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Abstract. Necessary and sufficient conditions are given for mean ergod-
icity, power boundedness, and topologizability for weighted backward
shift and weighted forward shift operators, respectively, on Kothe ech-
elon spaces in terms of the weight sequence and the Kothe matrix. These
conditions are evaluated for the special case of power series spaces which
allow for a characterization of said properties in many cases. In order
to demonstrate the applicability of our conditions, we study the above
properties for several classical operators on certain function spaces.
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1. Introduction

The aim of this note is to investigate mean ergodicity and related properties
of weighted shift operators on Kothe echelon spaces. Recall that a continuous
linear operator T" on a locally convex Hausdorfl space (briefly, IcHs) E is said
to be mean ergodic if the limits

R R
nlin;o - mz::lT r,x €K,
exist in F. Since the seminal result of von Neumann (1931) who proved that
unitary operators on a Hilbert space are mean ergodic, numerous contributions
have been made to the topic of mean ergodicity and its applications. For the
special case when FE is a Banach space, the theory is particularly well-developed

and rich, see e.g. [17, Chapter VIII], [18], and [28], and references therein.

W Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00025-023-01951-1&domain=pdf
http://orcid.org/0000-0002-2607-0248

180 Page 2 of 29 T. Kalmes and D. Santacreu Results Math

In recent years, several authors studied mean ergodicity and related prop-
erties of continuous linear operators on lcHs which are not Banach spaces
(but mainly Fréchet spaces) both from an abstract point of view (see e.g. [1-
4,12,30,31]) as well as for concrete types of continuous linear operators (see
e.g. [5-11,13,14], [15,16,19-21,23-27,32,33]).

In the present article we study mean ergodicity, power boundedness and
topologizability for weighted shift operators on Kothe echelon spaces. While
weighted shift operators on sequence spaces are a natural testing field to study
operator theoretic properties, several operators on Fréchet spaces which occur
naturally in analysis are conjugate to a weighted shift operator on a suitable
Kothe echelon space. Since the aforementioned properties are stable under con-
jugacy, our results will be used to investigate these properties for the Volterra
operator and the differentiation operator on spaces of holomorphic functions
as well as for the annihiliation and creation operator on the space of rapidly
decreasing smooth functions.

The paper is organized as follows. In Sect. 2 we recall some notation and
notions and we provide some basic results which will be used throughout. In
Sect. 3, we give necessary and sufficient conditions for topologizability, power
boundedness, and mean ergodicity of weighted shift operators on Koéthe ech-
elon spaces A\,(A) in terms of the weight sequence and the Kéthe matrix A.
In Sect. 4 we evaluate our results for the special case of power series spaces.
In this special situation of Kothe echelon spaces, the special structure of the
Ko6the matrix allows for particular simple characterizations of said properties
in many cases. Concrete examples are discussed in order to demonstrate the
applicability of our results.

2. Notation and Preliminary Results

Throughout this article we use standard notation from functional analysis; we
refer to [22,29]. As usual, we denote by w = Ko the vector space of all K-
valued sequences (where as usual K € {R, C}) equipped with the Fréchet space
topology of coordinatewise convergence. For a fixed sequence w = (wy, )nen, €
w we define the corresponding weighted backward shift and weighted forward
shift, respectively, as

By :w—w, (xn)neNo = (wnxn-‘rl)neNO
and

Fy:w—uw, (xn)nENo = (wnxnfl)neNo ;

where we use the notational convention x_,, := 0 for all n € N which will be
employed throughout this paper. Additionally, throughout, we use the con-
vention § = 0, & := oo for & > 0 as well as the notation e, = (O, men,
(Kronecker’s ) for r € Ny. For the special case of w, =1, n € Ny, we simply
write B and F' instead of B,, and F,,, respectively.
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Recall that a matrix of non-negative real numbers A = (a4 i )n ken, 1S a
Kothe matriz if 0 < ap i < ap k41 for every n, k € Ny, and if for each n € Ny
there is k € Ny such that a,; > 0. For 1 < p < oo we define as usual the
Kdthe echelon space (of order p) by

o0 1/p
Ap(A) = {a: cw:||z|kp = |lz|k = <Z |xnan7k|p> < oo, for each k € NO} .
n=0

Analogously, for p = co, we have

Aoo(4) = {x € w: |2)|ko0 := |2k := sup |zpank| < oo, for each k € NO}
n

€Nop

and
Ao(A) = {x € Ao(4) : lim z,a,, =0 for each k € NO} .

Then, for 1 < p < 0o, A\,(A4) is a Fréchet space with fundamental sequence of
seminorms (|| - |k.p)keNy, Ao(A) is a closed subspace of Ao (A), and A, (A) is
separable for p € [1,00) U {0}.

Given an exponent sequence, i.e. a monotonically increasing sequence
a = (Qn)nen, in [0, 00) with lim,,,c @, = oo. For arbitrary strictly increasing
sequences (Si)ren, With limg_oo s = 0 and (¢ )gen, with limg ooty = o0
we define the Kéthe matrices Ag(ar) := (exp(span))y, pen, and As(a) =
(exp(tkan)) g nen, as Well as Ag(a) := A1(Ag(a)) and A(a) = A1(Asc(a)).
It is not hard to see that the definition of Ag(a) and A () does not depend
on the particular choice of the sequences (si)ren, and (tx)ren,, respectively.
Ao(a) is called power series space of finite type and Ao () power series space
of infinite type (associated to ).

As we are interested in ergodicity and related properties of the weighted
backward and forward shift operators on A,(A), we first have to characterize
when B, and F,, operate on these spaces.

Proposition 2.1. For a Kéthe matriz A, p € [1,00]U{0} and w = (wy,)nen, € w
the following results hold.
(a) For B, the following are equivalent.
(1) By : Ap(A) — Ap(A) is correctly defined.
(i1) By : Ap(A) — Ap(A) is continuous.
(iii) For every k € Nq there are | € Ny and C > 0 such that

Vn € Ng: jwplank < Captr.

(b) For F,, the following are equivalent.
(1) Fy : \p(A) — A\p(A) is correctly defined.
(i1) Fy : \p(A) — Ap(A) is continuous.
(i1i) For every k € Ny there are | € Ny and C > 0 such that

VneN: lwylany < Cap_1,.
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Proof. We only prove part (a), the proof of part (b) is, mutatis mutandis, the
same. Since A, (A) is a Fréchet space and B,, : w — w is obviously continuous,
a standard application of the Closed Graph Theorem shows that (i) implies

(ii).
Next, if (ii) holds, we conclude
VkeNgdl e N(),C >0V e )\p(A) : Hwa”k < C”ZL’”[

Evaluating this inequality for « = e,, shows that (iii) is true.

Finally, (iii) trivially implies (i). O
The previous proposition yields the following result. Throughout the ar-
ticle we use the convention In(0) = —oco.
Corollary 2.2. Let o = (an),ey, be an ezponent sequence such that

limsup,, ., ani1;,t < oo. Then, for w € w the following results hold.

(a) For the weighted shifts B,, and F,, the following are equivalent.
(i) By, is correctly defined on Ao ().
(ii) B, is continuous on A ().
(iii) F, is correctly defined on Ao ().
(iv) Fy, is continuous on Ao ().
(v) limsup,,_, o %ﬁi“‘ < 0.
(b) For the weighted shifts By, and F,, the following are equivalent.
(i) By is correctly defined on Ag(c).
(i) By, is continuous on Ag(a).
(iii) F,, is correctly defined on Ag(a).
(iv) Fy is continuous on Ag(a).

. In [w,,
(v) limsup,, . % <0.

Proof. By Proposition 2.1, (i) and (ii) are equivalent, as are (iii) and (iv), in
(a) and (b). We will show that (a) (v) is equivalent to condition (a) (iii) from
Proposition 2.1 for the particular case of A () as well as to condition (b)
(iii) from Proposition 2.1 which will finish the proof of part (a). Analogously,
(b) will be proved once we have shown that (b) (v) is equivalent to condition
(a) (iii) from Proposition 2.1 for the particular case of Ag(a) as well as to
condition (b) (iii) from Proposition 2.1. We set M := limsup,,_, . ant10;,

Let us show that (a) (ii) implies (a) (v). It follows from Proposition 2.1
that for each k € Ny there are [ € Ny and C' > 0 with

Vn €Ny: jwy| < Cexp (lany1 — kay,) .

Let M’ > M be arbitrary and Ny € N such that a, 10, < M’ for n > Np.
We conclude for n > Ny

wal < Cexp (an(IM' — k))

which implies that limsup,,_, . In |w,|(a,) ™! < oo, i.e. (a) (v) holds.
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On the other hand, if (a) (v) holds, for fixed k € Nlet Ny € N and ¢ > 0
be such that

Vn > Ny :In|w,| < cka,, and oy, > 0.
Then, for n > Ny we conclude
|wn| exp(kay,) < exp(k(c+ 1)ay,) < exp(k(c+ 1)api1)
so that condition (a) (iii) from Proposition 2.1 holds true for every | € N with
I > k(c+ 1) which implies (a) (ii).

Next we assume that (a) (iv) holds. From Proposition 2.1 (b) we deduce
for k € Ny for suitable | € Ny, C' > 0

VneN: |w,| <Cexp(lap—1 —kay) < Cexp ((I — k)a,) .

Thus, (a) (v) follows. On the other hand, if (a) (v) holds, for arbitrary k €
N there are ¢ > 0 and Ny € N such that for every n > Ny there hold
an < Mo, as well as In|w,| < cka,. Hence, for n > Ny we deduce
|wy| exp (ko) < exp ((c+ M')kay,—1) so that the condition (b) (iii) from
Proposition 2.1 follows and F, is continuous on A («). The proof of (a) is
complete.

In order to complete the proof of part (b), we first assume that B,, is
continuous on Ag(«). Thus, by Propositions 2.1 (a), for every k € N there are
l € Nand C > 0 such that

1 1
Vn € Ny : |wy|exp (—kan> < Cexp <—lan+1> ,

so that

et <o (3 52) < oo 3-1))

Since « tends to infinity, there is Nj such that In(C)/a, < 1/k whenever

In |ws, | 2 1 2
o SR <R

n > Nj. Thus, by the above inequality we deduce sup,,> y,
Since k € N was chosen arbitrarily (b) (v) follows.
On the other hand, if (b) (v) holds, we fix k € Ny as well as M’ > M and

we choose | € N with /M’ > (k + 1). Let Ny € N be such that k%rl - IVII/ >

as well as an+1a;1 < M’ for each n > Ngy. For n > Ny we conclude

|wn| e —La <e —Ma <e —la
n| €XP kj+1n = exp l n = exp ln+1-

Thus, conditions (a) (iii) from Proposition 2.1 holds which implies the conti-
nuity of By, on Ag(«).

Finally, to finish the proof of part (b), we assume that F,, is continuous
on Ag(a). Thus, by Proposition 2.1 (b), we deduce for k € N the existence of
C >0 and I € N such that

1 1 1 k
V2 Ni: |wn] < Cexp (ka” - zanl) = Cow (a” (k - M’l)> ’

In |w,|
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where Ny is such that a,, < M'a,_1 as well as ¢/ay, < 1/k for every n > Ny.
From the previous inequality we derive sup,,>y, In|wy|/a;, < 2/k. Because
k € N was chosen arbitrarily, the validity of (b) (v) follows. On the other
hand, if (b) (v) is valid, we fix k& € N. Moreover, let N, € N be such that
|wn| < exp (ay, (2k) 1) for each n > Nj. For every n > N,

1 1
|wn| exp (_kan> < exp <_2kan) .

Hence, we deduce that condition (b) (iii) from Proposition 2.1 holds so that
F, is continuous on Ag(a). O

Remark 2.3. It should be mnoted that without the hypothesis
limsup,, o ant10, ' < oo in Corollary 2.2, condition (a)(v) implies (a)(ii)
and follows from (a)(iv) while condition (b)(v) implies (b)(iv) and is implied
by (b)(ii)-

In the rest of this section we recall some notions and abstract results
in order to motivate our considerations in the following section. Let E be a
locally convex Hausdorff space (briefly, IcHs) and T' € L(E), where as usual
we denote by L(F) the space of continuous linear operators on E. T is said to
be topologizable if for every continuous seminorm p on E there is a continuous
seminorm g on E such that for every m € N there is v, > 0 with

p(T™x) < ymgq(x) for all x € E.

For the special case that in the above inequality one can take v, = 1 for all
m € N we say that T is power bounded. In this case the family {7 : m € N}
is an equicontinuous subset of L(FE). Moreover, T is Cesaro bounded if the
family {T[”] : n € N} is an equicontinuous subset of £(E), where T denotes
the n-th Cesaro mean given by

1 Z m.
n m=1
An operator T € L(FE) is called mean ergodic if there is P € L(FE) such that
lim,,—.oo T2z = Pz for each z € E. In case that the convergence is uniform
on bounded subsets of E then T is called uniformly mean ergodic.
Let F be alcHs. An operator S € Z(F) is called conjugate to the operator
T € Z(F) if there is a bijective, continous linear operator ® : E — F with
continuous inverse such that ® 0T = S o ®. It is not hard to see that all of the
above properties of T' are stable under conjugacy, i.e. S has any of the above
properties if (and only if) T" does.
Clearly, every power bounded operator T is Cesaro bounded and
(%T”x)neN converges to 0 for each x € E. Moreover, on a barrelled space
E an operator T' is mean ergodic if and only if (T"x), cn converges for ev-

ery x € FE. Additionally, on a barrelled space E, mean ergodic operators T
are Cesaro bounded and due to %T"w = Ty — %T["_l]x, the sequences
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(%T”x)n e T € E, converge to zero. Conversely, as shown in [1, Corollary
2.5] (see also [27, Theorem 2.3]) the following useful result holds. Recall that
a reflexive 1cHs is always barrelled.

Theorem 2.4. Let E be a reflexive lcHs and T € L(E). Then T is mean ergodic
if and only if T is Cesaro bounded and lim,, . o %T"m =0 for every x € E.

Theorem 2.5 (see [27, Theorem 2.5]). Let E be a Montel space and let T €
L(E).

(a) T is mean ergodic if and only if T is uniformly mean ergodic.
(b) The following are equivalent.
(i) T is Cesaro bounded and lim,_, %" = 0, pointwise in E.
(i) T is mean ergodic on E.
(iii) T is uniformly mean ergodic on E.
(i) Tt is mean ergodic on (E',3(E', E)).
(v) T is uniformly mean ergodic on (E', B(E', E)).
(vi) Tt is Cesdaro bounded on (E',B3(E',E)) and lim, . (T:L)n = 0,
pointwise in (E', B(E', E)).
Here, as usual, 3(F’, FE) denotes the strong dual topology on E'.

In particular, power bounded operators on Montel spaces are uniformly
mean ergodic (see [12, p. 917]). In addition, as for a mean ergodic operator T on
a lcHs F, for each z € E the sequence (%T”x)neN is in particular bounded,
we see that under the additional hypothesis that F is barrelled the family
of operators {%T"; n e N} is equicontinuous. It follows that mean ergodic
operators on barrelled spaces are topologizable.

3. Ergodicity and Related Properties for Weighted Shifts

We begin by characterizing when weighted backward shifts and weighted for-
ward shifts are topologizable or power bounded on \,(A). Setting BY = I
and FO = I, observe that for m € Ny the m-th iterate of B, applied to

T = (Tp),cy, vields
=0 =0 =0 j=0

m—1 m—1 m—1 m—1
B:,Jnﬂf: Tn+m H Wn+j = | To+m H Wo+j, T14+m H Wi+4j, T24m H W2+4j, - - -
n €Ny

while the m-th iterate of F, is given by

m—1 m m m
F'Vn _ _
w = |Tn-m Wp—j =10,...,0,z0 Wo+j, T1 Witj, T2 Watj, .- |-
nen — j=1 j=1 j=1
0

j=0
m-times
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Thus, in case of p € [1,00), for the k-th seminorm we have

e’} m—1 p o9} m P
HBm‘rHQ,p = Z Ln+m H Wn+j | nk| = Z In H Wn—j | Gn—m,k
n=0 7=0 n=m j=1
(1)
and
00 m—1 P e} m P
Hme”%p = Z Ln—m H Wn—j | Onk| = Z Tn H Wn+j | OGntm.k
n=0 j=0 n=0 j=1

(2)
while for p € {0, 00} it follows

m—1 m

I1B™ 2| k00 = SUP Tt 1T wnss | ani| = sup |z | [Twns | an-mar

=0 n>m j=1
(3)
and
m—1 m
IF™2|lk0o = sup (T | [] wnj | ank| = sup (2o [ [ wnss | @nymnl-
neNy §j=0 neNy 1

(4)

Proposition 3.1. For a Kothe matriz A, p € [1,00] U {0}, and w € w the
following hold.
(a) If B, is continuous on Ap(A) the following are equivalent.
(i) By is topologizable on \,(A).
(ii) For every k € Ny there is | € Ny such that for each m € Ny

‘H =0 wn+] an k
sup < o0. (5)
n€eNy An4m,l

(b) If Fy, is continuous on A\,(A) the following are equivalent.
(i) Fy, is topologizable on A\p(A).
(ii) For every k € Ny there is | € Ny such that for each m € Ny

‘Hznzl wn—&-j’ Aptm,k
sup < 0. (6)
nGNO an,l

Proof. We only give the proof of part (a) since the proof of part (b) is along
the exact same lines. Thus, let B,, be continuous on A,(A). Assume B,, is
topologizable. Given k € Ny there is [ € Ny such that for every m € Ny there
is ¢, > 0 with

1B |k < cmllzli,
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for every & € \,(A). By (1) and (3), respectively, taking « = e,y for n,m €
Ny we obtain

m
||Bmen+mHk = Hwnerfj Qn k < CmAn4m,l-
j=1
Thus, (ii) follows.
Conversely, if (ii) is valid, fix k € Ny. Let I € Ny be such that for every
m € Ny there is ¢, > 0 with

m—1
Hj:o Wn+j| An k

> Cm
aner,l

for every n € Ny. For arbitrary m € Ny, by (1) and (3), respectively, a straight
forward calculation gives ||By (z)|lkp <  cmll@l|kp. Thus, B, is
topologizable. O

Proposition 3.2. For a Kothe matriz A, p € [1,00] U {0}, and w € w the
following hold.

(a) If B, is continuous on Ap(A) the following are equivalent.
(i) By is power bounded on \,(A).
(i) For every k € Ny there is | € Ng such that
’H;n:_ol wn—&-j’ an, K
sup : < 00. (7)
n€Ng,meN An4m,l

(b) If F, is continuous on A,(A) the following are equivalent.
(i) Fy is power bounded on \,(A).
(ii) For every k € Ny there is 1 € Ny such that

m
‘Hj:l wn—i—j‘ Ap4m,k
sup < 00. (8)
neNg,meN [

Proof. Again, we only present the proof of part (a) since the proof of (b) is
mutatis mutandis the same. Hence, let B,, be continuous on A, (A4) and assume
that B, is power bounded. Then given k£ € N there is [ € Ny and ¢ > 0 with

1B™ ||k < cllzi,

for every « € Ap(B) and m € Ny. Evaluating this inequality for « = e, 4., and
using (1) and (3), respectively, yields as in the proof of Proposition 3.1 that
(ii) holds.

Conversely, if (ii) is valid, fix k¥ € Ny and let | € Ny be according to (ii)
and let ¢ > 0 be such that

m—1

H wn+j an,k‘ S caner,l
Jj=0
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for every n,m € Ny. Using (1) and (3) it easily follows that
Ve (A),meNy: ||Byzx|e <z
so that B is power bounded. O

Remark 3.3. It should be noted that for B,, and F, the properties of being
correctly defined, continuous, topologizable, and power bounded on A,(A) do
not depend on the explicit value of p € [1, 00] U {0}.

Next, we study Cesaro boundedness of weighted backward shifts B,,.
For p € [1,00) and k € Ny it holds for n € N and = € A\,(A)

00 n m—1 P
- 1
1B, =D |- > (H wﬁt) Tj4m . (9)
j=01"m=1 \ t=0
while for p = co we have
1 n m—1
w k,00 = . J+t J+miyk| -
| B z|| sup Z H w Tjrma (10)
g€No | 5\ 2o

Proposition 3.4. Let A be a Kdthe matriz and let p € [1,00] U {0}. Moreover,
let w € w be such that the weighted backward shift B, is continuous on A,(A).
Consider the following conditions.

(i) (CbF) holds, where

P
Dzt |H;n:1 wf*Sl af—'m,k

(CbP) = Ifpel,o0): VkeNo3l€No: sup,.cy, nen wa?, < o0
P/ n T Wrs|Grm
Ifpe{0,00}: Vk€No3l€No: sup, ey, nen Zm:llﬂsja;l larms o o

(11) By, is Cesaro bounded on A,(A).
(iii) For every k € Ny there is | € Ny such that

|ZZ¢:1 (HT:l wT’*S) arfm,k|

sup < oo
reNg,neN nay |

Then, condition (i) implies (ii) and condition (ii) implies (iii).

Proof. We first show that (ii) implies (iii). In order to do so, keeping in mind
that by our convention asj = 0 for s € Z\Ny, we evaluate (9) and (10) for
T = e, and obtain

— p
] . 1 n m—1
||Bw er”]cm = ﬁ Z H Wyr—m+t | Ar—m,k
m=1 t=0

in case p € [1,00), respectively

1B e, |

3=

k,00 =

n m—1
E H Wr—m+t | Ar—m k

m=1 t=0
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for p = co. Thus, Cesaro boundedness of B,, on AP(A) implies that for k € Ny
there are [ € Ny and ¢ > 0 such that

which proves (iii).

Now, assume that (i) holds for p € [1,00). Fix k € Ny and choose | € Ny
according to (be ). For n € N and x € A\,(4) it follows with the convexity of
the function [0,00) — R, ¢ +— P

00 1 n m—1 p
1Bz, < Zﬁ > < 1T wise |1j+maj,k>
7=0  m=1 t=0
e} 1 n |m-—1 .
=2 (n H — m> a7
r=0 =1 g

= |z |ar)
r=0 nafvl o
P
< s mm TS wrs affm,k”x”l
~ r€No,neN nay ?

Since by assumption (C’bf ) the supremum is finite we conclude that B, is
Cesaro bounded on A, (A).

Finally, if (i) holds for p € {0,00}, let k € Ny be arbitrary. Choosing
I € Ny according to (Cb}) implies for n € N and 2 € A,(A)

1 n m—1
1By 2|l = sup — | > (H wj+t> Tjtm | Ak
J€No 12T\ 10
S [T wsmmtt] agmok
< sup 4 |5l
j€No naj,i
:sup Zm 1|H le S|a’J mk:‘ j|aj,l
j€No na;.
< sup Zm 1‘H 1w"“ 5‘0’7’ ’mkH ||l
- reNg,neN nay | P

Since again by assumption (C’bf ) the supremum is finite we conclude that B,
is Cesaro bounded on A, (A) for p € {0, 00} which proves the proposition. [
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As an immediate consequence of the previous proposition we obtain the
following result.

Corollary 3.5. Let A be a Kdthe matriz and let w € w be such that w, > 0,
n € No, and such that the weighted backward shift B,, is continuous on \,(A).
Then, the following are equivalent.

(i) By is Cesaro bounded on any/each of the spaces Mg(A), A\1(A), or Ao (A).
(ii) For every k € Ny there is | € Ny such that

sup ZZLzl (HT:l wr—s) Ar—m,k < .

re€Ng,neN NGy |

If additionally, w, <1, n € Ny, and if the Kothe matriz A = (an i )n. ke, Sal-

isfies that (an k)nen, s increasing for every k € Ny, the equivalent conditions
(i) and (ii) are also equivalent to condition (iii):

(#ii) By, is power bounded on any/each of the spaces Ao(A), A\1(A), or Ao (A).
Proof. That (i) and (ii) are equivalent follows immediately from Proposition

3.4. Now, assume that the additional hypothesis on w and A hold. We fix
k € Ng. From (ii) we conclude the existence of [ € Ny such that

an=1 (HT:l wT*S) Ar—m,k Zn (H:=1 wrfs) Ay —n,k

00 > sup > sup m=1
r€Ng,neN - r€Ng,neN nay |
n—1
n w5 a;
(ITo=1 Wr—ntn—s) @r—nk (Ht:o jH) Jk
= sup = sup .
r€Ng,neN Ar—n+n,l j€Ng,neN Aj+tn,l

Proposition 3.2 (a) implies that B,, is power bounded. On the other hand, every
power bounded operator is Cesaro bounded which proves the
statement. O

Corollary 3.6. Let A be a Kdéthe matriz and let p € (1,00). Let w € w be
such that w, > 0, n € Ny, and such that the weighted backward shift B,, is
continuous on A\,(A). Consider the following conditions.

(i) For every k € Ny there is | € Ny such that

sup 277;:1 (HT:1 wrfs)p af‘)fm,k < o0
r€Ng,neN na],:’l

(ii) B, is mean ergodic on Ap(A).
(i1i) For every k € Ny there is | € Ng such that
Z:anl (H’;R:I wr—s) Qr—m,k

sup < o0
reNg,neN nar

Then, condition (i) implies (i) and condition (i) implies (iii).
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Proof. Assume that (i) holds. By Proposition 3.4, B,, is Cesaro bounded on
Ap(A), ie. {Bi[ff];n € N} is equicontinuous on A, (A). Because %B{}, =Bl _
%Bq[ff*l] the set {%Bg;n € N} is equicontinuous on A,(A), too. Moreover,
span{e,;r € Ny} is dense in A,(A) and obviously for each x € span{e,;r € Ny}
it holds %BZ}):E = 0 for sufficiently large n. From equicontinuity it follows that
(%Bga:)neN tends to 0 for every € \,(A). Since A\, (A) is reflexive (see, e.g.
[29, Proposition 27.3]) Theorem 2.4 implies that B, is mean ergodic on A,(A).

On the other hand, if (ii) holds, refereing to Theorem 2.4 again, it follows
that B, is Cesaro bounded on M,(A) so that (iii) follows from
Proposition 3.4. g

Before we continue with a result characterizing mean ergodicity of B,, on
Ao(A) and A;(A), we recall that by the Dieudonné-Gomes Theorem (see e.g.
[29, Theorem 27.9]) A1(A) is reflexive if and only if \,(A) is a Montel space
for all/some p € [1, 00] if and only if A\g(A) = Ao (A4) and that these properties
are equivalent to

VI C Ny infinite, k € Ng31 € No : inf 22
nel am

= 0. (11)

Moreover, recall that the above properties are equivalent to Ag(A) being a
Montel space (see e.g. [29, Proposition 27.15]).

Theorem 3.7. Let w € w be such that w, > 0, n € Ng. Moreover, let A be a
Kéthe matric such that A\p,(A) is a Montel space and such that the weighted
backward shift By, is continuous on A,(A) for some/all p € [1,00]U{0}. Then,
the following are equivalent.

(i) By is Cesaro bounded on one /each of the spaces A\o(A) or A1 (A).
(ii) For every k € Ny there is | € Ny such that

22:1 (H;n:1 wr—s) Ar—m k

sup < 00.
reNpg,neN nar

(#ii) By, is (uniformly) mean ergodic on either of the spaces \o(A) or A1 (A).
If additionally, w, < 1, n € Ny, and if the Kithe matric A = (ank)n,keN,
satisfies that (an k)nen, is increasing for every k € Ny, the above conditions
are also equivalent to condition (iv):

(iv) By, is power bounded on either of the spaces A\g(A) and \1(A).

Proof. The equivalence of (i) and (ii) holds by Corollary 3.5. Moreover, since
Fréchet spaces are barrelled, mean ergodic operators on Fréchet spaces are
Cesaro bounded, so that condition (iii) implies (i).

Next, if (ii) holds, refering to Theorem 2.5 instead of Theorem 2.4, it
follows as in the proof of Corollary 3.6 that B,, is uniformly mean ergodic on
)\o(A) and )\1(14)

In case that the additional properties of A and w are satisfied it follows
from Corollary 3.5 that (i) and (iv) are equivalent. O
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In the remainder of this section we study Cesaro boundedness and mean
ergodicity of weighted forward shifts F,. For p € [1,00) and k € Ny it holds
forn € Nand z € A\,(A)

00 n m—1 p
" 1

TEERES 9D ol § () P 1)

=0 1" m=1 \ t=0
while for p = co we have
1 n m—1

IS 2|00 = sup | = > T wimt | #j-masn (13)

J€No nm:l t=0

Using (12) and (13) instead of (9) and (10), respectively, the proof of the
next proposition is done precisely as the one of Proposition 3.4 and is therefore
omitted.

Proposition 3.8. Let A be a Kdthe matriz and let p € [1,00] U {0}. Moreover,
let w € w be such that the weighted forward shift F,, is continuous on A,(A).
Consider the following conditions.

(i) (Cbf) holds, where

n m P _p
Zrn:l“_[s:l wp?‘+5| Lrtm,k < 00

1

Ifpe(lyo0): VkeNo3l€No: sup,.ey, nen —

(CbE) =

Ifpe{0,00}: VkeNo3l€No: sup,.cy, nen Zpm I, wrielarim < 0o

nar

(i1) F,, is Cesaro bounded on A\,(A).
(iii) For every k € Ny there is | € Ng such that

sup ‘Zzlzl (H?:l wr+s) ar—i—m,k| <
r€Ng,neN nas,.

o0

Then, condition (i) implies (i) and condition (i) implies (iii).
Analogously as Corollary 3.5 one obtains the next result.

Corollary 3.9. Let A be a Kdéthe matriz and let w € w be such that w, > 0,
n € Ny, and such that the weighted forward shift F, is continuous on Ap(A).
Then, the following are equivalent.
(i) Fy is Cesaro bounded on any/each of the spaces Mg(A), A\1(A), or Ao (A).
(ii) For every k € Ny there is | € Ny such that

sup anzl (HT:l Wy s) Ar+m,k < oo.

reNg,neN nay |

If additionally, w, <1, n € Ny, and if the Kothe matriz A = (an i )n. ke, Sal-
isfies that (an. k)nen, @5 decreasing for every k € Ny, the equivalent conditions
(i) and (ii) are also equivalent to condition (iii):

(iii) F,, is power bounded on any/each of the spaces \o(A), \1(A).
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From (2) and (4) it follows that for z € span{e,;r € Ny} we have
lim, 0o 2F2z = 0 in Ay(A) if and only if

Wk eNg: lim Hla=t @resl Greni
) 0 - e n

=0.

Repeating the arguments from the proofs of Corollary 3.6 and Theorem 3.7,
we conclude the next results.

Corollary 3.10. Let A be a Kothe matriz and let p € (1,00). Let w € w be such
that wy, > 0, n € Ny, and such that the weighted foward shift F,, is continuous
on A\p(A). Consider the following conditions.

(1) For every k € Ny we have

(H::l errs) Qr4nk

Vr e Np: lim =0
n—00 n
and there is | € Ny such that
P
sup 22:1 (Hgnzl wT+S) alrj+m7k < 00
reNg,neN naf,l
(i1) Fy ts mean ergodic on A,(A).
(i1i) For every k € Ny we have
Vre Ny tim HemtWres)@rins
- n—oo n
and there is | € Ny such that
n m
sup Zm=1 (Hs=1 Wy s) Ay, k < o0,

rENg,neEN NGy |
Then, condition (i) implies (i) and condition (i) implies (iii).

Theorem 3.11. Let w € w be such that w, > 0, n € Ng. Moreover, let A be
a Kéthe matriz such that \,(A) is a Montel space and such that the weighted
backward shift F,, is continuous on A,(A) for some/all p € [1,00]U{0}. Then,
the following are equivalent.

(i) Fy is (uniformly) mean ergodic on any/each of the spaces \o(A) or
A1 (A).
(ii) For every k € Ny there is | € Ny such that

sup 22:1 (H;n:1 W) Ar+m,k < o0

r&Ng,neN na

and it holds

=0.

n
Vr e Np: lim |HS:1 Wrtsl Arin.k

n— o0 n
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4. Ergodic Properties of Weighted Shifts on Power Series
Spaces and Related Results

In this section we evaluate the results from the previous one for the special
case of power series spaces and we apply these in order to study dynamical
properties of some classical operators on certain function spaces. For an ex-
ponent sequence & = (,)nen, We have for the corresponding power series
spaces Ao () = M (Ax (@) and Ag(a) = A1 (Ap(a)) with the Koéthe matrices

. , respectively.

Aoo(Oé) = (exp(ka’rl))k:,nENo and AQ(O&) = (exp <_k k,neNg

+1
In particular, property (11) is satisfied so that A (a) and Ag(«) are both
Montel spaces.

Proposition 4.1. Let o = (ay,)
Then the following hold.

(i) Assume that B, is continuous in A (a). Then, B, is topologizable on
Ao (@) if and only if

nen, be an exponent sequence and let w € w.

m—1
. In ‘Hj:() Wntj
sup limsup ——M——

meN n—oo Qntm

< 0. (14)

(i) Assume that F,, is continuous in A (). Then, Fy, is topologizable on
Ao (@) if and only if

+ kOénJ,_m

In ‘Hmzl Wn 45
’ ’ < 0. (15)

Vk € Np: sup limsup

meN n—oo (7%

(iii) Assume that By, is continuous in Ao(«). If By, is topologizable on Ag(a)
it holds

m—1
. In ’Hj:o Wnj
sup limsup ——M——

meN n—oo Qntm

< (16)
If additionally sup,en(ni1 — ) < 00 holds, condition (16) gives that
B, is topologizable on Ag(a).

(iv) Assume that F,, is continuous in Ag(a). Then F,, is topologizable on
Ao(@) if and only if

) In ‘H;nzl wn+j‘
sup limsup ——— <

meN n—oo Qntm

(17)

Proof. In order to prove (i), we observe that by Proposition 3.1 B,, is topolo-
gizable on Ao () if and only if for every k € Ny there is I € Ny such that

m—1

¥Ym eNIC>0VneNy: In| [[ warj| < C+lanym — kan. (18)
=0
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Thus, if B, is topologizable, evaluating (18) for k¥ = 0 implies (14). On the
other hand, assuming (14) let k& € Ny be fixed. We set

In|[T75" wa .
M. For each m € Ny there is N,,, € N such

An+4m

R = sup,, ey limsup,,_, o
that
m—1
VYn >N, :In H Wntj| + ko < (R+ Dkanym + ko, < (R4 2)kay4m-
j=0
Thus (18) holds true for I € Ny with [ > (R + 2)k so that B, is topologizable
on Ao ().
For the proof of (ii) we observe that by Proposition 3.1 topologizability
of Fy, on Ay () holds precisely when for every k € Ny there is | € Ny with

VmeNIC >0VneNy: In Hwnﬂ» + kapim < C + lay,.

Jj=1

From this one easily derives that (15) is equivalent to the topologizability of
F,, on Ax (@) so that (ii) follows.

For the proof of (iii) we apply Proposition 3.1 to see that B,, is topolo-
gizable on Ag(«) if and only if for every k € Ny there is | € Ny with

m—1
) Qntm Qn
VmeN3IC>0VneNy: In j];[ownﬂ- teT S0 (19)

Thus, if B, is topologizable on Ag(«), evaluating the above condition for £ = 0
implies (16). On the other hand, under the assumption that (16) holds, for fixed
k € Ny and arbitrary m € Ny there is IV, € N such that

m—1
1 1
VYn>N,,:In ]1;[0 Wpyj| < (k-f—l — k—|—2> Qptm
m—1
_ o 2jmo (it~ Onty)  Gngm
k1 k+1 k+2
<" s (a o) + On Gntm
L Rt G L I

Thus, under the additional hypothesis that sup,cy(ar41 — @) < 0o we see
that (19) is satisfied for I = k+ 1 so that F, is topologizable. This proves (iii).

Finally, for the proof of (iv), by Proposition 3.1, F), is topologizable on
Ag(a) if and only if for arbitrary k € Ny there is [ € Ny with

) - (67 aner
VmENEIC>OVn€N01nHwn+] +l+71*0+k+1 (20)

Jj=1
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Hence, if F, is topologizable on Ag(«) by the above condition (17) follows. On
the other hand, if (17) holds, for fixed k € Ny we derive for arbitrary m € N
the existence of N,,, € N for which

i Qntm Qntm Qo
Vn>N,,:1 | < < _ )
1= A n]l;[lw”“ “2(k+1) ~ k+1 2k+1)

Thus, with [ = 2k + 1 it follows

VmeNVneNy: In|[[ wns;

j=1
(679 - [e7% a77,+7n
< 1 il +——31<r < N,
+l+1_max njll[lwﬂ+l+1 <r< +k:+1
so that (20) holds which proves (iv). O

In order to give a simplified condition of power boundedness for B,, and
F,, on power series spaces we introduce the following notion. Given a matrix
(Anm) peng men € RNoxN we define the superior limit along n + m as

limsup A, », := inf { sup {An,m}}-
n4+m—oo keN n+m>k

Proposition 4.2. Let a = (an), ¢y, be an exponent sequence with ag > 0 and
let w € w. Then the following hold.

(i) Assume that By, is continuous in Ao (). By, is power bounded on A ()
if and only if

m—1
IH‘H]‘:O wnﬂ‘
sup —————— < 0. (21)
n€Ng,meN Untm

(ii) Assume that F, is continuous on Ay (a). Then Fy, is power bounded on
Ao (@) if and only if

In ‘H;nzl wnH’ + kot im
VEeNy: sup < 00. (22)
nE€Ng,meN Qp

(iii) Assume that By, is continuous in Ao(a). Then By, is power bounded on
Ao(@) if and only if

m—1 ap
In ’Hj:O wnﬂ" ~ R

Vk e Np: limsup

n+m-—oo O471—1—771

<0 (23)
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(iv) Assume that F,, is continuous on Ao(a). Fy, is power bounded on Ao(c)
if and only if

m
In ‘Hj:l wnﬂ‘

lim sup
n+m—o0 Un4m

(24)

Proof. Let B, be continuous on A (a). By Proposition 3.2 B,, is power
bounded on A («) if and only if for each k& € Ny there are | € Ny and
C > 0 with

m—1
Vn € Ng,m € N : H Wntj| < Cexp(lanym — kay,). (25)
§=0

Therefore, whenever B,, is power bounded, evaluating the previous condition
for k = 0 implies (21). Conversely, if (21) is satisfied, for a fixed k € Ny we
can find ¢ > 0 such that

m—1
Vn € Ng,m € N:In H Wy | < ckopgm.
=0

Then, for every n € No,m € N we conclude

m—1
H Wnj| exp(kay) < exp(ckamn1m + kay,) < exp(k(c+ 1)anim)
j=0
so that (25) holds true for every [ € N with [ > k(c+ 1) and C = 1 so that
B,, is power bounded. This proves (i).
In order to prove (ii) we apply Proposition 3.2 to deduce that F,, is power

bounded on Ag(«) if and only if for each k € Ny there are | € Ny and C > 0
such that

VneNyg,meN: In Hwﬂﬂ + kanim < C +lay,
j=1

which is easily seen to be equivalent to (22).

By Proposition 3.2 B,, is power bounded on Ag(«) if and only if the
condition given in (a) (ii) holds which is clearly equivalent to for each k € Ny
there are [ € Ny and C' > 0 such that

m—1
. 7% Qntm

Hence, if B,, is power bounded on Ag(«) it follows from the above condition and
the fact that (a,)nen, is increasing and tends to infinity, that for each k € Ny
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there is Ny > 0 such that C/a,1m < m for every pair (n,m) € Ny x N
with n +m > Nj. This gives

1n ‘H -0 wn+] ’ ]?7_:1 1
. = 2(1+1)
whenever n +m > Ny, is satisfied. Therefore, condition (23) holds.

Now assume that (23) holds. Then for a fixed k € Ny there are N > 0
and Ay > 1 such that

ln‘H] 0 wn_,_j‘ ,:‘—_:1 1
Aptm - Ak(k + ].)
is satisfied for every pair (n,m) € Ng x N with n + m > Nj. Now, since
{(n,m) : n 4+ m < Nj} is finite this gives that condition (26) holds for every
I > Ai(k 4+ 1). This proves (iii).
Finally, in order to prove (iv), by Proposition 3.2 F,, is power bounded
on Ag(a) if and only if for every k € Ny there are | € Ny and C' > 0 such that

VneNy,meN: In Hw"ﬂ l+1§0+i"_:’;. (27)

Now assume that F, is power bounded. For each k € Ny there are thus [ € Ny
and C' > 0 with

In |[T5% wns ’ C 1
<

Vn € Ng,m € N: .
" 0.1 Qo m _aner k+1

Now since (o, )nen, tends to infinity, there is N, > 0 such that C/ou,4m < k%_l
for every pair (n,m) € Ng x N with n +m > Nj. Thus the above inequality
implies condition (24).

On the other hand, if (24) is satisfied, for a fixed k € Ny there is Ny such
that

m
Qnt
VYn e Ng,meN,n+m > Ny :In jl;[lwnﬂ SQ(k”i—kml)'
Thus we obtain
m
Vn € Ng,m e Nyn+m > Ni : In H“’n+j + Qy, an+an+m<an+m

= 20k+1) ~ 20k+1) ~ k+1
since « is monotonically increasing. Since the set {(n,m) : n +m < Ny} is
finite, this gives that condition (27) holds with [ = 2k + 1 so that F,, is power
bounded on Ag(«). This proves (iv). O

As an immediate consequence of Theorems 3.7 and 3.11 we obtain the
next corollary.



Vol. 78 (2023) Mean Ergodic Weighted Shifts on Kothe Echelon Spaces  Page 21 of 29 180

Corollary 4.3. Let a be an exponent sequence and w € w with w, > 0 for each
n € Ny.

(i) Assume that By, is continuous on A (). By, is (uniformly) mean ergodic
on Ao (@) if and only if for every k € Ny there is | € Ny such that

Ry
sup — Z H Wy—s | €XP (kaT—m - lOéT) < o0.
r,n€N,r>n T m=1 \s=1

(ii) Assume that F,, is continuous on Ao (). Fy, is (uniformly) mean ergodic
on Moo (@) if and only if for every k € Ny

" TS k rTn
VTGN(): lim (Hs:lw + )exp( 4 )

n— o0 n

=0

and there is | € Ny such that
1 n m
sup — Z H Wrys | exp (kayym — lag) < 0o.
rENg,neN T m—1 \s=1

(iii) Assume that By, is continuous on Ao(at). By, is (uniformly) mean ergodic
on No(a) if and only if for every k € Ny there is | € Ny such that

arfm
su — Wr_g | € < 0.
T,HEN,I’:ETL Z (H ) *p (l + 1 k + 1)

m=1

(iv) Assume that F,, is continuous on Ao(«).Fy is (uniformly) mean ergodic
on Ao(«) if and only if for every k € Ny

VreMNo: lim ALY (-55¢)
T 0: lim =

n— 00 n

and there is | € Ny such that

Qrim
<
TEI@?%M Z <er+s> exp (z+1 k+1) o

Now we study ergodicity and related properties for some classical oper-
ators acting on the Fréchet spaces of holomorphic functions H(C) and H (D),
where DD denotes the open unit disk in the complex plane. Via the mapping
® which assigns to a holomorphic function f the sequence of its Taylor coeffi-
cients in the origin, ®(f) = (f( TZ,(O) Jnen,, these spaces are topologically isomor-
phic to the power series space Ao ((n 4 1))nen,, respectively Ag((n + 1)nen,)-
For G € {C,D} let Ay be the continuous linear operator on H(G) which
maps f to the holomorphic function Ag(f)(z) = (f(z) — f(0))/z, z € G\{0},
Ao(f)(0) = f/(0). Additionally, we denote by V the Volterra operator on H(G)
which takes f € H(G) to the holomorphic function z — foz f(¢Q)d¢, = € G.
As usual, < denotes the differentiation operator on H(G) which maps f to
its derlvatlve f'. Ergodicity and related properties of these classical operators
have been studied on Banach spaces of entire functions, see e.g. [6,7]. On H(C)
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and H(D), via the topological isomorphism ®, they are conjugate to suitable
weighted shift operators.

In addition to these operators on spaces on holomorphic functions, we
apply our results to the annihilation operator and creation operator on the
space of rapidly decreasing smooth functions which we denote as usual by
< (R), i.e. on the space of complex valued smooth functions f on R which have
the property that sup,cg(1 + |2)*|fY) (z)| < oo for all k,j € Ny. We equip
Z(R) with its standard topology which makes it a (nuclear) Fréchet space.
The creation operator Ay : /(R) :— (R) and the annihilation operator
A_: Z(R) :— L(R) are defined by

_ L _ b
V2 V2

respectively, where we denote the multipication operator with the identity on
& (R) simply by xf. As is well known, via Hermite expansion in L(R), . (R)
is topologically isomorphic to the power series space s = Ao ((In(n 4 1))nen,)
and via this topological isomorphism, the annihilation and creation operators
are conjugate to suitable weighted shift operators on s.

A (f) (=f"+af), A(f) (f' +af),

Theorem 4.4. With the notation from above, the following hold.
(i) For G € {C,D} the operator Ay : H(G) — H(G) is power bounded and

(uniformly) mean ergodic.

(ii)) For G € {C,D} the Volterra operator V. : H(G) — H(G) is power
bounded and (uniformly) mean ergodic.

(iii) For G € {C,D} the differentiation operator - : H(G) — H(G) is topol-
ogizable but not (uniformly) mean ergodic.

(iv) The annihilation operator Ay : .7 (R) — .Z(R) and the creation operator
A_: S R) — L(R) are both topologizable but neither of them is power
bounded nor (uniformly) mean ergodic.

Proof. As already mentioned in the introduction to the theorem, the space
H(C) of entire functions is topologically isomorphic to the infinite type power
series space Aoo((n+ 1)pnen, ), i-6. @ = n+1,n € Ny, while the space H(D) is
topologically isomorphic to the finite type power series space Ag((n+ 1)nen, ),
ie. ap = n+ 1,n € Ny. In both cases, the topological isomorphism is given
by the mapping which takes a holomorphic function f to the sequence of
its Taylor coefficients in the origin. Via this mapping the continuous linear
operator Ag is conjugate to the (unweighted) backward shift B on A ((n +
1)nen, ), respectively on Ag((n+1),en, ). Therefore, it follows immediately from
Proposition 4.2 (i), respectively (iii), that Ay is power bounded and therefore
uniformly mean ergodic on H(C) and H (D), respectively, which proves (i).
(ii) Similarly to (i), the operator V : H(C) — H(C) is conjugate to

1
max{1l,n}

the weighted forward shift F,, with weight sequence w = on

n€eNg
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Aco((n + 1)pen,) and V : H(D) — H(D) is conjugate to the weighted for-
ward shift F,, with weight sequence w = (*) on Ag((n 4+ 1)nen, )-

max{1l,n} neN,

Because

1 ! |
limsup P/ AmY
n+m—oo n+m+1

by Proposition 4.2 (iv), V is power bounded, thus, in particular, uniformly
mean ergodic on H(D).

We shall prove that V' is power bounded on H (C) by applying Proposition
4.2 (ii). Thus, let k € Ny be arbitrary. We have to show that

In|n!/(n+m)!|+k(n+m+1)  kln+m+1) =377, In(n+j) (28)
n+1 - n+1

has an upper bound independent of n € Ny and m € N. In order to do so, we
distinguish three cases depending on the choices of n and m.

Case 1: Fix an arbitrary N > 0. Consider every n < N and let m — oo.
Then using Stirling’s formula we obtain

kln+m+1) =" In(n+j k ™ In(j
i ( ) — 2 j=1 In(n+j) < lm b kT 2= ()
m—oo n+1 m—o00 n+1 n+1
k In(m! k + 11 -
— im ke LW gy Em(mtg)ln(m) mm
m—o0 n-+1 n+1 m— o0 n+1 n+1
) (k—In(m) — 1)m In(m)
= lim k& - k
mgnoo T n -+ 1 2(71 + 1) - < 0

for every n < N.

Case 2: Fix an arbitrary M > 0. Consider every m < M and let n — oo.
Then we have

En4+m+1) =" In(n+j
lim ( ) = 2.0 In( j)S lim k(n+m+1) mln(n)
glimk+wgk<oo.

Case 3: We choose both n and m tending to co. To that aim we introduce
the following notation. Given a matrix (An,m), en, men € RYNo*N we define the
superior limit along min(n, m) as

limsup A, = ]inf { sup {An,m}}.

min(n,m)—oo €N min(n,m)>k
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Now we compute this superior limit for (28) using Stirling’s formula:
In|n!/(n+m)!|+k(n+m+1)

lim su
min(n,m)goc n+1
k n+ YIn(n) —n
= limsup k+ mn —I—( z)ln(n)
min(n,m)—oo n+1 n-+1
(n+m+4)In(n+m) —n—m
n+1

(k—In(n+m)—1)m

< limsup k+
min(n,m)—oo n+1
(n+ 3)(In(n) — In(n + m))
+
n+1
Combining the above three cases we conclude that

In |n! N+ k 1
VkeNy: sup nnt/(n 4 m)!| + k(n +m + )<oo.
neNg,meN n+1

<k <o

Thus, by Proposition 4.2 (ii), V is power bounded and therefore also uniformly
mean ergodic on H(C) which proves statement (ii).

(ili) The operator £ : H(C) — H(C) is conjugate to the weighted back-
ward shift B,, with weight sequence w = (n + 1)nen, o0 Aso((n + 1)nen, )-
While it is well known that d% is topologically transitive and thus, it cannot
be power bounded on H(C), for arbitrary k,l € Ny it follows from

- k—l) n
1 7! f(r—m)—1 er( .
sup -~ Z 716 romT > SUPr neN,r>n Z (m — 1)'6 m
rneN,r>n 1t m=1 (’I" a m) m=1
er(k=1) & e~ lryl e~ "/ oqrern(r)—r
> sup (r—1)le”™" = sup —5— > sup i
reN T reN T reN r
\/7 er(ln(r)f(l+l))
=27 su = 00
reg r3/2

together with Corollary 4.3 (i) that £ is not mean ergodic on H(C). On the
other hand, with Stirling’s formula,

!
In ‘ (m—&-:!-&-l). ‘

sup limsup ———
me% n_mp n+m+1

(m+n+3)In(m+n+1)—(m+n+1)—(n+3)In(n) +n

= sup lim sup
meN n—oo n
. (m+1)In(m+n+1)+ (n+ 3)In(2EE) — (m+1)
= sup lim sup L =0.
meN n—oo n

Thus, by Proposition 4.1 (i), % is topologizable on H(C). Of course, the latter
can also be derived directly with the aid of the Cauchy formulas for derivatives.
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Likewise, the differentiation operator L : H(D) — H(D) is conjugate

to the weighted backward shift B,, with weight sequence w = (n + 1),en, on
Ao((n 4 1)pen, ) Because for arbitrary k,1 € Ny it holds

Z  Sup

. e (r (rk — 1) ) i(mfl)!

rmeN;r>n n m=1
1 1
exp (7' (m — m)) 7"!
> sup 5
reN r
1 1
exp (r (m — 57 T In(r) — 1))
> V27 sup 372 = 00,
reN r

by Corollary 4.3 (iii) it follows that <L is not mean ergodic on H(ID). However,
due to

In
sup lim sup
meN n—oo n—+m

(n+m+3)In(n+m) — (n+m)— (n+ 1)In(n) +n

(n+m)! ‘
n!

= sup lim sup
meEN n—oo n + m
_ mn(n+m) —m+ (n+ 1) In(2E2)
= sup lim sup n~ =0,
meN n—oo n—+m

it follows from Proposition 4.1 (iii) that - is topologizable on H (D). Alterna-
tively, as mentioned before, this can be seen directly from Cauchy’s formulas
for derivatives.

(iv) The mapping
H: Y R) = s= Ao ((In(n+1))nen,) s [ ((f, Hn>)neNo

is a topological isomorphism, where H,,n € Ny, denotes the n-th Hermite
function and (f, H,) the La(R)-scalar product of f and H,, see [29, Example
29.5.2]. Via this topological isomorphism the creation operator A_ : . (R) —
Z(R) is conjugate to the weighted backward shift B Vi nerg PS5 S while
the annihilation operator A, : ./ (R) — .#(R) is conjugate to the weighted
forward shift F 18— s.

n€Ng



180 Page 26 of 29 T. Kalmes and D. Santacreu Results Math

Employing again Stirling’s formula as well as lim (n+1/2)In(14+m/n) =

n—oo
Iny/ Ltjn)l
sup limsup -

meENy n—oo ln(n +m+ 1)

(n+m+3)In(n+m)—m— (n+%)In(n)

m we see that

= — sup limsup

meNy n—oo In(n+m+1)
1 . (n+3)In(1+2)—m+mln(n+m)
= — sup limsup
meNy n—oo In(n +m+1)

= — sup m = oQ.
2m€N

Hence, from Proposition 4.1 (i) we derive that A_ is not topologizable, a
fortiori neither power bounded nor (uniformly) mean ergodic, on . (R).
Finally, similar as above,

Iny/ 7(”':,”)!
sup limsup ———

meNy n—oo ln(n + 1)
1 . (n+HIn(1+2)—m+mln(n+m)
= — sup limsup
meNy n—oo ln(n + 1)

= Q.

Therefore, applying Proposition 4.1 (ii) to k = 0, we see that A, is not topol-
ogizable, hence neither power bounded nor mean ergodic on .7 (R). O
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