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Abstract: The aim of this article is to investigate the existence of traveling waves of a diffusive model
that represents the transmission of a virus in a determined population composed of the following
populations: susceptible (S), infected (I), asymptomatic (A), and recovered (R). An analytical
study is performed, where the existence of solutions of traveling waves in a bounded domain is
demonstrated. We use the upper and lower coupled solutions method to achieve this aim. The
existence and local asymptotic stability of the endemic (E.) and disease-free (Ey) equilibrium states
are also determined. The constructed model includes a discrete-time delay that is related to the
incubation stage of a virus. We find the crucial basic reproduction number Ry, which determines
the local stability of the steady states. We perform numerical simulations of the model in order to
provide additional support to the theoretical results and observe the traveling waves. The model can
be used to study the dynamics of SARS-CoV-2 and other viruses where the disease evolution has a

similar behavior.

Keywords: diffusive mathematical models; traveling wave solutions; SARS-CoV-2 virus; discrete-
time delay

MSC: 34K05; 37N25; 92D30

1. Introduction

Mathematical models have been extensively used to study the dynamics of many
infectious diseases [1]. It is common to use differential equations to construct these models.
The most well-known models are based on ordinary differential equations (ODEs), partial
differential equations (PDEs), and delay differential equations (DDEs) [2-5]. The SIR
(susceptible-infected—recovered) model is by far the most commonly used mathematical
model based on differential equations [1]. Recently, the SAIR model, or its variants, has
been used to address well-known asymptomatic cases [6-9]. In [10], a SIR model that
incorporates awareness and a time delay to account for the latent stage was studied. These
previous studies have used ODEs, as specific spatial effects were not considered.

Often in mathematical epidemiology, models that consider the spatial component,
where individuals live, are usually described using partial differential equations. This is
justified by the movement of individuals from one place to another, either within a region
or through the emigration of the population to other regions through its borders. Another
important variable in modeling infectious diseases is the delay in the appearance of the
symptoms of the disease after individuals become infected. In [11], the authors proposed
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an epidemic SIR mathematical model with spatial diffusion and time delay. The authors
investigated the existence of traveling waves in their proposed SIR model. In addition,
they determined the stationary states and analyzed the existence of waves through the
existence of upper and lower solutions. Other works have incorporated discrete-time
delays in partial differential equations [12-14]. For instance, in [12], the authors analyzed
the existence of wavefront solutions using a monotonous iteration scheme for the wave
system. The authors proved that the wave system has a solution if the quasi-monotonicity
(OM) condition is satisfied.

The incorporation of time delays can make the mathematical models more realistic,
but then these models and their analysis become more complex. Thus, time delays can be
incorporated into reaction-diffusion systems, but then classical techniques such as the phase
plane cannot be applied to guarantee the existence of the solution. However, by applying the
monotonous iteration technique, the existence of a traveling wave solution was demonstrated
for a reaction-diffusion model with delays [13]. The monotonous iteration technique was
demonstrated in [12,14]. Another interesting work was presented in [15]. The authors found
and proved the existence of traveling waves when they analyzed an SEIR-type model
represented by a system of reaction-diffusion equations. In addition, the authors computed
the basic reproduction number, which is a threshold parameter for the long-term dynamics,
and used it to prove the existence of traveling waves.

In this direction of epidemiological applications, in [16], the authors analyzed the role
of population mobility in the transmission of coronavirus disease 2019 (COVID-19) using a
nonlinear parabolic system. The authors presented alternatives to control the transmission
of the virus by applying restrictions such as the closure of borders, reduction of travel, and
interruption of human mobility. In another interesting work [17], the authors presented an
epidemiological SEIR-type model with reaction-diffusion terms, nonlinear incidence, and
distributive delay. The authors applied the Lyapunov function methodology and the basic
reproduction number to analyze the stability of the stationary states.

In this paper, we present a SAIR-type epidemiological model based on a system of partial
differential equations, incorporating a discrete-time delay to mimic the virus’s incubation
period within a host and the time it takes for a person to become infected [10,18-21]. The
spatial effect is justified due to people’s mobility and the spread of the virus [6,16,22,23]. Thus,
the main contributions of this paper are the introduction of spatial effects in conjunction with the
time delay due to the latent stage of individuals. Moreover, the model includes asymptomatic
cases and considers the possibility of death for asymptomatic individuals. In addition, we find
the crucial basic reproduction number Ry, which determines the local stability of the steady
states. In general, this theoretical result is more complex to achieve in mathematical models
that include spatial effects and time delays compared to classical models based on ODEs.

There are different ways to introduce a discrete-time delay in an epidemiological math-
ematical model. This delay takes into account the fact that when a susceptible individual
has effective contact with an infected individual, the susceptible person does not become
infectious right away, i.e., they are unable to spread the virus [24-29]. In this article, we use
a particular approach to introduce the time delay that has been used in several previous
papers related to the mathematical modeling of epidemics [11,30,31]. We aim to analyze
the existence and uniqueness of a traveling wave that connects the two equilibrium points
of the system. In addition, we will analyze the stability of the stationary points of the model.
The proposed mathematical model represents the transmission of a virus in a determined
population composed of susceptible (S), infected (I), asymptomatic (A), and recovered (R)
individuals. As with any real-world mathematical model, there are simplifications and as-
sumptions. However, this type of study provides additional insights into the dynamics of
different diseases [1,26,32]. We perform an analytical study, where the existence of solutions of
traveling waves in a bounded domain is demonstrated. We use a method that is based on the
upper and lower coupled solutions to prove this existence. The existence and local asymptotic
stability of the endemic (E,) and disease-free (Ep) equilibrium states are determined. It should
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be mentioned that the proposed mathematical model can be used to study the dynamics of
SARS-CoV-2 and other viruses where the disease status evolution is similar.

This paper is organized as follows. Section 2 introduces the constructed model and
Section 3 provides the mathematical analysis of the existence and uniqueness of the solution.
The stability of the equilibrium points is then discussed in Section 4. In Section 5, numerical
simulations of the solutions are presented, and finally, in Section 6, the conclusions of this
study are given.

2. Materials and Methods

In this section, we present the most important elements that are often used to design
new epidemiological mathematical models and the mathematical tools that can be used to
demonstrate that the model is well posed.

2.1. Mathematical Model

In this subsection, we present a mathematical model that is based on a system of
partial differential equations with a discrete-time delay, where the population has been
subdivided into the following subpopulations: susceptible (S) people who do not have
the virus but can be infected, infected (I) people with symptoms of the disease who have
the ability to infect susceptible individuals, asymptomatic (A) infected people who can
transmit the disease but do not present symptoms of the disease, and finally, recovered (R)
people who have had the disease but do not transmit it.

Let us consider a bounded domain () C R and a time interval [0, T]. We assume that
N : Q x [0,T] — R is a non-negative function representing the spatio-temporal density
of the population. That is, N(x, t) denotes the number of individuals over the point xinQ
at the instant tin[0, T]. It is also assumed that S, I, A,R : Q x [0, T| — R are non-negative
functions such that N(x,t) = S(x,t) + I(x,t) + A(x,t) + R(x, t), and they describe the
densities of the subpopulations that interact in this model. These functions are given
as follows:

*  S(x,t) is the population susceptible to the virus in space and time;

e I(x,t) is the infected population presenting symptoms of the disease and transmitting
the virus in space and time;

e A(x,t) is the population infected by the virus that does not present symptoms, that is,
it is asymptomatic and transmits the virus in space and time;

*  R(x,t) is the population that has recovered from the disease and does not present
symptoms of the disease but is under medical treatment.

With the above considerations, we present a model governed by partial differential
equations, where the interaction and flow of the subpopulations involved in this class of
epidemiological models are shown in Figure 1. Thus, one has

asg’;'t) — A= BS(x, )[I(x,t—T) + A(x, £ — 1)) — uS(x, )
LV [UsVS(x, 1)),

al(ax{ D 188 (x, DIt — )+ Alx, = 1)] — pl(x,£) — i(x, £ (1)
—al(x, t) + V- [y VI(x,1)],

aAéf' D _ (1= r)pS(x, O[I(x,t — T) + Alx,t — )] — Az, 1)
—aA(x,t)+ V- [vaVA(x,t)],

D) afi (1) + Alx, 5] — JR(x, ) + V- [0 VR (x, )],

where V = (aa—x) is the vector differential operator; A represents the rate of new people

entering the susceptible population; « is the recovery rate; 7 is the mortality rate caused by
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infection; B is the contagion rate; y is the general natural mortality rate; r is the proportion
of people who become infected and present symptoms; and vg, v4, vj, vg are diffusion pa-
rameters, indicating the space and time mobility of the susceptible, infected, and recovered
individuals on those classes, respectively [33].
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Figure 1. Diagram of the mathematical model (1) based on a system of partial differential equations

A

with a discrete-time delay .

The mathematical model (1) is considered closed. Therefore, we consider Neumann-
type boundary conditions. That is, we assume that n(x, t) is the unit normal vector of Q
to the point (x,t) € 9Q x [0, T], where dQ) represents the border of Q) and C := C(Q x
[—7,0],R%) for T > 0 represents the set of continuous functions defined in Q x [—T,0].
Due to the above, the initial and boundary conditions of the mathematical model (1) are
as follows:

{ Vu(x,t) n(t) =0 (x,t) €90 x (0,T]; o

up(x,0) = ¢(x,0) ¢€C,

where u = (S,I, A,R)T and ¢ = (@1, @2, 93, 94)" such that ¢; is a non-negative real
function fori =1,2,3,4.

2.2. Existence of Equilibrium States

Now, we analyze the equations of system (1) with conditions (2) to determine the
existence of a disease-free equilibrium and an endemic equilibrium. In this way, the stability
of these steady states is shown. The Neumann boundary conditions are given in (2) and
indicate that

os(x,t)  oI(x,t)  0A(x,t)  OR(x,t)

on on = o =0 V(xit)€ax[0,T],

where % denotes the normal outward derivative over d(). These boundary conditions
mean that subpopulations do not cross the boundary 9.
The disease-free equilibrium E is obtained by setting A = I = R = 0. Thus,

A
Eol —,0,0,0 ). 3
0(}( ) 3)

Now, if we assume I, A > 0, the solution of the following system represents the endemic
stationary state, i.e,

A —BSE(I + A®) — uS* =0,

rBSC(I° 4+ A®) — (n+a+5)I° =0, )
(1—7)BS°(I° + A®) — (u+a)A° =0,
a(I¢+ A°) — uR® = 0.
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From the second and third equations of (4) and dividing by I > 0, one obtains
AC
rBS¢(1+ Ig) (p+a+n)=0, (5)
A€ e
(1-nps(+ %)~ ()5 =0
Next, from (5), one obtains
+ a4+
BSe(1+ ) Bl (6)
We can obtain from (6) and the second equation of (5) that
B pHa+n\ A (A=r)(ptatn) A°
1=n(E5E) = e > CopEe ) 7)
Thus,
1—r)(;4+¢x—|—17)) p+a+y
sé1 ( = ,
p ( + r(p+ ) r
ﬁse(r(}l+w>+(l—r)(]l+ﬂé+ﬂ)) _Htadty
r(p+ ) ro 7

ge_ (mta)(ptaty)
Plptat+(L—r)y)

Now, we can replace the first equation of (4) and substitute S° into the second and third
equations of (4) to obtain [ and A° as

e A ri(p+a)
praty  plpt+at+(1-r)y)
gqo- A=A (A-rp(utaty)
pta  Plutat(l—r)y)
_A=n)ABp+at+ A —r)y) —u(u+a)(u+atmn)
Blu+a)(p+a+(1—r)y) '

_ rAB(utat (A —r)n) —p(p+a)(pta+tn)
Blu+a+n)(u+a+(1—r)yp) '

Now, we define the following parameter

_ AB(uta+ (1—r)y)
p(p+a)(p+at+n)

With the above results, we have the following proposition:

Proposition 1. If Ry > 1, there is only one endemic state E.(S¢, I°, A®, R®) of system (1) with the
conditions given in (2), which is

ge_ mto)(ptaty) A
Bluta+(l-r)y) uRe

oo A trat (L—ny) —pp+a)(ptatn]  Ar[Ro—1]
Bl +a+n)(p+at (1-r)y) Ro(p+a+1m)’
(1fr)[/\/5(u+v<+(1fr) ) —npt+a)(ptatn] Al -r)[Ro—1]

AE

Blp+a)(p+a+(1—r)n) Ro(p+a)

eig e e :“[RO_l]
RO = D14 A% = S
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3. Existence and Uniqueness of the Solution

Since model (1) represents an epidemiological model, from a biological point of view, it
is important to analyze the epidemic waves generated when solutions propagate as traveling
waves that move at a certain speed. Here, we show the existence of a single solution of
model (1) with the conditions given in (2) (see Appendix A). We assume that the diffu-
sion coefficients are constant. We simplify the notation by setting for (x,t) € Q x [0,T],
and T > 0 the following: S = S(x,t), I = I(x,t), A= A(x,t), R=R(x,t),and N = N(x,t),
Tr = T(x,t — 7). Then, system (1) can be written as

%—f =A— BSI; — BSAr —uS+V - (vsVS),

g =rBSI; + rBSAr — (u+n+a)[+ V- (v/VI), )
f’a;;‘ —(1 = 1)BSIe + (1— 1)BSAr — (& + H)A+V - (14 V A),

8871: =al +aA —uR+ V- (vgVR).

We set M(x,t) = 2 — S(x,t). Then, system (9) is transformed into
i y

oM A
dl A
5 _Tﬁ<y _M)(IT+AT) —(a+u+n)I+vAl (10)
J0A A
o =(1- T)/S<V - M) (It + Ar) — (0 + u) A+ vaAA,
%—I: =a(I+ A) — uR + vgAR.

System (10) has two stationary states. If Rg < 1 itis0 = (0,0,0, 0)T, and for Ry > 1, itis
k = (kq,ko,k3,k4)T, where

k1 = ;\ — Se, k2 = Ie, k3 = Ae, k4 = Re, k,’ >0,i=1,2,34. (11)
Using the notation presented in [34] and substituting into (10), the solutions are given by
x x x x
M(x ) = g1 (S +1), I(x,8) = p2(S+1), Alx) = g3 (S +1),R(x,t) = a5 +1),
and by setting s = £ +t, one obtains the following system:

dl "

= 97(s) = 1(s) + fi(¢s) =0,

T 98(5) ~ 43(5) + Fal9p) =0, 1)
B 98(5) — 44(9) + Fs(90) =0,

d3 "

C74’4 (s) — ¢4(s) + fals) =0,

where dy = vy, dy = vy, d3 = va, ds = VR, ¢ = (1, 92,93,92), ¢s € C([~7,0], R*) with
¢s = (97, 95,95, ¢1)"; 97 (8) = ¢i(s +6) and
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Fi#) = =193(0) + 8 = 91(0)) (#5(-) + 45(-),
70 = 1B( = 41(0) ) 95(=) + 45(=)] = (a  + 1)0300),
() = 1= = 410) ) lp3(—0) + (DI~ (@50, 3
Fa(gs) = a(93(0) + 953(0)) — g5 (0),
where ¢ satisfies the following asymptotic boundary conditions:

lim ¢(s) =0, lim ¢(s) = k. (14)

S——00 S—00

Let us show that the function f = (f1, f2, f3, f4)T satisfies conditions Aj, Az, and Az given
in (A4).

Proposition 2 (A;). Suppose that f = (f1, 2, f3, f1)! and that W(Q, R*) is like in (A3). Then,
f(0) = f(k) = 0.

Proof. The proof follows from (13). O
Proposition 3 (A,). f; satisfies the Lipschitz condition in W([—t,0],R*) fori = 1,2,3,4.

Proof. Set ¢, € W([—7,0],R*). Then,

1f1(9) = (y)] = ‘—wPl (0) + ﬁ(* — ¢ (0)) (@2(=7) + ¢3(=7)) + 111 (0)

—ﬁ(%—wm [9a(—7) + pa(~)]
< ul91(0) — 41 (0)]

n ﬁ' (% —1(0) ) [9a(—1) — pa(—1)] (% - %(0)) [ga(—7) — pa(—7)]
PR

< ul91(0) — ¢1(0)[ + |p2(—7) — P2 (=) + |p3(—7) — ¢3(—7)|)

4
+ Bl = 91(0)(92(=7) + ¢3(=7)) + $1(0) ($2(=7) + $3(—7))|
< ply1(0) = 1 (0)] + %\(I%(—T) = 2(=7)| + [¢3(=7) = $a(=7)])
+ Bl = ¢1(0)92(=7) = ¢1(0)93(=7) + Y1(0)¢h2(=7) + 1(0)¢p3(—= 7).

Thus, one obtains
A
1f1(9) — ()] < ply1(0) — ¢1(0)] + ﬁy(lqbz(T) — (=) + |p3(—7) — ¢3(—7)|)
+ Bmy |2 (=T) — p2(=7)| + Bmz|p1(0) — $1(0)|
+ Bm3|91(0) — ¢1(0)| + Bma[¢3(—7) — ¢3(—7)|.
Therefore, | f1(¢) — f1(¥)| < L1||¢ — ¢|lw, where Ly = pu + % +2Bmy + B(my +m3). Ina
similar process, for all ¢, p € W([—1,0], R4), we can find the constants L;, coni = 2,3,4,

such that | fi(¢) — fi(p)| < Lill¢ — ¢llw. O

Proposition 4 (A3). The function f = (f1, f2, f3, fa)T holds the partial conditions of quasi-
monotonicity (PQM) given in Definition A4, and W([—7,0],R%).
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Proof. Consider ¢, 9 € W([—7,0],R?*), with ¢ = (1,92, 3, ¥4)T, ¢ = (91, 92, 93, ¢1)7,
and 0 < ¢; < ¢; < m; foralli =1,2,3,4. Moreover, suppose that

9 = (@1, 2, ¥3,02)" @' = (91, 92,93, 92)", ¢* = (@1, 92, 93,94)".

Set m = (my, my, m3, my)’ > k such that % —m; > 0. Then, % —¢;(0) > % —m; > 0,and
hence

£1(9) — A1(9) = g (0) + ﬁ(ﬁ o <o>) [2(—7) + pa(—0)]
g (0) ﬁ(ﬁ - ¢1<o>) ($a(—7) + ()]
> 1 (0) + ﬁ(ﬁ o <o>) [Pa(—1) + 93(—7)

#1100 = B = 1(0)) lpa(=) + ()]
> w(1(0) — 91(0)) + B(¥1(0) — ¢1(0)) [h2(—7) + 3(—7)].
Now, since ¢, + 3 < my + m3 and ¢1(0) — ¢1(0) < 0, this implies that
(¥1(0) — ¢1(0)) (Y2(—7) + ¢3(—7)) = (¥1(0) — ¢1(0)) (m2 + m3).

Thus,

file) = fi(¥) > u(y1(0) — @1(0)) + B(mz +m3)(¥1(0) — ¢1(0))
> [p+ B(ma +m3)](¥1(0) — ¢1(0)).

Consider By = ji + By +m3) > 0, then f1(¢) — f1(#) + B (91(0) — 1(0)) > 0. Now,
() = 2(#?) = 1B( 5 = 010) ) [p2(=7) + ga(= )] = (-4 1+ )ga0)
=1 = 91(0) ) pa(=) + 93 =) + (o g+ a0
= B( 5 = n(0)) ool ™) + 93(=7) — Y(~7)]

+ (@4 p +17)($2(0) — 92(0)) > (& + p + 1) (¥2(0) — 2(0)).

By setting f» = a + p + 1 > 0, one obtains f,(¢) —f2(<p2'3) + B2(92(0) — 9»(0)) > 0.On
the other hand,

£2(9) — falg) = ﬁ(/; - <p1<o>) (p2(—) + 93(—7)] — (a4t + 1) p2(0)

—rﬁ@ —zp1<o>) [p2(—1) + g3(—0)] + (@t + 7)2(0)
— 1B(1(0) — ¢1(0)[p2(—1) + g3(—T)] < 0.

Hence, f2(¢) — f2(¢!) < 0. Since ¢4 is not in f,, then f2(¢) — f2(¢*) = 0 < 0. Similarly,
for f3, B3 = & + p > 0 is obtained such that f3(¢) — f3(¢**) + B3(¢3(0) — 1,[7 (0)) >0, and
fa(@) — f3(¢') <0, i =1,4. Furthermore,

fa(9) = fa() = a(92(0) + ¢3(0)) — pa(0) — a(y2(0) + ¢3(0)) + p1pa(0) = (14 (0) — 94(0))-

If weset Bgs = pu > 0, then f4(¢) — fa(¥) + Ba(¢4(0) — 4(0)) > 0. Thus, we have found
B1, B2, B3, Ba > 0, such that Definition A4 (PQM) holds. O
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As a consequence of the above propositions, the function f satisfies the hypotheses
(A1), (A2), and (A3). Next, we determine the upper and lower coupled solutions, i.e., the
functions of the form presented in (A5). These functions are given by

¢ = (@102, 45, 94)"; 0= (P192 95 94)";
97 = (92,9597 9 = (Gr g2, 95,2,
which must meet the following conditions almost everywhere in R:
UF - AG) <0, T+ Fil9) >0
B Tt 13 <0 B g+ ) 20
58 -9+ £ <0, Do~ gl + F5(02) 2 0,
W B+ L5 <0 g~ g+ fi(9) >0

Set D = max{d; :i=1,2,3,4}, K=min{k; : i =1,2,3,4}, m; > k;fori =1,...,4, and we
consider p;, i = 1,...,4, which is given by
_FA _BA _* _
PL= (my +m3), p2 = yK(mz +m3), p3 = 2 (ma +m3), pa = —(a+p+1n).
Then, the characteristic equation A;(A) = CQz A% — A + p; has at least one positive real root

if ¢ > 24/D|p;|. We define ¢* := max{2/D|p;| : i = 1,2,3,4}.If we set ¢ > ¢*, there are
constants A; > 0 (i = 1,2,3,4) such that

CQZA% —M+ ﬂ(Ti’lz-‘-n’lg,) =0,

pnty
CQZA% — Ay + ﬁ%(ﬂ’lz + TH3) =0, (15)
C%A%—/b—i—m%(mz—kmg,) =0,
DM -M—(a+pu+y) =0, AM,A3< X

Define the following continuous functions

$= P10y Ps 0", 9= (0,0,9,6,)",

such that
(1) = { Eer;e“ i i :1’ fl(t) - { 21 —gle M : i g,
Py(t) = { Ilzef;em i i Z’ 9, (t) = { gzem —Co i;<t§t,§ t
ky —ese ™Mt >t
A
() = { 26—:;36“ i § :i, %U) - { 23 —ghe M : i %f
$a(t) = { iie—f;em i § :if 9,(t) = { 24 —gie M : i g:
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where the constants ¢;, €f > 0 for i = 1,2,3,4 meet the following conditions:

(ks +e1) fﬁ(% —k 781)(m2+m3) >0,

(a+pu+n)(ky+e)—rB %—kl—i—s"l‘ (my +m3) >0,
(a+u+n)ks+es)—rB %—kl—i-s*{ (m3 +my) >0,

w(ky + €4) — a(my + m3z) >0,

—plk—e)) +B(4 — k1 +e}) (ko — €5 + ks —€5) > 0, (16)
rﬁKo(%fml —(a+p+n)(ka—¢5) >0,

rB (% —mi) (ka5 = Co) = (a+ p+ 1) (ka —3) >0,

(A =r)B(& —mi) (ks — €5 + ks —&3) = (a+p+ 1) (ks —€5) >0,

M
w(ky — &5+ ks —e5) — (ks —e3) > 0.

A > 0 is a constant that is appropriately set later. The values of ¢; and t7 are set such
that t],t1,t4 < tp < t3; t3 —7T < tp; t3,t) < t]— 7T, t;; and t; —T > t3. Moreover,
Co = kpeMt3, Ky = kpeM(E-0) —Cy > 0, m; := sup;cp{®;} > ki fori =1,2,3,4 (see [11]).
If we set m = (my,myp, m3,my)7, the functions ¢ and ¢ verify the following conditions:

(i) 0<p<p<m;
(i1) tgr_noof = 0and tll)n(}o4> =k;
(ifi) @[(t+) > ¢/(t—) and p;(t+) < §;(t—) forallt € Rand i = 1,2,3,4.

The following two lemmas show the results for the upper and lower solutions.

Lemma 1. The function ¢ is an upper solution of system (10).
Proof. Let us show that f—%@;’ — P14 f(@,) SOTEt < by, Gy(t) = kyeMtt, (1) = kpet2t=7),
@5 (1) = kse™("=7) it is obtained that

WO 710+ AG) = 07O - F1(0) i (1)

+/3(2 —¢1<t>)[¢2<t—r> (- 7))

2
< dl’;;/\l Mt klAle/\lt + :B]j\ (kze/\z(t—’r) + kBE)LZ(t—T))

dik1A?
S %E/\lt _ k])\]e)nt + ‘B]/[l\ (kze/\zt + k3eA2t) .

Sincet < t] < iy, t3,and A1 < Ay, then

e)\ztz e/\2t3
e)\l(tlft) S e)\z(tzft), eftl(tlft) S e)\z(f;;ft), e)\zt S e)\lt, e/\zt S e)qt
e)\ltl e/\ltl

7

kze)\th k 8/\2t3
kze’\ﬂ < 7’(16/\“, k3€/\2t < 37]( EAlt

= kpeMh = kpeMh =
m m
kye2t < —2kle)‘1t, kge’\zt < —Skle)‘lt.
my my

With the above and using (15), we have

d. — _ _ D A
2P () =P + f1(@y) < KaeMt | AT — A+ L(mz +m3)| = 0.
c? cz mip



Mathematics 2024, 12, 710

11 of 36

But, if t > t1, ;(t) = kg +e1e™ M, then

d /!
20— B+ A =

e1\2
o l Le=M et de™ — u(ky +ere™™)

+ﬁ(2—«y_qf”)wxbﬁﬁ+%v—fﬂ<gﬂ”'

di1e1\?
g@1(A) = 12 Le=M 4 et de™ — pu(ky + e1e™™M) + ,3(;1\ — k1 — sw“) [my + ms3],

and from condition (16), it follows that g1(0) < 0. Next, since g1 is continuous, there

is A] > 0 such that if A € (0,A]), then ‘:—%ﬂ/ - $’1 + f(¢;) < g1(A) < 0. We consider
%@g(t) —¢5(t) + fo (5?3) Ift < ty, p, = kpe?!, then using (15), it is deduced that

o5 - %+w( )wx )+ Byt — )] — (k)P

A2
< kye WVZ A2+r£A(k2+k3)

A
Ay + ﬁf(n/lz + ng)

< kze)\zt 7D)\% —
= 1K

:0/

fort > ty, ¢1(t) =k +e2e™™, ¢ (t) = ki — eje”*. Hence,

BH O - F0) + LG < 220,

where
dyA? A
0(A) = < 2c £ +/\£) _’UJrr,B(;—lirs‘{e_M) (my +m3) — (& + p+ 1) (ky +ezeM).

From the conditions in (16), it is deduced that

@mw=w(ﬁ—h+a)m&+m»—w+y+wwrmg<o

Thus, there exists a A; > 0 such thatif A € (0,A}), then

d /! —/ —
FH O -0+ L@ <0

Similarly, there is A5 > 0 such thatif A € (0,A}), one obtains

dz— —/ —
S (1) = Fa(H) + fo(677) <0

Next, we consider %@Z(t) — @,(1) + fa(@,). For t < ty, it holds that ¢, (¢) = kse™, and hence

(1)~ Fult) + f2(@) = T~ Folt) + 2B(1) + F5(1)) — iy (1)

dykyA2
< 4C‘; 36/\3t _ k4/\3€/\3t + a(kze)\zt + k3€/\2t)'
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Now, since t4 < tp,t3 and A3 < Ay, when t < f; and from (15), it follows that

d dsky)3 m
34):1/( ) = ( )+f4(4’t) 464 Setaf — k4)\36)‘3t—|—k4e/\3t ( + 3)

my My

DA2
<keA3t[ 2 A3+—(m2+m3) =0.

For t > ty, it is deduced that ¢, = ks + eqe M. Therefore,

a7 () — Bo(0) + a(@olt) + By (1)) — iy < 85(A),

c

where q
g4(A) = gqe™M ((33/\2 + /\) +a(my 4 m3) — p(ky +eq)e M.

From (16), it is obtained that g4(0) = a(my + m3) — pi(ks + €4) < 0. Then, there exists
A; > Osuch thatif A € (0,A}), we obtain

4 —I —/ —4 —4
201 — 94+ f(¢ ) <0
By choosing A € (0, A*) with A* = min{A], A}, A}, A} }, the desired result is obtained. [J
Lemma 2. The function ¢ is a lower solution of system (10).
d *
Proof. Let 3¢ (t) — ¢/ (t) + fi(¢,), t < t],and ¢ () = 0, then

B0 =)0 +41(9) = @t =) + 45t =) >0

Thus, if t > t}, then fl(t) =k — s’l‘e_Mr and since t — T > t] — T > 13,1}, fz(t —-T) =
ky — eze A=) P (t—T) =k3 — ehe M=7)_ Similarly,

B9 (5) — 9,0+ Fi(4,) = 55(A),
where

g5(A) = —i—el/\e M _gire ™M — (kg — e ™M)
+B ( —ky +efe M > <k2 —e5e M) kg — e’ge_)‘(t_f)).
"
From (16), we have
* A * % *
$50) = —nthy =) + 6~k (ke =3 k= 3) > 0,
and thus there exists a AZ > 0 such that A € (0,A%). Itis concluded that
d
29/() =1 ()+fi(9,) 2 0.

Now, for %7’2’(15) —¢L(t) +f2(£f'3), ift <3, ¢,(t) =0, and therefore,

o000 + 562 = 6( 2 e )t - ) 20
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Suppose that t; <t < t3, 92 = kyeMst — Cy. So, from (15) it follows that

L0t 00 +16( %~ (1) (0,0t — )+, = ) — (@ + -+ ) ()

d
> kzei/ut (C§A4 — Ay — (DC +u+ 7’])) =0.
For t > tj, we have ¢, = ky —¢eze ™. Since t —7 > t3 =T > 5, then t — 7 < #3.
Cinsequently, after ¢ (t — 7) = koe?(t=T) — Cy > Ko, and thus

d2 "

285 () = ¢5(5) + f2(¢7°) > 86(A),
with
d * * - A * —
g6(A) = — (Cgezx\z + 82/\>e At T‘B(y — m1>K0 —(p4a+n)(ky —eze™M).
From (16), g¢(0) = rﬁ(% - ml)Ko — (p+a+1n)(kp —€5) > 0. Therefore, there exists a
A¢ > 0. For instance, when A € (0, A{), this implies that

Lo(1) - () + (g 2 0.
Now, in another case, with t — T > t3, we obtain
P, (t—=7) =k — ghe M) > et — > 0,
which implies that
L) - 9,0+ £(¢>) = 87(0),
970 == (Bes et ) e = (s —eze ) 0§ =) (ka5 = o).
Thus, from (16), it is deduced that
g7(0) = rﬁ(;} — m1> (kze)‘“; — Co> —(p+a+n)(kp—e3) >0.

Thus, there exists a A5 > 0, with A € (0,A5), which implies that

d /! /
295() =9, (t) + f2(977) 2 0.

Reasoning in the same way, we can obtain A§ and A such thatif A* = min{AZ, A}, A5, A5, AS ),
for A € (0,A%), ¢ is a lower solution of (10). [

With the above results, the following conclusion is obtained, which ensures the existence
of a traveling wave solution with speed ¢ > 0 of system (1) with the conditions given in (2).

Theorem 1. Suppose that Ry > 1 and ¢ > c*. Then, system (1) with the conditions in (2) has
a traveling wave solution with speed ¢ > 0, which does not depend on T > 0 and connects the
stationary points Eq and Eg.

Proof. Since Rg > 1, there are only stationary points 0 and k of system (12) with the
conditions A, Ay, and A3 given in (14). From Lemmas 1 and 2, ¢ and ¢ are the upper and
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lower solutions. Then, from Theorem A1, system (1) with the conditions in (2) has a unique
traveling wave solution with speed ¢ > 0 connecting points Ey and Eg (see [35]). O

4. Local Stability of Equilibrium States

In this section, we examine the local stability of the endemic equilibrium E, and
the disease-free equilibrium Ej of system (1) with the initial and homogeneous Neumann
boundary conditions given in (2). From system (9), wesetu = (S,I, A, R)T, u; = u(x,t — 1),

and f = (f1, f2. f3, f4)" with

fi(uur) = A= BS(Ir + Ar) — uS,
folu,uc) =rp (IT+AT)_( +u+n)l,
fa(u,ur) = (1 —1)BS(It + Ar) — (e +p)A
fa(u, uz)

a(I+A)—uR.

u, uT

Next, we have

[—B(I¢+ A) — 0 0 0
af(E) rB(I¢ + A°) —(a+pu+n) 0 0
du' (1 =r)B(I° + A%) 0 —(a+p) 0
L 0 « « —u
[0 —BS*¢ —pBSs°¢ 0
ﬁ(E ) = 0 rBSe rBSe 0
Jur 7|0 (1—r)BS® (1—r)BSt 0|’
10 0 0 0
f 1y : . _of _of
where 3 (E.) is the Jacobian matrix. We set Q = 5/ (E.) and G = 5,-(E.). Then, the
linearization of system (9) at the equilibrium point E, is given by
Lu = VAu+ Qu+ Guz, (17)

where V = Diag(vs,v,va,Vr). Suppose that 0 = p; < pp < p3..., are eigenvalues
of operator —A on () with Neumann conditions, and consider E,, the eigenspace corre-
sponding to eigenvalue p; in C1(Q)). We denote n; := dim(E,;) and M := [C'(Q)]3. Set
B := {v;;:j=1,2,3,...,n;} asan orthonormal basis of Ep, and M;; := {cv;; : v;; € B;; ¢ € R3}.
Next, the direct sum of the vector subspaces is M = M; & My & M3 @ ..., where
M= Mg ®Mp®Mpd...& M,,. Thus, M; is invariant under the operator L for
each i > 1. In addition, A is an eigenvalue of L if and only if it is the solution of the

characteristic equation
det()\14 — L)\) =0, (18)

with Ly := —po;V+ Q + e~ G for some i > 1, in which case, there is an eigenvector in M;
(see [11]). We suppose that v}, vs, Vg, V4 = v, and from (18), we have

€11 C12 €13
C21 C22 (23
€31 €32 (33

0 cp g3 cyq

o o O

=0, (19)

where
i1 = A+ 00+ BIC+ A®) + 1, c1p = c13 = BSe™T, cp1 = —rB(I° + A°),
o =A4pv+a+pu+n—rpSe N, ey = —rpSe T, ez = —(1—1r)B(I° + A°),
e =—(1—=7)BS%e ™, ca3=A4pv+a+pu—(1—r)BSe 7, cpp=cy3=—un,
Cas = A+pv+p.
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Therefore, from (19), it follows that

C44 [011(C22C33 - C32C23) - 012(C21C33 - C31C23) + 013(C21C32 - C31C22)] =0.

Now, by replacing the values c;j in —c12(c21¢33 — c31¢23) + c13(C21¢32 — €31€22), We obtain

— BSee —“[ rB(I° + A°) (A+pw+a+y— (1—r)ﬁe—“) —r(1—r)ﬁ25"(1"+Ae)e‘“]
+ BSee” [r r)B2SE(I° + A®)e ™M + (1—r)ﬁ(1€+AE)<A+piv+a+y+q—r/ssfe*“)}
= 5™ [B(I° + A%) (A + pro+ =+ (1= 1)y — 2r(1 = 1)BS%e ) (20)

+2r(1 —r)B?S°(I° + Ae)f“]
= BPSU(I° + A)A + o + o+ i+ (1= r)yle T
Similarly, by simplifying cpyc33, it follows that
(A +ovtat+put+n— rﬁSee_M) (/\ +pov+at+pu—(1- r)ﬁSee_/\T>
= A2 4 (20,04 20+ 2 + 17 — BSCe A+ (oo +a + p+ 1) (00 + & + 1)
+[=r(pio +at+ ) = (v +at p)(1—r) = (L=r)g]pste ™ +r(1—r)p*(s)%e ' (21)
= A2+ (20,0 + 20+ 25 + A+ (v +a+p+n)(pv+a+p)
+ [~BS°A = BS*(piv+ o+ i+ (L= r)y)]e N 4 r(1—r)p7(5°)%e .

Now, —czpcp3 = —r(1—7) [32(56)26’2)LT and thus the expression cpyc33 — c32¢23 is

2 4 (2050420 + 24 + )M+ (pjo + &+ p +17) (i + & + u)
—BS A +pv+a+u+(1— r)iy]efh. (22)

Then, by multiplying (22) by c11 = (A + p;jv + 1) + B(I¢ + A®), we obtain

(A+ 00+ ) | A2+ (2010 + 20+ 2 + A+ (pi0 + o+ p +17) (00 + & + )
—BS* A+ pi0 4+ p =+ (1= r)agle ™|+ B(I° + A%)[A2 + (2pi0 + 20+ 20 + ) (23)
+ (oo +a+u+y)(pv+a+u)] — BESE(IC + A A+ pjv +a + u+ (1 —r)yle .
Finally, from (23), (20), and c44, we obtain
(A+ pio + 1) |A>+ A% + 1A+ po — C(A? + quA +qo)e ™| = 0, (24)

where
po = [piv+pu+ B(I°+ A%)](piv +a+ p+17)(piv +a + ),
p1 = [piv+p+ B(I° + A°)|(2piv + 20 + 2p + 1) + (piv + o + p +17) (piv + & + 1),
p2 = 3piv+2a+3u+1n+ B(I°+ A°),
q0 = (piv+ p)lpw+a+p+ (1—r)yl,
m=2p0+2u+a+(1-r)y,
C = BS-.

For the case Eg, A® = I¢ = 0 and hence from (19) and (23), Equation (24) is

(A +0i0 4 )2 A2+ byA + b + (414 + ag)e 7] = 0, (25)
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bp=(piv+a+pu+n)(piv+a+mu), by =2pv+20+2u+1,
ap = ﬁf[p,-v+¢x+y+ (1—r)yl, a1 = ﬁ;\
Thus, foralli > 1 A = —(p;v + p). The other roots are in
A2+ A + b+ (1A +ag)e T = 0. (26)

We define W;(A) = A% + by A + by + (a1A + ag)e 7. The following cases are given:
Case: If Rg > 1and A € R, since p; = 0, then

A
W1(0) = by +ag = (plv+zx+y+17)(p1v+¢x+y)—‘8y

=(0c+;4+17)(w+ﬂ)—ﬁ;\[a+#+(1—r)17]

1 BAl+p+ (1 —1)y)
pla+p+m)(e+p)

=(a+p+n)(at+p)(l-Ro) <0,

[pro+a+pu+(1—r)y]

= (a+p+n)(a+mp)

moreover, lim)_, ;o Wj(A) = +oo. Thus, (26) has a positive root. Therefore, there is a A
feature root with a positive real part in the operator spectrum L (17). This implies that
Ey = (A/p,0,0,0) is unstable while R > 1.

Case II: Suppose that Ry < 1. If T = 0, then W;(A) = A2 + (by +a1)A + (by + a9). Now, we
can see that

b0+“0:(Piv+“+ﬂ+’7)(Piv+“+ﬂ)—'B‘:\
z<a+y+n><a+u>—/Z‘wum—r)n]
1 BAltp+ (A —1)y)
pla+p+1)(a+p)
> (a+p+n)(a+p)(l—Ro) >0,

loiv+a+u+ (1—r1)y]

> (a+p+n)(a+mp)

and as Ry < 1, it follows that

BA(a+pu+ (1—1)n)
pla+p+m)(a+p)

Hence, we obtain

< 1, implies that L — A > 0.
ptoa platptn)(a+p)

A A
b1+a1:2piv+2¢x+2y+iy—ﬁy:Zpiv+(zx+y)+(¢x+y+iy)—’3ﬂ
1 BA

DGR CRERICR R N o= rormerrarn T ey

> 0.

The above allows us to conclude that the equation W;(A) = 0 has two roots with a negative
real part for all i. Now, if we suppose that 7 > 0, and wj (w > 0) is the solution of
W;(A) = 0, where j = v/—1. Then, by solving W;(wj) = 0 and separating the real and
imaginary parts, it follows that

a1 sin(wT)w + agcos(wt) = w? — by,

. (27)
—ay cos(wT)w + agsin(wt) = hw.
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By squaring both sides of each equation in (27) and then adding the two equations, we
obtain

w* + (b2 —2bg — a?)w + b3 — a3 = 0.
Set z = w?. Next,

2>+ (b3 — 2by — a})z + (b — a3) = 0. (28)

Thus,
bi = [(piv+a+pu+1n) + (o0 +a+ p)?
=(po+at+u+n)?+(pv+at+u)?+200+a+pu+n)(oo+atp).

Therefore,

AT2
b2 —2by+ a3 = (oo +a+pu+n)?+ (00 +a+pu)? — {%}

2
> (ot + e = | B2
1 B2A?

Cr ) wrp? R a2

><a+u+n>2<a+u>2[(

>0,
because Ry < 1 implies that

BAA (w4 + (1—1)p)?

p e+ p)* (e +p+1)?
B B*A? - 1
p2 (e + p)? (e + p+1)? (a+p+(1=r)n)?
1 B2A? 1 1

T p? et @ arpr -

Moreover, b3 — a3 = (by + a9) (bg — a9) > 0. Consequently, Equation (28) has no positive
real roots. Therefore, if Ry < 1, Ey is asymptotically stable locally, for all T > 0.
In the endemic point E* = E.(S¢, I¢, A%, R¢), for Ry > 1, we obtain

e A e rA(RO - 1) e (1 — r)A(RO - 1) e X e e “(RO — 1)
So= 0= V0T o pe o TPV T pe o S(peqp) = 0T
#Ro (n+a+n)Ro (1 +a)Ro ﬂ( ) B
Thus, the characteristic Equation (24) for E, is
(A + 070+ 1) {)@ A2+ piA 4 po — C(AZ+ 1A + qo)e_)”} —0, (29)

with
po = (piv + WRo)(oiv + &+ p+ 1) (piv +a + ),
p1 = (piv+ puRo)(2piv +2a +2u +1) + (oo +a +pu+1) (oo +a+u),
p2 = 3p;iv+2a +2u + 1+ uRy,
qo = (piv+ p)lpiv +a+p+ (1 =r)y],
q1 =200+ 2p +a+ (1 =r)y,
BA
C=-"—.
#Ro
Is clear that for all i > 1, —(p;v + u) is a real negative root of (29). The other roots are in
Fi(A) = 0, where
F(A) = A3+ poA? + prA + po — C(A* + 1A + qo)e 7.
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To demonstrate that the roots of the characteristic equation F;(A) = 0 have negative real
parts for T > 0, we use the following result presented in [36].

Proposition 5. Suppose that
P(A)+Y(A)e ™ =0,
where P and Y are polynomials with real coefficients. If this holds true, then:

1. P(A) £0,si R(A) > 0.

2. |Y(wj)| < |P(wj)|, para 0 < w < oo.

3. limyy| oo, m(1)>0 [Q(A)/P(A)[ = 0.
Then, R(A) < 0 for all roots A and r > 0.

Consider F;(A) = P(A) + Y(A)e="T. Let us consider the following:
1. P(A) #0,if R(A) > 0. Indeed, set A = a + bj with a > 0. It follows that
P(A) = (a+bj)> + pa(a +bj)* + p1(a+bj) + po
= a° + 3a%bj — 3ab® — b%j + paa® + 2paabj — pab* + pra + p1bj + po,
= (a® + paa® 4 pra+ po — 3ab® — pyb?) + (3a%b — b® + 2ppab + pib)j.

Now, if P(A) = 0, then we have

a’ + p2a2 +pra+po = 3ab® + pzbz, (30)
3a2b + 2ppab + p1b = b°. (31)

Notice that b # 0, since if b = 0 in Equation (30) one obtains
3 2 _
a’ + paa®+ pra+po =0,

which is impossible, since a > 0 and py, p1, po > 0 imply that that the equation is
positive. After Equation (31), it follows that by = 3a® + 2pya + p1. By replacing this in
Equation (30), we obtain

a® + ppa® + pra+ po = 3a(3a> + 2ppa + p1) + p2(3a® 4 2paa + py),
a® + paa® + pra+ po = 9a° + 9paa® + (3p1 + 2p3)a+ p1p2,

which is also a contradiction, since a > 0, 9% > a°, 9p2a2 > pzaz, (3m —I—Zpg)a >

p1a, and p1p2 > po.
2. |Y(wj)| < |P(wj)|, if w is real and w > 0. Indeed, given that

Y(A) = —CA% — CqiA — Cqo y P(A) = A3 + paA? + p1A + po,

we have
Y (wj) = Cw?® — Cqiwj — Cqo = (Cw? — Cqo) — Cqiwj,
Y (wj)|* = (Cw® — Cqo)* + C*qiw?,
Y (w))|? = C?w?* — 2C%qow? + C2g3 + C* 3w

P(wj) = —w’j — paw® + prwj + po = (po — p2w?®) + (p1w — w’)j,
(wj) > = (w® — prw)* + (paw* — po)?,
(wj)|* = w® = 2pyw* + piw? + p3w* — 2papow® + pj.

|P

|P(wf)|? =
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Consequently,
[P(f)? = Y (w))|* = (p3 —2p1 — C*)w* + (p} +2C%q0 — 2pop2 — Cq7)w?
+° + (p5 — Cq5)-

The following expression p3 — 2p; — C? is expanded as

(30,0420 +2u + 1 + ,uRo)z —2(p;v+ uRo)(2p;v + 20 + 21 + 1)

‘BZAZ
—2(piv+ta+p+n)(pvtatp) ——_—.
1Ry

Notice that

(30,0 +2a + 24 + 17 + uRo)? = [(20i0 + 2 + 2u + 1) + (pjv + uRyo))?
[(piv+a+p) + (o0 + &+ p+ 1))
2(20;0 + 20 + 24 + 1) (0;v + uRo) + (0o + pRo)?
(piv + o+ ) +2(pj0 + o+ 1) (v + o+ p + 1)
+(piv+a+ p+1)*+ (00 + HRo)
+2(20;v+ 20+ 2u + 1) (piv + uRyo).

+

Thus,
p5—2p1 — C* = (v +a+p+1)*+ (piv + uRo)> + (pivo + & + )2—/52/\2
22 0i pAm)"+ (v + pRo)™ + (pi W AR
0
2 2 2 IBZAZ
> (piv+ HRo)" + (a4 p+1)" + (a4 p) PR

1
@rptn?  (@tp?

> (pjv+ pRo)* + (a+ p+ 1) (a + p)?

‘321\2 ]
2(p+a)?(p+a+n)*R |
Since
B>A? B 1
RP(p+a)2(p+a+n)?RE (ptat (1-r)n)?
and

1 1
- >0,

(w+p)?  (p+at(@-ry)?
then p3 — 2p; — C? > 0. Next, for p? + 2C%q9 — 2pop2 — C243, one obtains

pi = (i + HR0)*(2piv+ 20+ 24 +1)> + (oo + a + p+v)* (oo + a + p)?
+2(piv + pRo) (20 + 2a +2u + 1) (piv + .+ p + 1) (0;0 + & + 1)
= (0i + #Ro)*(0iv + &+ p)* + 2(0; + uRo)* (v + & + ) (00 + o + p + v) (32)
+ (i + uR0)* (v +a+ p+v)? + (oo + a+ 4+ v)* (o0 + a4 )
+2(piv + pRo) (20 + 2a + 20 + 1) (piv + a + p + 1) (piv + a + ).

—2pop2 = —2(p;v + pRo)(piv + & + ) (00 +a + p + 1) (300 +2a + 24 + 1)

= —2(pjv + uRo)(0iv +a + u)(oiv +a + p + 1) (200 + 20 + 21 +17) (33)
—2(p;0 + uRo)* (00 + a + ) (00 + a + p +17).
ﬁZAZ
2C%q =2 (v + ) (piv+a+p+ (1—r)y). (34)

WAR3
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—Cqi =

HZRZ

IBZAZ
W2R3
‘BZAZ

¥R}
52 2

200+ 2u+a+ (1— r);y)z

2 2
(b 107 =2 o Wl e (1=ry) 69

(piv+a+pu+ (1—r)y)>

Then, from (32)—(35), one obtains

pi +2C%q0 — 2pop2 — C2q5 =

) leAZ

2
R (oiv+n)

(piv + uRo)*(piv + 4 + a)

+ (pi + p+ a4+ 1) (piv + pRo)?
+ (pio+p+a)(oi+p+a+1)?

1822

"R (pio+a+p+(1—r)n)>

As Rg > 1, then y'Rg > y, after

p} +2C%q0 — 2pop2 — C2q% >

Now,

(v + 1)*(piv + p + a)?

> (10 + 1)?

and

(piv+p +a)*(pio+p+a+n)? -
= [(piv+u+w)(piv+u+a+n)— R

X [(piv+y+o<)(piv+y+«x+;7)+

Now, recall that

‘BZAZ
W2R3
+ (pro+p+a)(pv+u+atn)?

+ (i +u+a+n)(ov+p)?
A 1y

— S wvtat+pu+(1-r)y).
uRE

(piv+ u)*(pio+ p +a)* — (piv+ p)?

IBZZ

+ (oi + 1+ a+ 1) (o0 + p)* — IR (00 + p)?

52 AZ

+(u+a+ny)?—
HAR}

(n+a)? >0,

ﬁ2A2
WPRG

BA

2

(piv+a+pu+(1—r)y)?

0@m+a+u+u—nm}

BA

m(pm—i—a%—y%— (1 —r)n)}

BA(p+a+(1—r)n)

PA(ptatd—rn) _ 5
p(p+a)(p+a+y) '

then

(piv+pu+a)(pv+pu+a+n)

=20 +po(a+p+n+a+p)

=

=pt+a)(pt+taty),
Ro (1 +a)(p 1)

—%(mvﬂwﬂl—ﬂn)

+(+p+n)(a+p)

_ A _am = PA

Ro (a+pu+(L—r)y) "Ro (piv)

2.2 ﬁA
= p;v +p1‘0(0(+]1+7]+06+}l)—‘u7z0(pi2))

A

:plzvz+piv(a+y+17+a+ —%>

. 1 1 BA )
= , - 0.
pie +plv(a+”+'7)(“+”)(a+ﬂ+rl+tx+ﬂ it prnRe) ~
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Thus, p7 +2C%qo — 2pop2 — C?q7 > 0. Finally, let us consider p§ — C?g% = (po — Cqo)
(po + Cqo), where py — Cqp is given by

A
(piv+ pRo)(piv +a+ p+1n)(piv + a+ p) — ffRo(piJru)(piererqu (L=r)n)
A
> (pio ) o+ -+ -+ ) o+ -+ 10) = Lo (pio-+ )i+ i (1= )
A
> (piv+u) | (pio+a+p+1n)(piv+ o+ p) —fm(mwrwrwr(l—r)ﬂ) > 0.

Hence, p3 — C2¢3 > 0. Thus, |P(wj)| > |Y(wj)| for all w > 0.
3. Let us show that lim|;|_,. (z)>0|Y(2)/P(z)| = 0. Indeed, suppose that F;(z) = 0,
with R(z) > 0. Then, P(z) # 0, and if z = r(cos 0 + sin 6j) (r > 0), we have
Y(z) = ?(cos 26 + sin 26]) + g1 7(cos 8 + sin 6}) + qo,
[Y(z)|* = (1* cos 260 + q17cos 0 + qo) + (r*sin 20 + g, 7sin 6)?,

P(z) = r*(cos 30 + sin36j) + por?(cos 26 + sin 267) + p17(cos 6 + sin 6]) + po,
|P(z)[*> = (r® cos 30 + par? cos 20 + pircos @ + po)? + (r*sin 360 + par? sin20 + pyrsin 6)2.
H Y(z) 2 1d
owever, W y1€ S

4 (cos 20 + q71 cosf + q7°)2 + r4(s'1n29 + q71 sin9)2

2 7
76 (cos39 + % cos 20 + % cosf + %) + 70 (sin39 + pTz sin26 + % sine)
Therefore, if R(z) > 0,

2 ~ lim 1 (cos20)? + (sin20)2
~ roteo 12 (cos36)2 + (sin36)2

Y(z)
P(2)

0.

|z| =400
Thus, we arrive at the following theoretical result:

Theorem 2. For system (1) with the conditions in (2), we have the following:

1.  IfRo <1, the infection-free state of E is locally asymptotically stable.
2. IfRg > 1, the endemic balance E. is locally asymptotically stable, if T > 0.

The next section is devoted to performing numerical simulations to support the
previous theoretical results.

5. Numerical Simulations of the Mathematical Model

In this section, we present numerical simulations of the mathematical model (1), which
is based on a system of partial differential equations with a discrete-time delay 7. The
numerical simulations allow us to examine the dynamics of a simplified scenario of the
COVID-19 pandemic. In addition, they allow us to support the theoretical findings obtained
in the previous subsections.

For the numerical simulations, we used available approximated real data where
possible to test the theoretical results. Some parameter values are not known in the
scientific literature, making it extremely difficult to find accurate values. There are many
scientific works devoted to dealing with uncertainties in mathematical models for the
COVID-19 pandemic and other epidemics. In addition, there are specific works devoted
to the uncertainties associated with some parameter values. For instance, in [37—41], this
topic is investigated as one of the main aims. In our work, one of the main aims was the
mathematical analysis of the model (1). Nevertheless, we used approximated realistic
values for most of the parameters. In particular, we used approximated initial conditions
from the early phase of the COVID-19 pandemic in Colombia. For the history functions,
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we assumed constant values while accounting for proportions in the early phase of the
COVID-19 situation in Colombia. This is a common approach used in similar theoretical
works that deal with discrete-time delays. The time delay, which takes into account the
incubation time, was set at seven days, which is slightly longer than in other works but
still plausible. For asymptomatic cases, we assumed that 30% of cases were asymptomatic,
which is one of the scenarios assumed by the CDC. For the transmission rate, we chose a
parameter value (beta) that allows us to verify the theoretical results and also aligns with
reported basic reproduction numbers from other studies.

We simulated a specific scenario where Ry > 1. Based on the theoretical results,
COVID-19 did not become extinct. We present the numerical simulations, where the
dynamics of the model (1) can be observed in space and time. The main idea behind
this simulation is to use a specific value of the basic reproduction number R since this
threshold parameter is crucial for the dynamics of the disease. The simulations provide
further insights, such as the transient and long-term behavior of the disease for a specific
simplified scenario.

We executed the simulations using the IMEX method [42]. This method combines the
explicit and implicit Euler methods. In addition, we relied on the ghost-node technique to
discretize the model (1) [43,44]. The numerical simulations were implemented using Matlab
version R2023a. These simulations allow us to illustrate and support the theoretical results.
The general basic idea of the numerical method is to divide the domain [0, L] x [0, T] using
a grid of points. The space-step size is given by h = % and the time-step size is given by
k = % for m,n € N. In addition, the value of k was chosen such that T = pk for some
integer number p such that p > 1.

For the numerical simulations, we used some illustrative numerical values for the
parameters of the mathematical model (1). These values were as follows: A = (180 x
365) /50352943, u = 0.0001523835 * 365, 17 = 0.00006586199 x 365, B = 0.4 x 365, « = 0.65,
r=0.3,vg=2375+10"° x 365, v; = 0.75 x 10710 x 365,v4 = 0.75 x 1073 x 365, and vg =
3.75 + 10~ x 365. For the domain, we used [0, 1] x [0, T], where T is the simulation time.
The initial conditions, that is, the history functions, were assumed to be constant and given
by S(x,0) = 46054839/50352943, A(x,0) = 35005/50352943, I(x,0) = 10500/50352943,
and R(x,0) = 4160000/50352943 for 6 € [—T,0]. The boundary conditions were Neumann-
type, as explained in the previous section. Figure 2 shows the numerical solution of the
mathematical model (1) with a discrete-time delay T = 7/365 and Ry = 1.27 > 1 for
t € [0,1]. It can be seen that the susceptible population S(x, ) becomes extinct, whereas
the infected I(x,t) and asymptomatic A(x,t) populations are approaching an endemic
steady state through traveling waves. On the left-hand side of Figure 3, we can see the
numerical solution of the mathematical model (1) at x = 1. Again, it can be observed
that the susceptible population becomes extinct, whereas the infected and asymptomatic
populations are approaching an endemic steady state, as expected. On the right-hand
side of Figure 3, we can see the numerical solution of the mathematical model (1) at the
final time of t = 1 for different values of x. It can be seen that the disease is approaching
an endemic equilibrium state since Ry = 1.27 > 1. This numerical result supports the
theoretical results, despite the fact that the model (1) was designed for the early phase of
the COVID-19 pandemic. A more complex model is needed for the current pandemic to
account for vaccinated individuals and the waning of immunity [8,45-47].
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Figure 2. Numerical solution of the mathematical model (1) with a discrete-time delay T = 7/365,
t€[0,1],and Ry = 1.27 > 1.
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Figure 3. Numerical solution of the mathematical model (1) at t = 1 with a discrete-time delay
T=17/365,t=1,and Ry = 1.27 > 1.

6. Conclusions

In this article, we studied the existence of traveling waves in a diffusive mathematical
model representing the transmission of a virus within a population composed of susceptible
(S), infected (I), asymptomatic (A), and recovered (R) individuals. The constructed model
is a simplification of a complex real-world situation, but it provides further insight into
the dynamics of different diseases, such as COVID-19. Furthermore, it demonstrates a
mathematical modeling approach that considers spatial effects and time delays in the
biological process related to SARS-CoV-2 virus transmission among the human population.
An analytical study was performed, where the existence of solutions of traveling waves
within a bounded domain was demonstrated using the upper and lower coupled solutions
method. The existence and local asymptotic stability of both endemic (E.) and disease-free
(Eo) equilibrium states were also determined. We presented numerical simulations of the
solutions in order to provide additional support to the theoretical results. In addition, we
provided further simulations in order to illustrate the effects of discrete-time delays on the
dynamics of the traveling waves.
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Appendix A

In this appendix, we present some results and definitions of a type of partial differen-
tial equation with delay, which is applied to our proposed model. For more information,
see [11-13,34,48]. || - || denotes the Euclidean norm of R". || - || denotes the space supreme
norm C, (R, R*) of the continuous and bounded functions of R in R*. C = C([—1, 0];R*) for
T > 0. Consider the reaction-diffusion system with delay given by

0 92

gu(x,t) = D@u(x,t) + f(ue(x)) (x,t) € Rx[0,00), (A1)
where u = (uy,up, us, u4)T e R D= diag(dq,dy, d3,dy) withd; > 0 fori = 1,2,3,4,
f:C— R* is a continuous function, and for t > 0, x € R, u;(x) € C is

ur(x)(0) =u(x,t+0), 0€[—1,0].

When f = (f1, f2, f3, f1) T, the Lipschitz condition for each component f; is defined, as in
the definition below.

Definition A1 (Lipschitz). If u,v € C and f; : C — R is a function, then we say that f; is
Lipschitz if there is L; > 0 such that

fi(u) = fi(0)] < Lillu =], for i=1,2,34.

Definition A2. Let p,q € R* be with p = (p1, p2, 3, ps)" and g = (41,92,93,94)" - Then, we
define the following:

1. q<psiq<p;fori=1,23,4

2. gq<psiq <pjandq; #pifori=1,234

3. lgpl={reR*:q<r<p}

Definition A3. A traveling wave solution of (A1) is a special invariant translation function of the
— 2 4y '

form u(x,t) = ¢(% +t), where ¢ € C>(R,R*) is bounded and c > 0 is a constant known as the

wave speed.

Suppose that ¢ = (¢1, ¢2, ¢3,¢4)T and u;(x, ) = ¢;(£ ++t) € Rfori = 1,2,3,4. Let
6 € [—7,0], and we make the change of variable s = £ + t. Thus, we obtain
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a i\ / a / a i\A, / a 1 /
L) g1 2 = i), 2 g1 = Lgrs,
82 i\As 1 " d 1 "
% = ¢ (S)£ = 29 (s),
filu) = filu(x,t+0) = fi(@(Z +£+6)) = filg(s +0)).
Therefore, 5
0 ilx, d i / di "
ol _ g T ) > glls) = Sgl6) + £(99),
ie.,
D
59"(5) = ¢'(s) + f(9:) = 0, paras € B, ¢x(6) = (s +0). (A2)

If for ¢ > 0, system (A2) has a solution ¢ defined on R such that lims_; o ¢(s) = u_
and lims_, ¢(s) = u4, where u_ and u are stationary states of (A1), then there exists
u(x,t) = ¢(2 +t), which is called a traveling wave, with a velocity of ¢ > 0.

Without loss of generality, suppose k € R* such that k = (ky,kp, k3,k4)T, k > 0 and

u_=0,uy =k
Let m = (mq, mp, ms, my) € R* such that m > k and for Q C R, consider the following set:
W(Q;RY) = {p € C(QRY) : 0 < ¢;(s) <my, i=1,2,3,4 s€Q}. (A3)
Next, let ¢, p € W([—1,0]; R*), with
P = (P42 93,93)", ¢ = (91,92, 93,94)",
and ¢ < ¢@. Moreover, suppose that
o' = (Y1, 92,03, 94)", 97 = (91,92, 93, 04)", 9" = (91,92, 93, 9)".

Definition Ad. The partial conditions of quasi-monotonicity (PQM) for f = (f1, fa, f3, fa) T are
given if there are constants B1, Ba, B3, Ba > 0 such that

file) = fi(y) + B1(@1(0) — 91(0)) >0,
f2(9) — £2(9>°) + B2(92(0) — 42(0)) >0,
f3(9) — f3(9>°) + B3(93(0) — 3(0)) >0,
fa(@) — fa() + Ba(@(0) — 94(0)) >0,
f2(9) — f2(9") <0,

f2(9) — f2(9*) <0,

f3(e) — f2(9") <0,

f3(9) — fa(9*) <.

We assume the following hypothesis:

(A1)f(0) = f(k) = 0, and there exists u = (u1,up,u3,uy) € R* with0 < u < k
such that f(u) # 0.

(A,) f; satisfies Lipschitz’s condition in W([—1,0]; ]R4),i =1,2,3,4. (A4)
(A3) f; fulfills the conditions of PQM, i =1,2,3,4.

We use the following notation:
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e A function has a certain property in almost everywhere (a.e) in R if it has the property
in R except on a set of measure zero (see [49], Chapter 11).
*  The notation

¢i(s+) = lim ¢;(s), ¢i(s—) = Lim ¢;(s),
t—st t—s
indicates that ¢;(s+) and ¢;(s—) exist fori = 1,2,3,4.

Definition A5. Let ¢, ¢ : R — R* be boundless and continuous functions such that ¢ > ¢.If
there are constants Ty, To, T3, . .., Ty such that ¢, ¢ C?(R—{T,Tp, Ts,...,Tn}), and for

¢ = (91, ¢2,93,02)", ¢ = (P1, 92,93, 81) ",

7 = (912,03, 90)", §= (1,62, B3, $2)"

it satisfies the following properties

di—n —/ — di / i

c7¢i (s) = ¢;(s) + fi(ps) <O, cjfi (s) _?i(s) +fi@s) 20 aeinR,
dj —n — 2,3 dj 1" / 2,3 j
9] (s) = ¢i(s) + £;(8.7) <0, C—fj (s) —Qj(s) +fi(¢°) 20 ae inR,

fori=1,4and j=2,3. Then, ¢, ¢ are called lower and upper coupled solutions, respectively, of (A2).
If Equation (A2) has an upper solution ¢ and a lower solution ¢, they must satisfy the

following hypotheses:

(i) 0< ¢ < ¢ <m.

(if) Sgrzloof(s) =0, 5151010 $(s) =k

(iii) ¢i(s+) = ¢(s—) and P:(s+) < Pi(s—) foralls e Rand i = 1,2,3,4.

Using the constants f; given in Definition A4, we define the operator H : C(R, R*) —
C(R,R*) given by

H(p)(s) = f(@s) + Bo(s), ¢ € C(R,R*), Vs€eR, (A5)

where H = (Hy, Hy, Hs, Hy), p = diag(P1, B2, B3, Ba), and Hi(9)(s) = fi(gs) + Bigi(s)-
This operator holds the following properties:

Lemma Al. Let ¢, ¢, ¢, ¢>> be for i = 1,4, as in Definition A4, and suppose that (Az) holds.
Then, for j = 2,3, and s € R one obtains

H;(9)(s) < Hj(¢")(s), H;(¢*°)(s) < Hj(¢)(s).

Proof. From the hypothesis and the definition of the operator H for j = 2,3 and s € R
we have

Hj(9)(s) — Hj(@')(s) = fj(¢s) + Bjpj — £;(#%) — Bty = fi(9s) — fj(¢%) < 0.
For 6 € [—7,0], it follows that
H;(9)(s) — Hj(¢**)(s) = f;(9s(6)) + Bjgpj(s) — f(3°(6)) — Bjp;(s)

= fi(¢(s +6)) = fi(¢**(s +8)) + B;(;(s +0) — ;(s +0))
= fi(¢s(0)) — fi(¢3°(6)) + Bj((¢1)s(0) — (,)s(0)) > 0.

O

Lemma A2. Suppose that (Aq) and (A3) are fulfilled. If ¢, € W(R,R*), then the following
statements hold:
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(i) Hi(¢)(s) = 0forj=1,4ands € R.
(i) Hi(y)(s) < Hj(¢)(s) forj=1,4,¢ < ¢, ands € R.

Proof. If (A1) and (A3) hold, then f(0) = 0. For v,a € W(|—7,0],R?*), with v < & and
¥ = (Y1,72,73,74), « = (a1, a2, a3, 24), one obtains

fi(@) = fi(7) + Bj(#;(0) = 7;(0)) = 0, j=1,4

Consider ¢, € W(R,R?*) such that ¢ < ¢ and p = (p1,02,03,04) = 0 € W(R,R*). Wi
now show the following;:

(i) IfseRandj=1,4, wehave
Hi(¢)(s) = fj(¢s) + Bjoj(s) = fi(¢s) + 0+ Bjl(7)s(0) — O]
:fj(ﬁbs)_fj(Ps)‘Fﬁ][(%)s( )—(p ) (0)] > 0.
(ii) Fors € Rand j = 1,4, we obtain

Hj(¢)(s) — Hj(§)(s) = fj(¢s) — fj(ws) + Bj(¢(s) — j(s))

- = fi(¢s) — fi(¢s) + Bjl(¢;)s(0) — (9;)s(0)] > 0.

Therefore, system (A2) is equivalent to the system
d; ,
— 291 (5) + 9i(s) + Bigi(s) = Hi(g)(s), i=1,2,3,4, s€R. (A6)
Thus, we have the characteristic equation for the part of the homogeneous equation as

di , .
C—zl/\ —A—B;i=0, i=1,23,4,

which has the roots

SO VITBE/R) 4T AR
1 = 2i = ’

2d; ’ N 2d;

Since Ay; > 0 and Aq;Ay; = 4d2 {1 — (1 +4ﬁd )} = @(f#) < 0, then Ay; < 0. Hence,

Agi — Aq; > 0. Now, we define the application
F = (F, B, F3, F) : WR,RY) — C(R,RY),

given by
c

2 s )
B0 = o | L P+ [ D) (pdp),

fori=1,2,3,4.
The following statement holds:

s 1 1
/\11 /\21 _ . A7
I dp+/ Pp= 1 — 1= >0 (A7)
Indeed,
/s eMils— )dp — oMis /s e MiPdp = eMi® |:_A1(e)\li5 _ gm e~ M)
—00 —00 1i r——00

1
— MiS| = (p—Mis _ -
=e e 0)f = ,
{ )‘11’( )] Ali
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and o o 1
/5 e/\Zi(S*P)dp = e)\zis/s e MiPdp = M [_/\( lim e~ 2" — ¢~ M2%)

2 r—o0
1 1
— S| T (o Ausy | —
—¢ e = .
{ )\21'( )} Ao

Proposition Al. The F application is well defined and satisfies (A6).

Proof. Since f = (fi, fa, f3,f1) is continuous and satisfies (A1) and (Az), then for
¢ = (p1, P2, ¢3,04) € W(R,R*), by the Lipschitz condition of f; in W([—1,0],R*) and
f(0) = 0, if weset p = 0 € W([—1,0],R*), there is L; > 0 such that for all s € R, it
holds that

fi(ds) = fi(¥)] < Lillgs = plleo = fi(ds)] < Lilldslloo < Lil[@]]co-

Thus, for s € R, we have

[Hi(9)(s)| < [fi(@s)] + Bil$i(s)| < Lillplleo + Bill ploo-

Next, considering K; = ||¢||eo(L; + B;), it is deduced that |H;(¢)(s)| < K; for all s € R.
Hence, from (A7) and fors € Rand i = 1,2, 3,4, it follows that

CZ N i\S— ~ 2i(5— .
|Fi(¢)(s)|<M[/_we)‘“( P>|Hi(qt>)(p)\alp+/s P |Hi(9) (p)ldp

CzKi s A 00
<t 1i(s—p) / Azi(s—p) .
= di(Ag — Ayj) {/ooe ap+ . ¢ dp| <eo

It is concluded that for ¢ € W(IR,R"), one obtains F(¢) € C,(R,R*), i.e., F is well defined.
).

Let us assume that F satisfies (A6). Indeed, fori = 1,2, 3,4, we have y; = Wi/\ﬂ Then,

S

Fi(¢)(s) = i |e" L _ TP H(¢) (p)dp + €2 / ) eAZf”Hi(@(P)dP}
LE@E) =30 e [ g) (p)dp -+ e Hi(g)(s)

+ e [T e (p) (p)dp - e H () (s)]

S

_ s .
= et [ e @) (p)p+ etz [ () pdp |

d2 [ iS S Ay iS ,—A1iS
SSFO)) = 7| Mt [ NP H(9) (p)dp + Ayt ioe M Hi(9) )

+ A3 et /Oo e 2P H;(¢)(p)dp — AzieAZise_Az"sHi(Gb)(s)}

S

=gt [ e ) oy A3 [ e ) ()
+ (M1i — A2i) Hi(¢) (s)]-
Now, [;(s) = e* [ e~ MiPHy(¢)(p)dp and Ji(s) = e'2° [[7 e~ 2P H;(¢)(p)dp, and then

BiFi(¢)(s) = Bivili(s) + Bivili(s),
F{(¢)(s) = Mivili(s) + Aaivii(s),

di 1" di di
—CjFi (@)(s) = —CiA%iWili(S) - Cj)‘%m]z‘(s) + H;i(¢)(s).
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. d: d: oy .
Since —C—Z’A%i + A1;+ Bi =0and —C—z’/\%i + Ay + Bi = 0, it is clear that

—%F{'(@(S) +F(¢)(s) + BiFi(@)(s) = H(¢)(s).

O
Now, for p > 0 p < min{—Ay;, Ay; : i = 1,2,3,4}, we define the following set:

%@Rﬂz{mewawWMMMM<w}
seR

and [|¢]|p := supycp e=PIsl||p(s)|| (see [34], pag. 7). Let ¢ and ¢ be the lower and upper
coupled solutions, respectively, of (A2). We define the set

T={peWRRY):¢<¢<g}
Proposition A2. I is a non-empty set that is closed, bounded, and convex.

Proof. From (A5) and the functions, it holds that ¢ and ¢, then @@ € I'. This implies that

T # .T is bounded. Indeed, let ¢ = (¢1, 2, ¢3,¢4)T and ¥ = (1, v, P3,1P4)T be such that
¢, € T. Since ¢, € W(R,R?), then

0<¢pi<my, 0<¢;<m;, i=1,2734

Let m = max{m; : i =1,2,3,4}. Then, |¢; — ;| < 2m fori =1,2,3,4. Hence,
4

o —ylI> = Y |pi — pi|* < 4(2m)?,

i=1
= -l <dm = ||p — Pl < 4dm.

Next, T is closed. Indeed, let {¢),} C T be a sequence and ¢ € C,(R,R*) be a cluster
point of {¢, }. There is a subsequence {y;} of {¢,} that converges to . Suppose that

e = (Ur, Pro Vi3, Pra)T and © = (1,2, 3, 1¥4)T. From the definition of T, for
i=1,2,3,4, we have

¢ <V < ;= ¢, < M P < ¢ = 9, < i < @y

Thus, ¢ < ¢ < ¢, and therefore, ¢ € T, ie, T is closed. Next, for t € [0,1], let ¢ =
(p1, 02, P3, ¢4)T and ¢ = (Y1, ¢, ¥3, 1/)4)T such that ¢, ¢ € T. Next, fori = 1,2, 3,4, we have

P, < Pi, Yi < ¢;.
Consequently,
k. <t < and (1— D¢, < (1— D < (1— D).
Summing both inequalities, one obtains
9, <tpi+(1—Dpi <= <tp+(1-1p <,
which implies that [t¢ + (1 — t)¢] € T, and therefore, T is convex. O

Proposition A3. B,(R,R*) con || - ||, is a Banach space.
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Proof. It is clear that B,(IR,R*) is a vectorial space and || - ||, is a norm. Let {¢,} be a
Cauchy sequence in By(R, R"). Fix s9 € R and & > 0. Then, there is ny € N such that for
all n,m € Nwith n > ng, we have

e _
[pn — Ppmllp < 5¢ plsol,

In particular, for sy we have

I n(s0) = @ (s0) 150! < llgs = pmllp < 550 = [|u(s0) — Pm(s0)I| < 5.

Now, s is arbitrary, Then, ||, (s) — ¢m(s)|| < 5 forall s € R, which implies ||¢pn — /o <
e. Thus, {¢,} is a Cauchy sequence in the Banach Space Cy(R,R*). Then, there exists
¢ € Cy(R,R?*) such that ¢, — ¢. Thus, for &g > 0, there is my € N such that for all n € N
with n > mg, we have

3
ln —lleo < 5

It follows that for s € R, we have

194(5) = 9O < low — ¢l < 5,
= lpa(s) = e #* < Perll <

€0
= ¢n — llp < 5 <€

The above implies that {¢,, } converges in B, (R, R*) with the norm || - [|,. O
The following result for F is deduced from (A1) and (A2).

Lemma A3. Suppose that conditions (A1) and (A3) hold. Let ¢, p, ¢, ¢>> be such that i = 1,4,
as in (A4). Then, we can conclude the following:

() E(y) < F(g)fori=14.
(if) Fi(9) < F(¢') forj=2,3,i=1,4
(iii) F;(9*3) < F(¢) for j = 2,3,

Now, the application F is continuous.

Lemma A4. Suppose that (Ay) holds. Then, F = (F;, F,, F3, F4)T is continuous with respect to
the norm || - ||, in By (R, R*).

Proof. Fix ¢ > 0 and consider § > 0 such that § < &/(L;e’™ + B;.) Then, for s € R,
¢ = (@1, 2, 93, 2) 9 = (Y1, P2, P3,¥4) € Bp(R,R*) with || — ¢[|, < &, we have

|Hi(¢)(s) — Hi(1)(s)|e Pl < [fi(gs) — filws)|e PV + Bili(s) — wi(s)le ']
< Lillgs = slleoe# + Billg(s) — p(s) e F

<L sup [lp(s+6) — (s +0)[le ¥ + Bl — ¢,
fe[—1,0]

<L sup |[p(s+0) (s ) sup o 0lpmel
0e[—1,0] 0e[—7,0]

+ Bill¢ — ¢llo
< Lillg = glpe™ e e+ Billgp — o
< (L + B9~ yllp <
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Now, forall s > 0if ; = Wi/\l_), we have

[Fi(@)(s) = () (s)]e ") < yze ¢l [ [Pt @)p) - Hilp) (p)ldp

—00

[ H ) () - H,~<lp><p>|dp]
< e [ [ e () (p) — Hi() ()P dp+
[ et elrl ) () - Hi<¢><p>|e-PPdp]

0 s
S ’)/ieipSE leAlis ‘/700 ei()\liJ"p)pdp + e/\lis/o 3(7A1i+p)pdp

o2is /S e(_/\2i+P)Pdp‘|.

Since p < —Aqj, Api, we have p + Aqj, 0 — Ay < 0. Then,

nis [0 (i) A 1 1 o —(—Auitp) eMis
eMi / e 1i TP Pdp = /M _ + Iim e TP ) — ,
—o0 Mitp  Mitpgo—o Mi+p

s (—Mitp)s ps Ayjs
e?\ns/ e(*MﬁP)Pdp — gMis (e : 1 = ° ¢
0

“Aitp —Aytp “Aitp —Mitp

[e°] —A i+
e/\ZiS/ e(*/\zﬁp)l’dp — phais _ lim e(—A2itP)a _ eartp)s S ef? )
s —Agi 4 p g0 —Asi+p —Agi +p

This implies that
)\,‘ Ai
|Fi(4)) (S) _ Fi(lp) (S)|efp\s\ < ,Yieps£<_ eMis N ePs B eMis B ePs )
Mitpe  —Mitp —Mitp  —Aytp

20 (- Mi — Agi
< ;e eMi—p)s +
=7 (A%ipz (0 —A2)(p = Ai)

< e 20 Mi— Ay
TA\AL -0 (p—Aa)(p—Aw) )

In the same way for s < 0, we have

_ Zp )\1' — /\2'
Fi()(s) — Ei(p)(s)|e PPl < ye + i ' .
F0)E) ~ el < e 2 A
Then, F; : Bo(R,R*) — B, (R, R*) is continuous with respect to the norm | - ||, in B, (R, R*).
Thus, F is continuous. [

Lemma A5. We consider the closed and convex set T = {p € W(R,R*) : ¢ < ¢ < ¢}, where §

and ¢ are the upper and lower coupled solutions of (A2) such that b, b, ¢’ and ﬂ’ fori=1,2,3,4,
are essentially bounded. Then, F(T') C T.

Proof. Let ¢ € I be such that ¢ = (¢1, 2, ¢3, ¢1). From Lemma (A3), fori =1,4and j = 2,3,
one obtains 93

Fi(¢) < Fi(¢) < Fi(9) Fi(¢

) < Fi(¢) < Fi(¢™). (A8)
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We need to check that
9. < F(¢) F(¢) < ¢,
9, < 5@ F(¢*) <,

Indeed, from Definition (A5), we have the following equations in terms of H a.e. in R for
i=14andj=23.

di < - - di Vi /
SF 8- BB+ H@)S) S0, 54— ¢~ pi, + Hil9)(s) 20,

di—y — —2,3 dj i

20 — G Bl H(@T)6) <0, 9 — ¢l =B, + Hi(¢)(s) 2 0. (A9)
Without loss of generality, we assume that ¢ and ¢ are C32(R — {Ty, Tp,..., Tn}), with
—00 < T <Tp <...< Ty < co. We denote Ty = —co and Ty, 1 = . Then, from the
definition of F and (A9) for all s € (T, Ty11), n = 0,1,2,..., N, and considering v; as
before, fori = 1,4 we have

F@)E) = [/S

—00

MV H (@) (p)dp + / Ty, (qb)(p)dp]

<

s ) di—n — —
/700 eMi(s=p) <_Cz¢i (p)+¢i(p) + ﬁi‘Pi(P))dV

+ [ et (—f§¢§’<p> +gi(p) + ﬁi¢i<p>)dp] .

Using integration by parts for k = 1, 2, it follows that
diA

. 4o o dAZ o
_é/eAkl(S p)¢;I(P)dP=—C7€Ak1(S P)(p;(p)_TZkeAk’(s p)fl’i(P)_szk/eAk'(s p)‘i’i(P)dP

/eAki(S—P)ﬁ(p)dp = eMilP)g, (p) + /\ki/e)‘k"(s_p)@(l?)dﬂ

If d'*// —/ —_
Yialp) = P (-5 () 4 i) + B0) ).

; dj _
and since fc—z/\%i + Aki + Bi =0, then

dicr A
[ Yilp)dp = eAkf(sP)(—cz%(P) ~ 2 i(p) +4’i(p)>'

Now, s € (Ty, Ty+1) and ¢;, ﬂ, @:/ are essentially bounded, and it follows that

T;

s [} 1 T s
/ Yu(p)dp+/s Yai(p)dp =/ Yu(P)dp+/T Yli(P)dP"‘--""/T Y1i(p)dp
—00 o0 1 n

Tyta 0
[ alpp 4t [y
s N
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T; . .d.
/ Yii(p)dp = —%e“"“””@ﬁ(ﬂ—) - A%zdl@m(sfmﬁ(ﬂ) +MiTg,(Ty),
T d; Aid;
/ Yli(P)dP: C21 eMi(s—T2) ¢1(T2 ) 2121 eMils Tz)(P (T2)+e)‘11(s Tz)q) (TZ)
L% dz /\11(5 Ty) 4)1(T +)+)\11d1 Ai(s—Ty) ¢1(T1) Ali(s—T1)$i(Tl),
C
T3 di i(s—T3)7% /\ldl i(s—T3)7% i(s—T3)7%
[, Yis(p)p = — MO I (o) - S TG (T3) 4 M (T3)
2

+ G (Typ) + ST () — Mg (Ty),

)\11

s d;i— — d; (s—T,)=!
[ Yiutp)p = ~GFi(s) - SGi() + Filo) + FMETTIFT )

+ A%fieA“(s_T")%(Tn) — MiETTG(Ty),

Tn+1 d /\ d
| Yailp)dp = = G TG (T, ) - SHE T (T, )
/\21

_ d;i —
+ M2 T)g (T, 1) + 2¢is) + ils) = 9i(),

Aﬁfﬂ WP—'IA” BV%UN+)+AMLAMSTM¢CUO—€M“JM$K30
N
From the above, it follows that
s *© d; — di N~ pi(s=T) (5 =
[ Yutpyp+ [ Yalp)dp = G0 = Mgi(s) + 5 Y M (F(T4) - (1))
—00 S ]=1
S il T)) (3 7
t3 Y, e (‘Pi(Tj+) —<Pi(Tj—))-

Which implies that

F(¢)(s) < 'Yi(/soo Yai(p)dp + /:o Yzi(P)dP>

1

Fi( )(S) < @i(S) + m Lil e/\li(S—Tj) (&:(T]_F) _$;(T]—))

< |

N N (=t —
+ )y, T (‘Pi(Tj"') _¢i(Tj_)>‘|'

j=n+1
From Property (iii) in (A5), we have ¢;(t+) < ¢;(t—). Thus, one obtains
F(@)(s) < ¢;(s), Vs eR.
In the same form, ¢, < Fi@'% < 1:]@23) and Fj@zﬁ) < @‘ O
In the next lemma, we show that F : I' — I is a compact application.

Lemma A6. Suppose that (A3) and T are as in Lemma A5. Then, the application F : T — T is
compact with respect to the norm || - ||,
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Proof. Suppose that PQM holds. From Lemma A5, the application F(T') is bounded
uniformly. F is equicontinuous on W(R,R*). Indeed, let 7; =
Proposition A1, for ¢ € W(R,R*) and i = 1,2,3,4, it holds that

2

C
—~——, and from
di(Azi—A1i)’

d : S
%Fi((f’) (s) =i {/\11‘ /700 EA“(S*p)HiUP)(P)dP‘F/\zi/S e)‘Zi(sP)Hz‘(fP)(P)dP}

Then, by a similar argument as shown in (A1) and using (A7), we have

d
ZF9)(s)

<l [ DI () dp -+ ] [ 26 ) ()

< 7iK; {—7\11‘/ eMils= )dP‘H\m/ erals= )dp}
< 27;K;.
Thus, fori =1,2,3,4,

d

dsF(4’)( s) < 27;K;

e Plsl < 29Kje™ Ps<27K:>’ $)(s)

P

Therefore, F is equicontinuous on W (R, R*).
F:T — T is compact. We define the sequence operator given by F(") : W (R, R*) —

W(R,R*) and
F(g)(—n) s € (—c0,—n),
F"(g)(s) = F(o)s) ,s€[-nn]

F(p)(n) ,8 € (n,00).

Then, for all n > 1, F) is bounded uniformly and equicontinuous. By using the Arzela-Ascoli
theorem, it is deduced that F (1) is compact in the interval [—#, 11]. On the other hand, since

E™ —Fl, = sup E™ ()(s) — Fi(@)(s) e P!
se

= sup  [F"(@)(s) - Fi(g)(s)[e "
s€(—o0,—n)U(n,00)

< 2kie™P" — 0 asn — oo,

where ¢ € W(R,R*). Hence, the sequence {F(")} converges to F in T with respect to the
norm || - [|,. From Proposition 2.1 in [50], F : T — T is compact. []

Thus, we have the following theorem:

Theorem A1l. We assume that A1, A2, and A3 are true. Suppose that ¢, ¢ € W(R, R*) are the
upper and lower solutions of (A2) and
lim ¢(s) =0, Slggof =k,

S——00

Then, (A2) and (A6) have a solution. Thus, (A1) has a solution.

Proof. Consider thesetT = {9 € W(R,R*) : ¢ < ¢ < ¢} and the operator F : T — T as
in Lemma A5. Next, from Lemma A4, Lemma A5, and Lemma A6, F is continuous and
compact with respect to the norm || - ||,. From the fixed-point theorem, there is ¢* € T such
that F(¢*) = ¢*. Then, ¢* is a solution of (A6) and, therefore, a solution of (A2). Now,
from Lemma A5, ¢ < ¢* < ¢. And thus,



Mathematics 2024, 12, 710 35 of 36

0< lim ¢*(s) < lim ¢(s) =0,

§——00 §——00
k < lim ¢*(s) < lim ¢(s) =k,

S—00 S§—00

ie.,
lim ¢*(s) =0, lim ¢*(s) =k.

S§——00 S—r00

Hence, ¢ satisfies the asymptotic boundary conditions. Thus, ¢* is a solution of (A1). O
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