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Abstract

In this study, we introduce graded pseudo weakly prime submodules of
G-graded R-modules, which are an extension of graded weakly prime
ideals over G-graded rings. On the graded spectrum of graded pseudo
weakly prime submodules, we investigate the Zariski topology. Dif-
ferent aspects of this topological space are investigated, and they are
linked to the algebraic properties of the G-graded R-modules under
study.
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1. introduction

In this paper, we introduce a Zariski topology on the graded pseudo weakly
prime spectrum ΥM of graded pseudo weakly prime submodules of a certain
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G-graded R-module M over G-graded ring R, and investigate the relation be-
tween the properties of M and the topological space we obtain. The relation
between the Zariski topology established on the graded prime spectrum of a
G-graded ring R and the ring theoretic features of R in [11] is the motivation
for this study.

Let G be an abelian group with identity e. A ring R is called a G-graded
ring if R =

⊕
g∈G

Rg with the property RgRh ⊆ Rgh for all g, h ∈ G, where

Rg is an additive subgroup of R for all g ∈ G. The elements of Rg are called
homogeneous of degree g. If x ∈ R, then x can be written uniquely as

∑
g∈G

xg,

where xg is the component of x in Rg. The set of all homogeneous elements of
R is h(R) =

⋃
g∈G

Rg. Let P be an ideal of a G-graded ring R. Then P is called

a graded ideal if P =
⊕
g∈G

Pg, i.e, for x ∈ P and x =
∑
g∈G

xg where xg ∈ Pg for

all g ∈ G. An ideal of a G-graded ring is not necessarily a graded ideal (see [2]).

Let P be a proper graded ideal of R. The graded radical of P is denoted by
Grad(P ) and defined as follows:

Grad(P ) =
{
x =

∑
g∈G

xg ∈ R : for all g ∈ G, there exists a ng ∈ N such that

xg
ng ∈ P

}
.

Note that Grad(P ) is always a graded ideal of R.

Let R be a G-graded ring. A left R-module M is said to be a graded R-
module if there exists a family of additive subgroups {Mg}g∈G of M such that
M =

⊕
g∈G

Mg with the property MgMh ⊆ Mgh for all g, h ∈ G. The set of all

homogeneous elements of M is h(M) =
⋃
g∈G

Mg. Note that Mg is an Re-module

for every g ∈ G. A submodule P of M is said to be graded submodule of M if
P =

⊕
g∈G

Pg. Here, Pg is called g-component of P (see [9]).

Graded weakly prime ideals have been introduced by S. E. Atani in [5]; a
proper graded ideal I of a G-graded ring R is said to be graded weakly prime
ideal of R if whenever a, b ∈ h(R) such that 0 6= ab ∈ I, then either a ∈ I or
b ∈ I.

In [6], S. E. Atani defined graded weakly prime submodules; a proper graded
submodule P of a G-graded R-module M is said to be graded weakly prime
submodule of M if whenever r ∈ h(R) and m ∈ h(M) such that 0 6= rm ∈ P ,
then either m ∈ P or r ∈ (P :R M) where (P :R M) ={r ∈ R : rM ⊆ P} is a
graded ideal of R, (see [8, Lemma 2.1]).
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Let R be a G-graded ring, M a graded R-module and P a graded submodule
of M . (P :R M) is defined as (P :R M) = {r ∈ R : rM ⊆ P}. It is shown in
[4] that if P is a graded submodule of M , then (P :R M) is a graded ideal of
R. The annihilator of M is defined as (0 :R M) and is denoted by AnnR(M).
A graded submodule P of M is said to be a graded maximal if P 6= M and if
there is a graded submodule L of M such that P ⊆ L ⊆ M , then L = P or
L = M (see [10]).

In this topic, there are numerous studies in the literature. In [12], U. Tekir
studied the Zariski topology on the prime spectrum of a module over non-
commutative rings.

Graded 2-absorbing quasi primary ideal was introduced in [13] as a gene-
realization of graded prime ideals; a proper graded ideal I of a G-graded ring
R is said to be graded 2-absorbing quasi primary ideal of R if abcıI, then
ab ∈ Grad(I) or ac ∈ Grad(I) or bc ∈ Grad(I) for each a, b, c ∈ h(R). Another
generealization of graded prime ideals, graded 1?absorbing prime ideal, was
defined in [3]; a proper graded ideal P of R is called graded 1-absorbing prime
if for all nonunit elements x, y, z ∈ h(R) such that xyz ∈ P , then either xy ∈ P
or z ∈ P .

In [14], a topology known as SpecS(R) was developed on the set of all S-
prime ideals. This topology is a generalization of classical Zariski topology, and
it was done by examining several topological features of SpecS(R), including
connectedness, compactness, and separation axioms.

In this paper, we introduce the concept of graded pseudo weakly prime sub-
modules of G-graded R-modules which is a generalization of the graded weakly
prime ideals over G-graded rings. Let R be a G-graded ring, M a G-graded
R-module and P a graded submodule of M . A graded submodule P of a G-
graded R-module M is a graded pseudo weakly prime if (N :R M) is a graded
weakly prime ideal of R.

We construct the Zariski topology on the graded spectrum of graded pseudo
weakly prime submodules. We clarify the relationship between the properties of
this topological space and the algebraic properties of the G-graded R-modules.

2. Graded Pseudo Weakly Prime Submodules

In this section, we investigate graded pseudo weakly prime submodules, with
a variety of outcomes.

Definition 2.1. Let M be a G-graded R-module and P be a graded submodule
of M.

(1) P is a graded pseudo weakly prime submodule of M if (P :R M) is a graded
weakly prime ideal of R.
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(2) The graded pseudo weakly prime spectrum of a G-graded R-module M
is defined to be the set of all graded pseudo weakly prime submodules
of M , and denoted by ΥM . For any graded weakly prime ideal I of R,
the collection of all graded pseudo weakly prime submodule P of M with
(P :R M) = I is denoted by ΥM,I .

(3) A graded submodule P of M is defined χM (P ) = {I ∈ ΥM : P ⊆ I}. We
use χ(P ) instead of χM (P ) for nonambiguity.

(4) Suppose that the set of all graded pseudo weakly prime submodules of G-
graded R-module M is not empty set (i.e ΥM 6= ∅). The map ϕ : ΥM →
GWSpec(R/Ann(M)) where GWSpec(R) denotes the set of all graded
weakly prime ideals of R, defined by ϕ(P ) = (P :R M)/Ann(M) is called
the natural map of ΥM .

(5) A G-graded R-module M is said to be G-graded pseudo weakly primeful R-
module if either M = {0} or M 6= {0} and ϕ is surjective. If ϕ is injective,
then M is called G-graded pseudo weakly injective R-module.

The graded weakly prime ideals of the G-graded ring R and the graded
pseudo weakly prime submodules of the G-graded R-module M are the same,
according to our definition. This demonstrates that the graded pseudo weakly
prime submodule is a G-graded R-module version of the graded weakly prime
ideal.

Recall that, a graded submodule P of a G-graded R-module M is said to
be graded prime submodule if P 6= M and whenever x ∈ h(R) and m ∈ h(M)
with 0 6= xm ∈ P , then either m ∈ P or y ∈ (P :R M) ( see [6]). Every graded
weakly prime submodule of G-graded R-module M is graded pseudo weakly
prime submodule of M, since (P :R M) ∈ GWSpes(R). However, the converse
is not true in general.

Example 2.2. Let M = Z⊕ Z be a G-graded Z-module, where M0 = M and
Mg = {0} for all g ∈ G and P = (2, 0)Z is a graded submodule of M generated
by (2, 0) ∈ h(M). Thus (P :R M) = {0} ∈ GWSpec(Z) (i.e. P ∈ ΥM ).
Despite the fact that P is not a weakly prime submodule of M. Therefore,
a graded pseudo weakly prime submodule need not be graded weakly prime
submodule (i.e. GWSpec(M) ⊂ ΥM ), where GWSpec(M) is the set of all
graded weakly prime ideals of M.

Note that, a G-graded R-module M is called G-graded multiplication R-
module if for every graded submodule P of M , P = MI for some graded ideal
I of R (see [7]). Clearly, every G-graded multiplication R-module is G-graded
pseudo weakly injective R-module.

To prove that let P , I be two graded pseudo weakly prime submodules of M
such that ϕ(P ) = ϕ(I), so (P :R M) + (0 :R M) = (I :R M) + (0 :R M) then
(P :R M)− (I :R M) ⊆ (0 :R M) (i.e. (P :R M)M − (I :R M)M = {0}), since
M is G-graded multiplication R-module then P − I = {0}, we have P = I, so
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M is G-graded pseudo weakly injective R-module.

We will show that every G-graded pseudo weakly injective R-module is G-
graded multiplication R-module provided that the module is graded finitely
generated.

Corollary 2.3. Let M be a G-graded finitely generated R-module. If M is
G-graded pseudo weakly injective R-module, then M is G-graded multiplication
R-module.

Proof. Let M be G-graded pseudo weakly injective R-module. If |ΥM,I | ≤ 1
for every graded maximal ideal I of R and then by Lemma 2.9 in [1], M/IM
is a graded simple and so graded cyclic and then by Corollary 2.8 in [1], M is
a G-graded multiplication R-module. �

Remark 2.4. Let P ⊆ ΥM . The intersection of all elements in P is denoted by
η(P ).

Definition 2.5. Let M be a G-graded R-module and P be a graded submodule
of M. Then the following statements are true:

(1) P is said to be a graded pseudo weakly semiprime submodule of M if P is
an intersection of graded pseudo weakly prime submodules of M .

(2) If P is a graded pseudo weakly prime submodule of M. Then P is said to
be a graded weakly extraordinary submodule of M if whenever I and J
are graded pseudo weakly semiprime submodules of M such that {0} 6=
I ∩ J ⊆ P , then either I ⊆ P or J ⊆ P .

(3) M is said to be a G-graded weakly topological R-module if ΥM = ∅ or
every graded pseudo weakly prime submodule of M is a graded weakly
extraordinary submodule.

(4) A graded pseudo weakly prime radical of P will be denoted by GPWrad(P )
and is defined by the intersection of all graded pseudo weakly prime sub-
modules of M containing P (i.e. GPWrad(P ) = η(χ(P )) =

⋂
I∈χ(P )

I).

(5) If χ(P ) = ∅, then we say that GPWrad(P ) = M . Also, P is said to be a
graded pseudo weakly prime radical if GPWrad(P ) = P .

Lemma 2.6. Let M be a G-graded R-module. Then M is a G-graded weakly
topological R-module if and only if χ(P ) ∪ χ(I) = χ(P ∩ I) for every graded
pseudo weakly semiprime submodules P and I of M .

Proof. Suppose that M is a G-graded weakly topological R-module. Let P and
I be graded pseudo weakly semiprime submodules of M . Clearly, χ(P )∪χ(I) ⊆
χ(P ∩ I). To prove that let J ∈ χ(P ) ∪ χ(I) such that J be a graded pseudo
weakly prime submodules of M then J ∈ χ(P ) or J ∈ χ(I), so P ⊆ J or I ⊆ J .
Hence P ∩ I ⊆ J , also J ∈ χ(P ∩ I), so we are done. Let K ∈ χ(P ∩ I). Then
P ∩ I ⊆ K and then by assumption (since M is a G-graded weakly topological
R-module), either P ⊆ K or I ⊆ K (i.e. either K ∈ χ(P ) or K ∈ χ(I))
then K ∈ χ(P ) ∪ χ(I) which proves that χ(P ∩ I) ⊆ χ(P ) ∪ χ(I). Hence,
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χ(P ) ∪ χ(I) = χ(P ∩ I). Conversely, let J be a graded pseudo weakly prime
submodule of M . Assume that I and L are graded pseudo weakly semiprime
submodules of M such that P ∩ L ⊆ J . Then J ∈ χ(P ∩ I) = χ(P ) ∪ χ(I) by
assumption. So, J ∈ χ(P ) or J ∈ χ(I) that is either P ⊆ J or I ⊆ J . Hence,
M is a G-graded weakly topological R-module. �

Theorem 2.7. Let R be a G-graded ring and let P be a graded ideal of R.
Then the following statements are equivalent:

(i) P is a graded weakly prime ideal of R.
(ii) For each graded ideals I1, I2 of R with {0} 6= I1I2 ⊆ P , we have either

I1 ⊆ P or I2 ⊆ I.

Proof. (i) ⇒ (ii) Let P be a graded weakly prime ideal and let I1, I2 be two
graded ideals of R with {0} 6= I1I2 ⊆ P . Suppose that I1 * P and I2 * P .
Then there exist x ∈ (h(R)∩ I1)−P and y ∈ (h(R)∩ I2)−P . Hence x ∈ P or
y ∈ P which is a contradiction. Therefore, I1 ⊆ P or I2 ⊆ I.
(ii) ⇒ (i) Let x, y ∈ h(R) with 0 6= xy ∈ P . Let I1 = Rx and I2 = Ry. Then
I1, I2 are graded ideals of R and {0} 6= I1I2 ⊆ P . Hence I1 ⊆ P or I2 ⊆ P
(i.e. x ∈ P or y ∈ P ). �

Theorem 2.8. Let M be a G-graded R-module. If M is a G-graded multipli-
cation R-module then M is a G-graded weakly topological R-module.

Proof. Suppose that M is a G-graded multiplication R-module. Let N be a
graded pseudo weakly prime submodule of M . Assume that K and L are two
graded pseudo weakly semiprime submodules of M such that {0} 6= K∩L ⊆ N .
Then there exist graded ideals I and J of R such that χ(K) = χ(IM) and
χ(L) = χ(JM). Suppose that K = ∩i∈∆Pi for some graded pseudo weakly
prime submodules {Pi}i∈∆. Now, for every i ∈ ∆, Pi ∈ χ(K) ⊆ χ(K) ∪ χ(L)
= χ(IM)∪χ(JM) ⊆ χ((I∩J)M) by Lemma 2.6. This implies that (I∩J)M ⊆
∩i∈∆Pi = K. Similarly, (I ∩ J)M ⊆ L. So, (I ∩ J)M ⊆ K ∩ L ⊆ N (i.e.
I ∩ J ⊆ (N :R M)), also since (N :R M) is a graded weakly prime ideal of
R and IJ ⊆ I ∩ J , so {0} 6= IJ ⊆ (N :R M) then either I ⊆ (N :R M) or
J ⊆ (N :R M), which implies that K = IM ⊆ N or L = JM ⊆ N . Hence, M

is a G-graded weakly topological R-module. �

Lemma 2.9. Let M be a G-graded R-module and P be a graded submodule of
M. If M is a G-graded weakly topological R-module, then M/P is a G-graded
weakly topological R-module.

Proof. Any graded pseudo weakly semiprime submodule of M/P has the form
I/P where I is a graded pseudo weakly semiprime submodule of M containing
P . Assume that I1/P and I2/P are two graded pseudo weakly semiprime sub-
modules of M/P , also since M is a G-graded weakly topological R-module we
can apply Lemma 2.6, so for any graded pseudo weakly semiprime submodules
I1 and I2 of M we have χ(I1) ∪ χ(I2) = χ(I1 ∩ I2), also I1 ⊆ P and I2 ⊆ P
then I1/P = I1 and I2/P = I2, so χ(I1/P ) ∪ χ(I2/P ) = χ(I1/P ∩ I2/P ).
Hence M/P is a G-graded weakly topological R-module. �
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3. Graded pseudo weakly prime spectrum of graded topological
modules

Now, we introduce and study a topological on the graded pseudo weakly
prime spectrum and give several results concerning it as a generalization of a
topological on graded pseudo prime spectrum in [1]. This topology is called
Zariski topology.

Also, in this section, we assume that M is always G-graded weakly topo-
logical R-module. Then for each graded submodule P of M we define the
variety of P by χ(P ) = {I ∈ ΥM , P ⊆ I}, so this variety satisfies the topol-
ogy axioms for closed set, since φ = χ(M), ΥM = χ({0}) and for any family
of graded submodules {Pi}i∈∆ of M ,

⋂
i∈∆

χ(Pi) = χ(
∑
i∈∆

Pi). Also, for any

graded submodules P and J of M , χ(P ) ∪ χ(J) = χ(P ∩ J). Thus, if ξ(M)
denotes the collection of all subsets χ(P ) of ΥM (i.e. ξ(M) = {χ(P ), P is a
graded submodule of M} contain ΥM and empty set) closed under arbitrary
intersections and it is closed under finite union, then ξ(M) satisfies the axioms
of a topological space for the closed subsets. This topology is called the Zariski
topology.

The topological aspects of this topology are investigated, and some results
about the relationship between algebraic properties of graded topological mod-
ules and topological properties of the Zariski topology on the graded pseudo
weakly prime spectrum of them are presented.

We define χR(P ) = {I ∈ ΥR : P ⊆ I}. Moreover, for every graded ideal
J ∈ χR(Ann(M)), R? and K? will denote R/Ann(M) and K/Ann(M), re-
spectively.

Theorem 3.1. Let M be a G-graded pseudo weakly primeful R-module such
that ΥM is connected. Then ΥR? is connected.

Proof. Since the natural map ϕ : ΥM → GWSpec(R/Ann(M)) such that
ϕ(P ) = (P :R M)/Ann(M) is surjective. It is sufficient to demonstrate that ϕ
is a continuous map in terms of the Zariski topology. To prove it, let K be a
graded ideal of R containing Ann(M) and let P ∈ ϕ−1(χR

?

(K?)). Then there
exists I? ∈ χR?

(J?)) such that ϕ(P ) = I? and then I = (P :R M) ⊇ J which
implies that KM ⊆ P and hence P ∈ χ(KM). Let L ∈ χ(KM). Then(L :R
M) ⊇ (KM :R M) ⊇ J and then L ∈ ϕ−1(χR

?

(K?)). So, ϕ−1(χR
?

(K?)) =
χ(KM) which means that ϕ is continuous. �

Remark 3.2. Let M be a G-graded R-module and W be any subset of ΥM , we
will denote the closure of W in ΥM for the zariski topology by Cl(W ).

We show in the next theorem that if the topological space ΥM is a T0-space,
we can derive some properties for the graded pseudo weakly prime submodules
of M .

Theorem 3.3. Let M be a G-graded R-module, P ⊆ ΥM and J ∈ ΥM,I for
some I ∈ GWSpec(R).
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(1) Cl(P ) = χ(η(P )) and hence P is closed if and only if P = χ(η(P )). In
particular, Cl({J}) = χ(J).

(2) If {0} ∈ P , then P is dense in ΥM .
(3) ΥM is a T0- space.

Proof. (1) Clearly, P ⊆ χ(η(P )) since η(P ) ⊆ P . Let χ(N) be any closed sub-
set of ΥM containing P . Since η(P ) ⊇ η(χ(P )), then χ(η(P )) ⊆ χ(η(χ(N))) =
χ(GPWrad(N)) = χ(N) which means that χ(η(P )) is the smallest closed sub-
set of ΥM containing P . Hence, Cl(P ) = χ(η(P )).

(2) It is clear by (1), Cl(P ) = χ(η(P )), since {0} ∈ P then η(P ) = {0} so
Cl(P ) = χ({0}) = ΥM (a topology space) then P is dense in ΥM .

(3) The topological space is a T0-space if and only if the closures of distinct
points are distinct. Let N and K be two distinct points of ΥM . Then by
(1) we have that Cl({N}) = χ(N) 6= χ(K) = Cl({K}). Therefore, ΥM is a
T0-space. �

Theorem 3.4. Let R be a G-graded ring, M be a G-graded R-module, C ∈ ΥM

and Ω = {(D :R M) : D ∈ ΥM} ≤ GWSpec(R). Then the set {C} is closed
in ΥM if and only if (i) p = (C :R M) is a maximal element of the set Ω, and
(ii) ΥM,p = {C}, that is | ΥM,P |= 1.

Proof. (⇒) Assume that {C} is closed in ΥM by (1) in Theorem 3.3, we have
{C} = Cl({C}) = χ(C). Let q ∈ Ω such that p ⊆ q. Then there exists
D ∈ ΥM such that q = (D :R M). Hence (C :R M) = p ⊆ q = (D :R M).
Thus D ∈ χ(C) = {C} so that D = C and p = q, (the only ideal con-
taining p is p) then p is maximal, which proves (i). Let C0 ∈ ΥM,P Thus
(C0 :R M) = p = (C :R M) and hence C0 ∈ χ(C) = {C}. So C0 = C. Thus,
ΥM,P = C.

(⇐) We assume (i) and (ii), and show that χ(C) = {C}. If D ∈ χ(C), then
q = (D :R M) ⊇ (C :R M) = p. Therefore (i) implies q = p and consequently
(ii) implies D = C by (ii). Thus, χ(C) ⊆ {C}. Since C is a graded pseudo
weakly prime submodule we have clearly {C} ⊆ χ(C), so that χ(C) = {C}. By
(1) in Theorem 3.3, CL({C}) = χ(C) = {C}. Therefore the set {C} is closed
in ΥM . �

Theorem 3.5. Let M be a G-graded R-module. Then ΥM is a T1-space if and
only if every element of ΥM is maximal element. (i.e. Let R be a G-graded ring
and M a G-graded R-module, and Ω = {(D :R M) | D ∈ ΥM} ≤ GWSpec(R).
Then ΥM is a T1 -space if and only if (i) p = (C :R M) is a maximal element
of the set Ω, ∀C ∈ ΥM and (ii) | ΥM,P |= 1, ∀p ∈ GWSpec(R)).

Proof. If ΥM is a T1-space then the singleton sets are closed in ΥM , so we
get (i) and (ii) by Theorem 3.4. Conversely, (i) and (ii) are equivalent so
that the singleton set {C} is closed inΥM for every C ∈ ΥM , that is ΥM is a
T1-space. �
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Recall that, a topological space T is called irreducible if and only if for any
decomposition T = T1 ∪ T2 with closed subset Ti of T for all i = 1, 2, we
have that T1 = T or T2 = T . If a nonempty subset B of a topological space
T cannot be represented as the union of two proper subsets, each of which
is closed in B, it is said to be irreducible. The empty set isn’t regarded as
irreducible. A maximal irreducible subset of a topological space T is referred
to as an irreducible component of T . Because every singleton subset of ΥM is
irreducible, so is its closure. Now, by using (1) of Theorem 3.3, we obtain that.

Corollary 3.6. Let M be a G-graded R-module. Then χ(P ) is an irreducible
closed subset of ΥM for every graded pseudo weakly prime submodule P of M .

Proof. Since by (1) of Theorem 3.3, Cl({P}) = χ(P ), also {P} and Cl({P})
are irreducible, then χ(P ) is an irreducible closed subset of ΥM . �

Theorem 3.7. Let M be a G-graded R-module and P ⊆ ΥM . Then η(P ) is a
graded pseudo weakly prime submodule of M if and only if P is an irreducible
space.

Proof. (⇒) Suppose that W is irreducible. Clearly, η(P ) is a graded submod-
ule of M . Let I and J be graded ideals of R such that 0 6= IJ ⊆ (η(P ) :R M).
Then 0 6= IJM ⊆ η(P ), also since η(P ) ⊆ P . So, P ⊆ χ(η(P )) ⊆ χ(IJM) =
χ(IM)∪χ(JM). Since P is irreducible, either P ⊆ χ(IM) or P ⊆ χ(JM) and
hence either η(P ) ⊇ η(χ(IM)) = GPWrad(IM) ⊇ IM or η(P ) ⊇ JM which
implies that either I ⊆ (η(P ) :R M) or J ⊆ (η(P ) :R M), then (η(P ) :R M) is
graded weakly prime ideal of R. Hence, η(P ) is a graded pseudo weakly prime
submodule of M .

(⇐) Assume that P ⊆ P1 ∪ P2 6= 0 for closed subsets P1 and P2 of ΥM .
Then there exist graded submodules N and K of M such that P1 = χ(N)
and P2 = χ(K) and hence η(P ) ⊇ η(χ(N) ∪ χ(K)) = η(χ(N) ∩ χ(K)) =
GPWrad(N) ∩ GPWrad(K) 6= 0. Since M is a G-graded weakly topological
R-module, η(P ) is a graded weakly extraordinary submodule of M and hence
either GPWrad(N) ⊆ η(P ) or GPWrad(K) ⊆ η(P ). So, P ⊆ χ(η(P )) ⊆
χ(GPWrad(N)) = χ(N) = P1 or P ⊆ P2. Hence, P is an irreducible space. �

Corollary 3.8. Let M be a G-graded R-module and P be a graded submodule
of M. Then the following statements are true:

(1) χ(N) is an irreducible space if and only if GPWrad(P ) is a graded pseudo
weakly prime submodule of M .

(2) ΥM is an irreducible space if and only if GPWrad({0}) is a graded pseudo
weakly prime submodule of M .

(3) If ΥM,J 6= φ for some J ∈ GWSpec(R), then ΥM,J is an irreducible space.
(4) If R is a quasi-local G-graded ring, then GMax(M) is an irreducible space

(here the GMax(M) is the set of all graded maximal submodules of M).
(5) If {0} ∈ ΥM , then ΥM is an irreducible space.
(6) If R is a G-graded integral domain, then ΥM is an irreducible space.
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Proof. (1) Since GPWrad(P ) = η(χ(P )), the result is clear by Theorem 3.7
(put P = χ(P ), so done).

(2) Take P = {0} in (1).

(3) Since (η(ΥM,J) :R M) =
⋂

P∈ΥM,J

(P :R M) = J ∈ GWSpec(R), so

η(ΥM,J) is a graded pseudo weakly prime submodule of M , thenΥM,J is an
irreducible space by Theorem 3.7.

(4) Use Theorem 3.7 and the fact (η(GMax(M)) :R M) ∈ GMax(R).

(5) Since η(ΥM ) = {0} ∈ ΥM , by Theorem 3.7, ΥM is an irreducible space.

(6) Since (0 :R M) = {0} ∈ GWSpec(R), so {0} ∈ ΥM (graded pseudo
weakly prime submodule) by Theorem 3.7, ΥM is an irreducible space. �

Lemma 3.9. Let M be a G-graded pseudo weakly primeful R-module and let P
be a graded radical ideal of R. Then P = (PM : M) if and only if Ann(M) ⊆ P .
In particular, ωM is a graded pseudo weakly primeful submodule of M for every
ω ∈ χR(Ann(M)).

Proof. Let P be a graded radical ideal of R and Ann(M) ⊆ P =
⋂
i

ωi, where

ωi runs through χR(P ). Since M is a G-graded pseudo weakly primeful R-
module and ωi ∈ χR(Ann(M)), then there exists a graded pseudo weakly
primeful submodule Ii of M such that (Ii : M) = ωi. Now, we have that
P ⊆ (PM : M) = ((

⋂
i

ωi)M : M) ⊆
⋂
i

(ωiM : M) ⊆ (Ii : M) =
⋂
i

ωi = P .

Therefore, (PM : M) = P . �

Consider the closed subset of a topological space X. If X = Cl({x}), an
element x ∈ X is called a generic point of X. In Theorem 3.3 (1), every element
J of ΥM is a generic point of the irreducible closed subset χ(J), as we have
seen. If the topological space is a T0-space, a generic point of a closed subset X
of a topological space is unique (see Theorem 3.3). On G-graded R-modules,
the next theorem is a nice application of the Zariski topology. Indeed, this
shows that irreducible closed subsets of ΥM and graded pseudo weakly prime
submodules of the G-graded R-module M has a relationship.

Theorem 3.10. Let M be a G-graded R-module and P ⊆ ΥM .

(1) Then P is an irreducible closed subset of ΥM if and only if P = χ(I) for
some I ∈ ΥM . As a result, there is a generic point in every irreducible
closed subset of ΥM .

(2) The correspondence χ(I) → I is a bijection of the set of all irreducible
components of ΥM onto the set of all minimal elements of ΥM .
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(3) Let M be a G-graded pseudo weakly primeful R-module. Then the set of
all irreducible components of ΥM is of the form H = {χM (LM) : L is a
minimal element of χ(Ann(M))}.

Proof. (1) By Corollary 3.6, for any I ∈ ΥM , P = χ(I) is an irreducible closed
subset of ΥM . Conversely, if P is an irreducible closed subset of ΥM , then
for some N ≤ M , P = χ(N) and η(P ) = η(χ(N)) = GPWrad(N) ∈ ΥM by
Theorem 3.7. Thus P = χ(N) = χ(GPWrad(N)).

(2) Let ΥM have an irreducible component P. Each irreducible component
of ΥM is a maximum element of the collection {χ(Q) : Q ∈ ΥM} by (1),
then we have that P = χ(I) for some I ∈ ΥM . Obviously,I is a mini-
mal element of ΥM , for if T is a graded pseudo weakly prime submodule
of M with T ⊆ I, so χ(I) ⊆ χ(T ) and so that I = T . Now, Let I be
a minimal element of ΥM with χ(I) ⊆ χ(Q) for some Q ∈ ΥM . Thus
Q = GPWrad(Q) = η(χ(Q)) ⊆ η(χ(I)) = GPWrad(I) = I, therefore, I = Q.
This means that the irreducible component of ΥM is χ(I).

(3) (⇒) Let ΥM have an irreducible component P. By part (1), P = χ(I) for
some I ∈ υM . (I : M)M is clearly a graded pseudo weakly prime submodule
of M. Because (I : M)M ⊆ I, we have that P = χ(I) ⊆ χ((I : M)M). Since P
is an irreducible component, χ(I) = χ((I : M)M), and so I = (I : M)M . We
must prove that i := (I : M) is a minimal element of χR(Ann(M)). To see this,
let Y ∈ χR(Ann(M)) and J ⊆ i. Then Y/Ann(M) ∈ GWSpec(R/Ann(M)),
and there exists an element Q ∈ ΥM such that (Q : M) = Y since M is a G-
graded pseudo weakly primeful R-module. Hence P = χM (I) ⊆ χM (Q). Thus
P = χM (I) = χM (Q) due to the maximality of χM (I) and we have i = J .
(⇐) For P ∈ H, there exists a minimal element in χR(Ann(M)) such that
P = χM (LM). Since M is a G-graded pseudo weakly primeful R-module, LM
is a graded pseudo weakly primeful submodule of M by Lemma 3.9. Thus P is
an irreducible space by part (1). Assume that P = χM (LM) ⊆ χM (Q), where
Q is an element of ΥM . Since LM ∈ χM (Q) and L is a minimal element we
have that L = (LM : M) = (Q : M). Now, P = χM (LM) = χM ((Q : M)M)
and χM (Q) ⊆ χM ((Q : M)M). Therefore, P + χM (LM) = χM (Q). �

Theorem 3.11. Let M be a G-graded pseudo weakly primeful R-module, then
the following statements are equivalent:

(1) ΥM is an irreducible space.
(2) GWSpes(R/Ann(M)) is an irreducible space.
(3) χ(Ann(M)) is an irreducible space.
(4) Grad(Ann(M)) is a graded weakly prime ideal of R.
(5) ΥM = χM (PM) for some P ∈ χ(Ann(M)).

Proof. (1) ⇒ (2) As we can observe from proof in Theorem 3.1, the natu-
ral map ϕ is a continuous variable that is assumed to be surjective. Thus
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Im(ϕ) = GWSpec(R/Ann(M)) is also irreducible space.

(2) ⇒ (3) We define the mapping

φ : GWSpec(R/Ann(M))→ GWSpec(R)
J/Ann(M) → J

which is a graded homomorphism. Therefore η(Ann(M)) is an irreducible
space.

(3) ⇒ (4) By Theorem 3.7, we take η(χ(Ann(M))) = Grad(Ann(M)) is a
graded weakly prime ideal of R.

(4) ⇒ (5) By Lemma 3.9, Grad(Ann(M))M is a graded pseudo weakly
prime submodule of M. Now, let I ∈ ΥM , then Grad(Ann(M)) ⊆ (I : M) and
Grad(Ann(M))M ⊆ I. Thus ΥM = χ(Grad(Ann(M))M) whereGrad(Ann(M)) ∈
χ(Ann(M)).

(5) ⇒ (1) By Lemma 3.9, PM is a graded pseudo weakly prime submodule
of M and by Corollary 3.6, χM (PM) = ΥM is an irreducible space. �

Definition 3.12. Let R be a G-graded ring and T be a topological space of
R.

(1) T is said to be a graded spectral space if T is a homeomorphic to GSpec(R),
with the zariski topology for R.

(2) T is said to be a graded weakly spectral space if T is a homeomorphic to
GWSpec(R), with the zariski topology for R.

This work shows that the graded pseudo weakly prime spectrum of G-graded
R-modules are a graded weakly spectral space under algebraic conditions. The
topological space T that satisfies the following conditions has been defined for
graded weakly spectral spaces: (1) T is a T0-space, (2) T is a quasi-compact,
(3) Under finite intersection, the quasi-compact open subsets of T are closed,
(4) A generic point exists for any irreducible closed subset of T .

Remark 3.13. A Noetherian topological space is a graded weakly spectral space
if and only if it is a T0-space and there is a generic point in every non-empty
irreducible closed subspace.

Recall that, if M is a G-graded R-module, then ΥM is a T0-space (see The-
orem 3.3) and every non-empty irreducible closed subset of ΥM has a generic
point (see Theorem 3.10).

Theorem 3.14. Let M be a G-graded R-module. ΥM is a graded weakly spectral
space if R is a Noetherian graded ring and for every graded submodule P of M
there exists a graded ideal I of R such that χ(P ) = χ(IM).

Proof. We will prove that every open subset of ΥM is quasi-compact. Let H
be an open subset of ΥM and {Tδ}δ∈∆ be an open cover of H. Then there
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are a graded submodules P and Pδ of M such that H = ΥM/χ(P ) and
Tδ = ΥM/χ(Pδ) for some δ ∈ ∆ and H ⊆

⋃
δ∈∆

Tδ = ΥM/
⋂
δ∈∆

χ(Pδ). Now,

there exists a graded ideal Iδ of R such that χ(Pδ) = χ(IδM). Thus, H ⊆
Υ/χ((

∑
δ∈∆

Iδ)M). Since R is a Noetherian graded ring, there exist a finite sub-

set ∆′ of ∆ such that H ⊆
⋃
δ∈∆′

Tδ. Therefore, ΥM is a Noetherian topological

space and whence a graded weakly spectral space. �
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