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1. Introduction

The numerical index of a given Banach space is a constant relating the geometry of the norm and the
numerical radius of bounded linear operators on the space. The concept appeared in the literature for the
first time in 1970 in the seminal paper [5], after being introduced by G. Lumer two years before. The classical
references on this topic are the two monographs by F. Bonsall and J. Duncan, [3] and [4]. From there, a
good overview of the current state of the topic can be provided through the survey [10] together with the
first chapter of the recent book [9)].

This concept has been widely studied, and although the numerical index of certain classes of Banach
spaces—like L;(u) or C'(K)—are well known due to their concrete properties, finding the numerical index
is still a challenging task, even for 2-dimensional Banach spaces. For instance, there is a full line of recent
papers devoted to the study of the numerical index of 2-dimensional [, spaces, see [13], [15], [16] or [17].
Also, there are papers studying the numerical index for some 2 or 3-dimensional Banach spaces whose unit
ball has a particular shape—see [14] and [19].

Along this work, we intend to begin with the study of the numerical index of Lipschitz-free Banach
spaces, starting from the 2-dimensional case. The origin of this class of Banach spaces—also known by
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other names through the literature, like Arens—Eells spaces or Transportation Cost spaces—can be tracked
to classical authors like Kantorovich and Rubinstein [11] while approaching optimal transport problems.
They were rediscovered many times from different perspectives by authors like Arens, de Leeuw, Eells,
or Johnson—see [2], [7], and [12]. Meanwhile, Kadets [8] and Pestov [18] provided early versions of what
nowadays is known as the universal property, as Lipschitz-free Banach spaces are the free object between the
categories of metric spaces (with the morphisms of Lipschitz maps) and Banach spaces (with the morphisms
of linear bounded operators). Its systematic study as Banach spaces started in 1999 with the first edition of
the monograph [20] by Weaver, whose recent second edition [21] has taken its place as the main reference
in the topic. Concerning the area of Geometry of Banach spaces, the seminal paper [6] by Godefroy and
Kalton in 2003 started the study of Lipschitz-free spaces from this point of view, providing some remarkable
results, like the preservation of the bounded approximation property by Lipschitz-homeomorphisms, or the
linearization of metric embeddings of a separable Banach space X inside a Banach space Y.

As the norm of these spaces is fundamentally described as a predual norm, even nowadays, the geometry
of these spaces is still under study, and it is unknown in so many aspects, being a very active field of research
in the last years. For instance, it is still an open problem to determine if, in every Lipschitz-free space, every
extreme point is a molecule (defined below).

The following is the main result of the paper:

Theorem 1.1. Let M = ({z,y, z},d) a metric space of three points. Assume (without loss of generality) that
d(z,y) > d(x,z) > d(y, z). Then:

o if any triangular inequality on M is satisfied as an equality, then n(F(M)) = 1;
o if all triangular inequalities on M are strict, then

N d(z,2)Gy(z, 2) d(, 2)
n(F(M)) = { d(z,y)G=(2,y) + d(y, 2)Gx(y, 2) " d(z,y) + d(y, 2) },

where G, (x,y) is the Gromov product of x and y w.r.t. z.

In particular, for a metric space of three points, the numerical index 1 is only attained at the degenerated
case—see Corollary 5.2—and n(F(M)) = 1 if and only if M is an equilateral triangle—see Corollary 5.3.
Moreover, simpler formulae are obtained for the isosceles case—see Corollaries 5.4 and 5.5—which allowed
us to recover [14, Theorem 1] as a particular case.

Aside from this introduction, this article contains 4 sections structured as follows. First, the remaining
part of this section contains two subsections providing the necessary preliminaries and definitions concerning
numerical index and Lipschitz-free Banach spaces. We encourage experts in the field to skip this part.
Section 2 is fully devoted to developing some tools and results in metric spaces M that will be needed
to describe the geometric behaviour of the numerical radius in F(M). In Section 3, we begin the work in
2-dimensional Lipschitz-free spaces, getting the first results and estimations on the numerical radius of norm-
one operators, deducing that the maximum appearing in Theorem 1.1 above works as a lower bound for the
numerical index of F(M). In Section 4, we will prove that the lower bound obtained in the previous section is
indeed the exact formula to compute the numerical index of a 2-dimensional F (M), by constructing operators
that reach exactly this value as their numerical radius. Some applications, particular cases, and consequences
on infinite dimensional Lipschitz-free spaces will be given in Section 5. From here, we highlight the fact that
the numerical index of a 2-dimensional Lipschitz-free space can take any value of the interval [3,1].

Notation and basic Banach space notions

Throughout this note, X will denote a real Banach space, while its unit ball and sphere will be denoted
by Bx and Sy, respectively. Its dual space will be denoted by X*, and given x € X and a linear continuous
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functional z* € X*, we will write indistinctly (x,2*) or (z*,x) to refer to the evaluation x*(x). We will use
L(X) to refer to the space of linear bounded operators from the Banach space X into itself.
Given X a real Banach space and T € £(X), the numerical radius of T is defined as

v(T) :=sup{[{(z*,Tz)|: x € Sx,z" € Sx~,(x,2") = 1}.

The numerical radius defines a seminorm in £(X) satisfying v(T") < ||T|| for every T € L(X). It may define
an equivalent norm on L(F(M)), and this happens if and only if the equation

CITI < v (T) < |7l

is satisfied for a constant 0 < C < 1.

The numerical index of X, denoted by n(X), is the greatest constant C' > 0 satisfying the equation
above. Thus, if X is a real Banach space, n(X) belongs to [0, 1]. The numerical index can equivalently be
defined as

n(X) = inf{v(T) : T € Sg(x)}-

As our working context is finite-dimensional Banach spaces, notice that it is enough to evaluate on the
extreme points, i.e.,

v(T) :=sup{|[{(z*, Tz)| : © € Ext Bx,z" € Ext Bx~, (z,z*) = 1}. (1)
Lipschitz-free preliminaries

For the sake of completeness, here we provide a very brief summary of some of the basic properties and
tools needed to work with Lipschitz-free spaces.

To introduce its definition, let (M, d) be a metric space. By choosing a distinguished point 0p; € M
(usually called just 0 when there is no possibility of confusion), we can take Lip,(M) as the linear space of
Lipschitz functions f: M — R that vanish at 0, which is a real Banach space when endowed with the norm
of the Lipschitz constant, || - ||Lip, defined by

A llip - S )

The choice of the element 0 can be arbitrary since by taking 0’ # 0, Lipy(M) and Lipy, (M) are isomet-

rically isomorphic as real Banach spaces. In order to simplify the notation, once the 0 € M is fixed, we will

use the function p(-) := d(-,0). The map 0 : M — Lipy(M)* that sends every point = € M to its evaluation

functional §, is an isometry, and it is easy to see that J, and é, with x # y are linearly independent. Notice

that span{d(z) : x € M} is a closed linear subspace of Lipy(M)*, and it is a predual of Lip, (M), denoted
by F(M), i.e.,

F(M) =span{d, : x € M} (C Lipy(M)*).

Roughly speaking, we can think of (M) as the Banach space constructed by taking M and providing it
with a linear structure in which distinct points in M are now linearly independent, and the endowed norm is
the one keeping the original metric structure of M. Thus, ||§,|| = p(x), or more generally, ||6,—d,|| = d(z,y).

As the linear continuous functionals on F(M) are the elements of Lip, (M), it is clear how they act. Let
g € Lipy(M) and >} a;6,, € F(M), then
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Mz

Mgy

Fig. 1. Representation of Bx(a). The shaded area is where the molecule m; , may be located, depending on M.

<gv Zaz(sx) = Zai<g75wi> - Zai(sg(a:i)-

Although the space may be fully described using the deltas, the following notion provides some advan-
tages. Given x,y € M two distinct points in M, its associated molecule (some authors call this elemental
molecule) is

5, — 6,
d(zx,y)

My y 1= e F(M).

As, for every @ € M, 0, = p(z) - mgo, F(M) = span{ms, : z,y € M}. The reader will rapidly
understand the relevance of these elements on F(M) since they are not only norm-one elements but, as
(9, Mz y) = %7 they constitute a 1-norming subset of F(M) for the norm || - ||Lip-

Moreover, in the finite-dimensional case, all extreme points of the unit ball of F (M) are molecules (see,
for instance, [1]), although not every molecule should be an extreme point. Thus, even though the explicit
computation of the norm of a finite-dimensional Lipschitz-free is far from being an easy task, one may
represent its unit ball as the convex hull of all the molecules. By determining the extreme molecules we can
also think of the faces of Br(ys) as convex hulls of some of these molecules.

Example 1.2. Consider M = ({z,y,0},d). Then, m, o and m, are norm-one vectors which are linearly
independent, while

p(z) P(y)

TV = G y) 0 A, y)

As Fig. 1 illustrates, the unit ball of the 2-dimensional Lipschitz-free may be understood as a modification
of the usual || - ||; norm in R2. Indeed, we can interpret this as the norm in R? such that the unit ball is

the absolute convex hull of the vectors {ey, e, d’gfz)el — dfﬁ’;) e}

As Fig. 1 illustrates, given M = ({z,y,0},d), the unit ball of F(M) will be represented as a specific
hexagon, although depending on the location of the molecule m, 4, it may be a rhombus. This happens
exactly when 3 molecules are aligned (i.e. when a molecule is in the convex hull of the other two), and in the
sections below we indicate a way to characterize this behaviour. When this happens, F(M) is isometrically

isomorphic to (R2, || - ||1).
2. Metric tools

Along this section, we will define some constants on the metric space M and state some of its properties
that will be used later in order to work with the geometric structure in F(M) and to bring forth some
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geometric arguments to estimate the numerical index in F(M). To the best of our knowledge, some notions
are introduced as a part of this work, while other ones, as easy computations on a metric space, may appear
in other parts of the literature, maybe with other names. We will state its definitions and provide some
properties for the sake of completeness.

Before starting, it is worth remarking that, even though there is a need of having a distinguished point
0 in M to construct F(M), this element will play no special role in any part of the work. This is not only
because the isometric structure of F(M) is independent of the choice of the distinguished element, but also
because in any formula developed in this work, in any concept associated with a pair of points =,y € M
or to a molecule mg, € F(M), the computations are exactly the same either if one of the points x or y is
the distinguished element in M or not. To stress this fact, generally, we will put M = ({z,y, z},d), without
explicitly identifying the distinguished element. However, to make some deductions, sometimes we will need
to assume (without loss of generality) any order in the distances. As the points in the metric space can be
renamed as we please, we will assume the order d(z,y) > d(x, z) > d(y, z), and just in this scenario, as a
way to ease the notation, we will put z = 0. In this case, we will write M = ({z,y,0},d) and the order will
be d(z,y) > p(x) = p(y), where p(-) := d(-,0).

Let (M, d) be a metric space and z,y, z € M a triplet of points. We say that z lies in the metric segment
between x and y if d(x,y) = d(z, 2) + d(z,y). If there is a triplet of points z,y, 2 € M such that one of them
lies in the metric segment of the other two, we may just say that the three points are (metrically) aligned.
The following notion is well known and works as a tool to detect this behaviour in the metric space M.

Definition 2.1. Let (M, d) be a metric space. Given distinct =, y and z € M, the Gromov product of x and
y with respect to z is

Gz(xa y) = d(xa Z) + d(ya Z) - d(fE, y)
This expression comes from the triangular inequality d(z, z) + d(y, z) > d(z,y), so Gromov products are
always non-negative. Roughly speaking, the Gromov product of x and y with respect to z measures how
far is z from being in the metric segment between x and y, which happens if and only if G, (z,y) = 0. This

allows us to provide a general definition of being a non-aligned metric space.

Definition 2.2. A given metric space (M,d) will be called non-aligned if every Gromov product is strictly
positive. A non-aligned metric space M with three elements will be called triangle through this paper.

The following lemma is straightforward but will be of use.

Lemma 2.3. Let M = ({z,y, 2},d) be a triangle. Assume that d(z,y) > d(x,z) > d(y,z). Then G,(z,y) <
Gy(z,2) < Ga(y, 2)-

We introduce a related notion that will be useful to simplify computations.

Definition 2.4. Let (M, d) be a metric space. Given distinct x, y and z € M, the weighted Gromov product
of x and y with respect to z is defined as

Ve (@,y) = d(z,y)G:(z,y).
Lemma 2.5. Let M = ({z,y,2},d) be a triangle. Then, v.(z,y) < vy(x,2) if and only if d(x,y) > d(x, 2).

Proof. It is routine by expanding expressions and factorizing properly. O
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We now introduce the two quantities—and some of their properties—that will be essential for expressing
the numerical index.

Definition 2.6. Let M = ({z,y,z},d) be a triangle. Given a pair of points z,y € M, we call its optimal
contribution to

Voo (1) = d(z,y)G-(z,y) _ =7, y)
R d(, Z)Gy(xv z) +d(y, 2) Gz (y, Z) /Vy(xvz) + 'Yz(:% Z)

Lemma 2.7. Let M = ({z,y, z},d) be a triangle. Then, d(x,y) > d(z,z) if and only if vop(x,y) < vop(z, 2).
Proof. It is routine by expanding expressions, factorizing properly, and using Lemma 2.5. 0O

Definition 2.8. Let (M, d) be a metric space. Then, given a triplet of points x,y,z € M, we call its metric
ratio to

d(z,y)

Ry = e am )

Lemma 2.9. Let M = ({z,y,z},d) a metric space with 3 points. Then, R.(z,y) > Ry(z,z) if and only if
d(z,y) > d(z, 2).

We establish the relationship between optimal contribution and metric ratio.

Lemma 2.10. Let M = ({z,y,0},d) be a triangle with d(x,y) > p(x) > p(y). Then, Ry(z,0) > vop(x,0) if
d(z,y)* + p(y)?*

and only if p(x) > Ao o)

Proof. It is routine by expanding the expressions involved and factorizing properly. O

Lemma 2.11. Let M = ({z,y,0},d) be a triangle with d(z,y) > p(z) > p(y). Then,

max{vopy(x,y), Ro(z,y)} = Ro(z,y);
max{v,,(y,0), Rz(y,0)} = vop(y, 0).

d(z,y)* + p(y)?

Moreover, Ry(x,y) > Vop(y,0) if and only if p(x) < .

Proof. First, we will prove that for the longest side of the triangle (d(zx,y)), its ratio is greater than its
optimal contribution. Indeed, by Lemma 2.3, we know that G,(z,y) < Gy(z,z) < G4(y, z), which implies
that

d(z,y)G(z,y)
d(z,2)Gy(x, z) + d(y, 2) Gz (y, 2)
3 d(,9)Gy (. 2)
T d(z,2)Gy(@, 2) + d(y, 2)Gy(, 2)
d(z,y)

= I +diy ) )

Vop (Ma,y) =




Ch. Cobollo et al. / J. Math. Anal. Appl. 538 (2024) 128333 7

Analogously, for the shortest side (d(y, z)), the inequality is the opposite. Indeed,

d(y, 2)G=(y, 2)
d(z,y)G= (2, y) + d(z, 2)Gy(z, 2)
N d(y. 2)Gy . 2)

T d(z,y)Gy(x, z) + d(z, 2)Gy(x, 2)
_ d(y, z)
d(z,y) + d(z, 2)

Vop(my,.) =

Moreover, developing the inequality Ro(x,y) > vop(y, 0), one obtains the equivalent inequality

d(z,y)(y(z,y) +(x,0)) > 7(y,0)(p(z) + p(y))-

Now, we make a full expansion of the expression and rearrange the result, writing it as a polynomial of
variable p(z), reaching a concave parabola with roots

d(z,y)* + p(y)?

plx) = d(xy) — ply) and p(z) = ==

Therefore, Ro(z,y) > vop(y,0) if and only if

d(z,y)* + p(y)*

d(z,y) — p(y) < p(z) < g ol

The left-hand side of the expression above is always satisfied as a consequence of triangular inequality,
2 2
so we conclude that Ro(z,y) > vop(y, 0) if and only if p(z) < %, as we wanted to prove. 0O

3. Geometric behaviour of the Lipschitz-free space associated to a triangle

In this section, we will begin with the assessment of the numerical index in F (M), where M is a metric
space of 3 points. The whole section is devoted to proving that n(F(M)) is greater than or equal to the
estimation given in Theorem 1.1. We introduce first some notions of an auxiliary character.

Definition 3.1. Let X be a Banach space, x € Ext Bx, and T € L£(X). We refer as the contribution of x to
the numerical radius of T to

v(T, ) = sup{|[(z*,Tx)| : " € Ext Bx~, {xz,2*) = 1}.
Given X a Banach space and x* € Sx+ a norm-attaining element, we say that the set
F(a*) :={z e Sx : {x,2") =1}

is the face generated by z* in X.

Now, considering M a metric space of three points, generally, it is expected a hexagonal shape on the
unit ball—recall Fig. 1. Then, it is useful to identify the linear forms defining its maximal faces, as they are
the only ones that we need to evaluate the numerical radius of an operator.

Given M = ({x,y, z}, d) a metric space of three points, for every t € M, and r, s € M\{t}, r # s, consider
pt € F(M)* the norm-one linear form characterized by

<pt7m7’,t> =1= <ptams,t>~
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Mg0

g(py) Mo

Fig. 2. Maximal faces in Bx ().

By the very definition of m, g, it follows that (p;, m, s) = %.

Therefore, we have that the six maximal faces of Br(ar) are §(£p.), §(£py) and F(£p.). We will use p;
to denote these linear continuous functionals acting on F (M), while p will be used, as introduced before,
as the “distance to zero” Lipschitz map acting on M.

However, depending on the underlying metric structure of M, this hexagon can also be a rhombus. This
happens—as Fig. 1 illustrates—if and only if one molecule is in the convex hull of the other two, which is
determined by the underlying metric structure of M, as a molecule m, , lies in conv{m, ., m. 4} if and only
if d(z,y) = d(z, z)+d(z,y)—i.e., z lies in the metric segment between x and y or, equivalently, G, (z,y) = 0.
To summarize, Bz(ys) will be a rhombus—being F (M) isometrically isomorphic to (R?, || - ||;)—if and only
if M is not a triangle. It is well known that in this case n(F(M)) = 1, covering the first part of Theorem 1.1.
Therefore, from this moment on we will avoid this trivial case by considering M to be a triangle.

3.1. The first lower bound: the optimal contribution

We introduced the optimal contribution—see Definition 2.6—as this quotient appears naturally as a lower
bound for the numerical radius of a norm-one operator that sends a molecule m, , to the sphere, as this is
the lowest value of v(T',m, ) that such an operator can have. This phenomenon is reflected in the following
result.

Lemma 3.2. Let M = ({x,y, z},d) be a triangle, and T' € Srnpy be such that ||T'my || = 1. Then,
V(T7 mm,y) Z Vop(mv y)
Moreover, if
Tmgy = Aomg . + (1 — A)my 2,

where

’yy(ax 2)
Yy, 2) + Ve (y, 2)

A, =

then v(T,mg ) = Vop(x, ).

Proof. If Tm,, € §(£p,) or Tmy, € §(£py), then v(T,mg,) = 1. Thus, we consider now, without loss
of generality, that Tm, ,, € §(p.) (otherwise, we take the operator —T'). Then, the operator must be of the
form
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Tamgy = Amg . + (1 —A)my, ., with X € [0,1].
Therefore, the evaluations for the contribution of m, , are

(P2, Tamg,y) = —A+ (1 — A)%ﬁ)@%z)

d(l‘, y) — d(?/v Z)
d(x, z)

)

by Taminy) = A Y

A simple argument shows that considering |(p,, Thmy )| and |[(py, Tamy , )|, for any fixed values of the
distances, one of them is increasing with the value of A, while the other one is decreasing. Thus, the
contribution of my ,, V(Tx, My y) = max{|(pz, Txmaz y)|, [{py, Txmg )|}, is minimized for the value of X
satisfying |(pz, Tama,y)| = |{py, TaMay)|.

Then, the best value of A is the one that solves the equation

(P2, Tamz ) = (Pys Tamzy),

since, otherwise, if (pz, Taxmg,y) = —(py, TxMqy), then X € [0,1] if and only if —d(y, 2)G.(z,y) > 0, which
is impossible. It is straightforward then that this optimal value of X is

AL d(z, 2)Gy(x, z) _ Yy(, 2)

d(z,2)Gy(x,2) + d(y, 2)Ga(y,2)  v(x,2) + 72 (y, 2)

Recall that both the numerator and denominator are strictly positive as a consequence of M being a
triangle and that—as can be checked—A\, belongs to [0, 1]. By conveniently write

Yz (Y, Z)

11—\ = ,
Yy(2,2) + 72 (y, 2)

and expand, we obtain that

d(z,y)G=(z,y)
d(z,2)Gy(, 2) +d(y, 2)G(y, 2)
V= (7, y)

T @) F e z) Vop (4

V(T)\z ’ m%y) =

Thus, as any operator T' with Tm,, € F(p.) is of the form T, we would have v(Tx,mg,) >
V(T)\zvmz,y) = Vop(xay)' u

It is worth noticing that if we pick a molecule mg ,, we can construct a triangle M such that vop(z,y)
may be as close to zero as we please. Still, it is not possible to achieve an operator with numerical index
arbitrarily small. Roughly speaking, decreasing the value of an optimal contribution will lead to an increase
in the contributions of the other molecules. In this case, the optimal contribution will fail to accurately
estimate the numerical radius. There is another value working as a lower bound for the numerical radius
of an operator, which takes its place as the best estimation of the numerical index when the optimal
contribution fails.

Before continuing with the argument, it seems remarkable to us that the optimal contribution is enough
to reach a relevant insight.

Proposition 3.3. Let M = ({z,y,z},d) be a metric space. Then, the numerical radius of F(M) is greater
than or equal to % Moreover, equality implies M to be equilateral.
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Proof. First, by reductio ad absurdum, assume that there exists a norm one operator T' € L(F(M)) with
v(T) < . The metric space M must be non-aligned since, if the points of M are aligned, then n(F(M)) = 1,
which leads to a contradiction. Once again, ||T'|| = 1, implies that T'(Bz ) C Brary and that Tm € Sr(ar)
for some m € {my ., my ., My, }. Assume without loss of generality that T'm. , € Srar). As v(T) < 1, either
Tmy.,y € §(p.) or Tmy, € F(—p-). Now, v(T) < 3 implies that |(p.,Tm, )| < 3 and |(p.,Tm,.)| < 3.
By the linearity of T, and by using that

d(z, z) d(y, z)
T Ty — T T,z Z)
T T Q) T Ay

we can estimate

[{pz: T )| =

U
—~
&

N
~

d(z,y)
d(z, 2)
d

(z,2
(z,y)

L d
d

7 N\

- 1
2
As Tmyg,, € §(p.) or Tmy, € F(—p-), we deduce that

d(z,2) 4+ d(y, 2)

1=|T T = zyT T < ;
L

which implies that
d(z,z) + d(y, 2) > 2d(z,y). (2)

However, v(T') < % also implies that the contribution of m, , must be strictly lower than %, but, at the
same time, greater than the optimal contribution, i.e.,

1
5 > V(Tv mx,y) Z Vop('ray)
This would imply that
d(z, 2)Gy(z, 2) + d(y, 2)Ga(y, 2) > 2d(z,y)G=(z,y),
which, by expanding and factorizing properly, is equivalent to
—(d(z,2) = d(y, 2))* > d(z,y)(d(z, 2) + d(y, 2) - 2d(z,y)).
By (2), the right-hand side is strictly positive, which leads to a contradiction. Then, no triangle M
has access to an operator T with v(T) < % Moreover, if the whole argument above is repeated with
v(T) < 2—we let the details to the reader—then, it is deduced that d(z,z) = d(y, 2) = d(z,y), i.e., M is

equilateral. O

Remark 3.4. We will see in Section 5 that equality in Proposition 3.3 is equivalent to M being equilateral.

®
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3.2. The second lower bound: the metric ratio

Proposition 3.5. Let M = ({z,y,2},d) be a triangle and T € Sg(rary) such that |Tmyy|| = 1. Then,
v(T) > R.(z,y).

Proof. By reductio ad absurdum, assume that v(T') < R,(x,y). Then, by the triangular inequality, Tm; , €
§(pz) or Tmy,, € §(—p,) since R, (z,y) < 1. Without loss of generality, we assume Tm, , € F(p.)—that
is, (p>, Tmg ) = 1. By the linearity of T, it holds that

d(z, 2) d(y, )
Ty — T T,z T 2
ey = ay) " " Ay ®

and evaluating against p,, we deduce that

QU
—~
&

N
~—

s

(y, 2)
(z,9)

1= <pz7Tm:c,y> = <pszmx,Z> - <pz,Tmy,Z>- (4)

Y

Now, there are two options, either (p,,Tm, .) < 0 or (p,,Tm, ,) > 0. We will see that both lead to a
contradiction. Indeed, if (p,,Tm, .) <0, by equation (4), we deduce

S

(z,y) |d(x, z

~—

|<pZ’Tmy7Z>| = d(y Z) d(.’L‘ y) <pZ7TmiE7Z> -1
d(z,y) d(z,y) Rz
2 Ape) = Awmn) +dlga) oY)

which implies that v(T) > v(T,my. ) > [(pz,Tmy,.)| > R.(x,y), and yields a contradiction. On the other
hand, if (p,,Tm, .) is positive we would have that

0 < (pz; Tmy ) <v(T) < R.(x,y),

which implies that

d(z, z)
d(z,y)

d(z, 2)
d(z,y)

Therefore, by equation (4), it implies that (p.,Tm, .) < 0. But then,

<pz7 me,z> <

Rz(x,y) =

d(z,y) (d(z, 2)
(pz,Tmy7z> = d(y, 2) (d(m,y) <P27Tmm72> 1)
d(z,y) rd(x, z)
= d(y, =) (d(fc,y) Be(wy) - 1>
_ d(z,2) d(z,y)
"y, Y g,y )

which leads again to the contradiction
v(T) > |<pZ7Tmy,Z>| = _<pz7Tmy,z> > R.(z,y). O

We have just proved that if a norm-one operator sends a specific extreme point to the sphere, two values
work as lower bounds for the numerical radius, so we may take the greatest of them to control the numerical
radius. We state this for further reference.
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Corollary 3.6. Let M = ({z,y,2},d) be a triangle and T' € Sy (r(ary) satisfying |[Tmg || = 1. Then,

v(T) > max{vep(z,y), R-(z,y)}.

As a norm-one operator in a finite-dimensional F (M) must send one of the extreme molecules to the
sphere, the following provides a first lower bound for the numerical index.

Proposition 3.7. Let M = ({z,y, 2},d) a triangle. Then

n(F(M)) = min { max{vop(my.), B (2,9)},
max{Vop(Ms,.), Ry(x,2)},

max{vyp(my. ), R (Y, Z)}}

Proof. Fix any T' € Sy (ry). Then, T(Brn) C Brry and, by the convexity of the unit ball and
linearity of T', we deduce that T'm € Sx(ys) for some m € {mg ., my ., my ,}. Depending on which molecule
is T sending to the sphere, we may take its corresponding lower bound of the numerical radius given by
Corollary 3.6. As the numerical index minimizes the numerical radius, we will consider the best-case scenario:
taking the minimum of all three lower bounds. O

Remark. At this point, the previous Proposition already hints that depending on the computation of that
minimum, we know which molecule an operator T' must send to the sphere to attain the numerical radius.
So we could expect this case to provide the operator with the smallest numerical radius. However, the last
result can be dramatically improved. Once the ordering in the distances on the metric space M is known,
all the relations between the metric ratios and the optimal contributions are clear, so there is no need to
compute the whole minimum. Thus, we are in conditions to provide a simpler estimation of the numerical
index of F(M) by refining—by means of the results of Section 2—Proposition 3.7.

Proposition 3.8. Let M = ({x,y,0},d) be a triangle. Assume that it satisfies d(x,y) > p(x) > p(y). Then,
n(F(M)) > max{vyp(z,0), Ry(z,0)}.

Proof. Through the assumption of the ordering of the distances and Lemma 2.11, the maximums at left
and right of the inequality obtained in Proposition 3.7 are determined, so we can deduce that

TL(}—(M)) > min {RO(xay)vmax{l/op(xvo)aRy(wv0)}aVop(yvo)}'

At this point, we find a dichotomy in which always prevails the maximum in the middle. Indeed, there
are two cases.

d 2 2
In one hand, if p(x) > M, by Lemma 2.11, Ro(z,y) < vop(y,0) and, by Lemma 2.10,

— d(zy) + p(y) -
max{vop(z,0), Ry(x,0)} = Ry(z,0). Then, by the order in the ratios—see Lemma 2.9—we conclude that
R, (z,0) is lower.

d(z,y)* + p(y)®

d(z,y) + ply)
Lemma 2.10, max{vop(x,0), Ry(x,0)} = vop(x,0). Then, by the order in the optimal contributions—see

On the other hand, if p(z) < , Lemma 2.11 states that Ro(z,y) > vop(y,0) and, by

Lemma 2.7—we know that the minimum value is vop(2,0).
Combining both cases, we have

n(F(M)) > max{vep(z,0), Ry(z,0)}.
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The proof is over. O
4. Attaining the numerical index: construction of the operators

In the previous section, we found a lower bound for the numerical index of F(M) when M is a triangle.
This section is devoted to showing that this bound is sharp. We must construct norm-one operators in
F(M) attaining this value as its numerical radius. Thus, given a triangle M = ({z,y,0},d) with d(z,y) >
p(x) > p(y), we want to see that n(F(M)) = max{vep(z,0), Ry(z,0)}. We will refer to such a triangle M
as canonical.

The maximum between these two values depends on a very geometrical condition on the triangle
M-—which is again translated to the geometry of Br();)—and depending on which one is the greatest
of both quantities, we will have two different scenarios, each one requiring a different construction of an
operator with the lowest numerical radius.

Therefore, we split the argument in two cases, Subsection 4.1 holds the construction of the op-
erator when Ry (x,0) = max{v.p(z,0), Ry(z,0)}, while Subsection 4.2 contains the case vop(z,0) =
max{vop(z,0), Ry, (z,0)}. Notice that the explicit constructions are in Propositions 4.3 and 4.4, while the
other results are just auxiliary lemmas.

4.1. Operator for the metric ratio

Lemma 4.1. Let M = ({z,y,0},d) be a canonical triangle and Ry(x,0) = max{v,y(z,0), R,(z,0)}. Then,
the vector

U= My e + (1= az)my 0 € Sy,

where

satisfies |(po,u)| < Ry(x,0).

Proof. First, notice that u € Sr(y), as it belongs to the unit ball for being a convex combination of
molecules, and (—p,,u) =1 (so it is indeed an element in §F(—p,); see also Fig. 2).
We will split the rest of the proof into two parts. First,

— 7 L
1—a, Ay = R,(z,0) <

Gy(z,0
G:(y,0) d(z,y) + ply) —

After the expansion of this expression, we reach the equivalent one

d(a,)Go(z,y) (Gy (@,0) = Go(,0)) + p(y)Galy,0)(Gy 2,0) ~ Gol,)) <0,

and further simplifications lead to the inequality

p(x) (d(x, y)? + p(y)Q) < p(x)? (d(:m y) + p(y)),

which is again equivalent to
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d(z,y)* + p(y)?

ey +ply) =P

Thus, the condition (pg,u) < Ry(z,0) is equivalent to this last inequation, and by Lemma 2.10, we know
that this is once again equivalent to the hypothesis of R, (z,0) = max{vop(z,0), Ry(z,0)}.
Now, we will check the other inequality. Indeed,

— ——7 > > ——7 7,
Qg Ay = Ry(z,0) <= 1+ Ry(z,0) > oy ()

Through a full expansion, analogous to the previous one, we reach the expression
2p(2)p(y)d(z,y) > 2p(x)p(y) — 2p(2)p(y)?,

which is equivalent to d(z,y) > p(z) — p(y). But this is simply the triangular inequality and, therefore, true.
Finally, combining both inequalities, we reach [(po,u)| < Ry(z,0). O

Here we just state the computations of the optimal case provided in Lemma 3.2, but for the molecule
mMy.0-

Lemma 4.2. Let M = ({z,y,0},d) be a canonical triangle. Let A\, be the optimal A for my o (the analogous
provided by Lemma 3.2), and take v := Aymy o — (1 — Ay)mg 0. Then,

_ Gy(z,0) .
<,00,U> =-1+ )‘y d(a:,y) = —Vop(y»0)7
Go(z,y) ,
(o) = = (1= (1= ) =88 ) = —viop(,0)

(payv) = 1.
Proposition 4.3. Let M = ({z,y,0},d) be a canonical triangle and
Ry (z,0) = max{vyp(z,0), Ry(z,0)}.
Then, there exists T € Sc(r(ar)) such that v(T) = Ry (x,0).

Proof. To construct a linear operator, it is enough to define the image of m, ¢ and m, o. First, consider T'
a linear operator such that

Tmgo = azMy 4+ (1 — az)myo0 € Srrn

where

p(y)Gy(z,0)

oy =1— .
Then, we can check that
Gax(y,0)
T T =1- T ;
<p05 m 70> « d(x,y)
Go(xvy)
P, ITmg o) =1— (1 —ay = R,(x,0);
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By Lemma 4.1, we know that [(pg, Tmg0)| < Ry(z,0), so v(T,mg0) = [{pz, TMao)| = Ry(x,0).
Now, consider T an operator such that

Ry (x,0)

T = =
M0 Vop <y7 0)

(Aymy,e — (1 = Ay)ma o),

where A, is the one in Lemma 4.2. As a consequence of this result, it is easy to see that such an operator
satisfies

<p0a Tmy,o) = _Ry(l'a 0)7

(py, Tmy,0) = —Ry(z,0);
Ry (x,0)

pw;Tm 3 =

< Y O> uop(y,O)

Recall that by the relation of the distances in M, R,(z,0) < vop(y,0), so this last quotient in absolute
value is less than or equal to 1, so the image of T'm, ¢ lies inside the unit ball.

Thus, such operator T satisfies that v(T',my ) = Ry(z,0).

Now, consider the unique operator 1" defined by the previous images of m, o and m, o. Then, the image
of mg , is completely determined by linearity, as

p() p(y)
T = T — .
T Q) 0T A,y T

After fully developing the evaluation against p,, we obtain

p() p(y)
) P 0 gy e )
2p(x) Gy(z, 0))
d(z,y) Gx(y,0)/’

<pzv me,y> =

. 2 Gy (z,0 . .
which, as 0 < d()av(z)) % < 1, implies that |(pz, Tm, )| < Ry(z,0).

Analogously, evaluating against p,, we deduce that

(py, Tmyy) = d?a(c,xg)q) (py, Ty o) — d(p;y;) (py, Tmy.0)
_ @) P b 0) = —Ry(2,0).

Therefore, v(T') = v(T, mg ) = Ry(z,0). The last thing to do is to check that 7" is a norm-one operator
by showing that T'm, , lies inside the ball. Since the computations for the other functionals are already
done, we only need to study its evaluation against pg. Thus,

r(y)
d(ZL'7 y) <,007 Tmy,0> ‘

|<p0aTmm,y>| = ‘ <pOaTm.r,0> -

which finishes the proof. O
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4.2. Operator for the optimal contribution

The following proposition contains the explicit construction of the operator T satisfying that v(T) =
Vop(x,0) when vop(x,0) > R,(z,0).

Proposition 4.4. Let M = ({z,y,0},d) be a canonical triangle and
Vop(z,0) = max{vy,(z,0), R, (z,0)}.
Then, there exist T' € Sy (r(ay) such that v(T) = v,p(x,0).

Proof. Once again, we will construct the operator by giving the image of ms ¢ and my o.
First, let

Tmao = AaMyz + (1 — Ag)my o

where A; is the optimal A for m, ¢ (see Lemma 3.2 or 4.2). The analogous version of Lemma 4.2 for the
molecule m, ¢ would provide that

<,007me,0> - I/Op(xa 0)7
<pw7Tm:r,O> = Vop(xu 0)7
(py, Ty o) = —1.

So, v(T,mg,0) = vop(x,0), and ||Tmy, ol = 1.
Now, take

Vop(,0)
Tmy’o = m()\ymy’x — (1 — )\y)mmp).

This image is a scaling of the vector given in Lemma 4.2, so we deduce that

<p07Tmy,O> = _Vop(x70);
<pyaTmy,0> = 71/0p(17,0);

Vop(,0)

T = .
<pxa m’y,O> Vop(y, 0)

Recall that the order relation for the optimal contributions is the reverse of the order relation for the
distances—see Lemma 2.7—s0, vop(x,0) < vop(y,0). Thus, v(T,my ) = vop(x,0), and || T'm, of < 1.
Finally, the image of m; , is completely determined by the linearity of T" as

p() p(y)
Tm, , = Tm, o — Tmy o.
T ) 0T Ay

Then, we compute all the evaluations. First,

oo Tiey) =~ o T = Lo, T

d(ay) ()

_ P p(y) Vop(,0)

= )"0 Ay v (9,0)
0
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Last inequality is deduced from the fact that v, (y,0) > R;(y,0)—see Lemma 2.11—and this expression
is equivalent to

Analogously,

p(x)

:mT T S
<p m ,y> d(l’,y)

l/op(CC,O) < Vop(x70)'

SO, |<gl’7 TmI7y>| S Vop(x’ 0)
We proceed in a similar way with the functional p,:

—(py, Ty y) = _( p(z) (py; Tmy o) — dfiy;)y) <pvamy,0>)

Vop(xa O)a

<1+ @)%p(m,m,

which is, once again, equivalent to the hypothesis R, (z,0) < vop(z,0).
For the other inequality, we just check that

_<pyaTmz,y> = VOp(va)

is greater than or equal to —vop(x,0) if and only if

ple) o ( P(y)
d

oy 2 (rgy ~ )0

which is trivially satisfied since the left-hand side is positive while the right-hand side is non-positive. In
conclusion, [(py, Tmy )| < Vop(x,0), which implies that v(T',m, ) < vop(z,0).

Finally, we compute the evaluation against the last functional py in order to check that Tm, , is inside
the unit ball.

<p07Tm:v,y> = d?.’l(?xi/) <,007me,0> - dfa(jy:)y)<p07Tmy,O>
_r) PWY) o) = Yor(®:0)
= Ay O G0 = Ryl

Recall that under our assumptions Ro(z,y) > Vop(2,0)—see Lemma 2.11, this last quotient is less than
or equal to 1.
This completes the construction of the operator T' with ||T|| =1 and v(T') = vop(z,0). O
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5. Some applications

Now we are ready to state Theorem 1.1 that can be rewritten using the notation developed in previous
sections.

Theorem 5.1. Let M = ({z,y,0},d) be a metric space of three points with d(x,y) > p(x) > p(y). Then:

o if M is aligned, then n(F(M)) =1;
o otherwise, if M is a triangle, then

n(F(M)) = max {v,,(x,0), Ry(x,0)}.

Corollary 5.2. Let M be a metric space of three points. Then, n(F(M)) = 1 if and only if the three points
of M are aligned.

Using this theorem it is easy to get some insights on the relation between the different types of triangles

and the numerical index. The first thing to notice is that if M is equilateral, then both values in the
1
2
between all the triangles, the only one providing the minimal numerical index.

maximum are equal to %, and combining this with Proposition 3.3, we reach that the equilateral case is,

Corollary 5.3. Let M be a metric space of three points. Then, n(F(M)) = % if and only if M is an equilateral
triangle.

Assuming that M is an isosceles triangle—i.e., two sides are equal-—the formula is even simpler. Indeed,
it M = ({x,y,0},d) with p(xz) = p(y), then vop(z,0) = m, R,(z,0) = %. Moreover,
Vop(x,0) < Ry (z,0) if and only if d(x,y) < p(x), which allows as to give the following corollaries.

Corollary 5.4. Let M = ({z,y,0},d) be an isosceles triangle such that p(x) = p(y) > d(z,y). Then

_ p(z)
n(F () = p(z) +d(z,y)

In particular, n(F(M)) € [3,1), and it can take any value of the interval.
Corollary 5.5. Let M = ({x,y,0},d) be an isosceles triangle such that p(x) = p(y) < d(z,y). Then

p(z)

nFOD) = 3 —dlg)

In particular, n(F(M)) € [5,1), and it can take any value of the interval.

M. Martin kindly pointed us to the relation between the numerical index of a 2-dimensional Lipschitz-free
space and [14, Theorem 1]. Using Corollaries 5.4 and 5.5, we can recover the numerical index of the family
of hexagonal norms in [14, Theorem 1] and the other way around. It is easy to prove that a hexagonal norm
in R? is covered by [14, Theorem 1] if and only if the space is isometrically isomorphic to F(M) for a certain
isosceles triangle M.

Remark 5.6. Notice that the formula obtained in Theorem 5.1 allows to compute the numerical index for
every 2-dimensional hexagonal norm, as such a Banach space is isometrically isomorphic to (M) for some
triangle M. ®
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We can even deduce some consequences for infinite-dimensional Lipschitz-free spaces. Considering A a
metric space and a subset M C A, then F(M) is canonically embedded as a linear subspace of F(A). A
straightforward consequence of this fact is the following result.

Theorem 5.7. Let A C (R2, || ||2) be any subset with non-empty interior. Then, F(A) is a separable infinite-

dimensional Lipschitz-free space such that, for every a € [1 1], it contains a 2-dimensional subspace Y,

29
with n(Yy,) = a.

Remark 5.8. This may even allow some other applications. For instance, as a consequence of the Theorem
above and Corollary 5.5, we are able to provide the—to our understanding, curious—result below. Its proof
will appear elsewhere.

Let A C (R™, | -|l2) (with m > 2) be any subset with non-empty interior. Then, there exist an operator
T € L(F(A)) and an uncountable infinite family of 2-dimensional subspaces {Y; : i € I'} of F(A) such that,
for every i € I, the set {n(T"(Y;)) : k € N} is dense in [,1]. ®
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