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Abstract

Recently, Karapınar introduced a new Hardy-Rogers type contractive
mapping using the concept of interpolation and proved a fixed point
theorem in complete metric space. This new type of mapping, called
”interpolative Hardy-Rogers type contractive mapping” is a general-
ization of Hardy-Rogers’s fixed point theorem. Following this direc-
tion of research, in this paper, we will present some fixed point results
of Hardy-Rogers-type for cyclic mappings on complete metric spaces.
Moreover, an example is given to illustrate the usability of the obtained
results.
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1. Introduction

The study of cyclic contractions and best proximity points is important
in mathematics and has applications in various fields, including optimization,
functional analysis, and fixed point algorithms. These concepts provide a
broader framework for understanding fixed point theorems beyond standard
contraction mappings. Overall, these topics have contributed to the devel-
opment of fixed-point theory and have practical implications in mathemati-
cal modelling and problem-solving. The first result in this area was reported
by Kirk-Srinavasan-Veeramani [24] in 2003. Later, many authors continued
investigation and more results were obtained, such as, [25, 7, 1, 22, 26, 5].
Researchers continue to explore and expand upon these ideas.

We first define the cyclic map.

Definition 1.1 ([24]). Let (E, d) be a metric space and let X and Y be two
nonempty subsets of E.

A mapping T : X ∪Y → X ∪Y is said to be a cyclic mapping provided that

T (X) ⊆ Y, T (Y ) ⊆ X (1.1)

In 2003, Kirk-Srinivasan-Veeraman [24] proved the following fixed point the-
orem for a cyclic map.

Theorem 1.2 ([24]). Let (E, d) be non-empty closed subsets of a complete
metric space and let X and Y be two nonempty subsets of E. Suppose that
T : X ∪Y → X ∪Y is said to be a cyclic contraction and there exists k ∈ (0, 1)
such that d (Tx, Ty) ≤ kd (x, y) for all x ∈ X,and y ∈ Y. Then, T has a unique
fixed point in X ∩ Y .

Also, Karapinar and Erhan [17] gave the following definitions of different
types of cyclic contractions and proved the existence of unique fixed points for
maps (i)–(iii) below

Definition 1.3 ([17]). Let (E, d) be a metric space and let X and Y be two
nonempty subsets of E.

A cyclic map T : X ∪ Y → X ∪ Y is said to be a:
(i) Kannan type cyclic contraction if there exists k ∈ (0, 1

2 ) such that

d (Tx, Ty) ≤ k [d (x, Tx) + d (y, Ty)] , ∀x ∈ X,∀y ∈ Y
(ii) Chatterjea type cyclic contraction if there exists k ∈ (0, 1

2 ) such that

d (Tx, Ty) ≤ k [d (y, Tx) + d (x, Ty)] , ∀x ∈ X,∀y ∈ Y
(iii) Reich type cyclic contraction if there exists k ∈ (0, 1

3 ) such that

d (Tx, Ty) ≤ k [d (x, y) + d (x, Tx) + d (y, Ty)] , ∀x ∈ X,∀y ∈ Y
If (E, d) is a complete metric space, at least one of (i), (ii) and (iii) holds, then
it has a unique fixed point.

On the ”interpolative Hardy-Rogers type contractive mapping” and its gen-
eralization of Hardy-Rogers’ fixed point theorem. It’s interesting to note that
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Erdal Karapınar [17] introduced this new type of mapping by incorporating
the concept of interpolation into the Hardy-Rogers framework. This approach
likely allows for the generation of intermediate points between known data
points and expands the applicability of the original theorem.

Using interpolation to generalize various contractions is a common practice
in mathematical research. By integrating interpolation techniques into con-
traction mappings, researchers can extend the scope of existing theorems and
provide a more flexible framework for analyzing fixed points in metric spaces.

The interpolative method has been employed in other research as well to gen-
eralize different types of contractions. This demonstrates the versatility and
effectiveness of the interpolation approach in expanding the theory of fixed
points and we provide new insights into the existence and uniqueness of solu-
tions.

To delve further into the specific details and implications of Karapinar’s
[17, 11] work and the generalization of other forms of contractions using the
interpolative method, I recommend referring to the cited paper. [16, 17, 11,
12, 20, 13, 18, 14, 15, 19, 2, 23, 8, 27, 28, 7, 5, 6]

In 2018 Karapınar [11] proposed a new Kannan-type contractive mapping
using the concept of interpolation and proved a fixed point theorem in metric
space. This new type of mapping, called ”interpolative Kannan-type contrac-
tive mapping” is a generalization of Kannan’s fixed point theorem.

Theorem 1.4 ([11]). Let us recall that an interpolative Kannan contraction
on a metric space (E, d) is a self-mapping T : E → E such that there exist
k ∈ [0, 1) and α ∈ (0, 1) such that

d (Tx, Ty) ≤ k [d (Tx, x)]α[d (Ty, y)]
1−α

(1.2)

(x, y) ∈ E × E with x, y /∈ Fix (T )
Then T has a unique fixed point in E.

This theorem has been generalized in 2023 by Edraoui, El koufi [5] for various
types of cyclic contractions in a metric space.

Definition 1.5 ([5]). Let (E, d) be a metric space and let X and Y be
nonempty subsets of E. A cyclic map T : X ∪ Y → X ∪ Y is said to be
an interpolative Kannan Type cyclic contraction if there exists k ∈ [0, 1) and
α ∈ (0, 1) such that

d (Tx, Ty) ≤ k [d (Tx, x)]α[d (Ty, y)]
1−α

(1.3)

for all (x, y) ∈ X × Y with x, y /∈ Fix (T ) .

Theorem 1.6 ([5]). Let (E, d) be a complete metric space and let X and Y be
nonempty subsets of E and let T : X ∪ Y → X ∪ Y be interpolative Kannan
type cyclic contraction. Then T has a unique fixed point in X ∩ Y .

One another of the most interesting the Banach contraction principle Hardy-
Rogers gave generalizations of it [9].
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Theorem 1.7. Let (E, d) be a complete metric space and T be a self-mapping
of E satisfying the condition for all x, y ∈ E, d (Tx, Ty) ≤ αd (x, Tx) +
βd (y, Ty) + γd (x, Tx) + δd (y, Tx) + λd (x, y)

where α, β, γ, δ, λ are non-negative and α + β + γ + δ + λ < 1. Then has a
unique fixed point in E.

Recently Karapinar [16] proposed a new Hardy-Rogers type contractive map-
ping using the concept of interpolation and proved a fixed point theorem in
metric space. This new type of mapping, called ”interpolative Hardy-Rogers
type contractive mapping” is a generalization of Hardy-Rogers ’s fixed point
theorem. The interpolative method has been used in other research to general-
ize other forms of contractions as well [16, 17, 11, 12, 13, 18, 14, 21, 15, 19, 2, 5]
. This method has been found to be a powerful tool in the study of fixed point
theory, as it allows for the construction of new classes of contractive mappings
and the discovery of new fixed point theorems.

Theorem 1.8 ([16]). Let (E, d) be a complete metric space. The self-mapping
T : E → E is called an interpolative Hardy-Rogers type contraction if there
exists Type contraction if there exists k ∈ [0, 1) and α, β, γ ∈ (0, 1) with
α+ β + γ < 1, such that

d (Tx, Ty) ≤ k [d (x, y)]
β
d (Tx, x)]α[d (Ty, y)]γ .

[
1

2
(d (Tx, y) + d (Ty, x))

]1−α−β−γ

for each (x, y) ∈ E with x, y /∈ Fix (T ). Then the mapping T has a fixed point
in E.

2. Main results

The interpolation method has been used to generalize the definition of
Hardy-Rogers-type cyclic contraction by incorporating the notion of interpo-
lation. This leads to a more general definition of a Hardy-Rogers-type cyclic
contraction that allows for the construction of new classes of contractive map-
pings and the discovery of new fixed point theorems. The idea is that, by
incorporating interpolation, the definition of a Hardy-Roger-type cyclic con-
traction can be expanded and new properties can be discovered.

Consequently, with the generalization of the definition of Hardy-Rogers-
type cyclic contraction via interpolation, it becomes reasonable to anticipate
the establishment of a fixed point theorem for this newly introduced class of
mappings.

Definition 2.1. Let (E, d) be a metric space and let X and Y be nonempty
subsets of E. A cyclic map T : X ∪ Y → X ∪ Y is said to be an interpolative
Hardy-Rogers type contraction if there exists Type cyclic contraction if there
exists k ∈ [0, 1) and α, β, γ ∈ (0, 1) with α+ β + γ < 1, such that

d (Tx, Ty) ≤ k [d (x, y)]
β
d (Tx, x)]α[d (Ty, y)]γ .

[
1

2
(d (Tx, y) + d (Ty, x))

]1−α−β−γ

(2.1)
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for all (x, y) ∈ X × Y with x, y /∈ Fix (T ) .

The fixed point theorem for an interpolative Hardy-Rogers type cyclic con-
traction can be stated as: In a complete metric space if a mapping satisfies
certain conditions such as being an interpolative Hardy-Rogers-type cyclic con-
traction, then it has a unique fixed point.

This theorem can be proved by using the properties of interpolative Hardy-
Rogers-type cyclic contraction mappings and the Banach fixed point theorem.
By using interpolation, we can construct a new class of contractive mappings
with a unique fixed point.

Theorem 2.2. Let (E, d) be a complete metric space and let X and Y be
nonempty subsets of X and let T : X ∪ Y → X ∪ Y be interpolative Hardy-
Rogers type cyclic contraction. Then T has a unique fixed point in X ∩ Y.

Proof. Fix x ∈ X, from (2.1) it follows that which yields that

d
(
T 2x, Tx

)
≤ k [d (Tx, x)]

β
d
(
T 2x, Tx

)
]α[d (Tx, x)]γ

[
1
2

(
d
(
T 2x, x

)
+ d (Tx, Tx)

)]1−α−β−γ[
d
(
T 2x, Tx

)]1−α ≤ k [d (Tx, x)]
β+γ [ 1

2d
(
T 2x, x

)]1−α−β−γ
≤ k [d (Tx, x)]

β+γ [ 1
2

(
d
(
T 2x, Tx

)
+ d (Tx, x)

)]1−α−β−γ
(2.2)

Suppose that d (Tx, x) < d
(
T 2x, Tx

)
.

Thus,
1

2

(
d
(
T 2x, Tx

)
+ d (Tx, x)

)
≤ d

(
T 2x, Tx

)
Consequently, the inequality (2.2) yields that[

d
(
T 2x, Tx

)]1−α ≤ k [d (Tx, x)]
β+γ [

d
(
T 2x, Tx

)]1−α−β−γ[
d
(
T 2x, Tx

)]β+γ ≤ k [d (Tx, x)]
β+γ

So we can conclude that d (Tx, x) ≥ d
(
T 2x, Tx

)
which is a contradiction.

Thus, we have

d
(
T 2x, Tx

)
≤ d (Tx, x)

1

2

(
d
(
T 2x, Tx

)
+ d (Tx, x)

)
≤ d (Tx, x) .

Consequently, the inequality (2.2) yields that[
d
(
T 2x, Tx

)]1−α ≤ k [d (Tx, x)]
1−α

Inductively, using this process for all n ∈ N, we have

d
(
Tn+1x, Tnx

)
≤ tnd (Tx, x) .wheret = k

1
1−α and clearly t ∈ (0, 1) .

Consequently,
∞∑
n=1

d
(
Tn+1x, Tnx

)
≤ (

∞∑
n=1

tn)d (Tx, x) <∞

Obviously, {Tnx} is a Cauchy sequence. Then, there exists a z ∈X ∪Y such
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that Tnx→ z
Notice that

{
T 2nx

}
is a sequence in X and

{
T 2n+1x

}
is a sequence in Y

having the same limit z. As X and Y are closed, we conclude z ∈ X ∩ Y , that
is, X ∩ Y is nonempty.

We claim that Tz = z. Observe that
d (z, Tz) = limn→∞ d

(
Tz, T 2nx

)
= limn→∞ d

(
Tz, TT 2n−1x

)
≤ limn→∞ k

[
d
(
z, T 2n−1x

)]β
d
(
T 2nx, T 2n−1x

)
]α[d (Tz, z)]γ

[
1
2

(
d (Tz, x) + d

(
T 2nx, z

))]1−α−β−γ
Taking n→∞ in the inequality above, we derive that d (z, Tz) = 0 that is

Tz = z
To prove the uniqueness of the fixed point z, assume that there exists w ∈

X ∪ Y such that z 6= w and Tw = w. Taking into account that T is a cyclic,
we get w ∈ X ∩ Y

we have

d (z, w) = d (Tz, Tw) ≤ k [d (z, w)]
β
d (Tz, z)]α[d (Tw,w)]γ .

[
1

2
(d (Tz,w) + d (Tw, z))

]1−α−β−γ

≤ k [d (z, w)]
β
d (z, z)]α[d (w,w)]γ .

[
1

2
(d (Tz,w) + d (Tw, z))

]1−α−β−γ

= 0

which yields that d (z, w) = 0. We conclude that z = w and hence z is the
unique fixed point of T . �

Example 2.3. Let E = [0, 2] and T : X ∪ Y → X ∪ Y defined by

Tx =

{
7
8 if x ∈ [0, 1]
x
3 if x ∈ (1, 2]

Suppose that X = Y = [0, 2] . Define the function d : E ×E → [0,+∞) be the
usual metric on R.

We choose k = 1
2 , β = 1

2 , α = 1
3 and γ = 1

7 .Then, we have to check that
holds. We have to examine the following cases:

Case 1: For x, y ∈ [0, 1] we obtain d(Tx, Ty) = 0, so (2.1) holds.
Case 2: For x = 0 and y = 2
d(T0, T2) =

∣∣ 7
8 −

2
3

∣∣ = 0.208333333

1

2
[d (0, 2)]

1
2 [d (T0, 0)]

1
7 [d (T2, 2)]

1
3 .

[
1

2
(d (T0, 2) + d (T2, 0))

] 1
42

=
1

2
[2]

1
2 [

7

8
]
1
7 [

4

3
]
1
3 .

[
43

48

] 1
42

= 0.7615689633

Thus, (2.1)) holds
From all the above two cases, we obtain that T is interpolative Hardy-Rogers

type cyclic contraction. Thus, the assumptions of theorem 2.2 are satisfied, also
the mapping T has a fixed point, that is x = 7

8

Corollary 2.4. Let X and Y be two non-empty closed subsets of a complete
metric space (E, d). Let T1 : X → Y and T2 : Y → X be two functions.
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Assume that there exists k ∈ [0, 1) and α, β, γ ∈ (0, 1) with α + β + γ < 1,
such that

d (T1x, T2y) ≤ k [d (x, y)]
β
d (T1x, x)]α[d (T2y, y)]γ .

[
1

2
(d (T1x, y) + d (T2y, x))

]1−α−β−γ

(2.2)
for all (x, y) ∈ X × Y with x, y /∈ Fix (Ti) i = 1, 2. Then there exists a

unique z ∈ X ∩ Y such that T1 (z) = T2 (z) = z.

Proof. Let T : X ∪ Y → X ∪ Y defined by{
T1 (x) if x ∈ X
T2 (x) if x ∈ Y

Then T be interpolative Hardy-Rogers type cyclic contraction on complete
metric space (E, d), we can now apply Theorem 2.2 to deduce that T has a
fixed point z ∈ X ∩ Y such that T1 (z) = T2 (z) = z. �
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