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Abstract Lexicographic methods to rank fuzzy numbers
present the advantages of simplicity, consistency with
human intuition, and power of discrimination. In this paper,
we tackle the problem of finding the conditions for these
methods to produce a rank in specific steps. Our main
results are twofold. First, we prove that a necessary and
sufficient condition for a ranking function to be a total
order is that this function is either injective, surjective, or
bijective. Second, we provide further insight into the
required steps for a lexicographic order to rank same-type
and different-type fuzzy numbers. A counterexample
refutes a conjecture in the literature about the maximum
number of steps needed to rank different-type fuzzy
numbers.

Keywords Fuzzy numbers - Ranking - Lexicographic
order - Total order

< Francisco Salas-Molina
frasamo @upv.es

Javier Reig-Mullor
javier.reig@umbh.es

David Pla-Santamaria
dplasan@upv.es

Ana Garcia-Bernabeu

angarber @upv.es

Universitat Politécnica de Valeéncia, Ferrandiz y Carbonell,
03801 Alcoy, Spain

2 Universidad Miguel Hernéndez de Elche, Av. de la
Universidad s/n, 03202 Elche, Spain

1 Introduction

In many real-world situations, decision-makers face prob-
lems that are difficult to address because the uncertainties
associated with the problem are vague or non-probabilistic.
To deal with vagueness and imprecision in such situations,
Zadeh [31] proposed the theory of fuzzy sets, which has
been extensively used to address a wide range of decision-
making situations [3, 6, 18]. The ranking of fuzzy quanti-
ties is a challenging problem that has attracted the interest
of many researchers. The different approaches to ranking
fuzzy numbers can be considered to fall into three main
categories [28, 30]:

1. Ranking methods based on the distance to a reference
set. These methods evaluate each fuzzy number by
computing its distance to some reference set. Among
this class are included the approaches focusing on
maximizing sets [9, 17] and Fuzzy-TOPSIS methods
[24-26].

2. Ranking methods based on pairwise comparisons.
These ranking methods construct a fuzzy preference
relation for ranking or choosing from a group of
alternatives by comparing them against each other in
pairs as in [2, 21, 30].

3. Ranking methods based on defuzzification. In this
category, we find procedures relying on fuzzy numbers
mapped to real numbers to derive a ranking as in
[14, 29]. Also, in this group are included the ranking
methods based on lexicographic orders [12, 27], which
are particularly interesting because the final ranking is
not based on a single defuzzified value but in a
lexicographic order of different values.

While no method can be considered superior to any other,
some scholars consider that ranking methods relying on
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lexicographic orders present the advantages of simplicity,
consistency with human intuition, and power of discrimi-
nation [12]. They have been widely used in multiobjective
optimization since their first introduction by [8] and rep-
resent valuable tools for ranking fuzzy numbers based on a
strict structure of preferences. Several works [12, 23, 27]
claim the ability of lexicographic methods to solve the
shortcomings of alternative techniques. For instance,
ranking functions that map fuzzy numbers to the real line,
such as the one described in [14], present the following
limitation: if two fuzzy numbers are mapped into the same
real number, then these two fuzzy numbers are indistin-
guishable by the ranking function even though they may
look different to a decision-maker. On the application side,
lexicographic orders have been employed to solve fuzzy
linear programming problems [11, 23], to evaluate the
relative efficiency of a set of decision-making units [16], to
solve matrix games [22], and in multi-attribute decision-
making [13].

Focusing on specific lexicographic methods, [12] pro-
posed to rank trapezoidal and triangular fuzzy numbers in
four steps. Other authors proposed a lexicographic
screening procedure to rank fuzzy numbers, claiming
efficient computation and ease of understanding [27]. The
authors proved that the described method could generate an
ordered set of fuzzy numbers of the same type with
membership functions defined by at most eight parameters.
In addition, they suggested but did not prove that the
maximum number of steps in a lexicographic method to
rank two fuzzy numbers of a different type is given by the
smallest number of defining parameters plus one (see
Conjecture 1). However, there is a need to consider the
underlying motives why lexicographic orders can solve a
ranking problem in a limited number of steps.

Along the lines of previous research [12, 23, 27], our
main research assumption is that lexicographic methods
provide an efficient and robust way to rank fuzzy numbers.
Instead of considering the advantages that some lexico-
graphic methods may present compared to others, we focus
on the conditions to produce a ranking and the required
number of steps. As a result, our work gives two funda-
mental insights. Firstly, we provide novel theoretical results
on the conditions to obtain a total ordering from an arbitrary
set of fuzzy numbers based on lexicographic methods. For
this purpose, we start from lexicographic methods of the
same type as described in [12, 27]. The authors do not
provide the conditions a lexicographic order must meet to
produce a total order. We here show that a necessary and
sufficient condition for a ranking function to be a total order
on a set of fuzzy numbers is that this function is injective,
surjective, or bijective. Secondly, we provide insight into the
required steps for a lexicographic order to rank same-type
and different-type fuzzy numbers. One of these results
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refutes Conjecture 1 by [27] about the maximum number of
steps required to rank different-type fuzzy numbers.

In our research, we focus on the exploration of the
conditions to establish an ordering system through the
utilization of various lexicographic methods. Rather than
advocating the superiority of one method over another, we
offer a versatile approach applicable to a wide array of
fuzzy numbers. In direct contrast to the works by [12, 27],
our approach is not limited by the type or number of
defining parameters, extending its utility to same-type and
different-type fuzzy numbers. Our results not only enrich
the existing landscape of lexicographic methods described
but also provide a valuable framework for designing novel
methods to rank fuzzy numbers.

In addition to this introduction, this paper includes
Sect. 2, in which we provide useful background on fuzzy
numbers and lexicographic orders. Section 3 is the central
part of this paper describing novel theoretical results. In
Sect. 4, we illustrate the theoretical results with numerical
examples, and Sect. 5 concludes this paper by highlighting
natural research extensions of this work.

2 Useful Background

In this section, we provide basic concepts on fuzzy num-
bers and lexicographic orders that will be useful to follow
the main results of this paper.

2.1 Basic Definitions

Definition 1 Fuzzy set [31]. Let X be a non-empty set, the
fuzzy set A is expressed as

A = {{x, iy (x))|x € X} (1)

where 1, (x) is the degree of membership of element x to A,
defined as a function p, : X — [0, 1], with 0 and 1 repre-
senting the lowest and highest degrees of membership.

Definition 2 Fuzzy number [6]. A fuzzy number Ais a
fuzzy set of the real line R with a normal, fuzzy convex,
and continuous membership function of bounded support.

Definition 3 LR fuzzy number [7, 23]. A fuzzy number
A= (a1,az2,a3,a4) is said to be an LR fuzzy number if its
membership function y,;(x) is given by

a) — X
L , ar<x<a
ay — ag

ilx) = Lo e 2)
k(

X —as
>, a3 <x<ay

as — az

0, otherwise
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where L and R are shape functions [0, 1] — [0, 1], with
L(0) =R(0) =1 and L(1) = R(1) = 0, which are non-in-
creasing, continuous mappings.

If L(x) = R(x) =1 — x, then A is called a trapezoidal
fuzzy number. If a, = a3, trapezoidal fuzzy number A
reduces to a triangular fuzzy number.

Definition 4 Support [12]. The support Supp(A) of fuzzy
number A is defined as the crisp set:

Supp(A) = {x € R | pi(x) > 0}. (3)

Definition 5 Core [10]. The core Core(A) of fuzzy
number A is defined as the crisp set:

Core(A) = {x € R | ug(x) = 1}. (4)

2.2 Lexicographic Orders

Before defining lexicographic orders, let us consider the
following preliminary definitions.

Definition 6 Type of fuzzy numbers. A type (or class) of
fuzzy numbers is a set of all fuzzy numbers whose mem-
bership functions share a group of features that can be
summarized in a vector of parameters of the same size.

For instance, triangular fuzzy numbers share standard fea-
tures usually summarized in a three-dimensional vector,
A= (a1, a2, a3), with a; <a, <as, where a; refers to the left
end-point of Supp(A), a, is the modal value of A in which
1(A) = 1, and a; refers to the right end-point of Supp(A).
Furthermore, symmetric triangular fuzzy numbers are a sub-
type of triangular fuzzy numbers whose membership func-
tion can be summarized using a two-dimensional vector
A= (a1,a;), where a; is the modal value and a, is the left
and right spread from a,, equivalent to A = (a; — az,a,a,
+a,). However, symmetric triangular fuzzy numbers can
also be expressed using a three-dimensional vector to be con-
sidered general triangular fuzzy numbers for ranking purposes.

Definition 7 Same-type fuzzy numbers. Two fuzzy
numbers Ml and Z\;Iz, described by vectors of parameters
Mlz((fi,i:l,...,ml) and Mg:(t,-,i:l,...,mg),
where m; and m; are the total number of defining param-
eters, are of the same type if and only if m; = m,, and
w(My) = u(M,), when g; = 1;, Vi.

Definition 8 Different-type fuzzy numbers. Two fuzzy
numbers are said to be different-type when they are not
same-type fuzzy numbers.

Then, two triangular fuzzy numbers A= (a1,az,a3) and
B= (b1,by,b3) are of the same-type because when
a; =b;,Vi € {1,2,3}, it mnecessary implies that
u(A) = u(B). Similarly, triangular fuzzy number A =
(a1,a2,a;3) and trapezoidal B = (by,b,b3,bs) are not
same-type fuzzy numbers because m; = 3 is not equal to
my = 4. Furthermore, triangular fuzzy number A =
(ay,as,a3) and trapezoidal fuzzy number
B = (by, by, b3, by), with by = b3, are of the same type
because B is indeed a triangular fuzzy number that can be
rewritten as B = (b1, by, by). Finally, symmetric triangular
fuzzy number A = (aj,a;) and Gaussian fuzzy number
B= (b1,b7) are not of the same type because a; = b;, Vi €
{1,2} does not imply that u(A) = u(B), according to the
definition of a Gaussian fuzzy number with membership

x—by\2
()

function pgz(x) = e

Definition 9 Strict lexicographic order [12]. For
x,y € R", the strict lexicographic order x>,y holds, if and
only if there is 1 <i<n so that x; =y;, for j<i, and
Xi > Y.

Definition 10 Weak lexicographic order [12]. For
x,y € R", the weak lexicographic order x >, y holds, if
and only if, x>y, or x = y.

At this point, it is essential to distinguish between a
vector of defining parameters and a function defined on a
vector of parameters. For instance, a trapezoidal fuzzy
number is characterized by a vector of parameters denoted
by A = (a1,a, as,as). On the other hand, function g :
A — R is a function mapping the vector of parameters to
the real line that can be used for comparison purposes.

The lexicographic procedure proposed in [27] is based on
eight functions for sigmoid fuzzy numbers with eight
parameters (¢, ¢,, by, ba, 1,02, f1, ), where ¢; and ¢, are
the left and right modal values, b, and b, are the membership
function values of the left and right inflection points, ¢, and
0, are the first and second left spreads, and f3; and /3, are the
first and second right spreads. In this case, the mode is (¢; +
¢,)/2 and the membership function is given by

=01 — 0 <x<c—0

¢ —0<x<¢

ulx) = 1 c<x<c,

by + ! ;le\/ﬂ?7 (xfc,)z.
hZ*%\/ﬁ%*(chfﬁlJrﬂz*x)z» o+ phi<x<c+ i+
(5)

Then, the authors proposed the following lexicographic
procedure:

e <x<e+f
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1. The larger the mode d =
the fuzzy number.

2. The larger the right spread s, with respect to the mode,
the larger the fuzzy number.

3. The larger the total area M below the membership, the
larger the fuzzy number.

(c1+¢,)/2 is, the larger is

4. The larger the upper modal value ¢, =sup {x €

Supp(A); ju(x) = 1} is, the larger is the fuzzy number.

5. The larger the first right spread f3; is, the larger the
fuzzy number.

6. The larger the membership value of the right inflection
point b, is, the larger the fuzzy number.

7. The larger the second left spread J, is, the larger the
fuzzy number.

8. The larger the membership value of the left inflection
point b, is, the larger the fuzzy number.

As a result, the strict lexicographic order A~>lmB~ holds if
and only if Z(A)>.,Z(B), where vector Z is constructed by

Z(A) :(d(A)asr(A%M(A’v)v Cr(A)vﬁl (AN)v bZ(AN)v 52(A~)7b1(A~))

(6)
M(E)aCr(g)vﬁl(g)vbZ(B~)752(é)7bl(g))
(7)

The authors also apply this lexicographic procedure to
fuzzy numbers with fewer parameters by focusing on the
first three steps for triangular fuzzy numbers and the first
four for trapezoidal fuzzy numbers.

Similarly, [12] established a lexicographic rule to rank
fuzzy numbers based on the following functions defined on
four-dimensional vectors of parameters for LR fuzzy
numbers:

Z(B) =(d(B),s:(B),

Definition 11 Let A be a fuzzy number. Define:
C(4)

1. Lower modal value: =inf {x € Supp (A);

pi(x) =1} i i
2. Left end-point of support: L(A) = inf {Supp(A)}.
3. Length of support W(A) = [Supp(A)|.
4. Area under the membership function M(A) = [ u,dx.
5. Ordered set: V(A) = (C(A), L(A), W(A),M(A)).
Then, the author proposed the following ranking function
for two LR fuzzy numbers A, B:

— Step 1. Compare C(A) and C(B). If C(A) = C(B), then
go to Step 2. Otherwise, stop. The larger C(x) is, the
larger the corresponding fuzzy number * is.

— Step 2. Compare L(A) and L(B). If L(A) = L(B), then
go to Step 3. Otherwise, stop. The larger L(x) is, the
larger the corresponding fuzzy number * is.

@ Springer

— Step 3. Compare W(A) and W(B). If W(A) = W(B),
then go to Step 4. Otherwise, stop. The larger W () is,
the larger the corresponding fuzzy number * is.

— Step 4. Compare M(A) and M(B). If M(A) = M(B),
then A ~ B. Otherwise, stop. The larger M(x) is, the
larger the corresponding fuzzy number * is.

As a result, the strict lexicographic order A- lexB holds if
and only if V(A)>,V(B). Similarly, the weak lexico-
graphic order A =, B holds if and only if V(A~)>-zng(B~),
or V(A) = V(B). Note that the lexicographic order >,
derived from Definition 11 is a total order for same-type LR

fuzzy numbers because it presents the properties for a total
order [23]:

Definition 12 Total order [4]. Given set S, a total order is
a binary relation >~ on S with the following properties:

1. Reflexivity: A; = A;,VA; € S.

2. Anti-symmetry: ffi > /f] and A~j - A~i, implies A~i = A~j7
VA~,‘,A~j es.

3. Transitivity: A~i >~ A~] and A~] >~ A~k, implies A~i > ffk7
VA;, A;, Ai € S.

4. Comparablhty A; = A or A > A”VA,7 i €S.

Furthermore, the specific order V(A) = (C(A),L(A),

W(A),M(A)), in which functions in V(A) are compared to

rank LR fuzzy numbers, reflects the importance of the

information provided by each of the functions in deciding

the ranking [23].

On the other hand, [27] provided the following result
derived from their lexicographic ranking method:

Theorem 1 The lexicographic screening procedure [27]
generates a totally ordered set of fuzzy numbers with same
type of membership functions defined by at most eight
parameters.

In addition, [27] suggested, but did not prove, that the
maximum number of steps in a lexicographic order to rank
different-type fuzzy numbers is given by the following
conjecture:

Conjecture 1 [27] Given two fuzzy numbers of different
types denoted by M, = (ci,i=1,...,m;) and M, =
(ti,i = 1,...,mp) where my, my are numbers of defining
parameters, respectively, the maximal number of ranking
steps is min(my,my) + 1.

From the previous background on lexicographic orders,
we consider the following research questions: 1) what are
the conditions to obtain a total order on a set of fuzzy
numbers? and 2) how many steps are necessary to produce
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a total order by following a lexicographic algorithm?
Sect. 3 addresses these questions.

3 Conditions for Total Orderings Based
on Lexicographic Approaches

In this section, we provide the conditions to produce a total
order over an arbitrary set of different fuzzy numbers
defined by m parameters through decision rules or classi-
fication functions such as lexicographic methods. We
consider the case of sets with the same type of fuzzy
numbers and those with different types of fuzzy numbers.
SAL}
populated with different fuzzy numbers such that A; # A~_,~,
for all i #j in range [1,n]. Consider ordered set ¥ =
{1,2,...,n} with ordinal numbers representing a ranking
in decreasing order of preference, and ranking function
f S — Y mapping elements of S to ranking Y.

Let us consider an arbitrary set S = {A~|,A~2, ..

Definition 13 Injective function [20]. A functionf : § —
Y is injective if and only if for all A~,-7A~j €S, A #A}
implies that f(A;) # f(A;).

Definition 14 Surjective function [20]. A function f :
S — Y is surjective if and only if for every y € Y, there

exists A; € S with y = f(A;).

Definition 15 Bijective function [20]. A functionf : § —
Y is bijective if and only if fis both injective and surjective,
or equivalently, if and only if for every y € Y, there exists a

unique A; € S with y = f(A;).

Theorem 2 Injectivity and surjectivity [20]. If S and Y
are finite sets with the same number of elements, then
function f : S — Y is injective if and only if f is surjective.

Proof Suppose S and Y both have n elements, and write
S={A;,...,A,}. Assume that function f:§—Y is
injective. Then, set T = {f(A;),...,f(A,)} is a subset of ¥
consisting of n distinct elements. Since Y has n elements,
this subset must be all of Y. This means that every y € Y
has the form f(A;) for some A; € S, so that f is surjective.
Conversely, assume that function f : § — Y is not injective.
Then there exists i # j with f(A;) = f(A;). It follows that
the set T contains fewer than n elements because it contains
at least one duplicate. Thus, T is a proper subset of Y.
Letting y be any element of a set difference Y\T (y € Y\T
if and only if y € Y and y ¢ T), we see that y does not have

the form f(A;) for any A; € S. Therefore f is not surjective.
O

Based on the properties of injective, surjective, and
bijective functions, we derive the following results:

Lemma 1 Given set S of different fuzzy numbers, totally
ordered set Y of the same size of S, and ranking function
f:S—Y, a necessary and sufficient condition to rank
every fuzzy number in S is that function f is injective.

Proof To prove that injection is a necessary condition, it
is sufficient to prove that if fis not injective, then f does not
produce a total order. If f is not injective, then there are at

least two elements A~,-7A~j in S with the same ranking
f(A) =f (A;), and the anti-symmetry property is not
guaranteed because A; # A~j As aresult, if fis not injective,
then f does not produce the total order on S. To prove that
injection is a sufficient condition, we need to prove that the
reflexivity, anti-symmetry, transitivity, and comparability
properties are guaranteed by an injective function f.
Reflexivity A; = A; is guaranteed because there is only one
ranking f(A;), for every A; € S. Anti-symmetry holds
because iff(ANi) :f(/fj), then A; = A~j and ANJ = A;, and it
implies that A; = ANJ because for every ranking in Y, there is
a unique element A; € S. Transitivity is ensured because an
injective function for three arbitrary elements A~,<,A~j,A~k,
such that f(A;)<f(A;) and f(A;)<f(Ay), necessarily
implies that f(A;) <f(A;) because of the order in Y,
meaning that A; > A;. Finally, comparability is certified
because there exist f(A;) and f(A;) for all A;,A; € S, and
either f(A;) <f(A;) or f(A;) > f(A;) hold. O
Remark 1 Sets S and Y are finite sets with the same
number of elements. Then, function f : S — Y is injective
if and only if f is surjective because of Theorem 2. As a
result, a necessary and sufficient condition to rank every
fuzzy number in § is that function f is either injective,
surjective, or bijective.

3.1 Same-Type Fuzzy Numbers

The following results show that both the minimum and the
maximum number of steps to produce a total order on
S with different fuzzy numbers of the same type are
determined by the condition that function f is injective:

Lemma 2 The number of steps for a lexicographic order
to rank same-type fuzzy numbers is equal to the level of the
lexicographic order in which an injective function is found.

Proof Assume that function f; : S — Y exists and is used
to rank fuzzy numbers on the first level of a lexicographic
order. Suppose that fi(A;) # fi(A;) for all A; and A; in S.
Then, f; is injective, and it can derive a total order, and the
number of steps required to rank elements in S is one.

Otherwise, if there is at least a pair A~,',A~j with
fi(A;) = fi(A;), then f; is not injective, and it is necessary
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to go the following level of the lexicographic order.
Assume that f, : § — Y exists and is used to rank fuzzy
numbers on the second level of a lexicographic order.
Suppose that f>(A;) # f>(A;) for all A; and A; in S. Then, f,
is injective, and it can derive a total order, and the number
of steps required to rank elements in S is two. Otherwise, if
there is at least a pair A~,-,A~j withfz(/f,-) :fz(/fj), then f> is
not injective, and it is necessary to go the following level of
the lexicographic order. Assume that f;, : S — Y exists and
is used to rank fuzzy numbers on the n-th level of a lexi-
cographic order. Suppose that f,(A;) # f,(A;) for all A; and
ANj in S. Then, f, is injective, and it can derive a total order,
and the number of steps required to rank elements in S is 7.
Otherwise, if there is at least a pair ffi,/fj with
fu(A7) = fu(A;), then f, is not injective, and it is necessary
to go the following level of the lexicographic order. As a
result, the number of steps required for a lexicographic
order to rank same-type fuzzy numbers is equal to the level

of the lexicographic order in which an injective function is
found. O

Now, we focus on the maximum number of steps for a
lexicographic order to rank same-type and different-type
sets of fuzzy numbers, hence generalizing Theorem 1 in
[27]. Assuming that the values of the defining parameters
of fuzzy numbers cannot be observed before the ranking
procedure is applied:

Theorem 3 The maximum number of steps for a lexico-
graphic order to rank same-type fuzzy numbers equals the
number of defining parameters.

Proof Assume that m is equal to the number of defining
parameters of fuzzy numbers A; and ANJ in S, and use f, :
S — Y to rank fuzzy numbers on the m-th level of a lexi-
cographic order. If there exists at least a vector of functions
f=(h.f2,--..fn) that constructs a lexicographic injective
ranking function, then the maximum number of steps for a
lexicographic order to rank same-type fuzzy numbers is m
according to Lemma 2. Consider fuzzy number
.,apy), and functions fl(/f,») =ay, fz(AN,-) =
a, and fm(AN,-) = a,, to rank fuzzy numbers in a lexico-
graphic order such that fi, f, .. .,f,, are, respectively, used
to rank fuzzy numbers at levels 1, 2, and m. Then, lexi-
cographic order f is injective at most at the m-th level
because S contains only different same-type fuzzy num-
bers, hence ensuring that at least one defining parameter is

A~,' = (al,az,..

different for any pair A; and A,- in S. O

Remark 2 Suppose we relax the assumption of ignorance
of the value of defining parameters. In that case, there is
always an injective function to rank two different fuzzy
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numbers of the same type in one step by comparing the
parameter that is not equal.

Next, we prove that the lexicographic order by [12] is an
injective function.

Theorem 4 Given set S populated with different LR fuzzy
numbers of the same-type, the lexicographic order >, by
[12] based on ordered set V(A) = (C(A),L(A),
W(A),M(A)), described in Definition 11, is an injective

function.

Proof The ranking function f : S — Y derived from the
lexicographic order >, by [12] is a total order because the
properties of reflexivity, anti-symmetry, transitivity, and
comparability are satisfied. By Lemma 1, the ranking
function is injective because if it is a total order, it is
injective. O

3.2 Different-Type Fuzzy Numbers

In what follows, we focus on the minimum and maximum
steps required to rank sets of different-type fuzzy numbers.
Let us consider again set S populated with different-type
fuzzy numbers according to Definition 7 and denoted by
A = (t,j =1,2,...,m;), where m; is a natural number
expressing the size of the set of the defining parameters for
each element in S.

On the one hand, we know from Lemma 2 that the
number of steps for a lexicographic order to rank same-
type fuzzy numbers is equal to the level of the lexico-
graphic order in which an injective function is found. This
result is still valid for the subset of fuzzy numbers in S of
the same type. Then, we conclude that the minimum
number of steps for a lexicographic order to rank different-
type fuzzy numbers equals one. On the other hand, to
derive the maximum number of steps, we need to focus on
the subset with the maximum m; among the different types
of fuzzy numbers in S. As a result, if set S contains more
than one same-type fuzzy number, then the maximum
number of steps for a lexicographic order to rank different-
type fuzzy numbers is equal to max(m;), because according
to Theorem 3, the maximum number of steps for a lexi-
cographic order to rank same-type fuzzy numbers is equal
to the number of defining parameters.

Recall now that Conjecture 1, proposed by [27], states
that the maximum number of steps to rank a pair of dif-
ferent-type fuzzy numbers with the number of parameters
my and my, respectively, is equal to min(m;,m,) + 1. The
following reasoning shows that this conjecture is false.
Assuming that the values of the defining parameters of
fuzzy numbers cannot be observed before the ranking
procedure is applied, consider a set with a triangular fuzzy

number A = (ay,a2,a3), and a trapezoidal fuzzy number
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B = (b1,b2,b3,bs). According to Conjecture 1, the maxi-
mum number of steps is min(3,4) 4+ 1 = 4. However, the
following method ranks these two elements in two steps at
most:

1. Define g(A) = inf {x € Supp(A); u;(x) = 1} as
comparing function. If g;(A) > g;(B), then A-B. If
g1(A)<gi(B), then B>A. Otherwise, g,(A) = g;(B)
and B = A. Go to step 2.

2. Define g:(A) = sup {x € Supp(A); u;(x) =1} as a
comparing function. If g;(A)<g(B), then B~A. If
g2(A) = g2(B), then A = B.

Note that when A is a triangular fuzzy number and B is a
trapezoidal fuzzy number, if g (A) = g;(B) in step 1, then
a, = by and a < b3. Furthermore, if b, <b3 for a proper
trapezoidal fuzzy number B, then it follows that B~A. Only
when b, = b3 for a trapezoidal, which is indeed a trian-
gular fuzzy number, can we find the case B~A if
a, = by = bs. We conclude that functions g; and g, are
sufficient to rank triangular and trapezoidal fuzzy numbers
in two steps. This counterexample invalidates
Conjecture 1.

Remark 3 Suppose we relax the assumption of ignorance
of the value of defining parameters. In that case, there is
always an injective function to rank two different rank
fuzzy numbers of different-type in one step by focusing on
the membership function value, which is different for the
two fuzzy numbers under study.

The main implications derived from the results descri-
bed in this section are twofold. From the theoretical
standpoint, any claim of an improved lexicographic method
can now be contrasted with the theoretical results of the
minimum and maximum steps described in this paper.
From the practical application perspective, establishing an
upper bound on the required steps for lexicographic
methods to rank fuzzy can be valuable in various decision-
making contexts where ranking involves a mixture of
same-type and different-type fuzzy criteria. It can help
decision-makers make more informed and balanced choi-
ces, considering various factors and uncertainties. For
instance, in supply chain management, companies often
must compare and rank suppliers based on multiple criteria.
Our results can be applied to rank suppliers when the
evaluation is made using fuzzy numbers of the same type
(e.g., for cost and quality) and fuzzy numbers of different
types (e.g., for delivery time and customer service). This
insight can aid supplier selection and evaluation, ensuring
the most suitable suppliers are chosen. It can potentially
improve the accuracy and robustness of decision support
systems in several application domains.

4 Numerical Examples

In this section, we describe several numerical examples
that illustrate the theoretical results presented in this paper.
To illustrate Lemma 1, let us first consider the following
set of triangular and trapezoidal fuzzy numbers:

Sy ={A, = (3,4,6,7),A, = (2,4.5,5.5,7),A3 = (3,5,5,7)}.
(8)

If we compute the magnitude for the fuzzy numbers in S
according to the ranking method proposed by [14], we
obtain the results summarized in Table 1. In addition, we
compute function C(A;) to derive a ranking from the lex-
icographic order proposed by [12]. Even though A, and Az
are different, the magnitude method fails to be an injective
function, preventing us from obtaining a total order.
However, the first step of the lexicographic order results in
a different value for function C(A;), hence producing a
total order. This result is guaranteed by Theorem 4, which
states that the lexicographic order by [12] is an injective
function.

The results in Table 1 also show that the required
number of steps for the lexicographic order by [12] to rank
fuzzy numbers in S is one because function C(4;) is
sufficient to discriminate among the elements in ;.

In Table 2, we compare the ranking derived from
applying different ranking methods to the fuzzy numbers in
S1. Although we pay particular attention to lexicographic
methods, we consider the magnitude-based methods
described in [1, 14, 15]. In addition, we include the fuzzy
TOPSIS method [19] based on the following preference
relation:

A~i>_'A~j<:>KiZI{ja )

where K; is the usual closeness measure defined as

d-

Ki=—71 10
d- +df (10)

where d: is the Euclidean distance of parameters A; =

(ai1, ais, ai3,ay) to the anti-ideal point (0, 0, 0, 0), and d;

is the Euclidean distance of vector of parameters A; =

(ain,ais,a3,a:4) to the ideal point (10, 10, 10, 10). Note

Table 1 An injective and a non-injective ranking method

Ranking function Al A, Az Ranking
Mag(,&i) [14] 5,82 5,85 5,82 Ar-A| ~ Az
C(A) 121 4,00 4,50 5,00 A=Ay A
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Table 2 A comparative study of different ranking methods

Ranking method Ranking

Magnitude [1] A~3 ~A~1 >A~2
Magnitude [15] A~3>A~2>A~1
Magnitude [14] Ay-A| ~As
Fuzzy TOPSIS [19] A1=As-Ay
Lexicographic [12] Ay-Ar-A,
Lexicographic [27] A1-Ar-As
Lexicographic Supp Ay ~A-Ay
Lexicographic Core Ay-Ar-A,
Lexicographic Param Ay-A A,

that similar results can be obtained by selecting other ideal
and anti-ideal points.

We consider the lexicographic methods proposed by
[12, 27] and propose three additional lexicographic meth-
ods for illustrative purposes. First, we consider a lexico-
graphic method based on the interval values of the support
of fuzzy numbers relying on the concept of admissible
order [5]:

ANi EANJ <~ (ail > ajl) V (a,-l = aj N ajq 2(1]4)‘ (11)

Similarly, we propose a new lexicographic method based
on the interval values of the core of fuzzy numbers as
follows:

A~i - A~] < (aiz > ajz) V (aiz =dap N apz Za]g). (12)

Finally, we propose a new lexicographic method based on
the whole vector of defining parameters for fuzzy numbers:

A = Aj <= (ai > aj1) V (ai = aji Nap > ap)V
(ail =a; Nap =ap Najz > aj3)\/
(an =aj Nap =ap Nap = ap Nau > aq).

(13)

The results of this comparative study summarized in
Table 2 show the variability of the results derived from
applying different ranking methods. However, we must
highlight an important insight derived from the theoretical
results described in this paper. Depending on the definition
of the magnitude of a fuzzy number, magnitude-based
methods can produce a tie between fuzzy numbers when
they are different by definition. This situation is more
unlikely, but not impossible when using distance methods
such as Fuzzy TOPSIS. However, we can ensure a ranking
without ties when using lexicographic methods, provided
we select a method with the appropriate number of steps.
For instance, the lexicographic method based on the

@ Springer

support comparison could not strictly rank A3 and A,
because the support is precisely the same for both fuzzy
numbers. Luckily, the lexicographic method based on
comparing the core could strictly rank A3 and A; because
the core interval eventually differed within the fuzzy
numbers in set S;. However, obtaining the same results
with a different set of fuzzy numbers is not guaranteed. On
the contrary, lexicographic methods described in [12, 27]
and the last one proposed in this paper were able to rank
without ties all the fuzzy numbers in the set because they
are 4-step lexicographic methods.

Consider now the following set of trapezoidal fuzzy
numbers:

S, ={B, =(1,4,6,7),B, = (1,4,5.5,7),B3 = (1,4,5,7)}.
(14)

In this case, the results obtained for each ranking function
derived from the lexicographic order by [12] are shown in
Table 3. We observe that four steps are necessary to rank
the fuzzy numbers in S, because it is only at the fourth step
that we find different values for each of the ranking func-
tions included in the lexicographic method. The resulting
ranking is Bi>B,>B;s.

The results summarized in Table 3 allow us to illustrate
Theorem 3. When considering a set of different same-type
fuzzy numbers, the maximum number of steps to rank all
of them equals the number of defining parameters. There is
no other possibility because if, in our example, four steps
were insufficient to order the elements in S5, it would be
because the defining parameters are equal for at least two
elements in the set.

To illustrate the rebuttal of Conjecture 1 for different-
type fuzzy numbers, consider the following set of trian-
gular and trapezoidal fuzzy numbers:

S;={C; = (3,5,6,7),C> = (3,5,7)}. (15)

According to Conjecture 1, the maximum number of steps
is min(3,4) + 1 =4. However, following the ranking
method described in Sect. 3.2, we define the following
functions for ranking purposes:

L gi(C) = inf {x € Supp(C); u; () = 1.

Table 3 The number of steps required to rank fuzzy numbers

Step Ranking function B, B, Bs

1 C(A) 4,00 4,00 4,00
2 L(AY) 1,00 1,00 1,00
3 w( 2.) 6,00 6,00 6,00
4 M(A;) 4,00 3,75 3,50
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2. £(C;) = sup {x € Supp(Cy); g (x) = 1}.

It is not difficult to show that gl(él) = gl(éz), but
gz(d) > gg(éz). Then C,>C,, proving that Conjecture 1
is false.

In the last numerical example, we illustrate Remark 3.
Consider set S4 with two different-type fuzzy numbers:

S4:{D~1 :(073)7D~2:(071)} (]6)

populated with a symmetric triangular fuzzy number
D, = (0,3), where the first defining parameter is the modal
value, the second one is the left and right spread from the
modal value, and a Gaussian fuzzy number D, = (0,1),
with membership function w5 (x) = e, as shown in
Fig. 1.

In this case, Conjecture 1 states that the maximum
number of required steps is min(2,2) + 1 = 3. However,
assuming that we can observe the set of fuzzy numbers
before defining any ranking method, we can easily rank
fuzzy numbers in S, in a single step by computing the area
under membership functions p5 (x) and f5,(x) to obtain

the ranking Dy >D,.

S Concluding Remarks

In this paper, we focus on the underlying motives why
lexicographic orders can solve a ranking problem for fuzzy
numbers in a limited number of steps. The main findings of
our work are twofold. We first show that a necessary and
sufficient condition for a ranking function to be a total
order on a set of fuzzy numbers is that this function is
injective, surjective, or bijective. This result allows us to

1,2

bridge the gap between theory and practice by connecting
the practical side of lexicographic methods described in
[12, 27] with essential properties of ranking methods.

As an extension of this first result, we also provide
insight into the required steps for a lexicographic order to
rank same-type and different-type fuzzy numbers.
Revealing the minimum and maximum number of steps
implies setting levels or goals for benchmarking purposes.
For example, any claim of an improved lexicographic
method can now be contrasted with the theoretical results
of the minimum and maximum steps described in this
paper. For same-type fuzzy numbers, we connect the
required steps with the number of defining parameters as
critical information for designing new ranking methods.
This result implies that lexicographic methods requiring
more than four steps to rank trapezoidal fuzzy numbers are
inefficient. For different-type fuzzy numbers, we also prove
that a Conjecture 1 by [27] about the maximum number of
steps required to rank different-type fuzzy numbers is false,
hence contributing to extending the knowledge about lex-
icographic methods.

As a consequence of the main research assumption
stated in the introduction, namely, lexicographic methods
provide an efficient and robust way of ranking fuzzy
numbers, a limitation of our work is the empirical com-
parison of alternative lexicographic methods in terms of
efficiency and robustness. Thus, we believe that a natural
extension of this work is the search for simplified methods
for ranking fuzzy numbers based on lexicographic orders.
In this sense, the theoretical results of the required number
of steps represent a good benchmark. In addition, analyzing
the robustness of specific lexicographic methods is also an
interesting future line of work. Both efficiency and
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Fig. 1 A symmetric triangular and a Gaussian fuzzy number
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robustness are desirable attributes that could be addressed
by relying on multiple criteria decision-making.
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