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for unilateral weighted backward shifts, but these notions do
not coincide in general, even for bilateral weighted shifts.
© 2024 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC license (http://
creativecommons.org/licenses/by-nc/4.0/).

1. Introduction

Consider a metric space X with metric d and a map f : X — X. Given § > 0,
recall that a d-pseudotrajectory of f is a finite or infinite sequence (z;);<;<r in X, where
—00<i< k<ooandk—1i >3, such that

d(f(d?j),ll?j_H) < 6 foralli< j <k-—1.

A finite d-pseudotrajectory of the form (xj);”':o is also called a d-chain for f from xq to
x) and the number k is its length. Recall that f has the positive shadowing property if
for every e > 0, there exists § > 0 such that every d-pseudotrajectory (z;),en, of f is
e-shadowed by a real trajectory of f, that is, there exists x € X such that

d(zj, f’(z)) <e forall j € Ny.

If f is bijective, then the shadowing property is defined by replacing the set Ng by the set
Z in the above definition. Recall also that f is chain recurrent (resp. chain transitive) if
for every x € X (resp. z,y € X) and every § > 0, there is a §-chain for f from « to itself
(resp. from z to y). Moreover, f is chain mizing if for every z,y € X and every § > 0,
there exists kg € N such that for every k > kg, there is a §-chain for f from x to y with
length k.

The notions of pseudotrajectory, shadowing and chain recurrence originated in the
seminal works of Conley [20], Sinaf [43] and Bowen [15] in the early 1970’s. These concepts
play a fundamental role in the qualitative theory of dynamical systems and differential
equations. We refer the reader to the books [4,22,29,39,40,42] for nice expositions on
these important concepts and their applications.

In the last few years some interesting results on shadowing and chain recurrence were
obtained in the setting of linear dynamics [1,3,9,11,16]. For instance, it has long been
known that every invertible hyperbolic operator on a Banach space has the shadowing
property [36,37] (an operator on a Banach space is said to be hyperbolic if its spectrum
does not intersect the unit disc) and that the converse holds in the finite-dimensional
setting [36,37] and for invertible normal operators on Hilbert spaces [33]. However, it
remained open for a while whether this converse is always true or not. This problem
was finally settled in [9], where the first examples of non-hyperbolic operators with
the shadowing property were exhibited. In the present work we will continue this line
of investigation by analyzing some problems on shadowing and chain recurrence for
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operators. Although our main goal is to investigate the dynamics of linear operators
on Fréchet spaces and, in particular, on Banach spaces, some of our results will be
established in much greater generality. Below we present the topics covered in the paper
and its organization.

In Section 2 we will consider the finite shadowing property. This variation of the no-
tion of shadowing is defined as the positive shadowing property but considering only
finite pseudotrajectories (of arbitrary length) instead of infinite ones. From the com-
putational point of view, it seems to be even more relevant than shadowing, since
computer-generated trajectories are actually finite pseudotrajectories. It is well known
that shadowing and finite shadowing coincide in the setting of compact metric spaces [40,
Lemma 1.1.1], but this equivalence already fails on a certain locally compact subspace of
R [21, Example 2.3.4]. We will investigate the validity of the equivalence between shad-
owing and finite shadowing in the setting of linear dynamics. Our main result asserts
that these concepts always coincide for operators on Banach spaces (Theorem 1). Never-
theless, we will exhibit operators on the Fréchet space H(C) of entire functions that have
the finite shadowing property but do not have the shadowing property (Theorem 2).

In Section 3 we will investigate some chaotic behaviors of operators with the finite
shadowing property. We will establish a characterization of mixing for continuous maps
with the finite shadowing property in the setting of uniform spaces (Theorem 5), which
will imply a very general theorem in linear dynamics (Theorem 7). We will also establish
a characterization of dense distributional chaos for operators with the finite shadowing
property on Fréchet spaces (Theorem 9). As applications, we will show that if a De-
vaney chaotic (resp. a chain recurrent) continuous linear operator on a Fréchet space
(resp. on a Banach space) has the finite shadowing property, then it is densely distri-
butionally chaotic (Theorems 11 and 12). In particular, the Devaney chaotic operators
constructed by Menet [35] do not have the finite shadowing property, since they are not
distributionally chaotic.

In Section 4 we will consider weighted shifts on Fréchet sequence spaces. Due to the
importance of weighted shifts in the area of operator theory and its applications, the
dynamics of these operators has been extensively investigated by many researchers (see
the books [5,27] and the papers [6-9,11,19,26,41], for instance). Our goal in this section is
to establish complete characterizations of chain recurrence for weighted shifts on Fréchet
sequence spaces (Theorems 13, 14, 15 and 16), which extend previous results from [1]
in the case of ¢y and /P spaces. Moreover, we will illustrate these characterizations by
presenting concrete examples on some classical sequence spaces.

In Section 5 we will investigate the so-called periodic shadowing property [30,38] for
continuous linear operators on Banach spaces. Our main result asserts that generalized
hyperbolicity implies periodic shadowing (Theorem 18 and Corollary 19). Next we will
prove that positive shadowing and positive periodic shadowing coincide for unilateral
weighted backward shifts on the classical Banach sequence spaces £,(N) (1 < p < o)
and ¢o(N) (Theorem 21). However, the notions of shadowing and periodic shadowing do
not coincide in general, even for bilateral weighted shifts. In fact, we will obtain a class
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of operators with the periodic shadowing property (Theorem 22) that includes bilateral
weighted shifts without the shadowing property (Corollary 23).

In the Appendix at the end of the paper we will establish several basic facts related to
the notion of chain recurrence and the shadowing property for continuous linear operators
on topological vector spaces. Our goal is to lay the foundations in great generality,
complementing and extending previous basic results on this subject (see [1,3,9,11,40],
for instance). Since these results are of a more elementary character, we decided to
postpone them to the Appendix. However, some of these results will be used in previous
sections, but properly referenced.

We will close the paper by proposing some open problems.

Throughout K denotes either the field R of real numbers or the field C of complex
numbers. Moreover, N denotes the set of all positive integers and Ng:= N U{0}. When-
ever we consider a Fréchet space X, we will tacitly assume that we have already chosen
an increasing sequence (|| - ||x)ren of seminorms that induces its topology and that it is
endowed with the compatible complete invariant metric given by

[e e}

d(z,y):= Z%min{l,”x—y”k} (z,y € X). (1)
k=1

We observe that the notions of shadowing and chain recurrence depend only on the
underlying uniform structure of the space, and so they do not depend on the specific
compatible invariant metric we choose.

2. Shadowing versus finite shadowing for operators

In this section we will investigate whether or not shadowing and finite shadowing
coincide for operators on Fréchet spaces.

Given a metric space X, recall that a map f : X — X has the finite shadowing
property if for every € > 0, there exists § > 0 such that for each J-chain (xj);?zo of f,
there exists x € X with

d(zj, f’(z)) <e forall j€{0,...,k}.

In this case, if f is bijective, (xj)g‘?:ﬂ» is a finite d-pseudotrajectory of f (i > 0, k > 1)
and we define y; := x4—; for t € {0,...,i + k}, then (yt):Ig is a d-chain for f, and so
there exists y € X with d(y;, f!(y)) < e for all t € {0,...,i+ k}. Hence, z:= fi(y) € X

satisfies
d(zj, f/(z)) <e forall j € {—i,...,k}.

This explains why we use the terminology “finite shadowing” instead of “positive finite
shadowing” for the above notion.
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It turns out that shadowing and finite shadowing always coincide for operators on
Banach spaces.

Theorem 1. For any invertible continuous linear operator T' on any Banach space X, the
following assertions are equivalent:

(i) T has the shadowing property;
(ii) T has the positive shadowing property;
(iii) T has the finite shadowing property.

In the non-invertible case, (ii) and (iii) are equivalent.

Proof. (i) = (ii) = (iii): Obvious.

(iii) = (i): Given € > 0, let 6 > 0 be associated to /4 according to the fact that T
has the finite shadowing property. Let (z;);ez be a d-pseudotrajectory of T'. The first
step consists in replacing the J-pseudotrajectory (x;);cz by a d-pseudotrajectory (y;);cz
which is close to () ,cz, in the sense that

lys =1l < 5 forall j ez, 2)
and has the following additional property:
lim ||Ty; — yj4all = 0. (3)

Jj—Eoo
For this purpose, choose m € N with ¢/m < ¢ and define

k(k—1
nk::% for all k£ € N.

For each k € N, there exists u; € X such that
lz; — T7ug|| < 1 for all j € {—ngi1,...,Nky1}- (4)
For each k € N and each j € {0,...,km — 1}, define

km —j . j )
Ynp+j = k. Tnk+Juk + % TnkJrJuk—&-l

and

km —j , X
m—J Ty, + J T~ gy,
km

L A

It follows from (4) that (2) holds. Moreover, for each k € N and each j € {0, ..., km—1},
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1 ,
1 1
1T Yns+5 — Ynptj1ll = H—T”’“J”Jr up — — THIT Uk+1H
km
1 .
1 . 1
< o 77 = | o fomrsen =T |
g
<—<96
2km

and, similarly,

€
ITY—ni—5 = Y=np—grll < 5 < 6.
This shows that (y;);ez is also a -pseudotrajectory of T and that (3) holds.
The second step consists in constructing inductively an increasing sequence (mg)geN
of positive integers, a sequence (vi)ren of vectors in X and a sequence ((yék))jez)keN
of pseudotrajectories of T satisfying the following conditions for each k € N:

0
(a) (y§k))j€Z is a 2——pseudotrajectory of T}

(b) Jgrf HTy y;+1 | =0;

L 1)
(c) [Ty — i)l < o
(d) 9" — Ty <

whenever |j| > my;

W whenever |j| < my + p;

_ € , .

(e) y(gk) = v_1 and ||yj - yj(lC 1)|| <2k for all j € Z (provided k > 2).

The number p is a fixed positive integer greater than /6. We begin by defining
yj(-l) i=y; forall jeZ.

By (3), we can choose an my € N such that
6 5 ,
1Ty; yj+1|| <5 whenever |j] > m;.
By finite shadowing, there exists v; € X such that

”yj(?) — T < % whenever |j| < m; + p.

Hence, (a), (b), (¢) and (d) hold with k:= 1. Suppose that my, vy and (yj(-k))jez have

already been chosen for k € {1,...,t} so that all the desired properties hold. Define

Tj’l}t if |]| S mye

t+1 —14 : i|— . .
y]( ):: mtJrIZ; 1] ijt+ ‘jlpmt yj(t) if my < |]| <mg+p-

y§t) if

lj| > m¢ +p
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Some elementary computations show that (a) and (e) hold with k:= ¢+ 1. Since

(t+1 t+1 . t t
Jim [Ty =0 = dim 1Ty ) =0,
we have that (b) holds with k:= ¢+ 1. Moreover, we can choose an m;41 > m; such that
(¢) hold with k:=t+ 1. Finally, by finite shadowing, there exists a vector v;41 € X such
that (d) holds with k:= ¢ + 1. This completes our induction process.

Let us now complete the proof. Since
(k+1)

— TO%p|| < == forall k €N,

||Uk - Uk:—&-l” - ||y 2k+2

we have that (vi)ren is a Cauchy sequence in X. By completeness, there exists
v:= lim v, € X.
k—o0

Moreover,

l\DIC')

k
i i (k t €
1770k = ;| < 1T 0k — ’||+Zuy“ < g+ 2y
=2

whenever k € N and |j| < my + p. By fixing j € Z and letting k£ — oo, we obtain

[T9v —y;|| < = forall j € Z. (5)

| ™

By (2) and (5), the 0-pseudotrajectory (z;)jez is e-shadowed by the trajectory of v,
proving that T has the shadowing property.
In the non-invertible case, the arguments are analogous. 0O

One important fact in the previous proof was that the -6 association can be selected
to be linear if we have a Banach space, essential for applying the induction process in
the second step of the proof to get (d) with 55 from finite shadowing when we have a
2,;L_l—pseudotrajectory. This is something that we cannot do in general with an F-norm
for a Fréchet space. Actually, the equivalence between shadowing and finite shadowing
may fail for operators on Fréchet spaces.

Theorem 2. Let H(C) be the Fréchet space of all entire functions endowed with the
compact-open topology. For each A € C with |\ & {0,1}, the multiplication operator

My : f € H(C) = \f € H(C)

has the finite shadowing property but does not have the shadowing property.
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Proof. For each k£ € N, let

Dy:={z€C:lz| <k} and |fllx:= sug) |f(2)| for fe H(C).
z€Dy
The sequence (|| - ||x)ren of seminorms induces the compact-open topology on H(C).

Consider H(C) endowed with its canonical metric given by (1). For each k € N, let
A(Dy) be the “disk algebra on the disk Dy”, that is,

A(Dy):={g: Dy, — C : g is continuous on Dy, and analytic on Dy}

endowed with the norm || - ||, which is a Banach space (actually, a Banach algebra). In
view of Proposition 33 in the Appendix, it is enough to consider the case |A| > 1, since
My-1 = (My)~!. Thus, fix A € C with [A\| > 1 and let T:= M.

Let us prove that T" has the finite shadowing property. For this purpose, fix € > 0 and
choose £ € N such that

d(f,0) <e whenever f € H(C) and ||f]|, < %

Let

S:ge€ A(Dyg) — Ag € A(Dy).
Since S is a proper dilation on the Banach space A(Dy) (ie., |[S7Y| < 1), S is a hy-
perbolic operator. Hence, S has the shadowing property. Let n > 0 be such that every
n-pseudotrajectory of S is (¢/2)-shadowed by a real trajectory of S. Choose § > 0 such
that

Iflle <m whenever f € H(C) and d(f,0) <.

If (fj)?:o is a d-chain for T', then (fj|Dﬁ)?:0 is an n-chain for S, and so there exists

g € A(Dy) such that
. B .
||fj|D—e—S’Jg||g<§ for all j € {0,...,k}.

By the density of the polynomials in A(Dy), there is a polynomial f so close to g in
A(Dy) that we have

X X e .
1f; =T fle = llfilp; = S flle < 5 forall j €{0,... k}.
Thus, d(f;,T7f) < e for all j € {0,...,k}, as it was to be shown.

Now, suppose that T has the shadowing property. Let § > 0 be associated to e:= 1/2
according to this property. Choose £ € N such that
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]
d(f,0) <6 whenever f € H(C) and || fll¢ < 3

Choose a function g € A(Dy) that cannot be extended to an entire function. We shall
construct inductively a sequence (f;);en, of polynomials such that:

0 .
(B) IAfj—1 = fylle < 5 for all j € N.

We begin by choosing a polynomial fy with ||g — folle < % Assume k € Ny and
fo,- -, fx already chosen with the desired properties. Since

0
INHg = Afille = IMIN"g = fille < 5,

there is a polynomial pj, so close to A¥¥1g — Afy in A(Dy) that we have

) )
— and |Atlg— )
lpxlle < 5 an [ g—Mr—prlle < I

Hence, it is enough to define f1:= Afi + pi. By (B), (fj)jen, is a 0-pseudotrajectory
of T. Therefore, there exists f € H(C) such that

~ 1
d(f;, T f) < 3 for all j € Np.
This implies that

|f; =N flli <1 forallj e Ny.

By (A), we obtain

IMg—MNflli <1+ =+ forall j € Np.

2|>\|
Thus, g = f on D;. By the principle of analytic continuation, g = f on D,. This
contradicts our choice of g as an element of A(Dy) that cannot be extended to an entire
function. Our conclusion is that 7' does not have the shadowing property. O

Remark 3.

(a) The above proof actually shows that M) does not have the positive shadowing prop-
erty whenever |A| > 1. Thus, the notions of finite shadowing and positive shadowing
do not coincide in general for invertible operators on Fréchet spaces.
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(b) For 0 < |A| < 1, the operator M) has the positive shadowing property. Indeed, this
follows easily from the fact that if £ € N and if a sequence (f;),ecn, in H(C) satisfies

||M)\fj — fj+1Hf < 6 for all] (S No,
then

. ) )
Hfj — (M)\)JfOH[ S 1——|A| fOI' all J S N().
Thus, the notions of shadowing and positive shadowing do not coincide in general
for invertible operators on Fréchet spaces. Since (My)~! = M,-1 does not have the
positive shadowing property, this also shows that we cannot replace shadowing by
positive shadowing in Proposition 33.

Remark 4. We observe that completeness is essential for the validity of Theorem 1. For
instance, let X be the vector space of all sequences (x,,)en Of scalars with finite support
endowed with any £,-norm (1 < p < oo) and let T € GL(X) be twice the identity
operator on X. Since twice the identity operator on ¢y(N) or £,(N) (1 < p < o0) has the
shadowing property (because it is hyperbolic), it follows that T has the finite shadowing
property. However, T' does not have the positive shadowing property. In fact, given any
0 > 0, consider the sequence (Uﬁ(j))jeNo in X given by

2@:=0 and 2):=(27716,27725,...,26,6,0,0,...) for j > 1.

Then (m(j))jeNO is a §-pseudotrajectory of T, but it cannot be 1-shadowed by a trajectory
of T since each element of X has finite support.

3. Chaotic behaviors in the presence of the finite shadowing property

Our goal in this section is to investigate some types of chaotic behavior for operators
with the finite shadowing property.

We begin by recalling some notions of chaotic behavior. Let X be a topological space
and f : X — X a map. Given sets A, B C X, the return set of f from A to B is
defined by

Nf(A,B):: {TL €Np: fn(A) NB# @}

Recall that f is topologically transitive (resp. topologically ergodic, topologically mizing)
if for any pair A, B of nonempty open subsets of X, the return set N;(A, B) is nonempty
(resp. syndetic, cofinite), where a set I:= {n; < ng < ---} C Ny is syndetic when it
has bounded gaps, that is, supy(ng+1 — nk) < oco. Moreover, f is topologically weakly
mizing if f x f is topologically transitive, that is, Ny(A, B1) N Ny(Az, B2) # 0 for any
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4-tuple A, Az, By, By of nonempty open subsets of X. In the sequel we will omit the
word “topologically” from these notions. If X is a second countable Baire space without
isolated points and f is continuous, then Birkhoff’s transitivity theorem asserts that f is
transitive if and only if it admits a dense orbit, that is, there exists a point x € X whose
orbit Orb(z, f):= {f™(z) : n € Np} is dense in X.

In the setting of linear dynamics, the existence of a dense orbit is known under the
name of hypercyclicity. Hence, a continuous linear operator 7" on a topological vector
space X is hypercyclic if it admits a dense orbit. Recall also that T is Devaney chaotic if
it is transitive and has a dense set of periodic points. Hypercyclic and Devaney chaotic
operators have been extensively studied during the last 30 years. We refer the reader to
the books [5,27] for an overview of the area of linear dynamics up to 2010.

Our first theorem in this section will give us a characterization of mixing for continuous
maps with finite shadowing in the setting of uniform spaces. In order to state and prove
the theorem, let us first recall the notion of chain transitivity and the finite shadowing
property in this more general setting. We refer the reader to [14, Chapter II] for the
basics on uniform spaces.

Consider a uniform space X with uniformity ¢/ and a map f: X — X. Given V € U,
a V-chain for f is a finite sequence (%‘)?:0 in X satisfying

(f(zj),zj41) €V forallne{0,...,k—1}.

In this case, we also say that (xj);?zo is a V-chain for f from zg to xy. The map f has
the finite shadowing property if for every V € U, there exists U € U such that for each

U-chain (x;)5_, for f, there exists 2 € X with
(zj, fi(z)) €V forall j €{0,...,k}.

A point & € X is a chain recurrent point of f if for every V € U, there is a V-chain for
f from z to itself. The set CR(f) of all chain recurrent points of f is called the chain
recurrent set of f and f is said to be chain recurrent if CR(f) = X. Moreover, f is said
to be chain transitive if for every x,y € X and every V € U, there is a V-chain for f
from z to y. We recall that for each point x € X, the sets of the form

V(z):={ye X : (z,y) € V},

as V runs through the uniformity U/, constitute a fundamental system of neighborhoods
of z in X. We also recall that A C X is a V-small setif Ax ACV.

Theorem 5. Consider a uniform space X with uniformity U and a continuous map f :
X — X. If f has the finite shadowing property, then f is mizing if and only if the

following conditions hold:

(I) f is chain transitive;
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(IT) For each V € U, there is a V-small set A C X with N¢(A, A) cofinite.

Proof. Since the necessity of the conditions is clear, let us prove their sufficiency. Let A
and B be nonempty open sets in X. Choose points x € A and y € B, and let V € U be
such that

V(z)cA and V(y) CB.

Let U € U be associated to V according to the definition of the finite shadowing property,
and let W € U satisty

WoW:={(a,c): (a,b) € W and (b,c) € W for some b€ X} C U.
By condition (II), there is a W-small set Z C X such that N;(Z, Z) is cofinite. Choose
a point z € Z and let m € N be such that n € Ny(Z, Z) for all n > m. By condition (I),

there exist W-chains (z;)%_y and (y;)%—, for f from z to z and from z to y, respectively.
Given n > m, there exists 2’ € Z such that f™(z') € Z. Hence,

Dito = (w0, 1, wko1, 2 f(2) YD) 0,91, - 0e)

is a U-chain for f from z to y, and so there exists u € X such that

(uj, f(u)) €V forall j€{0,...,k+n+(}.
In particular, u € A and f¥*"+¢(u) € B. This proves that

f{A)YNB#D forall t > tg,

where to:=k+m+ /4. O
Remark 6. Condition (II) in Theorem 5 cannot be omitted in general. For instance,
consider X := {0, 1} endowed with its discrete uniformity and let f : X — X be given

by f(0):=1 and f(1):= 0. Then f is chain transitive and has the shadowing property,
but it is not mixing.

As an application of the above theorem, we obtain the following result on linear

dynamics.

Theorem 7. Suppose that a continuous linear operator T on a topological vector space X
has the finite shadowing property. Then the following assertions are equivalent:

(i) T is chain recurrent;
(ii) T is transitive;



N.C. Bernardes, A. Peris / Advances in Mathematics 441 (2024) 109539 13

(iii) T is ergodic;
(iv) T is weakly mizing;
(v) T is mizing.

Moreover, T is Devaney chaotic if and only if T has a dense set of periodic points.

Proof. Recall that a basis for the uniformity of X is given by the sets

Vi={(z,y) e X x X 1z —y eV},

as V runs through the set of all neighborhoods of 0 in X.

In order to prove the equivalences from (i) to (v), it is enough to show that (i)
implies (v). This follows from Theorem 5, because condition (II) is automatically true
in the present case (note that Np(A4,A) = Ny whenever 0 € A) and Proposition 24 in
the Appendix gives condition (I).

Now, suppose that 7" has a dense set of periodic points. Since the set CR(T') of all
chain recurrent points of T is closed in X (Proposition 26), we have that T is chain
recurrent. Hence, by (i) = (ii), T is transitive, and so it is Devaney chaotic. O

The above theorem extends [3, Theorem 3.3] and [3, Corollary 3.9] from normed spaces
and separable Banach spaces, respectively, to arbitrary topological vector spaces, but we
observe that the arguments in [3] also work in the more general context.

Our next goal is to establish a characterization of dense distributional chaos for opera-
tors with the finite shadowing property in the setting of Fréchet spaces. For this purpose,
let us recall the notion of distributional chaos in metric spaces and some related concepts
in the context of linear dynamics.

Given a metric space X, recall that f : X — X is said to be distributionally chaotic if
there exist an uncountable set I' C X and an € > 0 such that each pair (z,y) of distinct
elements of I' is an e-distributionally chaotic pair for f, in the sense that

dens{n € N : d(f"(x), f"(y)) = e} =1
and
dens{n € N : d(f"(z), f"(y)) <6} =1 forall § >0,

where dens(I) stands for the upper density of the subset I of N, that is,
— d(In1
dens(7):= lim sup card(T 0 [1,n])
n—o00 n

If X is a Fréchet space whose topology is induced by an increasing sequence (|| ||x)xen
of seminorms and T : X — X is a continuous linear operator, recall that x € X is
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called a distributionally irregular vector for T if there exist m € N and I,J C N with
dens(I) = dens(J) = 1 such that

IimT"z =0 and lim ||[T"z,, = co.
nel neJ

It was proved in [7] that:
T is distributionally chaotic < T admits a distributionally irregular vector.

We shall follow the terminology of [25] and say that T is densely distributionally chaotic
if it admits a dense set of distributionally irregular vectors. It follows from results in
[7] that this is equivalent to the existence of a residual set of distributionally irregular
vectors.

Before stating our theorem, let us introduce the following notations: For each contin-
uous linear operator 1" on a Fréchet space X, we define the sets

Ip(T):= {z € X : for each § > 0, there is a d-chain for T from z to 0},
Oo(T):={z € X : for each 0 > 0, there is a d-chain for T from 0 to z}.

Lemma 8. The sets Io(T) and Oo(T') are T-invariant closed subspaces of X.

As a consequence, if both Ip(7T') and Og(T) are dense in X, then T is chain recurrent.
The converse is also true, because the notions of chain recurrence and chain transitivity
coincide for linear operators (Proposition 24). We leave the proof of the above lemma to
the reader.

Theorem 9. Suppose that a continuous linear operator T on a Fréchet space X has the
finite shadowing property. Then T is densely distributionally chaotic if and only if the
following conditions hold:

(I) Io(T) is dense in X;
(IT) There exists v > 0 such that for every 6 > 0, there is a §-chain for T from 0 to a
vector x € X satisfying

dens{j € Ng : d(TVz,0) >~} = 1.

If X is a Banach space, then we can replace condition (II) by the following weaker
condition:

(IT’) There exists v > 0 such that for every § > 0, there is a d-chain for T from 0 to a
vector x € X satisfying

dens{j € Ny : d(T?x,0) > v} > 7.
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Proof. Suppose that T is densely distributionally chaotic. Since T admits a dense set
of vectors whose trajectories have subsequences converging to 0, condition (I) holds.
Moreover, if y is a distributionally irregular vector for 7', then there exists v > 0 such
that

dens{j € Ng : d(T?y,0) > v} = 1.

Given § > 0, there exists n € N such that d(T™y,0) < §, and so (0,T™y) is a d-chain
for T from 0 to the vector x:= T™y which satisfies dens{j € Ny : d(T9z,0) > ~} = 1,
proving that condition (II) also holds.

Conversely, suppose that conditions (I) and (II) hold. For each k € N, let

Ap:={z € X :In € N with card{1 < j <n:d(T7z,0) < k™ '} >n(1 -k}

It is clear that each Ay, is open in X. Fix k € N, 2 € X and ¢ > 0. Let n:= min{e, =1}
and let 6 > 0 be associated to n according to the fact that T has the finite shadowing
property. By condition (I), there is a d-chain (x;)%_, for T from z to 0. Choose n € N
such that n —¢ > n(1 — k') and define z;:= 0 for all j € {t +1,...,n}. Since (z;)}—,
is a d-chain for T, there exists y € X such that

d(zj, TVy) <n forall j €{0,...,n}.

Hence, y € Ay and d(y,x) < e. This proves that Ay is dense in X. It follows that the
set Ry of all x € X for which there exists I C N with

dens(/) =1 and lirr} Tz =0
ne

is residual in X.

Now, let € := /2 and, for each k € N, let §; > 0 be associated to ¢/k according
to the finite shadowing property. By condition (II), for each k € N, there is a dg-chain
(xk,j)ﬁ.’;o for T' from 0 to a vector z;, € X satisfying

dens(I},) = 1, where I},:= {j € Ny : d(T7z;,0) > ~}.
For each k € N, consider a natural number Ny > t; and define
T = T gy forall j € {tx +1,..., Ni}.
Since (xk,j);y:"’o is a dg-chain for T, there exists y; € X such that

d(zg;, T yr) < e/k for all j €{0,..., Ny}

Ifje{te+1,..., Ny} and j — t), € I, then
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d(T7y,0) > d(zy,;,0) — d(zp,;, T'y) > v —e/k > e.
Since dens(I;) = 1, we can choose Ny, as large as we want so that
card{1 < j < Ny : d(T?y;,,0) > e} > N (1 — k1), (6)

Hence, we can choose N1 < N3 < N3 < --- so that (6) holds for all £ € N. Thus,

1 .

lim y, =0 and lim — card{l <j < Ny :d(T7y;,0) > e} =1.

k—o00 k—o00 Nk

By [7, Proposition 8], the set Ry of all z € X for which there are m € N and J C N
with

dens(J) =1 and lien} | T" x|, = oo

is residual in X. Therefore, the set Ry N Ry is also residual in X. Since each element
of this set is a distributionally irregular vector for T', we conclude that T is densely
distributionally chaotic.

Let us now assume that X is a Banach space and that conditions (I) and (II’) hold.
Let R; and Ry be as above. Since condition (I) was not changed, R is residual in X.
By following the arguments used in the previous paragraph with dens(I;) > v instead
of dens(I;,) = 1, we see that we can choose N}, as large as we want so that

card{1 < j < Ny : d(T?yx,0) > £} > eNj.. (7)

Hence, we can choose N3 < Ny < N3 < --- so that (7) holds for all £ € N. By [7,
Proposition 8] in the case of Banach spaces, we conclude that Ry is residual in X. O

Remark 10. If 7' is a proper contraction (respectively, a proper dilation) on a Banach
space X, then T has the shadowing property and condition (I) (respectively, condition
(I1)) holds, but T is not distributionally chaotic. This shows that each one of the condi-
tions in Theorem 9 is essential for its validity.

As applications of the previous theorem, we obtain the following results.

Theorem 11. If a Devaney chaotic continuous linear operator T on a Fréchet space X
has the finite shadowing property, then it is densely distributionally chaotic.

Proof. Actually, it is not difficult to check that Devaney chaos implies conditions (T) and
(IT) of the previous theorem. O

Theorem 12. If a chain recurrent continuous linear operator T on a Banach space X has
the finite shadowing property, then it is densely distributionally chaotic.
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Proof. Since T is chain transitive (Proposition 24), condition (I) holds. By Theorem 1,
T has the positive shadowing property. Let n > 0 be associated to €:= 1 according to
this property. Choose a vector y € X with [Jy|| > 2 and let (%‘)?:0 be an n-chain for T’
from y to itself. Since

(y07y17'"7yk7y17'"7yk:7y17"'7yka"')

is an n-pseudotrajectory of T', there exists x € X such that
ly — T™ x| <1 for all n € Ny.
Thus,
dens{j € No : [|T?z|| > 1} > 1/k.
Since T is chain transitive, we conclude that condition (IT’) holds with v:=1/k. O
4. Chain recurrent weighted shifts on Fréchet sequence spaces

Our goal in this section is to characterize the notion of chain recurrence for weighted
shifts on Fréchet sequence spaces.

Recall that a Fréchet sequence space is a Fréchet space X which is a vector subspace
of the product space KN such that the inclusion map X — KN is continuous, that is,
convergence in X implies coordinatewise convergence. Given a sequence w:= (Wp)neN
of nonzero scalars, it follows from the closed graph theorem that the unilateral weighted
backward shift

Bw(xl,xg,xg, .. ) = (u}zwg, W3T3, W44, . . )

is a continuous linear operator on X as soon as it maps X into itself. The canonical
vectors of KN are the vectors e,, n € N, where the n*® coordinate of e, is 1 and the
other coordinates of e, are 0. The sequence (e,)nen is a basis of X if each e,, belongs
to X and

T = Z Tne, forall z:= (z,)nen € X.

n=1

We will also consider Fréchet sequence spaces consisting of bilateral sequences. A
Fréchet sequence space over Z is a Fréchet space X which is a vector subspace of the
product space KZ such that the inclusion map X — KZ is continuous. As before, if
w:= (Wn)nez is a sequence of nonzero scalars, then the bilateral weighted backward shift

Bw ((-rn)nEZ) = (wn+lxn+1)n6Z
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is a continuous linear operator on X as soon as it maps X into itself. By abuse of language,
we also denote the canonical vectors of KZ by e,,, n € Z. The sequence (en)nez is a basis
of X if each e, belongs to X and

o0
T = Z e, forall z:= (zp)nez € X.

n=-—oo

In the results below, we are adopting the convention that ¢/0 = oo whenever ¢ €
(0, 00).

We begin by characterizing chain recurrence for bilateral (unweighted) backward
shifts.

Theorem 13. Suppose that X is a Fréchet sequence space over Z in which the sequence
(en)nez of canonical vectors is a basis, (||||x)reN is an increasing sequence of seminorms
that induces the topology of X, and the bilateral backward shift

B: (xn)nez eX— (anrl)neZ eX

is a well-defined operator. Then B is chain recurrent if and only if

=1 =1
Z el = Z =o00 forallkeN. (8)
n=1 -n n=1

llenllx

Proof. Consider X endowed with its canonical metric given by (1).
Suppose that (8) holds. In view of Lemma 8, the chain recurrence of B follows from
the two claims below.

Claim 1. ¢; € O (B) for alli € N.

Indeed, fix ¢ € N and > 0. Choose ¢ € N such that

d(xz,0) <6 whenever x € X and ||z||¢ < §/2. (9)
By hypothesis,
— 1
Z =oo forall ke N. (10)
= llenlls

Suppose that there exists ny € N with |le,, ||x = 0, for each £ € N. Choose k > ¢
such that nx > i. By (9),

07e’nkaenk717 R

is a d-chain for B from 0 to e;, proving that e; € Oy(B).
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Now, suppose that there exists ko € N such that ||e, |k, # 0 for all n € N. Choose
k € N with k& > max{ko, £}. By (10), there exists m € N such that

+m

1 2
t:= T > T
2 el
Define
€itm Citm—j ;
T1i= _ and x]+1 = Bl’j + for 1 S ] <m.
tlesrm tll€itm—jllk

Note that x,, = e;+1. Hence, it follows from (9) that
0,21,%2,...,Tm, €

is a d-chain for B from 0 to e;, proving that e; € Oy(B).

Claim 2. e_; € Iy(B) for alli € N.

Indeed, let 7, § and ¢ be as in the proof of Claim 1. By hypothesis,

— 1
Z =oo forall ke N. (11)
2 e

If there exists ny € N with |e_p, ||x = 0, for each k € N, then we choose k > ¢ with
ng > i and apply (9) to conclude that

€_iy€—i—1y---,€—nyp+1, 0

is a d-chain for B from e_; to 0, proving that e_; € Iy(B).
If there exists kg € N such that |e_,||g, # 0 for all n € N, then we choose k € N
with & > max{ko, ¢}. By (11), there exists m € N such that

—i—1

1 2
t:= > =
2 el
Define
ro:=e_; and ;= DBxj ;- O for 1< <m.
tlle—i—jlle

Note that x,, = 0. Hence, it follows from (9) that

Loy L1y L2y -y Tm
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is a d-chain for B from e_; to 0, proving that e_; € Iy(B).

Conversely, suppose that B is chain recurrent. Let us first prove that (10) holds. For
this purpose, fix k& € N. We may assume that ||e,||x # 0 for all n € N, for otherwise
the desired equality would hold trivially. By the Banach-Steinhaus theorem, there exists
0 > 0 such that

z:= (Tp)nez € X and d(z,0) <6 = ||zpen|ls <1 forallne Z. (12)

Fix r > 0. By hypothesis, there is a §-chain (zj);ﬁzo for B from re; to itself. For each
je{l,...,m}, let yj:= z; — Bz;_1 and write y; = (y;n)nez. By (12),

[Yjm—jt+1] < | for all j € {1,...,m}. (13)

lem—j+1llk

Since
Zm = B™20+ B™ 'y + B" %ys + - + Bym_1 + Yo, (14)

we obtain

"=YmtY2m-1+ F+Yn-12+Yn1

<l|yim| + Y2,m=1]+ -+ |[Ym—1,2| + |[Ym.1]

1 1 1 1
< + o T
lemlls — llem—1llx lleall  llexllx

where in the last inequality we used (13). Since r > 0 is arbitrary, we are done.

Let us now establish (11). Assume k € N, |le_,||x # 0 for all n € N, § > 0 such
that (12) holds, and r > 0. Let (2;)7_, be a d-chain for B from req to itself. For each
jed{l,...,m}, let y;:= z; — Bz;_1 and write y; = (y;n)nez. By (12),

1 .
lyj,—i| < el forall j € {1,...,m}. (15)
—j

Since (14) holds, we obtain 0 =r +y1 1 + y2,—2 + - - - + Ym,—m. Thus, by (15),

1 1 1
+
le—allx |

< |yi,—1| + ly2,—2| + -+ [Ym,—m| < e
|€—2||k ”e—m”k

Since r > 0 is arbitrary, the proof is complete. 0O

The previous theorem can be generalized to bilateral weighted backward shifts as
follows.
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Theorem 14. Suppose that X is a Fréchet sequence space over Z in which the sequence
(en)nez of canonical vectors is a basis, (||-||k)reN is an increasing sequence of seminorms
that induces the topology of X, w:= (wy,)nez s a sequence of nonzero scalars, and the
bilateral weighted backward shift

By : (xn)nEZ cX (wn-l-lxn-i-l)nEZ eX

1s a well-defined operator. Then B, is chain recurrent if and only if

> -3

The above theorem follows from the previous one by means of a suitable conjugacy.
The method can be found in [27, Section 4.1], but we will recall it here briefly for the
sake of completeness. Consider the weights

=o0 forall ke N. (16)

i1 wollle—nIIk IIenIIk

vo:=1, v_pi=w_py1---we and vn::ﬁ forn>1,
1" Wn

the vector space
Xy ={(Tn)nez € K% : (vntn)nez € X},

and the vector space isomorphism

v (Tn)nez € Xo — (UnZn)nez € X.

Use ¢, to transfer the topology of X to X,: U C X, is declared to be open in X, if and
only if ¢,(U) is open in X. Then X, is a Fréchet space whose topology is induced by
the sequence of seminorms given by

I@n)nezlls:= l16o((zn)nez) s for (zn)nez € Xo.

Moreover, (e)nez is a basis of X, and B, o ¢, = ¢, o B, that is, ¢, establishes a

conjugacy between B, and B. Hence, B,, is chain recurrent if and only if so is B. Thus,

Theorem 14 follows from Theorem 13 applied to X, endowed with the seminorms || - ||
Let us now consider the case of unilateral (unweighted) backward shifts.

Theorem 15. Suppose that X is a Fréchet sequence space in which the sequence (en)neN
of canonical vectors is a basis, (|| - ||x)keN s an increasing sequence of seminorms that

induces the topology of X, and the unilateral backward shift

B: (r1,x2,23,...) € X — (22,23,%4,...) € X
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is a well-defined operator. Then B is chain recurrent if and only if
oo

Proof. If (17) holds, then the proof of Claim 1 in Theorem 13 shows that e; € Og(B) for
all ¢ € N. Since B is a unilateral backward shift, this implies that B is chain recurrent.

=o00 forallkeN. (17)
HenHk

The converse is proved as in the penultimate paragraph of the proof of Theorem 13. O

The above theorem can be generalized to unilateral weighted backward shifts as fol-
lows.

Theorem 16. Suppose that X is a Fréchet sequence space in which the sequence (en)neN
of canonical vectors is a basis, (|| - ||x)wen @ an increasing sequence of seminorms that
induces the topology of X, w := (wn)neN 1S a sequence of nonzero scalars, and the
unilateral weighted backward shift

By : (21,29, 23,...) € X — (wako, W3T3, Waly,...) € X

is a well-defined operator. Then By, is chain recurrent if and only if

z'“’

As in the case of bilateral shifts, Theorem 16 can be easily deduced from Theorem 15

=00 forallk € N.
|€nHk

by means of a suitable conjugacy.

The characterization of transitivity for weighted shifts on Fréchet sequence spaces was
obtained in [26] (see also 4.1 in [27]). Actually, under the above notation, the unilateral
weighted shift B,, is transitive on X if and only if there exists an increasing sequence
(nk)r in N tending to infinity such that

1

|w1wnk‘

én, — 0 in X.

In the case of a bilateral weighted shift, transitivity is equivalent to the existence of an
increasing sequence (ny); in N tending to infinity such that

1

11wy T 0 and fwjei—n, 105l €-m = 0,

in X, for any j € Z.

Since transitivity obviously implies chain recurrence, the main interesting examples
of chain recurrent weighted shifts are those that are not transitive. We will provide some
natural examples, and to do so we need to recall the concept of Kéthe sequence spaces



N.C. Bernardes, A. Peris / Advances in Mathematics 441 (2024) 109539 23

(see [31,34]), which can be viewed as an intersection of a decreasing sequence of weighted
£P-spaces, for a fixed p, or weighted cp-spaces, when the matrix below consists of non-zero
weights:

An infinite matrix A:= (a;);ren of non-negative weights is a Kothe matriz if, for
each j € N there exists a k € N with a;, > 0, and 0 < a1 < a; x4+ for all j,k € N.
Given 1 < p < 0o, we consider the Fréchet sequence spaces

1/p

Mp(A)i={z e KN : ||z, = Z|xj|pa§7k < oo, VkeN},
j=1

and for p = 0,

Mo(4):={z € KN . lim zja; = 0, |2, := sup |zj]ajx ¥V k€ N},
J—00 jGN

which are the associated Kothe sequence spaces.

Kothe spaces are certainly a natural class of Fréchet sequence spaces. Obviously, if
the entries a;j; = 1 for all j,k € N, then we have \,(A4) = ¢7 and A\o(A4) = co.

For instance, the derivative operator D of many function spaces X can be represented
as a weighted backward shift if the Taylor representation around 0 of functions f € X
allows an isomorphism of X with a Koéthe space.

In order to have that a unilateral weighted backward shift B,, is well-defined (equiva-
lently, continuous) on a Kéthe sequence space, we need to consider some conditions that
relate the weight sequence w with the Kothe matrix A. It is well known (see, e.g., [32])
that B,, is continuous if and only if

a;

N

VneN, 3m>n : supwi < 00. (18)

€N Ai+1,m

Examples 17. (A) We consider three different Hilbert spaces of holomorphic functions
on the unit disc. Namely, the Bergman space A? of functions f € H(ID) such that

1
1917+ [ 1P < o,
D
the Dirichlet space D of functions f € H(D) such that

1£1P=1FOF + 1 [ 17 @R < .
D

where in both cases A denotes the two-dimensional Lebesgue measure, and the Hardy
space H? of functions f € H(D) such that
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2
1 :
19175 tim o= [ 17re) Pt < o
0

We have that D C H? C A2. Moreover, via the identification with a sequence space by
f(2) =2,50 2" = (an)n, we know that

D = (*(v) for v:= (1,1,2,3,...), H?> =% and A% = (*(v) for v:= (1,%,%,...),

where

oo

)= {a=(an)n € CN: [la]*:= ) |an[*vn < o0}

n=0

A natural operator on these spaces is the (unweighted) backward shift that corresponds to
(Bf)(2):= (f(2)—f(0))/z, 2 # 0, (Bf)(0):= f'(0). The behavior concerning transitivity
of B is different on these spaces, since B is transitive on the Bergman space A2 by the
above characterization, but it is not transitive on D or H? since ||B|| = 1 in both spaces.
On the other hand, we have that

il%—il—wonHQ, and iﬁ—l—{—i%—monl?,
n=0 n n=0 n=0 n

n=1

that is, B is chain recurrent on these spaces.

(B) Now we will consider non-normable Kéthe spaces. For A:= (k7); yen, we have that
Ap(A) = Xa(A) = H(C). If A:= (j*); ren, we have that \,(A) = A2(A) =:s, the space
of rapidly decreasing sequences, and for the matrix A := (e=7/ k)j);gel\h we have that
Ap(A) = Aa(A) = H(D), the space of the holomorphic functions on the unit disc. We
obviously have that H(C) C s C H(D). The derivative operator D corresponds to the
weighted shift B, given by w:=(1,2,3,...), and D is transitive (thus, chain recurrent)
on the three spaces. If, as in (A), we consider the unweighted shift B, then

=1
Z—<oo for k> 2,
= lenlls

in H(C) or s, so B is not chain recurrent on these spaces. For the space H (D) we have

oo 1 oo
Z =Zen/k:oo for every k € N,
n=1 ||6n||k n=1

and B is chain recurrent on H (D). Actually, the transitivity condition is also fulfilled. If
we set X := \y(A) for A:= ((log(j +1))*), ren, then s C X C H(D) and
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oo

0
g ||6n||k z:: log n+ 1 =oo for every ke I\]7

so B is chain recurrent on X too, but the transitivity condition is not satisfied in this
case.

5. Periodic shadowing for operators on Banach spaces

Our goal in this section is to investigate the notion of periodic shadowing for contin-
uous linear operators on Banach spaces.

Given a metric space X, recall that f : X — X has the positive periodic shad-
owing property [30,38] if for every € > 0, there exists 6 > 0 such that any periodic
d-pseudotrajectory (zn)nen, of f is e-shadowed by a periodic trajectory of f (a sequence
(Yn)neN, is periodic if there exists p € N such that y,4, = y, for all n € Ny; such a p
is called a period for sequence (Yn)nen,). If f is bijective, then the periodic shadowing
property is defined by replacing the set Ny by the set Z in the above definition.

Let us say that a continuous linear operator 7" on a Banach space X is generalized
hyperbolic if there is a direct sum decomposition

X=M®&N,

where M and N are closed subspaces of X with the following properties (r(T") denotes
the spectral radius of T'):

(a) T(M) C M and r(T|pm) < 1;
(b) T|n : N — T(N) is bijective, T(N) is closed, T(N) D N and r((T|nx) " '|n) < 1.

If T is invertible, then condition (b) can be rewritten as follows:
(b’) T"Y(N) C N and »(T~!|y) < 1.

In the case of invertible operators, this class appeared in [9], where it was proved
that these operators have the shadowing property, enabling the construction of the first
examples of operators that have the shadowing property but are not hyperbolic. The
terminology “generalized hyperbolic” was introduced in [16], where many additional
dynamical properties of these operators were investigated. The fact that every invertible
generalized hyperbolic operator is structurally stable was established in [12]. For not
necessarily invertible operators, this class appeared in [10].

It is known that generalized hyperbolic operators exhibit several types of shadow-
ing properties (see [1,9,10,28]). We shall now prove that they also have the periodic
shadowing property.
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Theorem 18. Every generalized hyperbolic operator T on a Banach space X has the pos-
itive periodic shadowing property.

Proof. Let S denote the operator (T|x)~!|y on N. For each = € X, write 2 = 2" +2(2)
with () € M and (2 € N. Let a > 0 be such that

2P| < allz]| and [|z®] < al|z] for all z € X. (19)
Since r(T|p) < 1 and r(S) < 1, there exist 0 < ¢ < 1 and S > 1 such that

[Tyl < Bt"|lyll and [[S"z]| < Be"|[2]  (n € No,y € M,z € N). (20)

Given € > 0, put 0 := (13;’25- Let (zp)neN, be a periodic d-pseudotrajectory of T' with
period p, say. For each n € Ny, let y,, := z,41 — T'z,,. Note that the sequence (Ypn)nen,

is also periodic with period p. We claim that

%) p—1
v S - 35 T,
j=1 7=0 k=0

is a periodic vector whose trajectory e-shadows (z,)nen,- Indeed,

p 00 p—1 oo
Tpx:Tpr+ZTp7jy§2_)1+ Z Si— ;Dyj(Q)l ZZTkp+jyg()l)j )
J=0 k=1

Jj=1 Jj=p+1
p—1 oo
—T”xo—l—Zijp - +ZSJ ZZTkpﬂ +ZTJyp j-1
j=0 j=0 k=0
p—1 oo
TS SIWEED SEVINS wh e LI
j=0 j=1 7=0 k=0
:{L‘7
because
p—1 p—1
TPao+ Y Ty i1 =TPag+ Y T9(xp_j — Ty j1)
j=0 j=0
7=0 j=1

= Zg-.

On the other hand,
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n—1 p—1 oo
qm,. g, (1) g, (2) kp+j+n
Tn Tm—ZTynJ 1 Zsynﬂ‘ 1+ZZT pr b (21)

§=0 j=1 §=0 k=0

for all n € Ny. In fact, the case n = 0 follows immediately from the definition of z.
Assume that (21) holds for a certain n > 0. Then,

Tpy1 — T e =y, +T(x, — T z)

p—1 oo
1 n
SR S SR I 3 N
j=0 j=0 k=0
n p—1 oo
i (1 (1
(1) + y(2) + Zijfz—)j _ y7(L2) Zsjynﬂ + Z ZTkp+J+n+1yp )] )
j= =0 k=0
n p—1 oo
j kp+i+(n+1), (1)
Z y(n+1) —j—1 Zsjy(n+1)+J 1T ZT Pt )yp —j—D
7=0 7=0 k=0

proving that (21) also holds with n 4 1 in place of n. Now, by (19), (20) and (21),

3apd
|z, — T"x| < Ozﬁt =¢ for all n € Ny,

which completes the proof. O

Corollary 19. Every invertible generalized hyperbolic operator T on a Banach space X
has the periodic shadowing property.

Let us recall the following basic fact (see [11, Lemma 19], for instance).

Lemma 20. If (wy)neN 8 a bounded sequence of scalars, then the following assertions
are equivalent:

(i) lim sup |wrwgyq - wk+n|% <1;

(i) sup Z [W W41+ Whtn| < 00;
keNn 0

(iii) sup Z |wrwg—1 « - Wr—p| < 00.
keNn =0

We shall now prove that positive shadowing and positive periodic shadowing coincide
for unilateral weighted backward shifts on the classical Banach sequence spaces ¢,(N)
(1 <p<oo)and ¢(N).
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Theorem 21. Let X := (,(N) (1 < p < 00) or X := ¢9(N). Let w:= (wn)neN be a
bounded sequence of nonzero scalars and consider the unilateral weighted backward shift

By : (21,22, 23,...) € X — (W2Xo, W3Zs3, Wely,...) € X.
The following assertions are equivalent:

(i) By has the positive shadowing property;

(ii

)

) By has the positive periodic shadowing property;
(iii) B, is generalized hyperbolic;

)

(iv) One of the following conditions holds:

(a) lim sup |wiwg41 - wk+n‘" <1

(b) lim mf [wrwg41 - wk+n|% > 1.
n—oo ke

The equivalences (i) < (iii) < (iv) can be found in [10]. Our goal here is to include
(ii) among these equivalences. For this purpose, we will adapt an argument used in the
proof of [11, Theorem 18], but taking care to construct a d-pseudotrajectory which is
periodic.

Proof. By Theorem 18, (iii) = (ii). Suppose that (ii) holds and let us prove that (iv) must
be true. We assume that (a) is false and prove that (b) holds. Let 6 > 0 be associated to
e:=1 in the definition of positive periodic shadowing. By Lemma 20, there are integers
k > 2 and mg > 1 such that

146
D wpwpr - whepn| > >z (22)

Fix m > mg and let §; € R satisfy

eiejwkwk+1 S Whm—j = |[WEWkt1 Wham—s| (0 <m).

Define
< if
o= 6e"€Ckim,

16
Zyi= Bw(CCO) +ée" eprm—1,

To 1= Bw(xl) + (562926k+m,2,

T = B (T 1)—1—(5(3“9”%3;C
By(zm),

Tm41-
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LTm+42 = Bw (xm+1)7

Ttk = Buw(@mir—1) = 0.
Since
(@n)neNg == (Toy -+, Trntks L0y - -+ s Ttk L0y -+, Tty -+ -)
is a periodic d-pseudotrajectory of T, there exists a:= (ay)nen € X such that
lzn — By(a)|]| <1 for all n € Ny. (23)
Write apym = 0e?% ++ with |y| < 1. Since the (k — 1)'" coordinate of z,,41 is equal to
(|wrws1 *+ Wem| + [WeWit1 - Whgem—1] + -+ + [Wpwpga | + [wi|)d
and the (k — 1) coordinate of Bt (a) is wpwri1 - Whym(5€% +7), (23) gives
|(|wkwk+1 o Whpmet| o [ wweg | F |wi])d — wpwgp - wk+m'y| <1l. (24

By (22) and (24), |wxwkt1 -+ Wrtm| > 1/6. Hence, by dividing both sides of (24) by
|wiwgt1 -+ Wrtm |0, we get

1 1 1 1
+ot <l4:-  (25)
[Wetm| | Whtm Whtm—1] [Whtm Whtm—1 - - Wht1] 0

Since this holds for every m > mg, we have that inf,cn |w,| > 0. Let
k—1

vpi=w, " (n€N), t:==k+m and C’::Z|vkvk_1~--vk_n|.

n=0

t—1 m—1 t—1
Z |UtUt—1 e 'Ut—n| = Z |11t11t—1 s Ut—n| + Z |Ut11t—1 cUt—n
n=0 n=0 n=m

0

< (1+%)(1+C).

Since this holds for all ¢ > k + mg, Lemma 20 gives

k—1
1
< (1 + —) + [vevi—1 - Ve | Z |UkVk—1 " Vk—n
n=0
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. 1
lim sup [viveq1 - V| < 1,
n—oo tGN

which is equivalent to (b). O

On the other hand, we will see below that the notions of shadowing and periodic
shadowing do not coincide in general for invertible operators on Banach spaces. For this
purpose, we will need the result below, which gives us another class of operators that
have the periodic shadowing property. We denote by Sx the unit sphere of the Banach
space X.

Theorem 22. Suppose that T be an invertible continuous linear operator on a Banach
space X for which there is a direct sum decomposition

X=MaN,

where M and N are closed subspaces of X with T(M) C M and TY(N) C N such that
both T|pr and T~ YN are uniformly positively expansive, i.e., there are n,m € N such
that

IT"y|| > 2 and ||T~™z|| >2 forally € Sy and z € Sy. (26)

For each x € X and each k € Z, let x = x"* + 22F be the unique decomposition of x
with z1* € TH(M) and z** € T*(N). Suppose also that there is a constant ¢ > 0 such
that

lzVF || < clz|| and ||z**|| < cl|lz| for allz € X and k € Z. (27)
Then T has the periodic shadowing property.

Proof. Without loss of generality, we may assume m = n in (26). By arguing as in
the proof of Proposition 32 in the Appendix, we see that T" has the periodic shadowing
property if and only if so does T™. Therefore, we may assume n = 1. Fix ¢ > 0 and let
§:= 15; > 0. Let (2;) ez be a periodic d-pseudotrajectory of 7. We claim that

1220 < % for all j € Z. (28)

Indeed, suppose that this is false and choose ¢ € Z such that

We shall prove by induction that

_ 2k
[Er = 7‘3 + % for all k € No. (30)
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The case k = 0 is exactly (29). Assume that (30) holds for a certain k € Ny. Since
ITay 55 = el = 1(Teee)> ™ = a5 | < e Teempat =zl < €6,

we obtain

2ke —k 2,—k—1 1 9 k1
3 + 6 —co < ||95 gl —cd < [Tz 70| < 5”%771@71 Il

and so

ok+tle ¢ oktls ¢
2, —k—1

: LI <.
(= + 3 ¢ 3 + 6

Hence, (30) holds with k + 1 instead of k. By (27) and (30),

1 o g, 12k

loesl = = a7 > C( =+ 6) for all k € No.
Since the sequence (z;);ecz is periodic, we have a contradiction. This proves that (28)
holds. A similar argument shows that

||| < g for all j € Z. (31)
By (28) and (31), ||z;|| < € for all j € Z. Hence, the periodic §-pseudotrajectory (z;);ecz
is e-shadowed by the trajectory of the zero vector, proving that 7T has the periodic
shadowing property. 0O

Let X:=0,(Z) (1 <p < o0)or X:=co(Z). Let w:= (wy)nez be a bounded sequence
of scalars with inf, ¢z |w,| > 0 and consider the bilateral weighted backward shift

By (Zn)nez € X = (Wn41Tnt1)nez € X.

It was proved in [11, Theorem 18] that B,, has the shadowing property if and only if one
of the following conditions holds:

(A) lim sup |wy - ~~wk+n|% < 1.

1
(B) nh_}ngo Iilelf |wg -+ Wegen |7 > 1.

(C) lim sup |w_g_pn---w_ k|n < 1and hm mf |wg, - - wk+n|% > 1.

Note that (A) and (B) are exactly the cases in which B,, is hyperbolic. In case (C), By,
is not hyperbolic but it is generalized hyperbolic. It follows immediately from the above
result that:
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B, has the shadowing property if and only if it is generalized hyperbolic.
In view of Corollary 19, we conclude that:
If By, has the shadowing property, then it has the periodic shadowing property.
We shall now see that the converse of this fact is false.
Corollary 23. Let X := (,(Z) (1 < p < ) or X := ¢o(Z). Let w:= (wn)nez be a

bounded sequence of scalars with inf,cz |w,| > 0 and consider the bilateral weighted
backward shift

By (2n)nez € X = (Wn41Tn41)nez € X.
If

lim inf |w_g_pi1 - -w_g| =00 and lim bup |wg -+ - Wggn—1]| = 0, (32)
n—oo keN N—00 .

then B, has the periodic shadowing property but does not have the shadowing property.

As a concrete example, we can take a weight sequence of the form

1 -1 -1 )
’

w:=(...,a,a,a,a" 0" ,a ... where a > 1.

Proof. By the above-mentioned result from [11], B,, does not have the shadowing prop-
erty. On the other hand, let

M:={(xn)nez € X : @, = 0 for all n > 0}
and
N:={(zn)nez € X : &, =0 for all n < 0},

which are closed subspaces of X such that X = M & N, B, (M) C M and B,'(N) C
N. The conditions in (32) imply that both B,|y and Byt|nx are uniformly positively
expansive. Since condition (27) holds with ¢:= 1, Theorem 22 guarantees that B,, has
the periodic shadowing property. O

6. Appendix: generalities on shadowing and chain recurrence for operators
Throughout this appendix, X denotes an arbitrary topological vector space over K,

unless otherwise specified. We emphasize that X is not assumed to be a Hausdorff space.
Recall that a set A C X is balanced if NA C A whenever |A\| < 1. We denote by Vx the
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set of all balanced neighborhoods of 0 in X. It is well known that every neighborhood of
0 in X contains an element of Vx. We denote by L(X) the set of all continuous linear
operators on X and by GL(X) be the set of those operators that have a continuous
inverse.

Since X has a canonical underlying uniform structure, the notion of pseudotrajectory
in the uniform space setting given in Section 3 can be rewritten as follows in the present
context: Given a neighborhood V of 0 in X, a V-pseudotrajectory of a map f: X — X
is a finite or infinite sequence (x;)i<;j<x in X such that

flzj)—xzjp1 eV foralli<j<k—1.

Finite V-pseudotrajectories are also called V'-chains. With these notions at hand, the
concepts of positive shadowing, shadowing, finite shadowing, chain recurrence, chain
transitivity and chain mixing are defined in the obvious way. We observe that if X
is metrizable and we endow X with a compatible invariant metric, then these notions
coincide with the corresponding ones in the metric space setting. Clearly, it is always
true that

chain mixing = chain transitivity = chain recurrence.

The fact that these notions always coincide in the linear setting was observed in [1] (see
also [3]):

Proposition 24. For any linear operator T : X — X (not necessarily continuous), the
following assertions are equivalent:

(i) T is chain recurrent;
(ii) T is chain transitive;
(iii) T 4s chain mizing.

Given T': X — X and z,y € X, we write 2Ry if for every V' € Vx, there exist
V-chains for T' from z to y and from y to x. With this notation, the chain recurrent set
of T can be written as CR(T') = {z € X : 2Rx}. Restricted to CR(T), the relation R is
an equivalence relation and its equivalence classes are called the chain recurrent classes
of T

Chain recurrence is closely connected to the notion of recurrence, a property that
is deserving special attention for linear dynamics in recent years (see, e.g., [18,44,2,13,
17,23]). A continuous linear operator T': X — X is said to be recurrent if, for every
non-empty open set U C X, there exists k € N such that T%(U)NU # 0. By a recurrent
vector x for T' we mean that, for any neighborhood U of z, there exists £k € N with
T*z € U, and the set of recurrent vectors of T is denoted by Rec(T). We easily have
that any recurrent operator is chain recurrent. Indeed, if x € X and V' € Vx, there exists
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W € Vx open with W c VNT}V). Weset U:=x+ W and find k € N and y € U
such that T*y € U. Therefore, (z,Ty,...,T* 'y, ) is a V-chain for T from z to itself.
Since x and V' were arbitrary, we conclude that CR(T) = X.

Proposition 25. For any linear operator T : X — X (not necessarily continuous), the set
CR(T) is a subspace of X and is the unique chain recurrent class of T'.

Proof. Take z,y € CR(T) and V € Vx. Choose U € Vx withU+U+U+U C V. There
are U-chains (z;)7_y and (y;)i_o for T' with x9 = x, = z and yo = ys = y. Since the
set F:={x1,...,%,Y1,...,Ys} is bounded, there is ¢ € N such that F C AU whenever
|A| > t. Choose an integer k > t which is a multiple of both r and s. Let

(x;)?zozz (TOy Ty ey Ty By ey Ty e ey Ty e ey ),

which is also a U-chain for T from z to itself. Similarly,
(y;')?:o:: (yanla"'aysay17"'7ysa"' ayla"'ays)

is also a U-chain for 1" from y to itself. For each 0 < j <k, let z;:= (1 — %)x; + %y;
Then 2y =z, 2 =y and

Tzj —zjy1 = (1 - %) (Taf —2j4q) + %(Tyj ~Yj41) + %xg‘ﬂ - %3/;41 eV
for all 0 < j < k. Thus, (zj)?:() is a V-chain for T from x to y. This proves that CR(T")
is a chain recurrent class.

Let z,y € CR(T) and a,b € K. Given V' € Vx, choose U € Vx with aU +bU C V.
There are U-chains (z;)¥_, and (y;)i_, for T from z to itself and from y to itself,
respectively, and we may assume k = t. Hence, (az; + byj)é?zo is a V-chain for T from
ax + by to itself, proving that ax + by € CR(T). This shows that CR(T) is a subspace
of X. O

It is worth to note that, in contrast with the above situation, one cannot ensure that
the set Rec(T') is a subspace of X, in general. This is related to the problem of the
recurrence of n-direct sum T'@ --- @ T for every n € N (see [18,24]).

Proposition 26. For any T € L(X), the set CR(T) is a T-invariant closed subspace
of X. Moreover, if T € GL(X), then CR(T™') = CR(T) and T(CR(T)) = CR(T); in
particular, T~ is chain recurrent if and only if so is T.

Proof. CR(T) is T-invariant: Let x € CR(T) and V' € Vx. By the continuity of T', there
exists U € Vx with T(U) C V. Since x € CR(T), there is a U-chain (z;)%_, for T from z
to itself. Hence, (T'z;)¥_ is a V-chain for T from Tz to itself, proving that Tz € CR(T).
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CR(T) is closed: Let « € CR(T') and V € Vx. Choose U € Vx with U +U C V and
W e Vx with W C U and T(W) C U. Take an y € (z+ W) NCR(T) and let (y;)%_, be
a W-chain for T from y to itself. Then (x,y1,...,yx—1,2) is a V-chain for T from z to
itself, proving that x € CR(T).

CR(T™Y) = CR(T): Let x € CR(T) and V € Vx. Choose U € Vx with T-}(U) C V
and let (zj);‘fzo be a U-chain for T from =z to itself. Since

T 'wjp —x; =T (—(Txj —zj41)) €T HU)CV forall0<j <k,
we have that (zj,2k_1,...,71,70) is a V-chain for T=! from z to itself. Thus, x €
CR(T™H).
T(CR(T)) = CR(T): By what we have seen above,
T(CR(T)) C CR(T) and T~(CR(T)) =T *(CR(T™')) c CR(T™") = CR(T),

which implies the desired equality. O

The simplest example of a chain recurrent operator is the identity operator. The next
result gives classes of operators that are not chain recurrent.

Proposition 27. If either

(a) T e L(X),V €Vx is convex, V# X, A€ (0,1) and T(V) C AV, or
(b) T € GL(X), V € Vx is convex, V # X, A € (1,00) and T(V) D AV,

then

CR(T) C V.

3
3|~

n=1

In particular, T is not chain recurrent. Moreover, CR(T) = {0} if oo, 2V = {0}.

n=1n

Proof. Without loss of generality, we may assume that V is closed. If (a) holds, choose
§ € (0,1) such that A+ 6 < 1. Given z € X\(,2, 1V, define

a:=1inf{b>0:x € bV}.

We have that @ > 0, € aV and x & bV for every b € (0,a). Let U:= adV € Vx and let
(2;)%_y be any U-chain for T starting at zo = . If j € {0,...,k—1} and z; € aV, then

Tjy1 = Tcﬂj — (ij - xj+1) € a\V +adV = a()\ + 5)V C aV.

Hence, by induction, z; € a(A+9)V for all j € {1,...,k}. In particular, z;, # x, proving
that 2 ¢ CR(T). Case (b) follows from case (a) and the fact that CR(T~!) = CR(T). O
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Corollary 28. Suppose that X is a locally convex space whose topology is defined by a
family (q;)icr of semi-norms, where no g; is identically zero. If either

(a) TeL(X),ie1, A€ (0,1) and ;(Tx) < Agi(z) for allz € X, or
(b) Te GL(X),ie€ I, A€ (1,00) and ¢;(Tx) > Agi(z) for all z € X,

then

CR(T) C {z € X : ¢;(x) = 0}.
In particular, T is not chain recurrent. Moreover, CR(T) = {0} if g¢; is a norm.
Proposition 29. If T € L(X), A € K and |A\| =1, then:

(a) CR(\T)=CR(T).
(b) AT is chain recurrent if and only if so is T.
(¢) AT has the positive shadowing property if and only if so does T.

Proof. (a): Let + € CR(T) and V € Vx. We may assume that V is open in X. Let
(%’)?:0 be a V-chain for T from z to itself. Given any integer n > 1, the sequence

(2o, Axq, .. N NPy NP A=DktL N (33)

is a V-chain for AT from 2 to A™* . If A corresponds to a rational rotation on the unit
circle, then we choose n such that A" = 1, and so (33) is a V-chain for AT from z to
itself. In the case of an irrational rotation, we choose n such that A™* is so close to 1
that we can replace the last term in (33) by = and so obtain a V-chain for AT from x to
itself. This proves that CR(T) C CR(\T). Hence, CR(A\T) C CR(A™'\T) = CR(T).
(b): It follows immediately from (a).

(c): Suppose that T has the positive shadowing property. Given V € Vx, let U € Vx
be associated to V' according to positive shadowing. If (x;),cn, is a U-pseudotrajectory
of AT, then (A 7z;),en, is a U-pseudotrajectory of T', and so it is V-shadowed by the
trajectory of a certain € X under T'. It follows that (z;);en, is V-shadowed by the
trajectory of x under \T, proving that \T" has the positive shadowing property. O

Proposition 30. For any T € L(X), CR(T"™) = CR(T) for alln € N.

Proof. Fix n > 2,z € X and V € Vx. If (xj)z?zo is a V-chain for T™ from x to itself,
then

n—1 n—1 n—1
(fl:o,TJfQ,...,T xvalvTxlw"vT x17"'7xk—17T'rk—17"'7T 'rk—lyxk)

is a V-chain for T from x to itself. Conversely, if U € Vx satisfies
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U+TWU)+T*U)+--+T"HU) CV,
(z;)k_y is a U-chain for T' from z to itself and
(yj);fZO: (ajOamla"'7$}€7$17"'a‘rkw‘wmlw"umk)a

then (Yo, Yn, Y2n, - - - Ykn) is @ V-chain for T" from z to itself. O
Corollary 31. For any T € L(X), the following assertions are equivalent:

(i) T is chain recurrent;

(il) T™ is chain recurrent for some n € N.

(iii) T™ 4s chain recurrent for every n € N.
Proposition 32. For any T € L(X), the following assertions are equivalent:

(i) T has the positive shadowing property;

(ii) T™ has the positive shadowing property for some n € N.

(iii) T™ has the positive shadowing property for every n € N.

Proof. (i) = (iii): It is enough to note that if (z;);en, is a U-pseudotrajectory of T,
then

(ZL’(), Til,'o, ce ,Tnill'o, Z1, TCL’l, N ,Tn71$1, ZTo, TSUQ, e ,Tnilil,'Q, .. )
is a U-pseudotrajectory of T
(iii) = (ii): Obvious.
(ii) = (i): Given V € Vx, let V' € Vx be such that

VI+T(V)+T*(V)+- +T" (V) C V.

Let U’ € Vx be associated to V' according to the hypothesis that 7™ has the positive
shadowing property. We may assume that U’ C V'. Let U € Vx be such that

U+TWU)+T*U)+---+T" Y U)CU.
If () jen, is a U-pseudotrajectory of T', then (z;,),en, is a U'-pseudotrajectory of T,
and so it is V’-shadowed by the trajectory of a certain x € X under T™. It follows that

(x)jen, is V-shadowed by the trajectory of x under . 0O

Proposition 33. If T € GL(X), then T~ has the (finite) shadowing property if and only
if so does T.
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Proof. Suppose that T has the shadowing property. Given V € Vx, let U € Vx be
associated to V according to the definition of shadowing. Choose W € Vx with T(W) C
U.If (z;)jez is a W-pseudotrajectory of 77!, then (z_;1);jez is a U-pseudotrajectory
of T', and so it is V-shadowed by the trajectory of some = € X under 7. Hence, (z;),cz
is V-shadowed by the trajectory of Tz under T~!, proving that 7! has the shadowing
property. The case of finite shadowing is analogous. O

Recall that X is said to be the topological direct sum of the subspaces My, ..., M, if
X is the algebraic direct sum of My, ..., M,, and the canonical algebraic isomorphism

(Y15 syn) 2 yr+ o+
is a homeomorphism from the product space M; x --- x M, onto X.
Proposition 34. Let T € L(X). If
X=M® &M,

is a topological direct sum of T-invariant subspaces My, ..., M, then:
(a)
(b)
(c)

)

(d) T has the positive shadowing property if and only if so do T|a, .-, T\, -

CR(T)=CR(T\m,)®---®CR(T|m,)-
CR(T|y;,) = CR(T)NM; forallie {1,...,n}.
T is chain recurrent if and only if so are T|pp, .-, T|u, -

n

Proof. (a): Since CR(T|p;,) C CR(T) for all i € {1,...,n}, we have that
CR(T|m,)+ -+ CR(T|m,) C CR(T).

Conversely, let x € CR(T) and write * = y1 + -+ + yn, where y1 € My,...,y, € M,.
We fix i € {1,...,n} and prove that y; € CR(T|as, ). For this purpose, let P; : X — M;
be the canonical projection. Given U € Vy,, we have that V := Pfl(U) € Vx, because
P; is continuous. Let (%‘)?:0 be a V-chain for T from z to itself. Since

(T\Ml)(leJ) — Pia:j+1 = Pi(Ta:j — .’17j+1> S PZ(V) cU (O <ji< k’),

we have that (Pjx;)5_, is a U-chain for T'|ys, from y; to itself. Thus, y; € CR(T|az,).
(b) and (c¢): They follow immediately from (a).

(d): Suppose that T has the positive shadowing property. Fix ¢ € {1,...,n} and U €
Vs, - Define V := Pi_l(U) € Vx and let V' € Vx be associated to V according to the
definition of positive shadowing. Let U’ := V' N M; € Vy,. If a sequence (y;),en, is
a U'-pseudotrajectory of T'|p,, then it is also a V'-pseudotrajectory of T, and so it is
V-shadowed by the trajectory of a certain z € X under T'. Since
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yj — (T|a,)! (Piz) = Pi(y; — TVz) € B(V) C U (j € Ny),

we have that (y;),en, is U-shadowed by the trajectory of Piz under Ty, proving that
T, has the positive shadowing property.

Conversely, suppose that each Ty, has the positive shadowing property. Given V €
Vx, choose Uy € Vip,...,Uy € Vi, with Uy + -+ + U, C V. Let U/ € Vy, be
associated to U; according to the definition of positive shadowing. Let V':= P; 1 (U]) N

.NP;7YU!) € Vx. Then every V’'-pseudotrajectory of T is V-shadowed by a real
trajectory of T, proving that T has the positive shadowing property. 0O

Recall that a topological supplement of a subspace M of X is a subspace N of X such
that X is the topological direct sum of M and N.

Corollary 35. Let T € L(X). If CR(T) admits a T -invariant topological supplement, then
T|cr(r) 5 chain recurrent.

Proof. Let M := CR(T). By hypothesis, there is a T-invariant subspace N of X such that
X =M @ N as a topological direct sum. Since M is also T-invariant, Proposition 34(b)
gives CR(T|cr(ry) = CR(T|y) = CR(T) N M = CR(T), and so T|cp(r) is chain
recurrent. 0O

Proposition 36. Let T € L(X) and let M be a T-invariant subspace of X. Suppose that
M admits a T-invariant topological supplement.

(a) If T is chain recurrent, then so is T|p.
(b) If T has the positive shadowing property, then so does T'|ps.

Proof. It follows immediately from Proposition 34(c,d). O

Remark 37. In Proposition 36, it is not enough to assume that M has a topological
supplement, the hypothesis of T-invariance is essential. In order to give a counterexample,
assume that X is a separable Banach space and that T' € GL(X) is generalized hyperbolic
but not hyperbolic (shifted hyperbolic in the terminology of [16]). Let X = M & N be
the direct sum decomposition given by the definition of generalized hyperbolicity. By the
spectral radius formula, there exist constants ¢ € (0,1) and ¢ > 1 such that

IT"y|| < ct”|ly|| and [|T~"z|] < ct™||z| for all n € No,y € M,z € N.

Choose A € (t,1) and a nonzero w € M NT(N), and define

ui= i T'w and wv:i= i AT w.

n=—oo n=—oo



40 N.C. Bernardes, A. Peris / Advances in Mathematics 441 (2024) 109539

We have that v is a nontrivial fixed point of T" and v is an eigenvector of T" associated
to the eigenvalue A~!. Therefore,

F:=span{u}, G:=span{v} and H :=span{u,v}

are T-invariant subspaces of X, which admit topological supplements since they are
finite-dimensional. Moreover:

e T|p is chain recurrent but does not have the positive shadowing property,
e T|g has the shadowing property but is not chain recurrent,
e T|p neither is chain recurrent nor has the positive shadowing property.

Although T has the shadowing property, it may fail to be chain recurrent. However,
by [16, Corollary 2], the restriction of T' to the smallest closed T-invariant subspace Y’
of X containing M N T(N) satisfies the so-called frequent hypercyclicity criterion [27,
Section 9.2], and so it exhibits several types of chaotic behaviors, including frequent
hypercyclicity, mizing, Devaney chaos, dense distributional chaos and dense mean Li-
Yorke chaos [7,8,27]. In particular, T'|y is chain recurrent. Concrete examples of shifted
hyperbolic operators on the Banach spaces ¢o(Z) and £,(Z) (1 < p < co) were obtained
in [11, Theorem 9].

For invertible operators on Banach spaces, the next proposition shows that the closed
T-invariant subspace CR(T') has the property that the restricted operator T'|cr(r) has
the shadowing property whenever so does T'.

Proposition 38. Let X be a Banach space. If T € GL(X) has the shadowing property,
then T|cr(r) is chain recurrent and has the shadowing property.

Proof. We claim that
{z € X : (TVx)en is bounded} C Io(T). (34)

Indeed, assume C':= supy [|[T7z|| < oo. Given § > 0, there exists a decreasing sequence
1=ty >t > - >ty_1 >ty = 0 of real numbers such that ¢t; — t;41; < 6/C for all
j€A{0,...,k—1}. Then, (t;T7x)%_ is a é-chain for T from z to 0. Similarly,

{z € X : (T72);en is bounded} C Oy(T). (35)
By combining (34) and (35), we obtain
{z € X : (T7%);ecz is bounded} C CR(T). (36)

Let us prove that T'|¢g(r) has the shadowing property. By Theorem 1, it is enough to
show that T'|¢r(7) has the finite shadowing property. Fix ¢ > 0 and let § > 0 be given by
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the shadowing property of T'. Let (xj)é?zo be a d-chain for T|cg(ry. Since o, 2, € CR(T),
there are d-chains for T of the forms (0,x_;,...,x0) and (zg, ...,z 0). Hence,

(j)jez=(...,0,0,2_4,...,%0,..., Tk, ...,2¢0,0,...)

is a 6-pseudotrajectory of T'. Thus, there exists x € X with |79z —z;|| < e for all j € Z.
By (36), z € CR(T) and we are done.

Let us now prove that T'|cg(r) is chain recurrent. Fix x € CR(T) and 6 > 0. Let
n > 0 be associated to §/(1 + ||T]|) according to the shadowing property of T'. Since
x € CR(T), there exists an n-chain (xj);?zo for T from z to itself. As in the previous
paragraph, we can extend this 7)-chain to a bounded n-pseudotrajectory (x;),cz of T.
By our choice of 7, there exists y € X such that

Ty — ]| < for all j € Z.

0
L+ T

By (36), y € CR(T). Hence, (x,Ty,T?y,...,T* 'y, ) is a §-chain for T|crery from x
to itself, proving that T'|cg(r) is chain recurrent. O

In general, properties associated with chaotic behavior are not possible for compact
operators. Certainly, although chain recurrence is equivalent to chain transitivity in linear
dynamics, and the second property can be thought as a chaotic behavior, the fact that,
e.g., the identity of a finite dimensional space is an operator which is chain recurrent and
compact spoils this impossibility for chain recurrence. The natural question is whether
we can have anything else than the “finite dimensional” case for chain recurrent compact
operators. We will show that, as a consequence of the previous results, there is nothing
else. We recall that a linear operator 7' : X — X on a topological vector space X is
compact if there is V' € Vx such that T'(V) is relatively compact.

Proposition 39. Let T € L(X) be a compact operator on a locally convexr space X with
continuous norm. Then CR(T) is a finite dimensional subspace.

Proof. We first suppose that the scalar field is C and X is a Banach space. In this
case, the spectrum of T consists, at most, of 0 and a sequence of eigenvalues of T" whose
limit is 0, and each eigenvalue has a finite dimensional associated eigenspace. The Riesz
decomposition theorem yields that we can write X = M; & My with M; closed and T-
invariant subspace, ¢ = 1,2, M; finite dimensional and consisting of sums of eigenvectors,
and My so that, for Th := T, we have that the spectral radius of Ty is strictly less
than 1. In particular, there is n € N such that || 73| < 1. By Propositions 27 and 30, we
have that

CR(Ty) = CR(T3) = {0}.
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Thus, by applying Proposition 34, we get CR(T) = CR(T})®CR(T3) C My, and CR(T)
is finite dimensional.

Still in the complex case, but now allowing X to be an arbitrary locally convex space
with continuous norm, we take V € Vx absolutely convex such that K := T(V) is
compact and the gauge p of V is a norm. In particular, 7" naturally induces an operator
Ty on the local Banach space Xy (which is the completion of the normed space (X, p)),
which is also compact. We easily have that CR(T") C CR(Ty ), with a natural inclusion,
and CR(T) is finite dimensional.

Finally, when K = R, we consider the complexification X = X +iX = X @& X
with the (compact) operator T = T + iT = T @ T. Proposition 34 yields CR(T) =
CR(T)+iCR(T), and CR(T) is finite dimensional. O

Remark 40. When X is a complex Banach space, there is another typical property satis-
fied by the spectrum of T when it has certain chaotic behavior: Namely, every connected
component of o(T') intersects T. This is also the case for chain recurrence. Indeed, if K is
a connected component of o(7T), again Riesz decomposition theorem brings the existence
of a T-invariant closed subspace M, with a complement which is also T-invariant, such
that o(T|pr) = K. Then, by Proposition 36, T'|5s is also chain recurrent. If K does not
intersect o(T), either it is contained in D, which is impossible since its spectral radius
would be strictly less than 1, or it is contained in the complementary of D, also impos-
sible since this would mean that T'|ys is invertible with a spectral radius of its inverse
strictly less than 1.

Proposition 41. Suppose that X is the product of a family (X;):cr of topological vector
spaces over K, T; € L(X;) for each i € I, and T € L(X) is the product operator given by

T((zi)ier):= (Tizi)ier-
The following properties hold:

(a) CR(T) = [l;e; CR(T3).
(b) T is chain recurrent if and only if so is each T;.
(¢) T has the positive shadowing property if and only if so does each T;.

Proof. For each i € I, let m; : X — X, denote the canonical projection.

(a): Let x:= (2;)icr € [[;c; CR(T3) and V' € Vx. We may assume that V' = [],.; Vi,
where V; € Vx, for each ¢ € I and V; = X, except for ¢ in a finite subset J of I. For each
i € J, there is a V;-chain (a:§j>)§;0 for T; from z; to itself, and we may assume all the
k;’s equal to the same k. For each j € {0,...,k}, let xl(j) := x; for all i € I\J, and let
()= (xf;j))iej € X. Then (x(j))é‘?:o is a V-chain for T from = to itself. For the converse,
simply note that if y € CR(T), i € I, U; € Vx, and (y(j))fzo is a 7, ! (U;)-chain for T
from y to itself, then (Wi(y(j)))§:0 is a U;-chain for T; from m;(y) to itself.
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(b): It follows immediately from (a).

(c): Suppose that each T; has the positive shadowing property. Let V:= [],.; Vi, where
Vi € Vx, for each i € I and V; = X, except for ¢ in a finite subset J of I. For each i € J,
let U; € Vx, be associated to V; according to the definition of positive shadowing. Let
U:= ﬂieJﬂfl(Ui) € Vx. Then every U-pseudotrajectory of T is V-shadowed by some
real trajectory of T', proving that T has the positive shadowing property. Conversely, if
T has the positive shadowing property and 7 € I, we regard the product space X as the
topological direct sum of the T-invariant “subspaces” X; and [], 2 Xeina canonical way
and apply Proposition 34(d) to conclude that T; has the positive shadowing property. O

Remark 42. Consider the notations of the previous proposition. Let YV := ,.; X; be
the external direct sum of the family (X;);cr, that is, the set of all (z;);e;r € X such
that z; = 0 except for a finite number of indices. If we consider Y as a subspace of the
product topological vector space X and S € L(Y) is the operator obtained by restricting
T to Y, then the following properties hold:

(a) CR(S) = @,c; CR(T,).
(b) S is chain recurrent if and only if so is each Tj.
(c) S has the positive shadowing property if and only if so does each T;.

The proof is similar to the previous one and so we leave it to the reader.

Proposition 43. Suppose that X is the locally convex direct sum of a family (X;)icr of
locally convex spaces over K, T; € L(X;) for each i € I, and T € L(X) is given by

T((wi)ier):= (Tiwi)ier-

The following properties hold:

(a) CR(T) = @, CR(T,).
(b) T is chain recurrent if and only if so is each T;.
(¢) If T has the positive shadowing property, then so does each T;.

Proof. (a): Let v:= (2;)icr € @;c; OR(Ti) and V € Vx. There is a finite subset J of [
such that x; = 0 for all ¢ € I'\J. We may regard X as the topological direct sum of the T-
invariant “subspaces” Y := @ieJ X, and Z:= @iGI\J X; in a canonical way. Let U € Vy
and W € Vz be such that U + W C V. Since J is finite, Y coincides with the product
space [[;c; Xi. Hence, by Proposition 41(a), (zi)ics € [[;c; CR(Ti) = CR(T|y). Thus,
there is a U-chain for Ty from (x;);cs to itself. Each element of this U-chain can be
regarded as an element of X by completing the remaining coordinates with 0’s. In this
way we obtain a V-chain for T from x to itself, proving that x € CR(T). For the
converse, note that each X; can be regarded as a T-invariant subspace of X that admits
a T-invariant topological supplement, and so we can apply Proposition 34(a).
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(b): Tt follows immediately from (a).
(c): Tt is enough to apply Proposition 36(b), since each X; can be regarded as a T-
invariant subspace of X that admits a T-invariant topological supplement. O

Remark 44. The converse of Proposition 43(c) is false in general. For instance, consider
the locally convex direct sum KV, where K is endowed with its usual topology, and

T((2n)nen) = (22n)nen  for all (z,)nen € KM,

We know that the operator x € K — 2x € K has the shadowing property, but we
will show that the operator T" does not have the positive shadowing property. For this
purpose, let j, : K — KM denote the n'" canonical injection and let Z(O; 0):={\ €
K : [\| < 6} for § > 0. Consider the following neighborhood of 0 in KM):

oo

V:i=rco ( U jn(z((); 1)))>

n=1

where co(A) denotes the convex hull of the set A € K™N). Given any neighborhood U of
0 in K™ of the form

U:=co ( [j Jn(A(0; 5n))),
n=1

with 8, > 0 for all n € N, define (9 := 0 and z@) := Tz~ + dje; for j > 1, where
e;j is the sequence whose j*" coordinate is 1 and the others are 0. Then (z());cn, is
a U-pseudotrajectory of T', but it cannot be V-shadowed by a trajectory of T, because
each z € KN has finite support.

Remark 45. Propositions 29(c), 32, 34(d), 36(b), 41(c) and 43(c), as well as Remark 42(c),
remain true if we replace positive shadowing by finite shadowing. Moreover, all these
results have analogous formulations with shadowing instead of positive shadowing in the
case of invertible operators.

We close the paper by proposing the following open problems:

Problem A. To characterize the Fréchet spaces in which shadowing and finite shadowing
coincide for operators or at least find sufficient (resp. necessary) conditions for the validity
of this equivalence in the case of non-normable Fréchet spaces.

Problem B. Does Theorem 12 hold for every Fréchet space? If not, for which Fréchet
spaces does the property described in Theorem 12 hold?

Problem C. To characterize the periodic shadowing property for bilateral weighted shifts
on Banach sequence spaces.
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Problem D. If T' € L(X) is an (invertible) operator on a Banach space X, is it true that
T|cr(r) is always chain recurrent?

Note. We were informed that Antoni Lopez-Martinez and Dimitris Papathanasiou have
recently solved Problem D in the negative.
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