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Abstract

This paper considers joint design-for-control problems in water distribution networks
(WDNs), where locations and operational settings of control actuators are simultaneously
optimized. We study two classes of optimal design-for-control problems, with the objectives
of controlling pressure and managing drinking-water quality. First, we formulate the problem
of optimal placement and operation of valves in water networks with the objective of
minimizing average zone pressure, while satisfying minimum service requirements. The
resulting mixed-integer non-linear optimization problem includes binary variables
representing the unknown valve locations, and continuous variables modelling the valves’
operational settings. In addition, water utilities aim to maintain optimal target chlorine
concentrations, sufficient to prevent microbial contamination, without affecting water taste
and odour, or causing growth of disinfectant by-products. We consider the problem of optimal
placement and operation of chlorine booster stations, which reapply disinfectant at selected
locations within WDNs. The objective is to minimize deviations from target chlorine
concentrations, while satisfying lower and upper bounds on the levels of chlorine residuals.
The problem formulation includes discretized linear PDEs modelling advective transport of
chlorine concentrations along network pipes. Moreover, binary variables model the placement
of chlorine boosters, while continuous variables include the boosters’ operational settings.

Computing an exact solution for the considered mixed-integer optimization problems can be
computationally impractical when large water network models are considered. We investigate
scalable heuristic methods to enable the solution of optimal design-for-control problems in
large WDNs. As a first step, we solve a convex relaxation of the considered mixed-integer
optimization problem. Then, starting from the relaxed solution, we implement randomization
and local search to generate candidate design configurations. Each configuration is evaluated
by implementing continuous optimization methods to optimize the actuators’ control settings
and compute feasible solutions for the mixed-integer optimization problem. Moreover, the
solution of the convex relaxation yields a lower bound to the optimal value of the original
problem, resulting in worst-case estimates on the level of sub-optimality of the computed
solutions

We evaluate the considered heuristics to solve problems of optimal placement and operation
of valves and chlorine boosters in water networks. As case study, we utilize an operational
water network from the UK, with varying sizes and levels of connectivity and complexity. The
convex heuristics are shown to generate good-quality feasible solutions in all problem
instances with bounds on the optimality gap comparable to the level of uncertainty inherent
in hydraulic and water quality models. Future work should investigate the formulation and
solution of multiobjective optimization problems for the optimization of pressure and water
quality, to evaluate the trade-offs between these two objectives. Moreover, the formulation
and solution of robust optimization problems for the design of water networks under
uncertainty is the subject of future work.
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Optimal Design-for-Control of Water Distribution Networks via Convex Relaxation

1 BACKGROUND AND MOTIVATION

Water distribution networks (WDNSs) are critical infrastructure, facing unprecedented challenges
due to increasing water demand, climate change, and more stringent economic and environmental
constraints. The rising demand for intelligent water systems requires analytical and technological
innovations to support design and automatic control of such complex networks. In particular, the
COVID-19 pandemic has highlighted the need for near real-time monitoring and control of water
quality to protect public health and provide assurance to customers [1]. The reduction in human
resources caused by the pandemic is increasing the demand for automation and reliability of
WDNs. The efficient management of WDNs requires the satisfaction of multiple objectives,
including optimal control of pressure and water quality. Pressure control allows network
operators to minimize leakage [2] and reduce probability of pipe failures [3]. Furthermore,
disinfectant residuals in WDNs are critical control variables to preserve water quality and
eliminate the risks of pathogen contamination, with chlorine being a commonly used water
disinfectant - see for example [4], [5]. Pressure control schemes are implemented by installing
and operating pressure reducing valves (PRVs), which control pressure at their downstream
node. Optimal pressure control problems in WDNs aim at minimizing average zone pressure
(AZP) in WDNs, while satisfying regulatory requirements on minimum pressure at demand nodes
[6]. At the same time, water utilities aim to maintain optimal target chlorine concentrations,
sufficient to prevent microbial contamination, without affecting water taste and odour, or causing
growth of disinfectant by-products [7]-[9]. Moreover, optimized chlorine dosage should avoid
spatial and temporal variations, which are perceived as water quality problems by customers.
This is achieved by the optimal placement and operation of chlorine booster stations, which re-
apply disinfectant at selected locations within WDNs to maintain target chlorine concentrations
[10]-[12].

We consider two classes of optimal design-for-control problems, with the objectives of controlling
pressure and managing drinking-water quality. First, we formulate the problem of optimal
placement and operation of valves in water networks with the objective of minimizing average
zone pressure, while satisfying minimum service requirements. Then, we consider the problem of
optimal placement and operation of chlorine booster stations, which reapply disinfectant at
selected locations within WDNs. In this case, the objective is to minimize deviations from target
chlorine concentrations, while satisfying bounds on the levels of chlorine residuals. These
problems result in mixed integer optimization problems, combining continuous variables
modelling the operational settings of the control actuators, with discrete variables representing
their locations.

As shown by the numerical experience reported in [13], [14], off-the-shelf global optimization
solvers fail to solve these mixed integer optimization problems, even for small-scale water
network models. In [14], the authors proposed new heuristics based on convex optimization to
generate good quality feasible solutions when large WDN models are considered. The developed
convex heuristic relies on randomization to generate candidate locations for valves and chlorine
boosters. Moreover, the heuristic generates lower bounds to the optimal value of the original
problem, resulting in estimates on the optimality gap of the computed solutions. This allows a
worst-case estimate on the level of sub-optimality of the computed solutions. In this manuscript,
we investigate the implementation of the method proposed in [14], using as case study an
operational water network from the UK. We evaluate the optimal operation of valves and chlorine
boosters over extended time simulations, and compare network pressures, flows, and chlorine
concentrations computed by the optimization process, with those obtained by the widely used
hydraulic and water quality simulation tool EPANET [15].
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2 PROBLEM FORMULATION

In this study, we consider two design-for-control problems in water networks: optimal valve
placement and operation, and optimal booster placement and operation. Firstly, we formulate the
problem of computing optimal locations of pressure control valves, and their operational settings,
while satisfying hydraulic constraints, i.e. mass and energy conservation laws. The objective is to
minimize Average Zone Pressure (AZP), while enforcing lower and upper bounds on hydraulic
variables. Binary variables are used to model the placement of valves on network links. In our
formulation, we consider unidirectional pressure control valves, assuming that the direction of
operation of the valves is kept constant for the whole time period. These binary variables are
subject to physical and economical constraints, limiting the number of valves considered for
installation, and ensuring that only one valve is installed on each link. A detailed description of
the problem formulation can be found in [16] .

In comparison, the problem for optimal placement and operation of chlorine boosters is
formulated as a mixed integer quadratic program, where decision variables include locations and
operational settings of chlorine boosters, and chlorine concentrations at water sources - see as
examples [10], [11], [17], [18]. As done in [11], we aim to minimize the deviation from target
chlorine concentrations at demand nodes, weighted by nodal demands - we refer to this as
Average Target Deviation (ATD). We also enforce lower and upper bounds on water quality
variables. In particular, these include maximum allowed chlorine concentrations at network
nodes. We include binary variables to model the placement of boosters, with the total number of
boosters considered for installation being modelled as optimization constraint. The operational
settings of chlorine boosters are defined as the chlorine concentrations at the node where the
booster is installed. The transport of chlorine residuals through network pipes is governed by a
linear advection reaction partial differential equation (PDE) [19], which we approximate within
optimization constraints using an upwind implicit discretization scheme [20]. A complete
description of the problem formulation can be found in [21].

3 SOLUTION METHOD

Both design-for-control problems for optimal placement and operation of valves and boosters can
be represented as:

minimize f(x)

subjectto Ax + g(x) = 0 (1)
Bx + Dz <b
z € {0,1}™

The objective f(x) is a (possibly non-linear) convex function representing either AZP or ATD. In
the case of optimal valve placement, g(x) models the frictional energy losses across network pipes
as non-linear function of the flow rates. In contrast, in the case of optimal booster placement, the
discretized PDEs resultin g(x) = Tx + c, for opportunely define matrix T and vector c. Problem
(1) belongs to the class of mixed integer non-linear programming (MINLP). As shown in [13], off-
the-shelf MINLP solvers can fail to compute feasible solutions for (1), even when modest size
water network models are considered. In [14], the authors have proposed convex heuristics to
compute feasible solutions for mixed-integer programs like (1), together with bounds on the level
of sub-optimality. For a detailed description of the methods, the reader is referred to [14]. Here,
we provide a summary of the proposed convex heuristics.

Step 1. Solve a convex relaxation of (1), where non-convex constraints (if any) are substituted by
their polyhedral relaxations:
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minimize f(x)

subjectto Ax + Rx <r (2)
Bx + Dz <b
z € [0,1]™,

for opportunely defined matrix R and vector r - see [16]. The convex problem in (2) can be
efficiently solved by convex optimization solvers [22], including GUROBI [23] when f(x) is either
linear or quadratic. By solving Problem (2), we obtain a lower bound to the optimal value of
Problem (1), denoted by f*, as well as a vector of fractional values z* € R™.

Step 2. Implement the randomized rounding heuristic described in [14], where the fractional
values in z* are used to defined a discrete probability distribution over the set {1,...,m}, to
generate vectors of binary variables Z € {0,1}™. For each 2, solve the following optimization
problem using a non-linear programming solver like IPOPT [24] to compute a locally optimal
solution:

minimize f(x)
subjectto Ax + g(x) = 0 (3)
Bx <b — DzZ.

Solving Problem (3), we obtain a feasible vector of continuous variables’x, and the corresponding
objective function value f (x). Let (zP¢5t, xP¢st) be the feasible solution corresponding to the lowest
objective function value computed by the randomized rounding heuristic. The value fPest=
£ (xP%Y) is an upper bound to the optimal value of Problem (1). A worst-case estimate on the level
of sub-optimality of the solution (zP¢st, xP®st) is given by:

fbest _ f* (4)

Gap = fbest '

4 CASE STUDY

We evaluate the performance of the considered methods using BWFLnet, the hydraulic model of
a water distribution network from the UK - the EPANET model of BWFLnet is given in [25].
BWFLnet has two inlets and it includes 2281 links and 2221 nodes. The network layout is
presented in Figure 1. We consider 24 different time steps, one for each hour of the day.

Figure 1. Layout of BWFLnet
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4.1 Optimal valve placement and operation in BWFLnet

We formulate the problem of computing optimal locations and operational settings for 3 pressure
control valves to be placed in BWFLnet. The convex heuristic method described in Section 3 is
implemented to compute a feasible solution with bounds on its level of sub-optimality. The
optimization process terminates after 174 seconds, returning a feasible solution corresponding
to an AZP value of 33.90 m, and an estimated optimality Gap of 12%. The locations of the three
pressure control valves are shown in Figure 2.

Figure 2. Optimised locations of pressure control valves computed solving Problem (1).

In order to validate the results, we implement the optimised control settings for the three pressure
control valves in EPANET. The simulated AZP is very close to the value obtained solving Problem
(1), and it is equal to 33.89 m. The largest difference between optimised and simulated pressures
is equal to 0.02 m. The accuracy of the predictions made by the optimization model is also
illustrated by Figure 3, which reports the temporal average of the errors in nodal pressures:

Average error at nodes
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Figure 3. Temporal average of the differences in nodal pressures between EPANET simulations and
optimization results.

4.2 Optimal booster placement and operation in BWFLnet

We formulate the problem of optimal placement and operation of 3 chlorine boosters in BWFLnet.
We assume a target chlorine concentration of 1 mg/l. The hydraulic head and flows have been
fixed based on the solution computed in 4.1, where 3 pressure control valves are optimally
operated to minimize AZP. In this case, Problem (1) results in a mixed integer quadratic program
(MIQP). We have implemented the state-of-the-art MIP solvers GUROBI and CPLEX but they both
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failed to compute a feasible solution after two hours of computation. In comparison, our convex
heuristic has resulted in a feasible solution with an ATD value of 27.35, and an optimality Gap of
24%. The computational time required by the convex heuristic to converge was 212 seconds. The
optimised locations of chlorine boosters are shown in Figure 4.

Inlet 2

Figure 4. Optimised locations of chlorine boosters computed solving Problem (1).

As done in Section 4.1, we validate our results comparing the optimised chlorine concentrations
with those obtained by simulating the boosters’ operation in EPANET. As shown in Figure 5, the
temporal average differences between simulated and optimised concentrations are smaller than
0.15 mg/1in 99% of nodes. This is comparable to the level of uncertainty inherent in modelling of
chlorine residuals in operational water networks.
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Figure 5. Temporal average of the differences in chlorine concentrations between EPANET simulations and
optimization results.

Finally, Figure 6 reports the distribution of simulated chlorine concentrations in BWFLnet at
20:00, where three boosters are optimally operated to minimize ATD. Observe that the vast
majority of nodes experience chlorine concentrations close to the target value of 1 mg/1. The few
nodes with lower chlorine concentrations have either zero or low demand. Hence, they do not
have a significant impact on ATD, whose weights are nodal demands.
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Figure 6. Chlorine concentrations at 20:00 in BWFLnet, with optimized boosters.

CONCLUSIONS

The convex heuristics are shown to generate good-quality feasible solutions in for the
considered problem instances with bounds on the optimality gap comparable to the level of
uncertainty inherent in hydraulic and water quality models. Future work should investigate the
formulation and solution of multiobjective optimization problems for the optimization of
pressure and water quality, to evaluate the trade-offs between these two objectives. Moreover,
the formulation and solution of robust optimization problems for the design of water networks
under uncertainty is the subject of future work.
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