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On G-character tables for normal subgroups

M.J. FELIPE * - M.D. PEREZ-RAMOS ¢ - V. SOTOMAYOR *

Abstract

Let N be a normal subgroup of a finite group G. From a result due to Brauer, it
can be derived that the character table of G contains square submatrices which are
induced by the G-conjugacy classes of elements in N and the G-orbits of irreducible
characters of N. In the present paper, we provide an alternative approach to this
fact through the structure of the group algebra. We also show that such matrices are
non-singular and become a useful tool to obtain information of IV from the character
table of G.

Keywords Finite groups - Group algebra - Irreducible characters - Normal sub-
groups - Conjugacy classes
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1 Introduction

In the sequel, all groups considered are finite. In general, if N is a normal subgroup
of a group G, the character table of N can not be computed from the one of G. However,
normal subgroups are clearly detected from the character table of the group, as inter-
sections of kernels of irreducible characters. If we consider the action by conjugation of
G on N, then the orbits are the conjugacy classes of G which are contained in N, i.e.
conjugacy classes ¢ = {29 | g € G} with € N, the so-called G-conjugacy classes of
N. Since N is the union of those G-conjugacy classes, it is natural to wonder whether
those columns of the character table of G provide structural information of N. In this
setting, for instance, recent investigations show that the sizes of the G-conjugacy classes
are related to the structure of IV, though one easily checks that the prime divisors of the
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sizes of the G-conjugacy classes may even not divide the order of N. We refer to [I] for
a survey about the influence of conjugacy classes contained in normal subgroups on the
normal structure of the group, mainly focusing on the framework of graphs associated
to the conjugacy classes. Further, the authors of [4] analysed normal subgroups N of a
group G that contain (non-)vanishing G-conjugacy classes. This turns out to be closely
related to the research presented in this paper (see Remark .

Conjugation of G on N clearly induces an action of G on the set of conjugacy classes
of N, and G-conjugacy classes are in one-to-one correspondence with the orbits of that
action, since each G-conjugacy class appears as the union of the elements of one of those
orbits. More precisely, if z € N, then 2% = |JI_, (V)" = Jj_,(z")", for suitable
elements h; € G, 1 <14 < r, where we may assume h; = 1; in particular, |2%| = r|2z| for
some integer r > 1. Clifford’s theorem (c.f. [8, Theorems (6.2), (6.5)] for the character
and module theoretic settings, respectively) may be seen as a character version of this

easy fact on conjugacy classes, as follows.

The group G acts by conjugation on the set Irr(N) of irreducible complex characters
of N. We recall that if 8 is a class function of N and g € G, then 69 is the class function
congugate to 6, defined as §9(x) = 6(gzg~") for all z € N. If § € Trr(N), then 69 € Trr(N)
and 0 = 25:1 09 is a minimal G-invariant character of N (see Sections 4| and , where
{09 |i=1,...,t} = {09 | g € G} is the orbit of # under the action by conjugation of G' on
Irr(N), being the set {g; € G | i =1,...,t} a right transversal in G of I5(0) = {g € G |
09 = 0}, the inertia subgroup of # in G. Clifford’s theorem (see |8, Theorem (6.2)]) states
that irreducible characters x of G whose restrictions xy to N have 6 as constituent satisfy
x N = ef for suitable integers e, known as ramification numbers. This fact introduces an
equivalence relation (respect to N) on the set Irr(G) of irreducible complex characters of
G, being two elements equivalent if their restrictions to the normal subgroup N have a
common irreducible constituent (Definition . In this case, the equivalence classes of
irreducible characters of G are in one-to-one correspondence with the orbits of irreducible
characters of N under the action of G by conjugation, by Clifford’s theorem.

Now, from the character table of G, if we focus on the G-conjugacy classes that make
up N, then by taking one character in each of those equivalence classes, we obtain a
submatrix which is associated to the normal subgroup N. We call these submatrices
the G-character tables of N (Definition , and they happen to be square matrices,
since the numbers of orbits in the actions of G on the irreducible characters and on the
conjugacy classes of IV are equal, by a result due to Brauer (Theorem Corollary.

In the present paper, we provide an alternative proof of this last fact in a module
theoretic setting, analysing the structure of the subalgebra Z(K[G]) NK[N] of the group
algebra K[G] over a splitting field K for G (in particular, if K is algebraically closed)
with characteristic not dividing the order of G. It is well-known that the formal sums
of the elements in the conjugacy classes of G form a basis for Z(K[G]), the center of
the group algebra of G over K, whose dimension then coincides with the number of
conjugacy classes of G as well as with the number of pairwise non-isomorphic irreducible
K[G]-modules. Now it turns out that the formal sums of the elements in the G-conjugacy



classes that built N form a basis for Z(K[G])NK[N], and it is also proven that the dimen-
sion of this algebra coincides with the number of minimal G-invariant K[N]-modules, up
to isomorphism, which is equal to the number of orbits in the action by conjugation of
G on the set of irreducible K[N]-modules, by Clifford’s theorem. (See Sections [2| and
Lemma and Theorem ) In particular, when K = C is the complex field, it follows
that the G-character tables of N are square, as mentioned.

We show then in Section [4 how the character table of G nicely displays the set of ir-
reducible characters of G with a common irreducible constituent when restricting to the
normal subgroup N, as well as the relations between their ramifications numbers (Corol-
lary . Also as applications, we prove that the GG-character tables are non-singular,
and we obtain some arithmetical relations among significant integers associated to the
normal subgroup N as, for instance, its character degrees, the indices in G of the inertia
subgroups of its irreducible characters and the ramification numbers, and these relations
can be read off a G-character table of N (Theorem Corollary . In particular, it
will be possible to know from the character table of G whether xn € Irr(N) if x € Irr(G)
(Corollary , and we will be able to compute the exact values of those parameters in
some occasions, as for instance for normal Hall subgroups (Remark . Also we show
that the prime divisors of the degrees of the minimal G-invariant characters of a normal
subgroup N are known from the character table of the group G (Corollary .

In Section [5} the minimal G-invariant characters are proven to form a basis of the C-
vector space of the G-invariant class functions of N (Proposition , and they become
relevant to G-character tables by playing the role that irreducible characters do to the
character table of a group. They can be used as row indexes of the so called G-invariant
table of a normal subgroup (Definition , which is proven to be a useful tool. It is
first applied to give an extension of the aforementioned Brauer’s result (Theorem [5.3)).
As a consequence we obtain that the number of rows of the G-character tables that are
real valued (i.e. the number of real valued minimal G-invariant characters) coincides
with the number of G-conjugacy classes of N that are real (i.e. the G-conjugacy classes
7% such that ¢ = (z71)¢, where 2 € N) (Corollary [5.4). Indeed, we show that real
G-conjugacy classes of normal subgroups can provide structural information about the
subgroup, consistent with previous results about the relation between the number of real
conjugacy classes and the structure of groups (Lemma Corollary . Finally, in the
last section, some examples are provided which show the scope of the results presented.

To close with, we mention that the notation and terminology used are standard
within theories of groups and representations, and they are taken mainly from the books

[8], [ and [5].

2 Preliminaries

We gather some notation, basic concepts and facts about algebras and modules which
are used in the paper. In the following, K always denote a field and, for any group X,



the group algebra over K is denoted by K[X]. In general, K-algebras A are considered
with identity 14, and both them and their modules have finite dimension as K-vector
spaces. If A is a K-algebra, V' is an A-module and M is an irreducible A-module, the M -
homogeneous component of V' is Hy (M) = > {X | X is an A-submodule of V|, V = M}
the sum of all those submodules of V which are isomorphic to M. An A-module V
is understood to be completely reducible if it is a sum of irreducible A-submodules or,
equivalently, if V =V, @ .- - @V, is a direct sum of irreducible A-submodules V1,..., V.
It is worth noticing that Hy (M) = @{V; | V; & M}; in particular, every completely
reducible A-module is a direct sum of its homogeneous components.

First we establish a version for modules of the facts about characters mentioned in
the Introduction. Let N be a normal subgroup of a group G, and let W be a K[N]-
module. Let W be a copy of the K-vector space W, and let @ denote the image of each
w € W under some K-linear isomorphism from W to W. For a fixed element g € G
define an action of N on W by

wn =w(gng=1t)

for all w € W and n € N. Then W becomes a K[N]-module under this action, called
the conjugate module of W by g and denoted by W9 ([, B. Definition (7.2)]).

It is worth noticing that if W is a K[N]-submodule of a K[G]-module V', then Wg =
{wg | w e W} C VisaK[N]-submodule of V' isomorphic to W9. The inertia subgroup of
W in G is the subgroup of G defined as Ig(W) = {g € G| W9 =W as K[N]-modules}.
The module W is said to be G-invariant if W9 is isomorphic to W for all g € G, i.e. if
Ic(W) =G.

If W is an irreducible K[N]-module and g € G, then W9 is also irreducible, and so
conjugation defines an action of the group G on the set of irreducible K[N]-modules.
The orbit of W, up to isomorphims of K[N]-modules, is the set {W9% | i = 1,...,¢}
where the set {g; € G |i=1,...,t} is a right transversal in G of I(W). The following
result is easily checked.

Lemma 2.1. With the notation above, the following assertions hold:

1. The module W := @._, W9 is a minimal G-invariant K[N]-module.

2. Every minimal G-invariant K[N]-module can be constructed from one orbit of irre-
ducible modules in this way, and this defines a one-to-one correspondence between
the set of orbits in the action by conjugation of G on the set of irreducible K[N]-
modules and the set of minimal G-invariant K[N]-modules (up to isomorphism).

3. Every completely reducible G-invariant K[N]-module is a direct sum of minimal
G-invariant K[N]-modules.

From Clifford’s theorem (c.f. [8, Lemma (6.4), Theorem (6.5)]) the following connec-
tion with irreducible K[G]-modules is easily established. For notation, if e is a positive

integer and V is any module, eV =V & -“.@®V denotes the direct sum of e copies of V.



Lemma 2.2. Let N be a normal subgroup of a group G. For irreducible K[G]-modules
V and U the following statements are equivalent:

(i) The restricted K[N]-modules Viy and Uy, i.e. the modules V and U viewed as
K[N]-modules, have a common irreducible K[N|-submodule (up to isomorphism).

(ii) There exist an irreducible K[N]-submodule W and positive integers ey and ey such
that Vy Z ey W and Uy Z ey W.

(iii) There are positive integers ey and ey such that ey Vy = ey Un.

The previous lemma allows us to introduce an equivalence relation on the set of
irreducible K[G]-modules as follows:

Definition 2.3. Let N be a normal subgroup of a group G. Two irreducible K[G]-
modules V' and U are defined to be equivalent respect to N if they satisfy any of the
conditions in Lemma 2.2l

It is worth emphasizing the following fact: The equivalence class of each irreducible
K[G]-module V is associated to a minimal G-invariant K[N]-module W, with W an
irreducible K[N]-submodule of Viy, and this defines a one-to-one correspondence between
the set of equivalence classes of irreducible K[G]-modules and the set of minimal G-
invariant K[N]-modules (up to isomorphism).

We will make use of the structure of semisimple algebras that we gather in the
next result, which includes Wedderburn’s theorem. An algebra A is understood to be
semisimple if the regular A-module A, i.e. A itself viewed as A-module under right
multiplication, is completely reducible. If M is an A-module, then H4(M) is the M-
homogeneous component of A as regular module. We refer to [8, Theorem (1.15) and
Corollary (1.17)] and to [7, V. Satz (3.8), Hauptsazt (4.4), Satz (4.5)] for details.

Theorem 2.4. Let A be a semisimple K-algebra. Then:

(a) There is a positive integer h and minimal bilateral ideals Ay, ..., Ay such that
A= @?:1 A;. For i # j it holds that A;A; = 0. Moreover, each bilateral ideal of
A is a direct sum of some of Aq,..., Ap.

(b) There exist exactly h pairwise non-isomorphic irreducible A-modules Vi, ..., Vp,
and w.l.o.g. A; = Hy(V;) for each i = 1,...,h. If V is an irreducible A-module,
then VA; =0 fori=1,...,h, unless V =2 V;.

(c) Each A; is a K-algebra isomorphic to Endp,(V;), the algebra of D;-endomorphisms
of Vi, for the division algebra D; = End4(V;).

(d) Each A; is an algebra with identity element 14, = €, being 14 = e' +-- -+ €/ with
e’ € A; for eachi=1,... h.

Whenever D; = K, for some i € {1,...,h}, then A; = Endg(V;), and Z(A;) =K, being
Z(A;) ={x € A; | zy = yx for all y € A;} the center of the algebra A;. This holds, in
particular, if K is algebraically closed.



Finally, we state Brauer’s result cited in the Introduction.

Theorem 2.5. [8, Theorem (6.32), Corollary (6.33)] Let A be a group that acts on Irr(G)
and on the set of conjugacy classes of a group G. Assume that x*(g*) = x(g) for all
x €Irr(G),g € G and a € A, where g° is an element of the conjugacy class (¢%)*. Then
for each a € A, the number of fixed irreducible characters of G is equal to the number of
fized conjugacy classes.

Consequently, the numbers of orbits in the actions of A on Irr(G) and on conjugacy
classes of G are equal.

Corollary 2.6. If N is a normal subgroup of a group G, then the numbers of orbits in
the actions by conjugation of G on Irr(N) and on the set of conjugacy classes of N are
equal.

PRrOOF. Notice that, by the definition of conjugate character, the considered actions
satisfy the required condition in Theorem O

Remark 2.7. According to Brauer’s theorem, if N is a normal subgroup of a group G,
and we consider the action by conjugation of G on Irr(N) and on the set of conjugacy
classes of N, for each g € G, then the number of fixed irreducible characters of N is equal
to the number of fixed conjugacy classes of N, but it is not difficult to find examples
showing that the number of conjugacy classes of IV that are invariant under the action of
G may not coincide with the number of irreducible characters of N that are G-invariant.
For instance, let N = (a) x (b) x (c) be a 2-elementary abelian group. Consider the action
of a cyclic group H = (z) of order 4 on N, in such way that a® = ab,b* = be,c* = c.
Let G = N x H be the corresponding semidirect product. One can check, for instance
by using GAP, that the mentioned numbers are not equal for the normal subgroup N.

3 The algebra Z(K|G]) N K[V]

Let K = z¢ be the conjugacy class in the group G of an element z € G, and
let us denote its formal sum in the group algebra by K = > gect? € K[G]. Tt is a
fact of common knowledge that the algebra Z(K[G]) is generated by the set of formal
sums of the conjugacy classes of G. Further, its dimension is equal to the number of
non-isomorphic irreducible K[G]-modules, if in addition K is a splitting field for the
group G, i.e. Endg(g) (V) = K for any irreducible K[G]-module V, in particular, if K is
algebraically closed, and the characteristic of K does not divide the order of G.

Our main goal in this section is to carry out an analogous study for the subalgebra
Z(K[G]) N K[N] for a normal subgroup N of G. We split our development into the
following two results.

Lemma 3.1. Let N be a normal subgroup of a group G, and K be a field. Let {Kq,..., K}

be the set of G-conjugacy classes of N, and let K; be the formal sum of K; in K[G], for
eachi=1,...,1. Then {Ky,...,K;} forms a basis of the K-algebra Z(K[G]) N K[N].



PrOOF. Let {Ki,...,Kj,...,Kp} be the set of conjugacy classes of G, so K; C N
precisely when 1 < i <. We know that {K3,..., K;} C Z(K[G]) N K[N] is a K-linear
independent set. If x € Z(K[G]) NK[N] C Z(K[G]), then

x:al-[/{\l+"'+ahaa

for suitable ag,...,ap € K. Moreover, z € K[N] can be uniquely written as = =
ZneN Bnmn with 8, € K. Since K; C N if 1 <1 <[, we deduce that a; = 0 whenever
l+1<i<h,so{Ki,...,K;} is a basis of Z(K[G]) N K[N]. O

Next we introduce some notation, which will be used in the statement of our main
result, Theorem

Notation 3.2. Let K denote a splitting field for a group G, whose characteristic does
not divide the order of GG, which implies by Maschke’s theorem that the group algebra
K[G] is semisimple. Hence Theorem applies for the group algebra K[G].

Since the number of non-isomorphic irreducible K[G]-modules is finite, let the positive
integer k denote the number of equivalence classes in the equivalence relation respect to
a normal subgroup N, on the set of irreducible K[G]-modules (Definition [2.3)). For each
i=1,...,k, let {Vi1,...,Vis,}, for some positive integer s;, denote a system of pairwise
non-isomorphic irreducible K[G]-modules in the same equivalence class, and set

T == HK[G}(Vil) ®©---D HK[G](%&)? and L; :=T; N K[N],
which are bilateral ideals of K[G] and K[N], respectively.

Theorem 3.3. Let N be a normal subgroup of a group G. With Notation the
following statements hold:

(a
(b) Z(K[G]) NK[N] = (L1 NZ(T1)) ® - - - & (L N Z(T})).

) K

b)

(¢) dimg(L; NZ(T;)) =1, for everyi=1,... k.
)

(d) dimg(Z(K[G]) NK[N]) = k, which is equal to the number of non-isomorphic mini-
mal G-invariant K[N]-modules, as well as to the number of orbits in the action by
conjugation of G on the set of irreducible K[N]-modules.

PROOF. Following Notation let us consider

k

KG =T1& o &T = (Hx (Vi) ® - @ Hgg(Vis,)).
=1

According to Lemmas and foreachi=1,...,k, and each j = 1,...,s;, we have
that -
(Vij)n ZeijWir = eij(Wia @ - - - © Wiy, ),

7



for suitable positive integers e;; and t;, and being /V[Zq and {W;1, ..., Wi, }, respectively,
the corresponding minimal G-invariant K[/N]-module and orbit in the action of G by
conjugation on the set of irreducible K[N]-modules, up to isomorphism of K[N]-modules.

By the generalization for modules of the Frobenius reciprocity theorem, due to
Nakayama, it follows that

U{W,l,... Wi, }

is a complete system of pairwise non—lsomorphlc irreducible K[N]-modules. (See [5, B.
Theorem 6.11].) Therefore,

k

KINJ=41®-- A ® - DA = @(HK[N](Wﬂ)@"'@HK[N](Witi))7
i=1

being A; := Hyn)(Wi1)©- - @ Hy|n](Wit, ) bilateral ideal of K[N], for each i € {1,...,k}.

Let i € {1,...,k}. We claim that A; = L; := T; NK[N]. Let C := K[G]y (that is, C
denotes K[G] viewed as K[N]-module). Then
k

CZRl@"'@Ri@"'@Rk:@(HC(Wi1)@"'@HC(Wit¢))7
i=1
being R; := Ho(Wi1) @ -+ @ Ho(Wy,), which is a K[N]-submodule of C, for each

i €{1,...,k}. Since K[N] C C, it is clear that A; C R;. Besides, T; C R;. Hence, by
Dedekind’s identity, we have
Ri=RiNK[G=RN(TN1&-&Tp) =T & (RinEPTy).
i
Let us prove that S; := R; NP ki T; = 0. Arguing by contradiction, suppose that
S; # 0, and let W be an irreducible K[N]-submodule of S;. Then W C R;, so W = W,
for some s € {1,... ,ti}. Since additionally W C @#i T, we have W =2 W,., for some

j#iand r e {l,...,t;}, which is a contradiction Thus S; =0and A; C R, =T;. It
can analogously be proven that T; N €D . r 752 = 0, so that

Li=TinK[N|=T,n(Ai@--- @A) = 40 (TN 4) = 4,
JF
which proves the claim. Since K[N] =A; & ---® A4; & --- & Ay, Part (a) follows.

In order to prove part (b), we notice that T;7; = 0, whenever ¢ # j, from Theo-
rem[2.4((a). Then, since K[G] = T\ &®- - -®T, it follows that Z(K[G]) = Z(T1)®- - -®Z(T),
and so

KININZ(K[G]) = (L1@~-@Lk) (Z(Tl)@"'EBZ(Tk)):

= @L NZ(T, @CL



being Cr,(T;) = {z € L; | zy = yx for all y € T;}, and where the second equality
follows from the uniqueness of the decomposition of the elements within the direct sum
W& ®Ty, as Ly CT; for each i = 1,...,k. Part (b) is now proven.

Part (d) is clearly a consequence of Part (c) together with Lemmas and So
we finally prove Part (c). Let ¢ € {1,...,k}. We aim to prove that dimg(Cr,(7;)) = 1.

We claim first that Cp,(T;) # 0. Observe that K[G] and K[N] are two K-algebras
with identity element 1 = lg = lgg = lgn). Moreover, 1 = 1z, + -+ 1z, =
Iy, + -+ 1p, being 1y, € L; and 17, € Tj the identity elements of the K-algebras L;
and T}, respectively, for each for j € {1,...,k}, by Theorem (a). Since 17, € L; C T5,
it follows that 17, = 17, € Cr,(T;) # 0, which proves the claim.

Since T; := Hyg)(Vi1) ® - -+ ® Hg(g)(Vis;), we derive from Theorem (a),(c), and
the fact that K is a splitting field for G, that Z(Hgq(Vi;)) = Kforall j = 1,...,s;, and

C1,(T) CZUT) = P 2 Hyey (Vi) 2K & Y 5 K.
j=1
For each j =1,...,s;, set Z;; := Z(Hgq(Vij)). Let
S; S
IHCLl(TZ)H@ZU WTZ@ZZ']‘HZ”
j=1 j=1

be the natural injection and projection of the direct sum, respectively, for each r €
{1,...,8}, ie. in(z) = x for every x € Cr,(T;), and 7, (3 7, zj) = =, for every
xj € Zyj, 1 < j <s;. Let us consider the induced projection 7, oin : Cr,(1;) — Zjy, for
each r =1,...,s;, which is a K-linear map.

If s; = 1, it is clear that dimg(Cr,(7;)) = 1, and we are done. Hence, we may

S

assume that s; > 2. We show next that Cr,(7;) is a subdirect product of @ Zij, i.e.
j=1

(mp 0in)(Cpr,(T;)) = Ziy for all  =1,...,s;. In order to show that 7, oin is onto, let us

suppose by contradiction that (7, o in)(Cpr,(7;)) = 0, for some r € {1,...,s;}. Hence

CL(T) CKININ | @D Zs | SKININ | D Hicien (Vi)
j=1
J#T J#r

We claim that this last intersection is trivial, which will imply the contradiction Cr,, (T;) =
0. More generally, we are going to prove that for every I C {1,...,s;} it holds

cl.=K[N]n B Hxgiy) | =0
jEIg{l,...,si}



Suppose that C{ # 0 for some I C {1,...,s;}. We notice that C{ is a bilateral ideal

of K[N] by Theorem [2.4 . Moreover C’iI CKININT; = L; = Hgn)(Win) © - @
Hyn)(Wit,). Again, by the structure of the semisimple algebra K[N], Theorem [2 .(a
implies that C is sum of some of the homogenous components Hyn ](Wﬂ) - Hyg [ (Wztl)

of K[N]. W.lLo.g. assume that Hyn)(Wi1) C cl.

Now if we take ! € {1, ..., s;}\, then Hy (Vi) Hg(n)(Wi1) = 0 by Theorem[2.4{(a),(b)
In particular, if we consider Vj; as K[N]-module, then VjHgnj(Wi1) = 0, so that
Hygnj(Win) C© Anngn (Vi) = {z € K[N] | Vyz = 0}, the annihilator of Vj; as K[N]-
module. We observe that Anng (Vi) = N _, Anng (] (Wim), and so

Anngny (Vi) = Anngn(Vij)

for all j € {1,...,s;}. Thus, T;Hgn)(Wi1) = 0. In particular, since Hgy)(Wi1) C
L; C T;, we deduce that Hyn)(Wi1) = 11, Hgn(Wi1) = 0, which is a contradiction.
We obtain therefore that C’ZI = 0. This implies in particular the claim, and so the
contradiction Cr, (T;) = 0, which proves that m, o in is onto.

We consider 71 o in, which is onto with kernel

Cy,(T;) NKer(m) = (@ Zw> C K[N (@ Hy () (Vis) ) = 0.

Hence, 71 oin is an isomorphism, and then dimg(Cr,(7;)) = 1, as wanted. O

Certainly, Theorem applies for the group algebra C[G] over the field K = C of
complex numbers. Lemma and Theorem provide in particular an alternative
proof for Corollary without using character theory.

4 G-character tables of normal subgroups

In the rest of the paper we focus on characters of groups, which are always considered
over the field C of complex numbers. We adhere to [8] as main reference on this theory.
We state versions for characters of Lemmas 2.1] and

Let N be a normal subgroup of a group G. Let 6 € Irr(N) and {09 |i=1,...,t}
be the orbit of  under the action by conjugation of G on Irr(N), where {g; € G | i =
1,...,t} is a right transversal in G of Iz (#). We say that a character ¥ of N is minimal
G-invariant if it is G-invariant, i.e. ¥ = 9 for all g € G, and there is no G-invariant
constituent of 1§, different of .

Lemma 4.1. With the notation above, the following assertions hold:

1. The character 8 := Zle 09 is a minimal G-invariant character of N.

10



2. Every minimal G-invariant character of N can be constructed from one orbit of
irreducible characters in this way, and this defines a one-to-one correspondence
between the set of orbits in the action by conjugation of G on Irr(N) and the set
of minimal G-invariant characters of N.

3. Bvery G-invariant character of N is a sum of minimal G-invariant characters of
N.

From now on, for any § € Irr(N) and with the previous notation, we write § =
Zle 09 for the minimal G-invariant character of N corresponding to the orbit of 6 in
the action by conjugation of G on Irr(N).

Lemma 4.2. Let N be a normal subgroup of a group G. For x, ¢ € Irr(G) the following
statements are equivalent:

(i) [xn,on] # 0.

(it) There exist 0 € Irr(N) and positive integers e, and ey such that xn = exé\ and
(25]\] =€y é\

(iii) There is a rational number ¢ such that xny = cdn.

The previous lemma allows to introduce an equivalence relation on the set Irr(G) as
follows:

Definition 4.3. Let N be a normal subgroup of a group G. Two irreducible characters
X, ¢ of G are defined to be equivalent respect to N if they satisfy any of the conditions
in Lemma

It is worth emphasizing the following facts: The equivalence class of each x € Irr(G) is
associated to a minimal G-invariant character 6 of N, with # an irreducible constituent of
XN, and this defines a one-to-one correspondence between the set of equivalence classes of
irreducible characters of G and the set of minimal G-invariant characters of N. Besides,
the equivalence class of each x € Irr(G) is the set Irr(G|0) = {¢ € Irr(G) | [N, 0] # 0}.

In view of the previous two results, we introduce the following concept.

Definition 4.4. Let N be a normal subgroup of a group G. A G-character table of
N is any (square) matrix X = (z4;) € My (C) with entries

where {n§, ... ,ng} is the set of G-conjugacy classes of N and A = {x1 = 1, X2, -+, Xk}
denotes a representative system of the equivalence classes in the equivalence relation
respect to N, defined on Irr(G).

In the next results we will adhere to the following notation.

11



Notation 4.5. Let N be a normal subgroup of a group G. Denote:

° {n?, ey ng} the set of G-conjugacy classes of IV;

e D = (d;;) a diagonal matrix with entries d;; = 8;;|n{’|, where ;; is the Kronecker
delta function, for i,7 € {1,...,k};

o A ={x1 =1g,x2,---, Xk} a representative system of the equivalence classes in
the equivalence relation respect to N, defined on Irr(G);

e O ={0; e Irr(N) | 1 <i <k} such that x; € Irr(G|6;), for each i € {1,...,k};
o t;=|G:Ig(0:), ei = [(xi)n,0:] #0,1 <i < k.
o )\, =|N|tie?, 1 <i<k.

e X the G-character table of N constructed from A, and X its transposed conjugate
matrix; i.e if X = (x;), then X = (yi;) being y;; = Tj; the complex conjugate of
xji, 1 < 4,5 < k.

With this notation, we observe that the number of possible G-character tables (not
necessarily different) of N is Hle |Irr(G|6;)|, where 6; € Irr(N) such that [x;x,0i] # 0,

foreachi=1,...,k.

If we consider the submatrix Y of the character table of G defined by the columns
corresponding to the G-conjugacy classes of the normal subgroup N, then by Lemma [.2]
one just need to look at the proportional rows of Y to identify the equivalence classes
in the equivalence relation respect to N, defined on Irr(G), and to know their sizes
as well as the relations between the ramification numbers corresponding to equivalent
irreducible characters of G respect to N. We gather these facts in the next corollary.

Corollary 4.6. Let N be a normal subgroup of a group G. The equivalence classes in
the equivalence relation respect to N, defined on Irr(G), are detected in the character
table of the group G. In particular, with Notation the size of Irr(G|;), for every

0; € Q, is determined by the character table of G, as well as the rational numbers %
whenever x, ¢ € Irr(G|0;), with xn = ey é\, and pn = ey 6/?;

Remark 4.7. We emphasize the information that G-character tables of normal sub-
groups can contribute in the study of the normal structure of groups and the influence
of G-conjugacy classes. For instance, from Theorem A of [4] one easily deduce that if a

G-character table (and therefore all of them) of a normal subgroup N of the group G
has no zeros, then N is nilpotent.

In the next theorem, we prove that G-character tables are non-singular matrices.
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Theorem 4.8. With Notation [4.3, it holds that Ax := XDX' = diag(\1,..., \) is a
diagonal matriz with entries

=|N|t;e?, 1<i<k.

In particular, X is non-singular.

PROOF. Let x;, x; € A. Then there exist elements g1 = 1,92,...,9t,,h1 = 1, ho, ... hy; €
G such that

Xi(x) = e (07 (x) + 0% () + - - + 67" (2)),
and
(@) = (07 () + 012 () + - + 0 (),

for all z € N. If i # j, then by the orthogonality relations we obtain

> xi@)x (@) = Zeleji:z:ggr ghs

reN reN r=1s=1

= eleyzz<299r )60l ( )

r=1s=1 \zeN

= eie; » > N[0, 00 =

If ¢ = j, then we get

S @ = YA S e )i (@) e?22<26?<x>0§8<x>>=

reN reN s=1 r=1 s=1
t;

= ¢ (ZQQT )07 (z )ze?ti|N|.

r=1 \zeN

Thus, if xi,x; € A, it follows €2t;|N|6;; = > ey Xi(z)x;(z) = Zle IS xi(ns)x;(ns),
and the first assertion follows. In particular, the determinant of XDX' is non-zero, and
therefore X is non-singular. O

As a first consequence we notice that a G-character table of N allows to know whether
an irreducible character of G restricts into an irreducible character of V.

Corollary 4.9. With Notation let x € Irr(G) and i € {1,...,k} such that x = x; €
A. Then xn € Irr(N) if and only if A; = |N]|.

From Theorem H.8 we deduce that some arithmetical relations between the afore-
mentioned integers t;, e; and 6;(1) can be read off the matrix Ax, for the G-character
table X of V.

13



Corollary 4.10. With Notation [{.5, the next integer relations hold, where the corre-
sponding right sides can be computed from the matrixz Ax, for the G-character table X of
N:

i

24 )
€; tl |N‘ (Al)

2
t:0;(1)% = ‘N";(” (B:)
0i(1) _ [N[xi(1) 4
e - )\’L (Cl)

1<i<k.

PROOF. The relation (A4;) follows directly from Theorem as well as (B;) and (C;),
using in addition the fact that x;(1) = e;t;6;(1), for every i. O

Let 6 be a minimal G-invariant character of N, € Irr(N). Then, with Notation
0 = 0; for some 0; € Irr(N), i € {1,...,k}. We notice that @(1) = t;60;(1), and so the
prime divisors of §(1) are known from equation (B;) in Corollary @ Hence, together
with It6-Michler’s theorem, the following result follows.

Corollary 4.11. Let N be a normal subgroup of a group G. Then the prime divisors of
0(1) for every minimal G-invariant character of 0 of N are known from the character

table of G. Moreover, if a prime p does not divide 0(1) for every minimal G-invariant
character 8 of N, then N has an abelian normal Sylow p-subgroup.

The relations in Corollary yield also significant information of N from its G-
character tables in certain situations, as we show below.

Remark 4.12. 1. If N is a Hall subgroup of G, then ¢; and 6;(1) are coprime num-
bers, for each i = 1,...,k, since ¢; divides |G : N| and 6;(1) divides |N|. Conse-
quently, the integers ¢; and 6;(1) can be computed from the equations (B;), and
then also the integers e; are known from (A4;).

2. If (A;) is square-free, for some i € {1,...,k}, then it follows that e; = 1 and
t; = (\Wi‘, so 0;(1) = W In particular, the integers ¢;, e; and 6;(1) can be
computed from a G-character table of N. Analogously, if (B;) is square-free, for
some i € {1,...,k}, then the integers t;, e; and 6;(1) can be also computed.

In brief, with Notation the numbers A;, 1 < i < k, as well as |N|, are known
from the character table of the group G, and so are also the relations between the
important parameters e;,t;,0;(1), 1 < i < k, given in Corollary as mentioned
above. As a consequence, in particular situations when one of these parameters, for
some i € {1,...,k}, either e;, t; or 6;(1), is known, then all three of them are known.
But one can not expect that either the G-character tables of N or even the character

14



table of GG provides all these values with no additional information. This would mean,
for instance, a positive answer to Problem 10 of Brauer’s famous list in [3], which asked
whether or not N is abelian can be decided from the character table of the group. It is
known that this is not the case (c.f. [10, 6]). In particular, the authors in [6] consider
the concept of automorphism of the character table of a group, which is a permutation of
rows and columns of the character table, considered as a matrix, such that the resulting
matrix coincides with the initial one. Two normal subgroups of the group are then
called character-table-isomorphic if there is an automorphism of the character table
such that the image of one of the subgroups (as collection of conjugacy classes) is the
other one. In that reference examples of groups are given, containing corresponding
two character-table-isomorphic normal subgroups, such that only one of the subgroups
is abelian. Obviously character-table-isomorphic normal subgroups of a group G have
equal G-character tables, with equal corresponding diagonal matrices D of G-conjugacy
class sizes. (See Example [6.2])

5 (G-invariant table and minimal G-invariant characters of
a normal subgroup

According with Lemma [4.1] and Notation we denote
Ming(N) = {00 € r(N)} = {0; | i = 1,..., k}

the set of minimal G-invariant characters of N, which has cardinality k. It is clear
from the definition that a G-character table of the normal subgroup N is not unique,
unless G = N. The description of each G-character table depends upon the choice of
a representative system of the equivalence classes in the equivalence relation respect
to N on Irr(G). But it is also obvious that two G-character tables have proportional
corresponding rows, by rational numbers given by the ramification numbers. One can
then think of a G-invariant table of N as defined next.

Definition 5.1. With Notation [4.5] the G-invariant table of N is defined to be the
matrix X = (y;;) € My(C), with entries

yij = 0i(nj), 1<i,j<k

Observe that this G-invariant table of N is unique and, comparing with the G-
character table X of NV, each row of X is a multiple of the corresponding one of X. In
particular, X is non-singular. We notice that the knowledge of the G-invariant table of
N from some G-character table of N is equivalent to the knowledge of the ramifications
numbers.

When G = N, the corresponding G-invariant table is the character table of G, and
so the G-invariant table might be seen as a version of the character table of the group
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for normal subgroups, where the minimal G-invariant characters of the normal subgroup
play the role of the irreducible characters of G. Indeed, for a normal subgroup N of a
group GG, we can consider

cfq(N) ={f | f class function of N, f9 = f for all g € G}
={f:N—C| f(n?) = f(n) for all n € N and all g € G},

the set of G-invariant class functions of IV, which are exactly the class functions of N
constant on G-conjugacy classes. It is straightforward to check that cfg(N) is a subspace
of the C-vector space of class functions of IV, with basis the set of irreducible characters of
N (c.t. [8, Theorem 2.8]), and cfg(NN) contains the set Ming(N) of minimal G-invariant
characters of N, which are proven to form a basis as stated below.

Proposition 5.2. Let N be a normal subgroup of a group G. If f € cfq(N) then f can
be uniquely expressed in the form

BeMing (N)

where az € C. Furthermore, f is a G-invariant character of N if and only if all of the
ag are nonnegative integers and f # 0.

PROOF. On the one hand it is easily derived that cf;(N) forms a C-vector space whose
dimension is the number k of G-conjugacy classes in N. Moreover, by Theorem it
follows that the set Ming(/N) forms a independent system of cardinality k contained in
cfg(N), which implies that it forms a basis of cfg(N), and proves the first part of the
result. The rest follows from Lemma [4.1)(3). O

We close this section with the next generalisation of Brauer’s theorem [2.5]and further
applications. More precisely, the G-invariant table of a normal subgroup may play the
role of the character table of the group G in the proof of Brauer’s theorem as given
in [8, Theorem (6.32)]. With this idea and analogous arguments the next generalization
can be stated. We include the proof for the sake of completeness.

Theorem 5.3. Let N be a normal subgroup of a group G. Let A be a group which acts on
the set Ming(N) of minimal G-invariant characters of N and on the set of G-conjugacy
classes of N. Assume that 0%(n®) = 6(n) for all & € Ming(N), a € A, and n € N;
where n® is an element of (n%)®. Then for each a € A, the number of fived characters
of Ming(N) is equal to the number of fized G-conjugacy classes.

Proor. With Notation we consider the G-invariant table X as defined above. For
each a € A, let P, = (pij) Where pi; = 0 unless 9 ¢ = Hj, in which case p;; = 1. Similarly,
we define Q, = (g;;) where g;; = 1 if (n$)® nj , and zero otherwise. We write n = n;
if (n{)® = n]G It is not difficult to see that the (u,v)-entry of the matrix P.X is



Similarly, the (u,v)-entry of )A(Qa is

Ou () qj0 = Ou(n2 ).

J=1

—~ ~ —~ ~—1 o~
Our hypotheses lead to P,X = X@Q,, and since X is non-singular, then Q, = X F,X.
We conclude that the traces of (), and P, are equal, and these are precisely the number

of fixed points of the action of a on Ming(N) and on the set of G-conjugacy classes of
N. O

In the same spirit we are also able to obtain a version for G-conjugacy classes of the
well-known result which states that the number of real classes of a group G is equal to
the number of real valued irreducible characters of G. We recall that an element g € G
is said to be real if ¢ is conjugate in G to its inverse g—'; in this case, the corresponding
conjugacy class ¢ is called real. Also a character ¥ of a group X is real valued if ¥(x)
is a real number for all x € X.

It is worth noticing that if IV is a normal subgroup of a group G, the number of real
valued minimal G-invariant characters of N coincides with the number of real valued
irreducible characters of G which are not equivalent respect to N, as well as with the
number of real valued rows in any G-character table of N, by Lemmas (42 and
Definition (4.4l

Corollary 5.4. Let N be a normal subgroup of a group G. Then the number of real
G-conjugacy classes of N is equal to the number of real valued minimal G-invariant
characters of N.

PRrROOF. Let A = (o) be a cyclic group of order 2 that acts on the set Ming(N) of
all minimal G-invariant characters of IV, and on the set of G-conjugacy classes of N,
such that 89(n) = 6(n~'), and (n€)° = (n"1)C, for all n € N. Note that o fixes
a G-conjugacy class n@ if and only if n© is real. Also the characters g € Ming(N)
which are fixed by o are exactly the real valued characters in Ming(N). It follows from
Theorem [5.3] that the number of real G-conjugacy classes of N is equal to the number
of real valued characters of Ming(N). O

The question about the relation between the number of real conjugacy classes and
the structure of the group has been previously considered. Groups with all elements real
are called ambivalent and have been studied by Berggren and others (e.g., [2]). In the
opposite situation, Burnside noticed that a group G is of odd order if and only if G has
a unique real conjugacy class (which is of course the one formed by the identity of the
group). Iwasaki [9] characterised those groups with exactly two real conjugacy classes,
in terms of the normality of a Sylow 2-subgroup. We wonder about the influence of real
G-conjugacy classes on a normal subgroup N of a group G. If z € N and z is real in N
then z is obviously real in G, but the converse is easily checked not to be true in general,
as the next example shows.
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Example 5.5. Let G = (a) x (b) be the holomorph of C5 =2 N = (a) the cyclic group
of order 5, with a® = a?. Tt is clear the N has no real conjugacy class different from the
trivial one. However there are two G-conjugacy classes, namely 1¢ and o, and they
are real. Indeed, one can check that a G-character table of N is given by the matrix

[le _11] , while the character table of N contains non-real values.

The next results show that real G-conjugacy classes of normal subgroups can provide
structural information about them.

Lemma 5.6. Let N be a normal subgroup of a group G. If there is a unique real
G-conjugacy class in N, then N is of odd order, but the converse is not true in general.

PrRoOOF. If N had even order, then N would contain an involution, which would be a
real element different from the identity. Example [5.5|shows that the converse is not true
in general. O

Corollary 5.7. Let N be a normal subgroup of a group G. Assume that there are exactly
two real G-conjugacy classes in N. Then N has a normal Sylow 2-subgroup.

PROOF. We argue by induction on |G|. We may assume that N is of even order and
consider an involution € N. Then z¥ is a non-trivial real G-conjugacy class and, by
hypothesis, ¢ is the set of all involutions of N. Set M := 1Uz% C N. We claim that M
is a (elementary abelian normal) subgroup of G, and it is enough to prove that ab € M
for every pair of involutions a,b € M. Since (ab)® = ba = b~ ta~t = (ab)™!, it follows
that ab is real, which implies by hypothesis that ab € M.

Let us denote by “bar” the images in the factor group G := G/M. If |N| is odd,
then M € Syl,(N) and we are done. Hence we may assume that N has a non-trivial
G-conjugacy class that is real. We claim that the number of real valued rows in a G-
character table of N is not larger than that in a G-character table of N. If X is an
irreducible character of G, then X(gM) = x(g) for all g € G, where Y is an irreducible
character of G containing M in its kernel. It is trivial that X is real-valued if and
only if x is real-valued. Moreover, if ¥;,Xy € Irr(G), with corresponding characters
X1, X2 € Irr(G) containing M in their kernels, then X; and X, are equivalent respect
to N/M if and only if x; and y2 are equivalent respect to N. The claim is now clear.
(Indeed, if x € Irr(G) contains M in its kernel, and ¢ € Irr(G) is equivalent to y respect
to N, then M is contained in the kernel of ¢.) Corollary implies that N has exactly

two real G-conjugacy classes, and the result follows by induction. O

It is worth to highlight that a normal subgroup N of a group G may satisfy the
hypotheses of Corollary [5.7]and, however, it might not satisfy those of Iwasaki’s theorem,
i.e. it might not have exactly two real conjugacy classes, as Example easily shows.
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6 Some illustrative examples

The next examples show the application of our results to particular groups; especially
the relations in Theorem and Corollary which may be very useful to obtain
information about normal subgroups. The first example shows that it is possible to
completely describe the character table of the considered normal subgroup, although in
general it is not determined by the character table of the group, as well as to derive the
existence of an abelian Sylow subgroup in the normal subgroup. In this example, the
actions by conjugation of the group, on the set of irreducible characters and on the set of
conjugacy classes of the normal subgroup, happen to be the trivial actions. In the second
example we apply our computations to one of the groups, and its corresponding normal
subgroups, previously mentioned, below Remark which appears in [6, Section 3.2].
As expected, it shows up that the relations in Theorem and Corollary do not
completely determine the parameters e;,¢; and 6;(1), 1 <1 < k. Observe that we show
techniques to obtain information from the character table of the group, though certainly
the knowledge of the group, as well as other techniques, might provide other possibilities.

Unless for the labels corresponding to irreducible characters of G, we follow the
notation introduced previously in the paper; in particular, Notation

Example 6.1. Let A be a dihedral group of order 8, and let B be an alternating group
on 4 letters. Consider G = A x B. The character table of G is the 20 x 20 matrix
appearing in Table [1} where ¢ denotes a primitive 3-root of unity, and the second row
corresponds to the sizes of the conjugacy classes. Let N be the intersection of the kernels
of x1,x2, x3 and x4, so N is a normal subgroup of G which is the union of the conjugacy
classes 14,3A,2C,2D,3B,6C,2G,6F. It follows that |N| = 24.

Then there are 8 equivalence classes in the equivalence relation respect to IV, defined
on Irr(G), and so also 8 minimal G-invariant characters of N, denoted 9:-, i1=1,...,8,
with Q = {6; | i« = 1,...,8} a representative system of the orbits in the action by
conjugation of G on Irr(N). From the observation of proportional rows in the character
table, when restricting to the described conjugacy classes, we obtain:

Irr(G101) = {x1, X2, X3, X4}, Irr(G|62) = {x5, X7, X9 X11}»
Irr(G103) = {x6, X8, X105 X12}+ Irr(G104) = {x13},
Irr(Gl05) = {x14}, Irr(G10s) = {x15},
Irr(G107) = {x16, X175 X18, X19, }»  Ir1(G|63) = {x20},
In particular, for each ¢ = 1,...,8, we know the size of Irr(G|6;). Also, whenever

X,V € Irr(G|6;), it holds that

~

XN =UNn = eib;.
We may choose {x1, X5, X6, X13, X14, X15, X165 X20} @ representative system of the

equivalence classes on Irr(G), and construct the corresponding G-character table X of
N, which is the matrix of dimension 8 x 8 in Table
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3

1

2 2 4

1A 2A 2B 3A 2C 2D 4A 6A 2E 6B 2F 3B 6C 2G 12A 4B 6D 6E 6F 12B
6

1

X1

1 -1 -1

-1 -1 -1
-1 -1 1

-1 -1-1-11

1
-1 -1-11

1
1

1
1

1 -1-11

1 -11

X2

1
1

1

-1 -11

1

X3

-1

1

1

1

0 2 —2¢* -2 0

x4 2 0 0 2¢2-2 2
xi5 2 0 0 2¢ -2 2

X16 3 -3-3 0 3

X13

-2 0
0 —2¢2

0

0
0

0

0
-1

0

0 2¢% —2¢ =2 0

-1 0

0

0

3

-1

—1
1
-1

1 0
-1 0

-1-3 0

X173—3303
3 3 -30 3 -1-320

X18

-1 0

-1 0

0

0

0 -1 0
0 0

3

-1

X19 3 3 3 0 3

X20 6 0 0 0

—6 -2 0

Table 1: Character table of the group G in Example [6.1]

4

1A 3A 2C 2D 3B 6C 2G 6F

-2

X1 2 2¢%2 =2 2 20 —2¢% =2 -

1
5
¢

x5 2 2¢ =2 2 2¢% —2¢ —2 —2¢?

™
— i, N

1
1
1
2

-10 0 -1 0

-6 -2 0

X6 3 0 3
X206 0

Table 2: G-character table X of N in Example
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Note also that D = diag(1,4,1,3,4,4,3,4) is the associated diagonal matrix, whose
diagonal entries are the sizes of the G-conjugacy classes that built V.

According to Corollary we obtain that the numbers appearing in the right side
of relations (4;), 1 < <8, are 1,1,1,4,4,4, 1,4, respectively. A first conclusion is that
for each i € {1,2,3,7}, it holds that

e; =t; =1, and so yny = é\l =0, € Irr(N),
whenever x € Irr(G|0;). We compute now the numbers appearing in the right side

of relations (B;), 1 < i < 8, and obtain 1,1,1,1,1,1,9,9, respectively. As immediate
consequence, we know that for every i € {1,2,3,4,5,6}, it holds that

t; =1,0;(1) =1, and so also é\l =0,.

In particular, é\l(l) =1,fori=1,...,6, and the only prime divisor of (97-(1), fori=17,8
is 3.

Besides, by Corollary since 2 does not divide 97(1) forall i =1,...,8, we can
affirm that IV has an abelian normal Sylow 2-subgroup. Note that, however, 2 divides

the degrees of x13,Xx14, X15 and Xxa20, all of them appearing in the G-character table
considered.

From equations (4;), i = 4,5,6, and (B7), it follows that e; = 2, for i = 4,5,6, and
07(1) = 3, respectively. Moreover, from (As) and (Bs), it follows that 5 = 1, es = 2 and
08(1) = 3. AISO, 98 = 08-

Consequently, Irr(N) = Ming(N) = {0; = b; |t =1,...,8}, with 6;(1) =1, i =
1,...6, 0;(1) = 3,7 =17,8, and the character table of N can be completely described in
this particular example, having n"Y = n for all n € N, and the irreducible characters:

1

01 = (x1)ns 02 = (x5)N, 03 = (x6)N» 0y = §(X13)N7
1 1 1

05 = §(X14)N, O = §(X15)N7 07 = (x16) N, s = §(X20)N-

In particular N is non-abelian. It can be cheked that N =Z(A) x B.

Example 6.2. Let G be the automorphism group of the dihedral group of order 16. Its
character table is the 11 x 11 matrix appearing in Table [3] Let N be the intersection
of the kernels of x2 and xg, so IV is a normal subgroup of G which is the union of the
conjugacy classes 1A4,2B,4A and 2D, and its order is 8.

Then there are 4 equivalence classes in the equivalence relation respect to IV, defined
on Irr(G), and so also 4 minimal G-invariant characters of N, denoted é\i, 1=1,...,4,
with Q@ = {6; | i« = 1,...,4} a representative system of the orbits in the action by
conjugation of G on Irr(N). From the observation of proportional rows in the character
table, when restricting to the described conjugacy classes, we obtain:

Irr(G61) = {x1, X2, X5. X6}, Irr(GlO2) = {x3, x4, X7, X8},
Irr(G|03) = {x9, x10}, Irr(G0s) = {x11},
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1A2A2B2C4A2D8A4B2E 4C 8B
144 2 2 1 4 4 4 2 4

yy 11111111111
x21-11111-1-11 1 -1
ys 1 1 -1111-11-11-1
xya l-1-111 1 1-1-11 1
xs 11 1 -111 1-1-1-1-1
o 1 -11-111-11-1-11
xr 1 1 -1-111-1-11-11
xs 1 -1-1-11 1 1 1 1 -1-1
Xo 2 00 2-22000-20
X102 0 0-2-22 000 2 0
x1140000-400000

Table 3: Character table of the group G in Example

1A 2B 4A 2D
1 4 2 1

x1 1 1 1 1
xs 1 -1 1 1
xo 2 0 =2 2
xi1 4 0 0 —4

Table 4: G-character table X of N in Example

In particular, for each ¢ = 1,...,4, we know the size of Irr(G|6;). Also, whenever
X,V € Irr(G|6;), it holds that

~

XN = Un = e;0;.

We may choose {x1, X3, X9, X11} & representative system of the equivalence classes on
Irr(G), and construct the corresponding G-character table X of N, which is the matrix
of dimension 4 x 4 in Table [

Note also that D = diag(1,4,2,1) is the associated diagonal matrix, whose diagonal
entries are the sizes of the G-conjugacy classes that built N.

According to Corollary we get in this case that the numbers appearing in the
right side of relations (A4;) and (B;), 1 < i < 4, are both 1,1,2,4, respectively. From
equations (A;) and (B;), 1 <i <4, we deduce now:

For each i = 1,2, ¢; = t; = 0;(1) = 1, and for all x € Irr(G|6;), xn = 0; = é;

For i =3, e3 = 03(1) = 1, t3 = 2, and for all x € Irr(G|6;), xn = 05 + 65" = HAg, for
some z € G.

However, for ¢ = 4, two possibilities appear: either

eg =04(1) =1,t4 =4, and (x11)N = 04+04"+04Y+60,° = 0/:1, for suitable x,y, z € G,
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or
€4 = 94(1) = 2, t4 = 1, and (Xll)N = 294 = 2@1.

Actually, both cases are possible. The normal subgroup M, which is the intersection
of the kernels of x4 and yg (and so M is the union of the conjugacy classes 14,8A,4A and
2D, and its order is 8), happens to have the same G-character table as N, by replacing
x3 by x2, and 2B by 8A, associated to the same diagonal matrix D of G-conjugacy
class sizes, so that the relations (A4;), (B;), 1 <1i < 4, are the same for both subgroups.
Indeed, the information derived for NV and M is the same, with corresponding suitable
irreducible characters of G.

Considering, for instance, in addition the orders of elements in N and in M, one
easily deduces que M is abelian but N is not, and so the first possibility for ¢ = 4
corresponds to M, while the second one corresponds to N.
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