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ARTICLE INFO ABSTRACT

Keywords: Closed combustion devices like gas turbines and rockets are prone to thermoacoustic instabilities.
HelH{hOItZ wave equation Design engineers in the industry need tools to accurately identify and remove instabilities early
Norilmear e}ig(einvalue problem in the design cycle. Many different approaches have been developed by the researchers over the
gg;cv methods years. In this work we focus on the Helmholtz wave equation based solver which is found to

be relatively fast and accurate for most applications. This solver has been a subject of study in
many previous works. The Helmholtz wave equation in frequency space reduces to a nonlinear
eigenvalue problem which needs to be solved to compute the acoustic modes. Most previous
implementations of this solver have relied on linearized solvers and iterative methods which as
shown in this work are not very efficient and sometimes inaccurate. In this work we make use
of specialized algorithms implemented in SLEPc that are accurate and efficient for computing
eigenvalues of nonlinear eigenvalue problems. We make use of the n-tau model to compute the
reacting source terms in the Helmholtz equation and describe the steps involved in deriving the
Helmholtz eigenvalue equation and obtaining its solution using the SLEPc library.

1. Introduction

Thermoacoustic instabilities pose a significant operational challenge and safety issue for gas turbines, rockets, and other closed
combustion devices [1,2]. These instabilities arise when there is a positive feedback between unsteady heat release oscillations in
the flame and acoustic pressure waves in the chamber [3]. These instabilities can cause noise, structural vibrations, flame extinction,
and in worst cases even damage the device. Thus it becomes imperative to study, identify and mitigate these instabilities for safe
operation.

Thermoacoustic instabilities are highly sensitive to geometry and operating conditions [4], and finding instabilities late in the
design process can lead to costly redesigns and delays. Design engineers seek tools for early identification and mitigation of insta-
bilities. Several different approaches have been used for studying thermoacoustic instability. Listed here are some of the methods in
decreasing order of accuracy: full scale acoustic computations using, e.g., direct numerical simulation (DNS) or large eddy simulation
(LES) based methods [5-8]; methods based on linearized Navier-Stokes Equations [9,10]; solutions based on the Helmholtz equation
[11,12]; and Low Order Models (LOMs) [13-16]. As we know, there is always a trade off between accuracy and computational cost.
While the high end full scale simulations like LES are accurate, they are prohibitively expensive for most industrial applications,
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especially in the early stages of the design cycle. For this reason, the low end methods like Helmholtz solver and low-order network
models are more widely used in the industry. Among these the Helmholtz equation based solvers are particularly attractive as they
can be used as a post-processing tool after running the CFD simulation, so are computationally cheaper and allow to capture the
geometric and boundary details more accurately [17-20].

In this work, we present our implementation of the Helmholtz equation in STAR-CCM+ [21] software which makes use of the
SLEPc [22] package to solve the eigenmodes to obtain the acoustic frequencies, growth rates, and the mode shapes. STAR-CCM+
is a multiphysics computational fluid dynamics (CFD) software that can be used to simulate a wide range of physics problems. In
this software we have now implemented a thermoacoustic Helmholtz solver that can be used to study acoustic modes in a non-
reacting or reacting simulation. This Helmholtz solver makes use the SLEPc package to solve the eigenvalue problem originating
from the Helmholtz equation. SLEPc provides a wide range of algorithms to solve different kinds of eigenvalue problems which will
be described in the later sections.

2. Governing equations

We consider a compressible reacting gas mixture. We follow the notation and derivations from [20,17]. For acoustic analysis the
viscous effects are generally neglected, and so the conservation equations for mass, momentum, and energy are given as follows

D,

F‘;’=_pv.u’ (€))
Du

D =-Vp, (2)
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where p is the density, u is the velocity, p is the pressure, e is the internal energy, and 4 is the heat release rate.
Assuming ideal gas we get the equation of state

p= prT N (4)

and from thermodynamics we get
h=e+Z2, )
p

where r is the specific gas constant, T is temperature, and 4 is the specific enthalpy.
Taking the total derivatives of Egs. (4) and (5) and combining with the energy equation Eq. (3) we get the following coupled
pressure-energy equation (see [20,17] for detailed derivation),

Dp
= V.ou=(@— 1)
o TrPVu (r = Dyg, (6)

where y is the heat capacity ratio.
2.1. Linearization

To study the thermoacoustic instability, we want to study the evolution of flow variables when subjected to small perturbations.
To this end, we can linearize the conservation equations presented in the previous section by expressing all the instantaneous
quantities as the sum of a mean and fluctuating component as follows

Qx,n =90(x) +Q'(x,1), )

where Q denotes any quantity (e.g., pressure p), O denotes the time-averaged mean of that quantity, and Q' denotes the unsteady
fluctuating component of that quantity.

We split all the flow variables p, u, ¢, etc., using the above notation, and substitute them in the conservation equations for mass
Eq. (1) and pressure-energy Eq. (6). In addition we assume a low Mach number flow (which is reasonable within most combus-
tion devices) which means u ~ 0. Under these assumptions, dropping all higher order fluctuations, we get the following linearized
equations
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2.2. Acoustic wave equation

Combining the linearized equations Egs. (8) and (9) and making approximations as explained in [2,23,19,20] gives us the follow-
ing linearized acoustic wave equation
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where p’ is the acoustic pressure, ¢ = 1/yp// is the mean speed-of-sound, ¢’ is the heat release fluctuation, y is the specific heat ratio,

and 7 is the time.
2.3. Harmonic functions

For the linearized acoustic wave equation Eq. (10) it is natural to represent p’ and ¢’ in terms of complex harmonic fluctuations
at frequency, f = w/(2x), as follows

p’:ﬁe‘"‘”, (11)

and

q'=qe™", (12)

where p is the acoustic pressure amplitude, and § is the unsteady heat release fluctuation amplitude. Both p and § are Fourier
amplitudes that are function of the frequency w.
Substituting these in the wave equation Eq. (10) we get the following Helmholtz equation in the frequency space

@?p+ V- (@Vp) =10(y — 1)4, (13)

whose solution gives us the acoustic frequencies w and the corresponding acoustic pressure wave amplitude p(w).
2.4. Flame transfer function

To solve the acoustic wave Helmholtz equation Eq. (13) and compute the acoustic frequencies and mode shapes, we need a closure
model to represent the unsteady heat release rate § in terms of the pressure oscillations p. The model used to express the unsteady
heat release source in terms of the pressure oscillations is referred to as a Flame Response model or a Flame Transfer Function (FTF).
Many models have been proposed in the past to model the heat release rate [24-27]. In this work, we use one of the simpler models
referred to as the n — r model based on the seminal work of Crocco et al. [28-30]. This model has been successfully used in many
previous studies [17,31,18].

2.5. n— 1 model

The n — = model stipulates that the unsteady heat release rate at any point in the flame is proportional to a time-lagged acoustic
velocity (which is related to the acoustic pressure by Eq. (8)) originating from a reference upstream location.
Mathematically this model can be expressed as follows [17]:
§'x.n 0 (Xpop, F — T(X)) * Dyer

n(x) s 14
Qtot Ubulk

where n(x) and 7(x) are fields of interaction index and time lag, respectively. x,.; and n,; are reference location and reference direc-
tion of acoustic perturbation, respectively. Q,,, and Uy, are reference scaling quantities used to non-dimensionalize the relationship
such that n(x) is dimensionless.

The interaction index n(x) relates the amplitude of heat release perturbation to acoustic velocity, and z(x) estimates the time
required for the acoustic perturbations to travel to the flame location. The time lag also indirectly determines the phase between the
acoustic velocity and heat release, and is thus important in determining if the coupling between pressure and heat release is in-sync
(unstable) or out-of-sync (stable).

The unsteady heat release source can be expressed using the n — r model Eq. (14) as follows:

()q"(x, I) _ Qlol i / _ .
> _”(X)<—Ubu1k> = (0 Keps t = T(X)) " D) - (15)

Under the low Mach number assumption, using the linearized momentum equation Eq. (8) we can replace u’ with p’ in the heat
release rate expression Eq. (15) which yields
9§ (x.1) _

_ Ot / _ )
T n(x) <7P(me)Ubu1k > VP Xyepr t = (X)) - Dy (16)

Substituting the harmonic relations from Section 2.3, we get

Qlol

10p(X e ik

§=n(x) ( ) OV (X, o) - Mg, 17

which is the general expression for the n — r model and allows to close the Helmholtz equation Eq. (13) by expressing the unsteady
heat release source in terms of the pressure gradient. The right hand source of Eq. (13) can thus be expressed as follows
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To use the n — 7 model as given by Eq. (17), we need to specify the interaction index field n(x), the time lag field z(x) and all the
other reference quantities X ., Ny, P(Xef)s Oior AN Uy -

2.5.1. Constant time lag

In many previous studies [17,18] the time lag field z(x) is assumed to be a constant in the n —  model. This assumption allows
us to significantly simplify the computation using the n — r model. When the time lag field is constant z(x) = r, we can express the
source term in Eq. (18) as follows

1w(y — DG = S(x)e?, 19

where S accounts for all the terms that are independent of the frequency w

_ Ot N X
S®) =n(x)(y - 1) (W) VA (Xper) * M- (20)

Later in Section 4.3 we explain how this simplification is exploited to solve the nonlinear acoustic eigenvalue problem efficiently
using SLEPc.

2.5.2. Simplified interaction index

The interaction index n(x) needs to be specified to use the n — r model and compute the source term S(x) as given by Eq. (20).
The interaction index can be computed and specified in different ways. It can be computed experimentally or computationally,
e.g., through an LES simulation, but this is typically very expensive and time consuming. In [17], a simpler piece-wise constant
approximation of n(x) is used (as given by Eq. (58) in [17]) which assumes n(x) = 5, a constant value in the flame, and n(x) =0
everywhere outside.

Based on this simpler piece-wise constant approximation, we use our own simplified form of interaction index, where we assume
n(x) to be proportional to a specified constant n and the local heat release rate field as computed by the CFD simulation. So the
interaction index, n(x), is expressed as follows:

n(x) = ng,(x), 2D

where g,(x) is the normalized heat release rate (as obtained from the converged CFD solution) which goes from 0 to 1, with g,(x) =0
everywhere outside the flame, and g,(x) > 0 only within the flame with g,(x) = 1 at the location of peak heat release rate in the flame.

The interaction index as given by Eq. (21) is used in this study and when presenting results we will specify the value of the
interaction index coefficient 5. All the remaining quantities needed to compute the source S(x) in Eq. (20) are computed internally
in STAR-CCM+ using the converged CFD solution.

2.6. Boundary conditions

The acoustic modal equation Eq. (13) requires appropriate boundary conditions. In STAR-CCM+, we have implemented the
following four boundary conditions (based on the definitions from [17]):

1. Perfectly Reflecting (Hard Wall): This condition is appropriate for hard wall boundaries or inlets where the acoustic velocity
fluctuation is zero. Mathematically this is imposed as
V., =0, (22)

where ny, is the unit normal vector at the boundary.
2. Zero Acoustic Pressure: This condition is appropriate for open boundaries with imposed pressure where the acoustic pressure
fluctuation is zero giving

p=0. (23)

3. Constant Impedance: This condition is used to model boundary material which may partially absorb/reflect the incident wave.
This property is characterized by a complex valued impedance, Z. Mathematically, this condition is imposed as follows:

¢ZVp-ny —iwp=0. 24

4. General Impedance: Typically the boundary impedance value can be a function of the incident wave frequency, i.e., Z = Z(w),
in which case we provide a way of specifying the general impedance value Z(w) using a simplified quadratic expression [17] as
follows:

1 Z;
1oLl iwz, +22 2
zZ -z, Tty (25)
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2.7. Acoustic eigenvalue problem

The acoustic wave Helmholtz equation given by Eq. (13) can be solved using a Finite Element (FE) or Finite Volume (FV) based
framework. In the FE approach, the quantities are computed and stored at the nodes, and the gradients are computed from shape
functions [17,20], whereas in the FV approach, the quantities are computed and stored at the cell centers and the gradients are
computed using the cell and its neighboring cell values [7].

Equation (13) is solved in STAR-CCM+ using the FV formulation. For any given case, the base flow solution is first obtained on
a meshed domain, following which the acoustic modal equation Eq. (13) is solved on the same mesh using the FV approach.

The first step to discretizing Eq. (13) is to integrate the equation on a cell which gives

/wzﬁdV+/V-(EZVﬁ)dV=/lw(y—l)cidV, (26)
14 14 14

and using the divergence theorem for the second term we get the following equation

/wzﬁdv+/(52v,3)~nds=/,w(y—1)qu1/, 27)
14 S 14

where the first and third terms are volume integrals over the cell volume V, and the second term is a surface integral over the faces
of that cell. The boundary conditions are applied through the second term when integrated over the boundary faces.

The above equation Eq. (27) is discretized and assembled on a CFD mesh resulting in an eigenvalue problem of the following
form:

[A +wB+ wzC] P =Dw)P, (28)

where A, B, C and D are sparse matrices of size N x N with N being the number of cells in the mesh, P is a size N eigenvector
composed of acoustic pressure p values from all the cells, and « the acoustic frequency is the eigenvalue obtained from the above
equation. We solve this equation using the SLEPc package.

Additional details on the matrices appearing in Eq. (28) are:

+ A: This matrix accounts for the wave propagation term ¢>Vj appearing in the second surface integral term in Eq. (27). This
matrix also gets contributions from (non-impedance) boundary conditions.

B: This matrix accounts for the impedance boundary condition contributions originating from the wave propagation term &>V p
appearing in the surface integral term in Eq. (27) on the boundaries. If none of the boundaries use the impedance boundary
condition then this matrix is zero.

C: This matrix comes from the first volume integral term in Eq. (27) involving the cell center p values. This matrix is identity
except when using the general impedance boundary condition as given by Eq. (25).

D: This matrix accounts for the heat release source on the right-hand-side of Eq. (27) and is obtained from the Flame Transfer
Function n — r model as described in Section 2.5. In non-reacting cases D matrix is zero, and when the time lag in the n — ¢
model is constant then as described in Section 2.5.1 this matrix can be expressed as

D(w) =e""S. (29)
2.8. Secondary gradient

To discretize the wave propagation term ¢>Vj (appearing in the surface integral term in Eq. (27)) we need to compute the
acoustic pressure gradient, Vp, at the cell faces. Expressing this gradient Vp at the face using the adjacent cell center values p
becomes challenging on an unstructured mesh.

If we consider two adjacent cells i and j from an unstructured mesh as shown in the sketch in Fig. 1, then the acoustic pressure
gradient Vp at the face can be expressed to a first order approximation using just the cell center values as

o A o ‘:{f
fo=(Pj—P,')f~ (30)
ds- Ay
This however is not very accurate as in an unstructured mesh the cell faces can be highly skewed (i.e., not perpendicular to the line
joining the cell centers) as seen in Fig. 1. To correct for this skewness, a second order correction to the face gradient is applied using
the gradients computed at the cell centers. There are different ways of correcting this gradient [32-34] but is typically expressed as
follows
N A A ;{f Y7 _(va. 7 ’xf
Voy=0p;—p)=——= +Vb—-(Vp-ds)0——, (31)
ds-Af ds- Ay

where Vj denotes the mean gradient at the face computed as follows
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Fig. 1. Schematic showing two adjacent cells in an unstructured mesh. The cell centers are separated by a distance ds and the face separating the cells has an area
vector represented as A ;.

(32)

and the cell center gradients Vp; are typically computed using Green-Gauss or Least-Squares method.

If we represent the acoustic pressure gradient Vp at the faces using the first order approximation as given by Eq. (30), then the
sparse matrix A appearing in the eigenvalue problem Eq. (28) can be explicitly built. However, if the gradient Vp is represented using
the second order expression as given by Eq. (31) then it is not possible to explicitly form the matrix A as the expression involves
the mean gradient term Vp which cannot be computed without knowing the p values at the cell centers which is the unknown
(eigenvector) we are trying to solve in Eq. (28).

In the SLEPc package to solve an eigenvalue problem of the form Eq. (28) we can provide all the matrices explicitly if known.
If however, a matrix cannot be explicitly built (or in some cases if storage memory is a concern), then we also have the option of
providing a method which can compute matrix-vector product for any given vector. The SLEPc package refers to this as a matrix-free
option provided through a special shell matrix that defines the matrix-vector product. So when representing Vp using the second
order expression as given by Eq. (31), we do not explicitly build the matrix A. Instead we use SLEPc’s shell matrix option and provide
a method to compute A x v for any given vector v. The matrix-vector product A x v can be easily computed using our FV approach
as for the given vector v we can compute the gradients at the cell centers and thus obtain the mean gradient Vo at the face for any
given vector v.

This matrix-free approach using the shell matrix allows us to accurately represent the face gradients, however this also poses a
problem for computing the eigenvalues using SLEPc as the shell matrix cannot be inverted or factored, which in turn significantly
slows down the computation. So to speed up the computation, we solve a preconditioned system where we use the matrix A explicitly
formed using the first order gradient given by Eq. (30) as a preconditioner. This idea is explained later in more detail in Section 5.2.

2.9. Eigenvalue problem types

Depending on the simulation type (reacting/non-reacting) and the boundary conditions, we end up with one of the following
three eigenvalue problem types:

1. Non-reacting, with no impedance boundary condition. In this case we have B=0 and D =0 and we end up with a Linear
Eigenvalue Problem of the form:
[A+*C1P=0. (33)
2. Non-reacting, with impedance boundary condition. In this case we have D =0 and we end up with a Quadratic Eigenvalue
Problem of the form:
[A+®B+@*C]P=0. (34

3. In the most general reacting case with impedance boundary condition we get the full Nonlinear Eigenvalue Problem of the form:

[A+®B+w’C1P = D(w)P. (35)
However when using the n — z model if 7 is constant then as given by Eq. (29) we can simplify the above equation to the below
form

[A+®B+@’ClP =" SP, (36)

where S is a constant matrix independent of @ which helps us solve this equation efficiently using SLEPc’s Nonlinear Eigenvalue
Problem (NEP) module as explained more in the later sections.
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3. Linearized iterative solvers

There exist many different algorithms and solvers that can be used to compute the eigenvalues of the linear eigenvalue problem
as given by Eq. (33). For this reason, in many of the previous implementations of the Helmholtz solver [17,20], the quadratic and
nonlinear eigenvalue problems are solved by linearizing these equations. For instance as described in [17], the quadratic eigenvalue
problem Eq. (34) can be linearized and solved as follows

L]l el @

which converts the linear eigenvalue problem given by Eq. (34) of size N X N into a linear problem of size 2N X 2N. But as we will
explain in the later sections, this is not the most efficient way of solving the quadratic eigenvalue problem.

Similarly, as described in [17,20], the nonlinear eigenvalue problem as given by Eq. (35) can be linearized and solved iteratively.
One of the algorithms as described in [17] is as follows:

1. As a first step, Eq. (35) is solved by dropping the right-hand-side source involving the nonlinear term D(w). Let one of the
obtained eigen frequencies be «'.

2. Then a simplified (linear or quadratic) form of Eq. (35) is solved iteratively in which the nonlinear term D(w) is computed
explicitly at the previous known value of w;'ﬁ , at each iteration k=1 to k = n until convergence. The equation that is solved
iteratively is given as follows

[(A = D(@},_)))+ ) B+ (})*C| P=0, (38)

where the iteration starts at k = 1 with a)f) = @' obtained in step 1, and continues until (";c converges to within a specified
tolerance. The above quadratic iterative equation Eq. (38) is further linearized as described above using Eq. (37) and then

solved using an eigenvalue solver.

The above linearized iterative algorithm works, but as explained in later sections and also reported in some previous studies [35]
is not the most efficient way of solving the nonlinear equation. The above algorithm needs to be run for » iterations for each eigen
frequency, which makes it computationally very expensive. Moreover, for some cases where the eigen frequencies are close, this
iterative algorithm can miss certain frequencies as reported in [35].

Both the quadratic and nonlinear eigenvalue problems can be solved more efficiently and accurately using the algorithms available
in the SLEPc package as described in the next section.

4. Eigenvalue problems and solvers

The matrices involved in the eigenvalue problems discussed in the previous sections are large, sparse, and complex non-Hermitian,
and we are interested in computing a selected part of the spectrum, in particular a few smallest eigenvalues w. We address the solution
of these problems by using the SLEPc library [22]. SLEPc provides a collection of solvers for each of the mentioned eigenvalue
problems, and it is designed in a way that the user can easily switch from one solver to another for easy comparison. In this paper,
we focus on Krylov-type methods because they have shown better performance and reliability for the application at hand. In this
section, we give an overview of these methods, then in Section 5 we discuss details of how these methods are used in SLEPc.

4.1. Linear eigenvalue problems

In the linear eigenvalue problem, Eq. (33), the eigenvalue parameter is the square of the acoustic frequency, w?. Krylov eigen-
solvers [36] are based on building Krylov sequences associated with a matrix M and a given initial vector, {v,, Mv;, M zvl, M "ul, L)
The subspace spanned by these vectors (the Krylov subspace) will contain increasingly better approximations of the eigenvectors
associated to extreme eigenvalues (particularly those of largest magnitude). The successive powers of M are not computed explicitly,
instead a matrix-vector product with M is done at each step of the method. The generated vectors must be mutually orthonormalized
to make the method numerically stable. Apart from this, the main issue to take into account when implementing these methods
is what happens when slow convergence requires a large number of steps k, which is addressed by restart techniques as discussed
below.

In our case, we have two matrices, A and C, so it is necessary to invert one of them to be able to apply the above technique. We
could either apply the Krylov method to matrix M = —C~! 4, in which case we obtain the (largest magnitude) eigenvalues of Eq. (33),
or alternatively apply the Krylov method to matrix M = —A~'C, in which case we get the reciprocals of the (smallest magnitude)
eigenvalues of Eq. (33). The latter is most interesting for our application, since we need the lower frequencies. A generalization is
the shift-and-invert spectral transformation, in which given a target value ¢ we apply the solver to the transformed problem

[(A+cC)'C+01] P =0, (39)

obtaining approximations to the largest eigenvalues # which correspond to eigenvalues of the original problem that are closest to
the target o. In other words, for computing the lower frequencies we use shift-and-invert with ¢ = 0. The inverse (A + ¢C)~! must be
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handled implicitly, typically by a sparse LU factorization (computed once at the beginning) and the corresponding triangular solves
(every time M is needed during the eigensolution).

The procedure for expanding the Krylov subspace only requires a matrix-vector product with matrix M. This means that M need
not be built explicitly, and we can instead use a subroutine for the matrix-vector product. This is usually called the matrix-free
approach, or shell matrix in PETSc’s terminology. But things get complicated when the shift-and-invert strategy is employed, because
shell matrices cannot be factorized, so instead of the LU decomposition for the linear solves, one has to use an iterative linear solver
with a good preconditioner. In our case, the preconditioner will be the LU factorization of a first-order approximation of A, as
discussed in Section 5.2.

The cost of orthogonalization grows with the number of steps k, so when a maximum size k is reached without having all wanted
eigenvalues converged, a restart mechanism must be invoked. A very effective restart is the Krylov-Schur method [37], which consists
in compressing the available k-dimensional Krylov subspace to a smaller dimension, such as k/2 for instance, so that the compressed
subspace retains the most wanted approximations and purges eigendirections for unwanted eigenvalues. The compression is done
in a way that the Krylov method can be continued to expand the subspace again up to the maximum dimension. This procedure is
repeated until enough wanted eigenpairs have converged to the requested accuracy.

4.2. Polynomial eigenvalue problems

As opposed to Eq. (33), the problem in Eq. (34) is nonlinear in the eigenvalue parameter because both w and »? appear in the
equation. It is a quadratic eigenvalue problem [38], a particular case of the polynomial eigenvalue problem in which the matrix
polynomial P(w) = A + @B + »*C has degree d =2.

One possible approach for solving the polynomial eigenproblem is to apply a Krylov method to a linearization, that is, a linear
eigenproblem of size d - N whose solution is directly related to the solution of the polynomial problem. This linearization technique
can be applied for matrix polynomials of arbitrary degree, even in the case of polynomials expressed in non-monomial bases [39]. In
the simpler case of a quadratic eigenproblem, we can use the first companion linearization,

<[—OA —IB]""[([) g])”“ (40)

The 2N eigenvalues w of this linear eigenproblem are the same as those of the quadratic eigenproblem, and the corresponding
eigenvectors can be expressed as

P
y= [a}ﬁ] > (41)

where P is the eigenvector of the quadratic eigenproblem.

Implementing the above approach naively may result in inefficient calculation and possibly large numerical error. SLEPc provides
a solver with all the ingredients necessary for a robust and efficient solution of polynomial eigenproblems [39], and we discuss below
those that are more relevant for our application.

When operating on the linearization, the Krylov method has to orthogonalize vectors of length d - N, with the corresponding
increase in computational cost. For d =2 this is not too critical, but still it is possible to avoid this overhead. The trick is to exploit
the structure of the eigenvectors, Eq. (41), and use a compact representation of the Krylov basis in which a basis of vectors of length N
are used to represent both the upper and lower parts of the Krylov vectors. This results in almost half memory requirements, together
with a reduction of the computational cost if the orthogonalization procedure is adapted to this representation. The resulting method
is called TOAR [40]. The next step is to adapt the Krylov-Schur restart to the new compact representation [39].

In polynomial eigenproblems it is also possible to apply the shift-and-invert transformation. We can either transform the polyno-
mial and then linearize, or alternatively do the shift-and-invert transform on the linearization. The latter approach involves the LU
factorization of a 2N x 2N matrix, but it can be replaced with a block LU factorization in which only a factorization of an N x N
matrix is required [39]. In particular, the matrix P(c) is the one that has to be factorized, for ¢ =0 in our case, P(0) = A.

In terms of numerical error, the conditioning of the linearization can be quite bad in some cases, particularly when the norms
of A, B and C vary wildly. In that case, a parameter scaling [41] can be used to obtain a well-conditioned linear problem. It
consists in a transformation on the eigenvalue parameter of the polynomial eigenproblem, w = p@, with p :=+/||A||,/|IC|l,, resulting
in an equivalent eigenproblem with matrix polynomial P(#) := P(pf), with coefficient matrices A, pB, p>*C, which has the same
eigenvectors as the original polynomial eigenproblem, and related eigenvalues 6 = %.

Finally, for the extraction of the eigenvector of the quadratic eigenproblem P from the eigenvector of the linearization Eq. (41)
one can normalize either the upper or the lower block, depending on the magnitude of w, otherwise severe loss of significant digits
may occur.

4.3. Nonlinear eigenvalue problems

In the general nonlinear eigenproblem, Eq. (35), applying the linearization technique of the previous section will not get rid of
the nonlinearity present in D(w). We assume that the entries of the parameter-dependent matrix D(w) can contain any nonlinear
function, such as exponential, square root, etc., so we must apply numerical methods that can cope with this general nonlinear case.
In recent years, significant progress has been made in this direction [42].
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We express the nonlinear eigenproblem of Eq. (35) as

F(w)P =0, (42)

where F(w) = A + @B + ©*C — D(w). The methods to solve this problem rely on evaluating F(w) for various values of w, and in
some methods it is also necessary to evaluate the derivative F’(w). Since F(w) is not a constant matrix, one way to represent it
in a computer program is to provide a subroutine that, given the parameter w, evaluates the entries of F(w), and similarly for the
derivative. An alternative, usually called the split form, is to express the matrix as a sum of constant matrices multiplied by scalar
functions,

£-1
F@)=Y A fo). (43)
i=0
In our case, the first three functions are f;(w) = o', i =0, 1,2, with A, = A, A; = B, A, = C, and finally we have f; = —¢'®" with 4; =S
according to the definition of D(w) in Eq. (36).

SLEPc, in its NEP module [43], provides support for both ways of representing the matrix, and contains several methods to
compute the solution. In this work, we use the NLEIGS method [44], a Krylov-type method that work very well, especially in cases
where F(w) has singularities. This method relies on evaluations of F(w) only, and the derivative is not required. We next give an
overview of how it works.

In summary, NLEIGS applies a Krylov iteration to a companion-type linearization of a rational interpolant of the nonlinear
function. The first step is to compute a rational matrix

d-1
R(@)= ) Rig;(®), (44
i=0
where ¢;(w) are scalar rational functions, such that R(w) interpolates F(w) at a number of points o, located at the boundary of a
region of the complex plane in which we want to search for eigenvalues. The ¢;(w) rational functions are computed from the target
points o; as well as points belonging to the singularity set of F(w), while the constant matrix coefficients R; are obtained by a certain
recurrence involving the evaluation of F(-) at the points ;. The number of required terms d (the degree) of the rational matrix R(w)
will depend on the function being interpolated. In principle, we can assume that the solution of the rational eigenproblem R(w)P =0
is a good approximation of the solution of Eq. (42).

The next step is to build a special linearization, in the spirit of Eq. (40), but with matrices of order d - N. Again, these matrices
must not be built explicitly, especially in case d is large, and instead matrix-vector products are handled implicitly following the
block structure of these matrices [43]. Then, it is possible to adapt the TOAR method to this linearization, including the Krylov-Schur
restart and also the shift-and-invert transformation in which the LU factorization is carried out in a blocked fashion, where the most
computationally expensive operation is to factorize the N x N matrix R(c) [43].

5. Implementation details

In this section we discuss a few aspects related to the implementation. In particular, we describe how to organize code in
situations where the problem matrices are different from the matrices used to build the preconditioner, such as the case when one
of the problem matrices is implicit (not built explicitly). During this work, we have added new functionality in SLEPc to support this
use case.

5.1. Overview of SLEPc

SLEPc, the Scalable Library for Eigenvalue Problem Computations [22,45], is a parallel library that provides solvers for different
classes of eigenvalue problems, including linear (both Hermitian and non-Hermitian), polynomial and general nonlinear. The solvers
can be used with either real or complex arithmetic, depending on whether the problem matrices are real or complex. The parallelism
model is based on MPI message passing for distributed memory computers, but it is also possible to exploit thread parallelism on the
CPU (via multi-threaded BLAS for the innermost computations) or on the GPU by enabling CUDA support during installation.

The user interface for the solvers is very flexible, and it allows configuration of many settings, either in the source code or at
the command-line when the program is executed. For instance, the user can easily select how many eigenvalues must be computed,
which is the part of the spectrum of interest, which is the maximum dimension of the Krylov subspace, or how much accuracy is
required (by specifying a tolerance).

SLEPc relies on PETSc, the Portable Extensible Toolkit for Scientific Computation [46], and can be seen as an extension that
complements PETSc with all the functionality necessary to solve eigenproblems. PETSc provides an object-oriented hierarchy of data
classes (most notably matrices and vectors, but also other related to discretization of PDE’s) and solvers for systems of linear and
nonlinear equations, among other. SLEPc makes heavy use of PETSc’s data structures for the implementation of eigensolvers, but it
also requires linear solvers in many situations, as in the case of the shift-and-invert spectral transformation discussed in Section 4.1.
The functionality offered by PETSc for linear systems of equations covers both direct and iterative methods (in combination with a
preconditioner). For the former, PETSc includes just a basic sequential LU (and Cholesky), so in case one wants to use a direct linear
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solver in parallel runs it is necessary to configure PETSc with an external package such as MUMPS [47-49]. This is the recommended
approach for eigenvalue computations involving shift-and-invert, unless the problem size is so large that factorization is not viable.

Apart from the matrix-vector products (or linear solves in the case of shift-and-invert), the most time-consuming part of the
Krylov eigensolvers is typically the orthogonalization of vectors. This operation is critical from the numerical point of view, since
eigensolvers are usually very sensitive to poor orthogonality of the basis vectors, compared to other linear algebra problems. SLEPc
implements an iterated classical Gram-Schmidt orthogonalization scheme [50] that is numerically robust and has high efficiency
both in terms of MPI (small number of reductions) and sequentially (high arithmetic intensity).

5.2. Preconditioning

As discussed in Section 2.7, matrix A is related to the wave propagation term &2V . However when representing the face gradients
using the second order expression as explained in Section 2.8, this matrix is not assembled explicitly. Instead, A is provided as a
shell matrix. This is a serious difficulty in terms of computation, because in many of the solution schemes described in Section 4 it
is necessary to invert A, which is usually done by means of an LU factorization. As already mentioned, shell matrices cannot be
factorized, and we must have recourse to an iterative linear solver such as GMRES or BiCGStab, provided by PETSc. However, to
be practical, these iterative solvers must be combined with a good preconditioner, otherwise the number of iterations required for
convergence will be exceedingly high, and ruin the performance of the overall computation.

Recall that, when solving the linear system Ax = b, the preconditioned system

M~ Ax=M"p (45)

is solved instead, where M is chosen in a way that the number of iterations required by the iterative solver is reduced significantly.
In practice, at each iteration of the method the preconditioner M~! is applied to the vector resulting from multiplication by A. A
good preconditioner is one that approximates A in some way, more precisely the eigenvalues of M~! A should all be reasonably close
to 1 and far away from 0. In our case, as explained in Section 2.8, we use the matrix A explicitly formed using the first order gradient
as a preconditioner, and use an LU decomposition of this matrix (computed by MUMPS) as the preconditioner M~!.

In SLEPc, the matrix to be used to build the preconditioner can be provided by the user via the interface function STSetPrecon-
ditionerMat. However, this approach has the limitation that the matrix is constant and therefore it may not work well whenever
the shift-and-invert transformation of Eq. (39) is used with a target value ¢ different from zero, as the matrix to be inverted is A+cC.
During this work, we have implemented in SLEPc a more flexible scheme, with a new user-interface function STSetSplitPrecon-
ditioner to provide approximations of the two matrices, A and C, so that the preconditioner is built from A + ¢C, whatever the
value of o is.

In polynomial eigenproblems we have a similar situation. As discussed in Section 4.2, when using shift-and-invert the polynomial
eigensolver needs to solve linear systems with the coefficient matrix P(c), which is equal to A if ¢ = 0. But for other values of ¢ the
approximation of A alone may not be a sufficiently good preconditioner. Thus, we can use the same interface function described
above to pass approximations to all the coefficient matrices of the matrix polynomial, that is, A, B and € in our application.

In the case of the nonlinear eigenproblems, this topic is even more relevant. From Section 4.3, we know that the solver needs
to invert matrix R(c), but the rational matrix R(-) is built internally and hence not known to the user. However, if R(-) is a good
rational approximation to the nonlinear function, we can expect that R(¢) ~ F(c). For the case ¢ =0, we can see that F(0)=A4 - S
and hence the preconditioner should not be built from A alone. Analogously to the previous cases, we have added a function
NEPSetSplitPreconditioner in which the user may pass a list of # matrices A; to build the preconditioner with an expression
similar to Eq. (43) irrespective of the value of the argument w. In practice, the NLEIGS solver will use these approximate matrices to
build an approximate form of R(c) that will be factorized and used as a preconditioner.

6. Computational results

Here we present acoustic modal solver results obtained in STAR-CCM+ using SLEPc for five different test cases. In each case, we
first solve the base flow in STAR-CCM+ using the available models on a generated CFD mesh. Once we get a converged solution,
we then use our Helmholtz solver to compute the acoustic modes using the base solution on the same CFD mesh. So if there are N
cells in the CFD mesh, then we end up with a size N eigenvalue problem, where the eigenvector P is of size N, and all the matrices
involved in the eigenvalue equation Eq. (36) are of size N X N.

In each case, we need to set appropriate boundary conditions on every boundary as described in Section 2.6. We then discretize
the Helmholtz equation Eq. (13), apply the boundary conditions and use the n — ¢ model to obtain the eigenvalue equation of the
form Eq. (36). We then solve this equation using SLEPc to get the complex valued acoustic frequencies (eigenvalues) @ and the
corresponding acoustic mode shapes (eigenvectors) P.

Each complex valued acoustic frequency w has a real and imaginary part which gives us the acoustic frequency and the growth
rate, respectively. Mathematically we express

0=, +1w;, (46)

where w, and w; are the real and imaginary parts of . Substituting this in the harmonic pressure fluctuation expression as given in
Section 2.3 we get

10
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Fig. 2. The CFD mesh used in STAR-CCM+ for computing the acoustic modes of the Helmholtz resonator.

Table 1

First eight acoustic mode frequencies of the Helmholtz Resonator com-
puted in STAR-CCM+ using SLEPc, and reference results obtained from
Table B.3 in [52].

STAR-CCM+ AVSP Theoretical
using SLEPc Table B.3 [52] Table B.3 [52]

Mode Frequency, Hz Frequency, Hz Frequency, Hz

1 258 263 233

2 1772 1774 1781

3 2174 2176 2169

4 2174 2176 2169

5 2785 2787 2778

6 2785 2787 2778

7 3069 3069 3068

8 3479 3479 3483

P/ — ﬁe—l(wr-ﬂw,)t — [ﬁew,r] e—lﬂ),l’ (47)

which means if

* w; >0, then the acoustic fluctuations will grow in time, i.e., an unstable mode
+ w; <0, then the acoustic fluctuations will subside in time, i.e., a stable mode
* w; =0, then we have a standing wave

and in addition w, gives us the acoustic frequency at which the mode is excited.

So for each acoustic frequency w that we obtain from SLEPc, we extract the real (frequency) and imaginary (growth rate) parts
to identify the stable/unstable modes. The frequency is typically reported as f, = w,/(2x) in Hz, while the growth rate is expressed
either as w; in rad/s or as f, = w;/(2x) in Hz. For each mode the acoustic mode shape is displayed as the normalized eigenvector P
obtained from SLEPc. The normalization scales the eigenvector such that the acoustic pressure is bounded between 0 and 1.

6.1. Helmholtz resonator

The classical Helmholtz resonator is a very well-studied test case for modal analysis. AVSP [17,51] is a Helmholtz solver developed
at CERFACS. Here we use the Helmholtz resonator geometry as described in the AVSP report [52]. The resonator consists of a big
cavity connected to a small open neck. In this case, the cavity is 0.1 m long, 0.08 m high, and 0.08 m deep, and the neck is a cube of
size 0.02 m. There is no flow inside the resonator, the density is constant at 1.174 kg/m> and the speed of sound is also constant at
347.73 m/s. All the resonator walls are set to perfectly reflecting boundary condition, while the open end of the neck is set to zero
pressure boundary condition. The CFD mesh used in STAR-CCM+ for this case is shown in Fig. 2.

For this particular case, the acoustic frequencies as computed by the AVSP solver [17,51] and theoretical results as reported in
Table B.3 in [52] have been listed in Table 1. The acoustic frequencies computed in STAR-CCM+ using SLEPc are very similar and
are also listed in Table 1. Since this is a non-reacting case with no impedance boundary condition, the underlying eigenvalue problem
is linear and is thus solved using SLEPc’s EPS module. Also since this is a non-reacting case the growth rates are zero, i.e., we get

11
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Fig. 3. Acoustic mode shapes (normalized acoustic pressure) of the first eight modes of the Helmholtz resonator as obtained in STAR-CCM+ using SLEPc.

standing waves in the resonator. The individual mode shapes are displayed in Fig. 3 which match with the mode shapes reported in
[52].

6.2. Rectangular cavity

To validate the Helmholtz equation solution with impedance boundary condition, we consider the rectangular cavity case de-
scribed in [17]. The 2D cavity has a length, L =0.5 m and height 2 =0.1 m with a constant speed of sound ¢, = 450 m/s. The left,
top and bottom boundaries of the cavity are set to perfectly reflecting boundary condition, while the right boundary is set to the
impedance boundary condition with a specified constant impedance value of Z =a + 1b.

For this particular case, the Helmholtz equation exhibits 1D longitudinal modes which can be solved analytically and the acoustic
frequencies are given as

Ca —1
f,,,:mﬁ+2 Larctan(;), (48)
where m is the mode number.

For the case where the impedance is purely reactive (imaginary) impedance, Z = b, we get purely real frequencies

IR [ 1
fm=m Z+ﬁarctan<b), (49)

12
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Fig. 4. Acoustic mode frequencies as a function of purely reactive (imaginary) impedance boundary condition, Z =b. The dashed line is the analytical solution given
by Eq. (49) and the symbols are the modes computed in STAR-CCM+ using SLEPc.
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Fig. 5. Acoustic mode frequencies as a function of purely resistive (real) impedance boundary condition, Z = a. The dashed line is the analytical solution given by
Eq. (50) and the symbols are the modes computed in STAR-CCM+ using SLEPc.

and for the case where we have purely resistive (real) impedance, Z = a, we get the following complex frequencies

& <a+1
—ma 50 . 50
Im=mar =L ™ a—l) (50)

In [17], the acoustic frequencies for this case are computed numerically using the AVSP solver for purely reactive and purely
resistive impedance values (results are presented in Fig. 2 and Fig. 3 in [17]). We repeated the same set of tests using our solver
with SLEPc. In this case since the underlying problem is quadratic, we use SLEPc’s PEP package to compute the eigenvalues. The
results computed using SLEPc are presented in Figs. 4 and 5. We see that the numerical frequencies computed using SLEPc match
the analytical results given by Egs. (49) and (50).

For the purely reactive impedance, Z = b, as the impedance value approaches zero, |b| — 0, the 1/b term in Eq. (49) makes the
numerical solution ill-conditioned. We sometimes get a few additional transverse modes due to numerical noise, but they can be
easily filtered out by looking at the acoustic mode shapes. Similarly for the case of purely resistive impedance, Z = a, we get some
numerical instability around a = 1 where the acoustic frequency is not well defined. For this reason, we see some oscillations at
Z = +1 in Fig. 5. Also for the case when b= 0 or a =0 we get Z =0, which reduces to the zero acoustic pressure boundary condition.
So when Z =0 we simply fall back to the zero acoustic pressure boundary condition and the eigenvalue problem becomes linear.

13
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Fig. 6. Schematic of the 1D planar duct flame extracted from [17].
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Fig. 7. Temperature field across a thin flame stabilized for simulating the 1D planar flame in STAR-CCM+.

Table 2

First four acoustic mode frequencies and growth rates for the 1D planar duct
flame case as obtained by the Helmholtz solver implemented in STAR-CCM+ us-
ing SLEPc. The first and fourth modes that have a negative growth rate are stable,
the second one is marginally stable, and the third mode is unstable with a positive
growth rate. Reference analytical results as obtained in [17] for an infinitely thin
flame are also provided.

STAR-CCM+ Analytical Eq. (56) [17]
Acoustic Frequency Growth Rate Frequency Growth Rate
Mode f, (Hz) w; (rad/s) f, (Hz) w; (rad/s)
1 265.2 —-7.08 159.6 -3291
2 694.7 0.10 694.4 0.0
3 1124.8 29.94 1227.3 261.67
4 1659.8 —42.65 1546.6 —-336.76

6.3. 1D planar flame

Here we consider a simple planar flame case in a 1D duct as shown in Fig. 6 which is extracted from [17]. A thin flame in
the middle of the duct separates two regions of cold fresh unburnt gases to the left and the hot burnt gases to the right. For this
particular test case, assuming an infinitely thin flame and jump conditions across the flame allows the acoustic modes to be computed
analytically as is shown in [17,18].

The acoustic modes of this planar flame configuration are computed numerically in STAR-CCM+. In the simulation, a thin 1D
flame heat source is imposed along with a temperature distribution as shown in Fig. 7 to match the conditions described in Fig. 6.
A relatively coarse mesh containing 1000 cells is used. For the Helmholtz solver, the inlet boundary is set to perfectly reflecting
condition, while the outlet boundary is set to zero acoustic pressure. The simplified » — = model as described in Section 2.5 is used
to compute the heat source term with a constant = = 10~* s and an interaction index coefficient # = 5 (as used in [17]). Due to the
presence of the heat source term, the underlying eigenvalue problem is nonlinear and so we use SLEPc’s NEP module to solve this
problem. The first four acoustic modes computed using SLEPc are listed in Table 2, and the mode shapes are displayed in Fig. 8.
These results are consistent with the results reported in [17]. The first and fourth modes are stable, the second mode is marginally
stable, and the third mode is unstable. The results are off from the analytical results obtained for the infinitely thin flame, as the
numerical flame on the coarse grid used in this simulation is thicker, however, the trend of the growth rate vs. mode number is
consistent. Localized mesh refinement near the flame as is done in [17] should yield better results.

6.4. BH3P burner

The BH3P burner is described in the works of [18,31]. It consists of a ducted premixed propane-air flame which is stabilized
downstream using a perforated plate as shown in the burner geometry Fig. 9.

We first simulate this flame configuration in STAR-CCM+ using a single-step reaction using the Eddy Breakup Model to get a
stable flame in approximately the same location as described in [18,31]. The temperature field around the flame is shown in Fig. 10.
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(a) Mode 1 (b) Mode 2
(c) Mode 3 (d) Mode 4

Fig. 8. First four acoustic mode shapes of the 1D planar duct flame case obtained in STAR-CCM+.
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Fig. 9. Schematic (not to scale) of the BH3P burner as shown in [18].
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Fig. 10. Temperature field across the converged flame (top) and the chemistry heat release rate (bottom) obtained in STAR-CCM+ simulating the BH3P burner case.
The scene is zoomed in near the burner, the upstream channel is not shown.

Table 3

First six acoustic mode frequencies and growth rates for the BH3P burner flame as
obtained by the Helmholtz solver implemented in STAR-CCM+ using SLEPc and
reference results obtained from [18].

STAR-CCM+ Results from [18]

Acoustic Frequency Growth Rate Frequency Growth Rate
Mode f. (Hz) w,; (rad/s) f, (Hz) w; (rad/s)

1 168.7 —-1.98 159.5 —1.26

2 382.2 —25.58 417.5 —28.90

3 644.6 -26.37 607.5 —-35.18

4 887.5 -14.32 881.7 —13.19

5 1154.2 17.51 1118.6 21.36

6 1399.6 36.25 1354.0 38.33

We use our acoustic Helmholtz solver to compute the acoustic frequencies and growth rates using the converged solution obtained
from the CFD simulation of the BH3P burner. We use our simplified » — 7 model to compute the heat release rate with a constant
7=5x10"* s and # =4 (similar to values reported in Fig. 7 in [31]). The inlet and side walls are set to perfectly reflecting, while the
outlet is set to zero acoustic pressure boundary condition.

The first six computed modes are listed in Table 3 and the corresponding mode shapes are shown in Fig. 11. Also presented in
the same table are results obtained from [18], and as we can see, we get very similar results. The fifth and sixth modes are unstable,
while the first four modes are stable.
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(a) Mode 1 (b) Mode 2
(c) Mode 3 (d) Mode 4
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Fig. 11. First six acoustic mode shapes of the BH3P burner obtained in STAR-CCM+.

Fig. 12. The computational mesh used for the EM2C burner case.

Table 4
First four acoustic mode frequencies and growth rates
of the EM2C burner case.

Acoustic Frequency Growth Rate
Mode f, (Hz) w; (rad/s)

1 116.6 -37.73

2 907.5 15.31

3 1334.9 336.01

4 1648.0 —-173.22

6.5. EM2C burner

Here we consider the turbulent swirled combustor designed and studied at the EM2C Laboratory which has been extensively
studied in many previous works [53,19,20]. The combustor geometry comprises a variable length upstream manifold, an axisymmet-
ric duct and a variable length cylindrical combustion chamber. The upstream manifold and combustion cylinder lengths are varied
to study different flame configurations as described in [19]. We pick the CO5 configuration to study in this case. We simulate this
EM2C combustor (CO5 conditions) in STAR-CCM+ using the Flamelet Generated Manifold (FGM) reacting model. The mesh used
for simulation in shown in Fig. 12. The chemistry heat release rate and the temperature field around the converged flame is shown
in Fig. 13. The Helmholtz solver along with the n — 7 model is used to compute the acoustic modes using the converged solution.
In [53], the Gain G (similar to ) and phase ¢ (where ¢ = wr) for this flame are measured experimentally as a function of acoustic
perturbation frequency and this data is shown in Fig.3 in [19]. Since in our simplified » — r model, we use a constant 5 and , in this
study we fix the interaction index coefficient n = 1 and vary the time lag r to get the first acoustic frequency close to the reported
value of f|,, =118.4 Hz in [19]. Based on some testing we have used r =7.3 x 107 in this study. The inlet and walls are set to
perfectly reflecting, and the outlet is set to zero acoustic pressure boundary condition. The first four computed acoustic frequencies
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Fig. 13. The temperature field (top) and chemistry heat release rate (bottom) obtained through reacting flow simulation of the EM2C burner. The scene is zoomed in

near the flame position, the rest of the channel is not shown.

(a) Mode 1 (b) Mode 2
(c) Mode 3 (d) Mode 4

Fig. 14. First four acoustic mode shapes of the EM2C burner.

and growth rates are listed in Table 4 and the corresponding mode shapes are shown in Fig. 14. Based on the results, we find that the
first and fourth modes are stable, while the second and third modes are unstable. Consistent to these results, in [19] the first mode
of CO5 configuration is found to be stable.

7. Comparison of different algorithms

As described in the earlier sections there are different ways of solving the nonlinear eigenvalue problem. In many previous
implementations of the Helmholtz solver, the linearized iterative algorithm as described in Section 3 is used. In SLEPc’s NEP module
many different algorithms are implemented and in this work we use the NLEIGS algorithm [44]. In this section we compare these

two algorithms for the BH3P and EM2C burner cases described in the previous sections.
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Table 5
Comparison of results of the BH3P burner case computed using SLEPc’s NLEIGS algorithm against an iterative algorithm.
Cold Flow SLEPc’s NLEIGS Iterative
Acoustic Frequency Growth Rate Frequency Growth Rate Frequency Growth Rate
Mode f, (Hz) w; (rad/s) f, (Hz) w; (rad/s) f, (Hz) w; (rad/s)
1 169.4 0.0 168.7 -2.79 168.7 -2.77
2 383.8 0.0 382.2 -26.10 382.2 —26.08
3 642.5 0.0 644.5 -26.23 644.5 -26.23
4 881.5 0.0 887.5 -14.19 887.5 —14.19
5 1149.2 0.0 1154.2 17.54 1154.3 17.54
6 1398.0 0.0 1399.6 36.23 1399.6 36.23
Runtime 5s 15s 58s

Table 6
Comparison of acoustic modes of the EM2C burner case computed using SLEPc’s NLEIGS algorithm against an
iterative algorithm.

Cold Flow SLEPc’s NLEIGS Iterative

Acoustic Frequency Growth Rate Frequency Growth Rate Frequency Growth Rate
Mode f, (Hz) w; (rad/s) f, (Hz) w; (rad/s) f, (Hz) w; (rad/s)

1 120.1 0.0 115.4 —-36.93 115.4 -36.93

2 903.1 0.0 906.3 14.81 906.3 14.81

3 1564.8 0.0 1334.2 341.98 948.8 —10407.97

4 1856.6 0.0 1640.2 —-173.60 2150.9 —166.61
Runtime 270's 1210s 6820 s

7.1. BH3P burner

Here we use the BH3P burner case as described in Section 6.4. For both the iterative and NLEIGS algorithms we first need to
compute the acoustic modes without the reaction source. The cold flow acoustic modes for the BH3P case are listed in Table 5. In
the NLEIGS algorithm, we need to provide a region in the complex frequency space to compute the acoustic modes. We estimate this
region size based on the minimum and maximum frequency computed for the cold flow. Given this region, NLEIGS algorithm can
compute the required number of eigenvalues within that region. So using this procedure we compute the acoustic modes of the full
nonlinear eigenvalue problem using SLEPc. The computed modes are listed in Table 5. On the other hand, the iterative algorithm as
described in Section 3 solves the linearized eigenvalue problem iteratively for each mode starting from the cold flow frequency. The
results computed using this iterative algorithm are also listed in the same table.

As we see from the results listed in Table 5, for this BH3P case both SLEPc’s NLEIGS algorithm and the iterative algorithm
yield very similar acoustic modes. However, SLEPc’s NLEIGS is almost 4x faster compared to the iterative algorithm as we need to
repeatedly solve the linearized system at each iteration and typically each mode takes 2-3 iterations to converge.

7.2. EM2C burner

As in the previous section, here we present results for the EM2C burner case described in Section 6.5. The acoustic modes for the
cold flow, and for the full reacting case computed using SLEPc’s NLEIGS algorithm and the iterative algorithm are listed in Table 6.
In this case we notice the NLEIGS is able to find the four modes, however the iterative algorithm struggles to converge for the 3rd
mode. One likely reason is that starting from the 3rd mode’s cold flow frequency of f, = 1564.8 Hz the reactive modes lie very close
to the left (1334.2 Hz) and right (1640.2 Hz) of that frequency. So when using the iterative algorithm, the solution keeps oscillating
between these modes and is unable to converge. Also, the 4th mode obtained using the iterative algorithm is close to the 5th mode
computed using NLEIGS (not listed in the table). So in summary, we are unable to compute the 3rd and 4th modes using the iterative
algorithm. Moreover, the iterative algorithm takes almost 6x the time compared to NLEIGS to compute the modes.

In Table 7, we show the convergence of individual modes using the iterative algorithm. Typically most modes converge in 2-3
modes as we can see with the 1st and 2nd modes. However, the 3rd mode keeps oscillating and does not converge even after 5
iterations. The 4th mode converges but to the 5th mode computed using SLEPc. The iterative algorithm was rerun for 10 iterations,
but still the 3rd mode did not converge.

7.3. Contour integration and other algorithms

The iterative algorithm can sometimes struggle to converge and miss modes as has also been reported in [35]. In [35], an
alternative contour-integration based method is proposed based on the Beyn’s algorithm [54] to compute the eigenvalues. In [55],
a rational approximation method using Raleigh-Ritz algorithm is used for solving the acoustic nonlinear problem. Some of the these

contour-integration based algorithms are also implemented in SLEPc under the Contour Integral Spectrum Slicing (CISS) method [56]
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Table 7
Convergence of acoustic modes of EM2C burner computed using the iterative algorithm.
Mode 1 Mode 2 Mode 3 Mode 4

Iteration fr ; fr ; fr w; fr ;
0 120.1 0.0 903.1 0.0 1564.8 0.0 1856.6 0.0
1 115.8 —35.54 906.3 14.61 1429.9 —2185.64 2003.0 —2860.90
2 115.5 -36.89 906.3 14.81 915.9 -9.94 2131.8 4.71
3 115.4 -36.93 906.3 14.81 1620.1 114.63 2157.2 -214.37
4 115.4 —-36.93 906.3 14.81 1551.7 —2335.68 2148.2 —154.24
5 115.4 -36.93 906.3 14.81 948.8 —10407.97 2150.9 —166.61

along with Hankel and Raleigh-Ritz extraction methods [57,58]. In our preliminary testing we found NLEIGS method to perform as
good or better than the CISS based methods, so in this study we have exclusively used the NLEIGS method.

From our previous experience in the context of other problems, contour integral methods are not generally competitive with
respect to Krylov methods such as TOAR or NLEIGS. On one hand, contour integration requires a factorization at each integration
point (which can be 32 or even more depending on the problem), while NLEIGS computes just one factorization (and still this is
the most computationally expensive step of the overall method). Furthermore, in contour integral methods the factorized matrix is
applied to a block of vectors, that is, multiple right-hand-side solves are required with a number of vectors that must be larger than
the number of eigenvalues inside the contour. This is also an increased cost with respect to NLEIGS, which operates as a single-vector
recurrence. The accuracy of contour integral methods depends on many parameters that may be difficult to choose, for instance the
number of integration points, the size of the subspace, or a threshold tolerance when estimating the number of eigenvalues inside
the contour. If not chosen appropriately, the solver may require one or more refinement steps whenever the accuracy is poor with
respect to the user tolerance. This multiplies the overall cost. As a strong point, with contour integral methods there is the guarantee
that all eigenvalues inside the region are returned, while with NLEIGS the user specifies how many eigenvalues are needed, without
knowing if the actual number is larger or smaller. Also, contour integration admits more parallelism and therefore it is possible to
implement it in a scalable way, so that the higher cost is compensated if more processors are used.

8. Extension to non-constant n and 7

In this work, we have used the n — r model with a constant interaction index » and time lag = to model the heat release rate as
described in Section 2.5.1. Here we describe some ideas to extend this to variable interaction index and time lag.

One simple extension of the n — r model to accommodate multiple sources of disturbances is to use the Distributed Time Delay
(DTD) method as proposed in [59] which expresses the heat release source as a linear combination of many individual » — = models
as follows

D(@) =Y €S, (51)

i

The DTD method allows us to use multiple distributed » —  models each with its own interaction index #; and time lag 7;. This
linear combination DTD model can be easily incorporated into SLEPc’s NLEIGS algorithm following Eq. (43) to compute the acoustic
modes of the combined DTD system.

9. Scaling studies

Here we present results of some scaling studies we performed to study the performance (runtime) and memory consumption
of our acoustic modal solver as a function of mesh size (number of cells) and in parallel using different number of processes. We
consider here two test cases: the Helmholtz Resonator and the BH3P burner. The mesh scaling studies are performed in serial (single
process) on an Intel Xeon Gold 6130 CPU 2.10 GHz processor with a maximum memory of 120 GB. And the parallel scaling studies
are performed on a cluster where each node has 40 processors of Intel Xeon Gold 6248 CPU 2.50 GHz with a maximum memory of
180 GB per node.

9.1. Helmholtz resonator

We studied the performance and memory consumption of the Helmholtz resonator case as described in Section 6.1. This is a cold
flow case without reactions, so we use the EPS module of SLEPc to solve the eigenvalues. We run this case in serial with increasing
mesh size. The overall runtime (top plot) and memory consumption (bottom plot) is presented in Fig. 15. As we see, the runtime
increases linearly with mesh size until about 103 cells, and beyond that it slowly starts moving toward a quadratic growth. Most
of this computation time in spent in MUMPS [47,48] to compute the matrix factorization, whose cost for sparse matrices typically
scales as O(N?), so the trend we are seeing here is consistent. The memory consumption for this case shows almost a linear trend
throughout. The maximum mesh size that we could run for this case was around 2.4M (which consumed around 96 GB of memory),
beyond which we ran out of memory on the system.
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Fig. 15. Runtime and memory usage versus mesh size for the Helmholtz Resonator case.
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Fig. 16. Runtime and memory usage scaling with number of processors for the Helmholtz Resonator case with 2.4M cells.

We took the 2.4M mesh case and performed some parallel scaling studies by running the case on increasing number of processors
on the aforementioned cluster where each node has 180 GB memory and 40 processors. As needed we spread the processes across
multiple nodes to ensure enough memory is always available to run the computation. The parallel scaling results are presented
in Fig. 16. As we see until about 16 cores we get nearly perfect scaling, beyond which the runtime appears to flatten out as the
number of cells per process decrease and the parallel communication costs presumably start dominating. For the fixed mesh size, as
we increase the number of processors, the memory demand also increases as we see in the bottom plot in Fig. 16. This increase in
memory demand is mainly due to matrix data partitioning and duplication of some of the data across all the processors.

9.2. BH3P burner

We do similar scaling studies as in the previous section for the BH3P case as described in Section 6.4. This is a reacting case so we
use the NEP module (NLEIGS method) of SLEPc to compute the eigenvalues. We first perform scaling studies with increasing mesh
size. The results are presented in Fig. 17. As with the Helmholtz resonator case, we first see a linear increase in runtime until about
109 cells, and beyond that a quadratic increase. The memory consumption increases linearly. The parallel scaling results for this case
using a 3.3M mesh case are shown in Fig. 18. In this case again, we see good scaling until about 16 processors, beyond which the
runtime starts to flatten out. As seen in the previous case, here again the memory demand increases gradually as we increase the
number of processors.

It is encouraging to see that the nonlinear eigenvalue solver (NEP) shows similar trend as the linear eigenvalue solver (EPS),
which means that we can solve nonlinear eigenvalue problems as efficiently as linear problems using SLEPc and MUMPS.

10. Conclusions
In this work we have presented an accurate and efficient way of solving the acoustic Helmholtz eigenvalue problem using the
NLEIGS algorithm [44] implemented in SLEPc’s NEP package. We have shown that NLEIGS algorithm works better than some of the

earlier proposed linearized iterative algorithms [17]. We have validated the acoustic modal solver implementation in STAR-CCM+
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using SLEPc for various cases and have demonstrated its accuracy and efficiency. We have also shown that the SLEPc package along
with MUMPS can be used to solve large cases efficiently both in serial and parallel on multiple processors.

In the near future we plan to investigate more thoroughly the SLEPc’s CISS method and its different variants and other contour
integration methods suggested in [35,55] and compare all these with the NLEIGS method. We also plan to look at more efficient
usage of MUMPS [49] in parallel. We currently invoke MUMPS via SLEPc and use the default settings, however MUMPS has certain
options like a Hybrid (OpenMP+MPI) mode that allows more efficient computation in parallel. We plan to investigate this and other
internal MUMPS options to allow us to run even bigger cases more efficiently in parallel.

Data availability

The results have been generated with the freely available library SLEPc used from within the proprietary software STAR-CCM+

Acknowledgements

VH would like to thank Graham Goldin for providing valuable feedback and comments, Doru Caraeni for sharing ideas on
the secondary gradient implementation, and Artyom Pogodin for preparing the test cases used in this study and providing useful
suggestions. Funding for open access charge: CRUE-Universitat Politécnica de Valéncia.

References

[1] T.C. Lieuwen, V. Yang, Combustion Instabilities in Gas Turbine Engines: Operational Experience, Fundamental Mechanisms, and Modeling, Progress in Astro-
nautics and Aeronautics, 2006.

[2] T. Poinsot, D. Veynante, Theoretical and Numerical Combustion, R.T. Edwards, Inc., 2005.

[3] J.W. Strutt (3rd Baron Rayleigh), The explanation of certain acoustical phenomena, Nature 18 (455) (1878) 319-321.

[4] M.P. Juniper, R. Sujith, Sensitivity and nonlinearity of thermoacoustic oscillations, Annu. Rev. Fluid Mech. 50 (1) (2018) 661-689.

[5] G. Staffelbach, L.Y.M. Gicquel, G. Boudier, T. Poinsot, Large eddy simulation of self excited azimuthal modes in annular combustors, Proc. Combust. Inst. 32 (2)

(2009) 2909-2916.

21


http://refhub.elsevier.com/S0096-3003(23)00418-6/bib861B0C225586BA640B44B8489A90647Fs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib861B0C225586BA640B44B8489A90647Fs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib233CAFB844E92CA2EEAC0FCD99FE233Bs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib59EA94DA5B606ED0520FD60D26DCF8B2s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibFE0F7654F13BB8B08DDD514BFBA8522Es1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib21C892B44389CBFA4E2F81BF8FB0D559s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib21C892B44389CBFA4E2F81BF8FB0D559s1

V. Hiremath and J.E. Roman Applied Math ics and Cc

[6]

[71
[8]
[91

[10]

[11]
[12]

[13]
[14]
[15]

[16]

[17]
[18]
[19]

[20]
[21]
[22]

[23]
[24]

[25]
[26]

[27]

[28]

[29]

[30]
[31]
[32]

[33]
[34]
[35]

[36]
[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]

[45]

[46]

[47]
[48]

[49]
[50]

[51]
[52]
[53]

[54]
[55]

putation 458 (2023) 128249

P. Wolf, R. Balakrishnan, G. Staffelbach, L.Y.M. Gicquel, T. Poinsot, Using LES to study reacting flows and instabilities in annular combustion chambers, Flow
Turbul. Combust. 88 (2012) 191-206.

T. Indlekofer, Evaluation of StarCCM+ to predict thermoacoustic instabilities using large eddy simulation, Ph.D. thesis, Karlsruhe Institute of Technology, 2017.
Y. Xia, Prediction of thermoacoustic instability in gas turbine combustors, Ph.D. thesis, Imperial College London, 2019.

A. Avdonin, M. Meindl, W. Polifke, Thermoacoustic analysis of a laminar premixed flame using a linearized reactive flow solver, Proc. Combust. Inst. 37 (4)
(2019) 5307-5314.

A. Bissuel, G. Allaire, L. Daumas, S. Barré, F. Rey, Linearized Navier-Stokes equations for aeroacoustics using stabilized finite elements: boundary conditions
and industrial application to aft-fan noise propagation, Comput. Fluids 166 (2018) 32-45.

M.P. Juniper, Sensitivity analysis of thermoacoustic instability with adjoint Helmholtz solvers, Phys. Rev. Fluids 3 (11) (2018) 110509.

C.F. Silva, L. Magri, T. Runte, W. Polifke, Uncertainty quantification of growth rates of thermoacoustic instability by an adjoint Helmholtz solver, J. Eng. Gas
Turbines Power 139 (1) (2017) 011901.

S. Evesque, W. Polifke, Low-order acoustic modelling for annular combustors: validation and inclusion of modal coupling, Am. Soc. Mech. Eng. (2002) 321-331.
B. Schuermans, V. Bellucci, C.O. Paschereit, Thermoacoustic modeling and control of multi burner combustion systems, Am. Soc. Mech. Eng. (2003) 509-519.
C. Laurent, M. Bauerheim, T. Poinsot, F. Nicoud, A novel modal expansion method for low-order modeling of thermoacoustic instabilities in complex geometries,
Combust. Flame 206 (2019) 334-348.

C. Laurent, A. Badhe, F. Nicoud, Representing the geometrical complexity of liners and boundaries in low-order modeling for thermoacoustic instabilities, J.
Comput. Phys. 428 (2021) 110077.

F. Nicoud, L. Benoit, C. Sensiau, T. Poinsot, Acoustic modes in combustors with complex impedances and multidimensional active flames, AIAA J. 45 (2) (2007).
A. Kaufmann, F. Nicoud, T. Poinsot, Flow forcing techniques for numerical simulation of combustion instabilities, Combust. Flame 131 (4) (2002) 371-385.
C.F. Silva, F. Nicoud, T. Schuller, D. Durox, S. Candel, Combining a Helmholtz solver with the flame describing function to assess combustion instability in a
premixed swirled combustor, Combust. Flame 160 (9) (2013) 1743-1754.

S. Falco, Shape optimization for thermoacoustic instability with an adjoint Helmholtz solver, Ph.D. thesis, University of Cambridge, 2021.

Simcenter STAR-CCM+, https://www.plm.automation.siemens.com/global/en/products/simcenter/STAR-CCM.html.

V. Hernandez, J.E. Roman, V. Vidal, SLEPc: a scalable and flexible toolkit for the solution of eigenvalue problems, ACM Trans. Math. Softw. 31 (3) (2005)
351-362.

L. Benoit, F. Nicoud, Numerical assessment of thermo-acoustic instabilities in gas turbines, Int. J. Numer. Methods Fluids 47 (8-9) (2005) 849-855.

T. Schuller, D. Durox, S. Candel, A unified model for the prediction of laminar flame transfer functions: comparisons between conical and v-flame dynamics,
Combust. Flame 134 (1) (2003) 21-34.

N.A. Magina, T.C. Lieuwen, Effect of axial diffusion on the response of diffusion flames to axial flow perturbations, Combust. Flame 167 (2016) 395-408.

M. Merk, R. Gaudron, C. Silva, M. Gatti, C. Mirat, T. Schuller, W. Polifke, Prediction of combustion noise of an enclosed flame by simultaneous identification of
noise source and flame dynamics, Proc. Combust. Inst. 37 (4) (2019) 5263-5270.

D. Mejia, M. Miguel-Brebion, A. Ghani, T. Kaiser, F. Duchaine, L. Selle, T. Poinsot, Influence of flame-Holder temperature on the acoustic flame transfer functions
of a laminar flame, Combust. Flame 188 (2018) 5-12.

L. Crocco, Aspects of combustion stability in liquid propellant rocket motors Part I: fundamentals. Low frequency instability with monopropellants, J. Am. Rocket
Soc. 21 (6) (1951) 163-178.

L. Crocco, Aspects of combustion stability in liquid propellant rocket motors Part II: low frequency instability with bipropellants. High frequency instability, J.
Am. Rocket Soc. 22 (1) (1952) 7-16.

L. Crocco, S.I. Cheng, Theory of combustion instability in liquid propellant rocket motors, J. Fluid Mech. 2 (1) (1956) 100-104.

K. Truffin, T. Poinsot, Comparison and extension of methods for acoustic identification of burners, Combust. Flame 142 (2005) 388-400.

Y.-Y. Tsui, Y.-F. Pan, A pressure-correction method for incompressible flows using unstructured meshes, Numer. Heat Transf., Part B, Fundam. 49 (1) (2006)
43-65.

S.R. Mathur, J.Y. Murthy, A pressure-based method for unstructured meshes, Numer. Heat Transf., Part B, Fundam. 31 (2) (1997) 195-215.

M.D.F. Moukalled, L. Mangani, The Finite Volume Method in Computational Fluid Dynamics, Springer, 2016.

P.E. Buschmann, G.A. Mensah, F. Nicoud, J.P. Moeck, Solution of thermoacoustic eigenvalue problems with a noniterative method, J. Eng. Gas Turbines Power
142 (3) (2020) 031022.

Y. Saad, Numerical Methods for Large Eigenvalue Problems, revised edition, Society for Industrial and Applied Mathematics, Philadelphia, PA, USA, 2011.
G.W. Stewart, A Krylov-Schur algorithm for large eigenproblems, SIAM J. Matrix Anal. Appl. 23 (3) (2001) 601-614.

F. Tisseur, K. Meerbergen, The quadratic eigenvalue problem, SIAM Rev. 43 (2) (2001) 235-286.

C. Campos, J.E. Roman, Parallel Krylov solvers for the polynomial eigenvalue problem in SLEPc, SIAM J. Sci. Comput. 38 (5) (2016) S385-S411.

D. Lu, Y. Su, Z. Bai, Stability analysis of the two-level orthogonal Arnoldi procedure, SIAM J. Matrix Anal. Appl. 37 (1) (2016) 195-214.

H. Fan, W. Lin, P. van Dooren, Normwise scaling of second order polynomial matrices, SIAM J. Matrix Anal. Appl. 26 (1) (2004) 252-256.

S. Giittel, F. Tisseur, The nonlinear eigenvalue problem, Acta Numer. 26 (2017) 1-94.

C. Campos, J.E. Roman, NEP: a module for the parallel solution of nonlinear eigenvalue problems in SLEPc, ACM Trans. Math. Softw. 47 (3) (2021) 23.

S. Giittel, R. van Beeumen, K. Meerbergen, W. Michiels, NLEIGS: a class of fully rational Krylov methods for nonlinear eigenvalue problems, SIAM J. Sci. Comput.
36 (6) (2014) A2842-A2864.

J.E. Roman, C. Campos, L. Dalcin, E. Romero, A. Tomas, SLEPc users manual, Tech. Rep. DSIC-1I/24/02-Revision 3.17, D. Sistemes Informatics i Computacio,
Universitat Politécnica de Valéncia, 2022.

S. Balay, S. Abhyankar, M.F. Adams, J.B.S. Benson, P. Brune, K. Buschelman, E.M. Constantinescu, L. Dalcin, A. Dener, V. Eijkhout, W.D. Gropp, V. Hapla, T.
Isaac, P. Jolivet, D. Karpeev, D. Kaushik, M.G. Knepley, F. Kong, S. Kruger, D.A. May, L.C. McInnes, R.T. Mills, L. Mitchell, T. Munson, J.E. Roman, K. Rupp, P.
Sanan, J. Sarich, B.F. Smith, S. Zampini, H. Zhang, H. Zhang, J. Zhang, PETSc users manual, Tech. Rep. ANL-95/11 - Revision 3.17, Argonne National Laboratory,
2022.

P.R. Amestoy, L.S. Duff, MUMPS MUltifrontal Massively Parallel Solver Version 2.0, Tech. Rep., 2000.

P.R. Amestoy, L.S. Duff, J.-Y. L’Excellent, J. Koster, A fully asynchronous multifrontal solver using distributed dynamic scheduling, SIAM J. Matrix Anal. Appl.
23 (1) (2001) 15-41.

P.R. Amestoy, A. Guermouche, J.-Y. L’Excellent, S. Pralet, Hybrid scheduling for the parallel solution of linear systems, Parallel Comput. 32 (2) (2006) 136-156.
V. Hernandez, J.E. Roman, A. Tomas, Parallel Arnoldi eigensolvers with enhanced scalability via global communications rearrangement, Parallel Comput.
33 (7-8) (2007) 521-540.

L. Selle, L. Benoit, T. Poinsot, F. Nicoud, W. Krebs, Joint use of compressible large-eddy simulation and Helmholtz solvers for the analysis of rotating modes in
an industrial swirled burner, Combust. Flame 145 (1-2) (2006) 194-205.

C. Silva, F. Nicoud, First step of development of a numerical tool for combustion noise analysis, Tech. Rep. Master Internship Report, CERFACS - CFD Combustion,
2007.

P. Palies, D. Durox, T. Schuller, S. Candel, The combined dynamics of swirler and turbulent premixed swirling flames, Combust. Flame 157 (9) (2010) 1698-1717.
W.J. Beyn, An integral method for solving nonlinear eigenvalue problems, Linear Algebra Appl. 436 (10) (2012) 3839-3863.

M. El-Guide, A. Miedlar, Y. Saad, A rational approximation method for solving acoustic nonlinear eigenvalue problems, Eng. Anal. Bound. Elem. 111 (2020)
44-54.

22


http://refhub.elsevier.com/S0096-3003(23)00418-6/bib1F54BE6722D23005794835772CDE4B06s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib1F54BE6722D23005794835772CDE4B06s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib7BC167D80E38F4CB8855A3C23C78E7ECs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibA135D62032BF0B4016A56E79D163E7A0s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibFB49461CBFC5740F598CED998983BC3Fs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibFB49461CBFC5740F598CED998983BC3Fs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib15D01499E5628D01B7D9E513EFC86D2Bs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib15D01499E5628D01B7D9E513EFC86D2Bs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib68548BDF5FDC1EC8AAF9ABA4C4128FE7s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib9C67E971071BCB8A444FD860E395353Fs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib9C67E971071BCB8A444FD860E395353Fs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibCEE675BC7D838012C69C508D275851EEs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibE8F1688D372045ADF3210EAB871B7BE5s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib65552F74C7BBF7C3A62D5381155535B1s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib65552F74C7BBF7C3A62D5381155535B1s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib9560B5260982CDC0C296240D1A987A9As1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib9560B5260982CDC0C296240D1A987A9As1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib4A4C522542C5818F90BF0FDB337A1BCFs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibF495DC56D5076345022768EDC673C47Fs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib605BB23F8640EAAECC82BDE93E4DFDD8s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib605BB23F8640EAAECC82BDE93E4DFDD8s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib482091D8090CA257E2C3677CD5EB00B0s1
https://www.plm.automation.siemens.com/global/en/products/simcenter/STAR-CCM.html
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibDE16375EE639C3210CDFCA90BFF5B3BEs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibDE16375EE639C3210CDFCA90BFF5B3BEs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib49F95E9FDD0C1F63DB03FC65D953D760s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib6AE6EBB20C836C895D9BFF20CB5105BDs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib6AE6EBB20C836C895D9BFF20CB5105BDs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibE6CB9A33B91C8801B140B700C7E3C69As1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib7EE9B3349E508546A386063355642422s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib7EE9B3349E508546A386063355642422s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib92A21AF77E7B5595F723785A4EE35B07s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib92A21AF77E7B5595F723785A4EE35B07s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib30874C9CA6BA6976EB23E98419A37009s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib30874C9CA6BA6976EB23E98419A37009s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib8A6E4E138CD18F3B350FC22A2DC72271s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib8A6E4E138CD18F3B350FC22A2DC72271s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib2510A9B5E04E6947711D3A6CFD1F4629s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib6FAE53E3D3FBF00890AEFE7F37BF644Cs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib235C98D18475BDE5B61D607C927C8DC0s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib235C98D18475BDE5B61D607C927C8DC0s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibAD13971781A809ADB6794E4C7B4470E9s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibF274F64D08F7AFF8616D3EF8F170E2CAs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibB3519833AC965D1ACDA899412145F8E0s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibB3519833AC965D1ACDA899412145F8E0s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib23B702298CFBA4AFA208FA7650FD73BAs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibB2F5ADEFC5AEE4EEF37CBD150ADA48C2s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibD7022430821B3791544A3D4FA3AF475Ds1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib35A74C9ED3402B1C483F2DDB2948C7E6s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib2E178182AE7D4265CA78C44D81CD3CA7s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib5E27CB4DFFE16588D8FE0A495FC469D6s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib758382BACC50AAD6BAE395645D53BBCDs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib52B5DB62D65C57B97B18E9F9E303A011s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib5823B355FAEF8642E5E7F62FECF91509s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib5823B355FAEF8642E5E7F62FECF91509s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibD397E62930A55E8DA791446BBD4A6C70s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibD397E62930A55E8DA791446BBD4A6C70s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib5F92818FEAC4A4946D3989698B2410F9s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib5F92818FEAC4A4946D3989698B2410F9s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib5F92818FEAC4A4946D3989698B2410F9s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib5F92818FEAC4A4946D3989698B2410F9s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibC224BC98F23499696993716A30E4ECD0s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib62004DB2A2429E7BC72D1309E2BC2DD2s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib62004DB2A2429E7BC72D1309E2BC2DD2s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibC41F37FC415C92BCFCA35F853862089Bs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibAB66AC65B0D4FF05D5018F76B7C5927Ds1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibAB66AC65B0D4FF05D5018F76B7C5927Ds1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibB4C843A6B4652F8138754B4424AD26D7s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bibB4C843A6B4652F8138754B4424AD26D7s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib241B9753C96120BDC28F58FB970A52C3s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib241B9753C96120BDC28F58FB970A52C3s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib2B0063734A29B7FA0347D4F9F0E9EE19s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib0F92808187612BB186FD0191CB090FDEs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib12E62443834A0A52E5A24EC8A1D81B23s1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib12E62443834A0A52E5A24EC8A1D81B23s1

V. Hiremath and J.E. Roman Applied Mathematics and Computation 458 (2023) 128249

[56] Y. Maeda, T. Sakurai, J.E. Roman, Contour integral spectrum slicing method in SLEPc, Tech. Rep. STR-11, Universitat Politecnica de Valéncia, 2016, available
at http://slepc.upv.es.

[57] S. Yokota, T. Sakurai, A projection method for nonlinear eigenvalue problems using contour integrals, JSIAM Lett. 5 (2013) 41-44.

[58] A. Imakura, T. Sakurai, Block SS-CAA: a complex moment-based parallel nonlinear eigensolver using the block communication-avoiding Arnoldi procedure,
Parallel Comput. 74 (2018) 34-48.

[59] W. Polifke, Modeling and analysis of premixed flame dynamics by means of distributed time delays, Prog. Energy Combust. Sci. 79 (2020) 100845.

23


http://slepc.upv.es
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib29D19EFF660F6B47DFB04E6F3052758Ds1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib25C745C0E134EFC9C266DEF9E743BDDAs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib25C745C0E134EFC9C266DEF9E743BDDAs1
http://refhub.elsevier.com/S0096-3003(23)00418-6/bib22861FE00EE9EB63F1DA538923771751s1

	Acoustic modal analysis with heat release fluctuations using nonlinear eigensolvers
	1 Introduction
	2 Governing equations
	2.1 Linearization
	2.2 Acoustic wave equation
	2.3 Harmonic functions
	2.4 Flame transfer function
	2.5 n−τ model
	2.5.1 Constant time lag
	2.5.2 Simplified interaction index

	2.6 Boundary conditions
	2.7 Acoustic eigenvalue problem
	2.8 Secondary gradient
	2.9 Eigenvalue problem types

	3 Linearized iterative solvers
	4 Eigenvalue problems and solvers
	4.1 Linear eigenvalue problems
	4.2 Polynomial eigenvalue problems
	4.3 Nonlinear eigenvalue problems

	5 Implementation details
	5.1 Overview of SLEPc
	5.2 Preconditioning

	6 Computational results
	6.1 Helmholtz resonator
	6.2 Rectangular cavity
	6.3 1D planar flame
	6.4 BH3P burner
	6.5 EM2C burner

	7 Comparison of different algorithms
	7.1 BH3P burner
	7.2 EM2C burner
	7.3 Contour integration and other algorithms

	8 Extension to non-constant n and τ
	9 Scaling studies
	9.1 Helmholtz resonator
	9.2 BH3P burner

	10 Conclusions
	Data availability
	Acknowledgements
	References


