(St) = 1.

n—oo
Thus V t > 0, lim M(zo,—1,%2n,t) = lim M(xo,, Tont1,t) = 1, and con-
n— 00 n— o0

sequently, lim M (2,,z,41,t) = 1.
n—oo

So (z,) is a G-Cauchy sequence in X.
Hence the result follows. O

Example 3.18. We note that Example 3.8 satisfies the hypothesis of Theorem
3.17.

Let us now replace the value of 3, in Example 3.8, with 1. It is clear that
the modified example satisfies the hypothesis of Theorem 3.17 as well.

We now show that the modified example does not satisfy the hypothesis of
Theorem 3.3.

Suppose otherwise. Then by putting z = 3,y =1, =1 in

Bl y, )M (fz,gy,t) = (min{M (x, y,t), M(z, fz,t), M(y, g9y,1)}),

we obtain M (%, 1, 1) > (M (%, 1, 1)) , which is a contradiction since ¥(x) >
z, Vxe(0,1).
Corollary 3.19. Let f be a continuous mapping such that

(i) M(z,y,t) >0 =

Blx,y, )M (fz, fy,t) = P(min{M (z,y,t), M(z, fz,1)},

Vaz,y€e X,t>0,

(ii) (f,I) is a symmetric pair of S-admissible mappings (I being the identity
self-mapping on X),

(iii) for some zg € X, B(zo, fro,t) < 1 and M(fxo, f2z0,t) >0,V t > 0.
Then f has a fixed point in X.

Proof. Immediate by setting g = I in Theorem 3.17. (]
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In the next theorem, we omit the continuity hypothesis of one of f,¢ in
Theorem 3.17.

Theorem 3.20. Suppose that f or g is continuous and
(i) M(z,y,t) >0 =
Bla,y, )M (gfx, fgy,t) = ¢ (min{ M (z,y,t), M(z, fz,t), M(y, 9y,t)}),
Va,ye X, t>0,

(ii) for some xg € X, B(xq, fxo,t) < 1and M (fxzo, gfxo,t), M(gfxo, fgfxo,t)
>0,Vt¢>0,

(iii) for each sequence (z,,) in X with 5(zp, 2n11,t) <1, Vn e N, >0anda
subsequence (2, ) of (x,) with nh—>Holo x,, = x, we have f(x,, ,x,t),B(x, 2z, ,t) <
1, VneNt>0.

Then f and g have a common fixed point in X.

Proof. Proceeding as in Theorem 3.17, we obtain the G-Cauchy sequence (z,,)
in X given by x1 = fxo,22 = g71,++ , Tany1 = fTon, Toni2 = gT2py1,- -+ such
that B(zn, Tni1,t), B(@ny1, 2n,t) <1, Vn e Nt > 0.

Since (X, M, *) is weak G-complete, there exists a subsequence (.. ) of ()
such that (z,, ) converges to some x € X where r,’s are either all even or all
odd.

Without loss of generality, suppose all the r,,’s are even.

Case I: Let f be continuous. Then V¢t > 0,n € N,

M(z, fx,t) > M (z, 2,41, %) * M (2,41, f2, L)
=M (2,2, 41, %) * M (fz,,, fz,5)
=M (2,3, L) « M (z,, %, 41, 5) « M (far,, fz, L).

Taking limit as n — oo, we see that the right hand side tends to 1.

Thus we have M(x, fz,t) =1, V¢t > 0 and consequently, fzr = x.

We now show that gx = . Choose t; > 0.

Then for sufficiently large values of n, M (x, gz, t1)
> M(mv Zr,, %)*M(mm y Lrp+1, %)*M(xT7L+1a Tr,+2, %)*M(xrn+2a Tr,+3, %)*
M(SL’T"+379$, %)
> M(z,x,,, %)*M(a:rn,a:rnﬂ, %)*M(I‘Tn_i'_l, Ty, 42, %)*M(Jjnﬁ_g, Ty, 43, %1)*
M(fng7L+17gfx7 %1)
> M(z,z,,, %)*M(mrn,mrn+1, %)*M(xrﬁ-la Ly +25 %)*M(xrn-&-% Lr,+3, %1)*
(ﬁ(xv Lrp+1; %)M(gfxv fg‘r’l'n-'rla %)) (Since nh—>Holo Lrp+1 = T, B(Z‘, Lrp+1, t) <
1, VneNt>0)
> M(mv Ly s %)*M(xm » Trp+1, %)*M(xrn-‘rla Lr,+25 %)*M<xrn+27 Ly, +35 %)*
w(min{M(‘rrn+1a T, %1)7 M(I.TnJrlvgxmﬁ*la %)7 M((E, f(E, %1)})
> M(x,p,, F) M (2, , r, 1, F) M (2, 41, Trp g2, B)* M (Tr, 42, T, 43, ) *
Y(min{M (2, +1,2, %)7 M@y, +1, Tr, 42, %)7 M(z, fz, %)})

Taking limit as n — oo, we see that the right hand side tends to 1.

Thus M(z,gx,t1) =1, Vit >0 = z = gz.

Case II: Let g be continuous. Then we can similiarly show that z is a common
fixed point of f,g.
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Again, if all the r,,’s are odd, it can be similarly shown that for = gr =2z. O
By putting S =1 in Theorem 3.20 we have the following:
Corollary 3.21. Let one of f,g is continuous such that
(i) M(z,y,t) >0 =
M(gfx, fgy,t) = Y(min{M(z,y,t), M(z, fz,t), M(y,gy,1)}),
Va,ye X, t>0,
(ii) for some xg € X, M(fxo,gfx0,t), M(gfxo, fgfxo,t) >0,V ¢ > 0.
Then f and g have a common fixed point in X.

We encourage the readers to compare the last result with Corollary 3.4 and
Theorem 3.5.

Example 3.22. Consider the fuzzy metric space (X, M, -) of Example 3.8. Let
f, g be self-mappings on X such that

1 ifzeQ
fo =

otherwise

o=

andgr=1, Vzx e X.
Clearly, g is continuous on X but f is not.
Since gfr = fgy=1, V z,y € X we have

M(gfx, fgy,t) > Y(min{M (z,y,t), M(z, fx,t), M(y,gy,t)}),
Va,y€ X,t>0and ¢ € V.

Thus by setting § = 1 we see that f, g satisfy the hypothesis of Theorem
3.20.

Here 1 is a common fixed point of f and g which is clearly unique.
The following question is open:

Question 3.23. Can the continuity hypothesis of both f and g in Theorem
3.20 be omitted?

In what follows, we show that the additional hypothesis:

for each sequence (x,,) in X satisfying B(xn, Tpny1,t) <1, Vn eN, t > 0,
there exists ko € N such that B(xpm, zn,t) < 1, Vm,n € N with m > n > ko
andt >0
enables the conclusion of Theorem 3.20 to work in a non-Archimedean complete
(KM) fuzzy metric space.

Theorem 3.24. Let (X, M, *) be a non-Archimedean complete (KM) fuzzy
metric space and one of f, g is continuous such that
(i) M(z,y,t) >0 =
Bla,y, )M (g fz, fgy,t) = ¢ (min{M (x,y,t), M(z, fz,t), M(y, g9y,1)}),
Va,ye X,t>0,

(11) for some ZTo € Xa ﬂ(ZOafant) S land M(f$0,gf$0,t),M(gfxo,fgf.To,t)
>0,V >0,
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(iii) for each sequence (z,,) in X with S(x,, n11,t) <1, Vn € Nt > 0and a
subsequence (z,, ) of (z,) with lim z, =z, wehave 8(z,, ,x,t), B(z, . ,t) <
n—oo

1, VneN;t>0,

(iv) for each sequence (x,,) in X satisfying B(zp, nt1,t) <1, Vn e N, ¢ > 0,
there exists ko € N such that S(z,, zn,t) <1, Vm,n € N with m > n > ko
and ¢t > 0.

Then f and g have a common fixed point in X.

Proof. Proceeding as in Theorem 3.17, we obtain the G-Cauchy sequence (z,)
in X given by x1 = fro,x2 = g1, -+, Ton+1 = [Ton, Tont2 = gTony1,- - that
will turn out to be Cauchy following an argument similar to Theorem 3.15.

Since X is complete, there exists x € X such that lim z,, = x. Similar to
n—oo

Theorem 3.20, we can show that fx = gz = x. [

Remark 3.25. By substituting g = f into the aforementioned results, we obtain
related fixed point theorems for self-mappings f on (X, M, *).

Remark 3.26. Proceeding as in Theorem 3.3, it can be shown that the addi-
tional hypothesis: S(z,y,t) <1, Vz,y € X,t > 0 and for z,y (z # y) € X,
M(z,y,t) > 0, V¢t > 0, leads to the uniqueness of the corresponding fixed
points in all the aforementioned results.

Remark 3.27. We note that Example 3.9 satisfies the hypothesis of Theorem
3.17. Since f, g in the said Example have more than one common fixed points,
the additional condition mentioned in Remark 3.26 is essential to ensure the
uniqueness of the common fixed point in Theorem 3.17.
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