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ABSTRACT

This paper continues a series in which we study deficiencies in previously
published works concerning fixed point assertions for digital images.
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1. INTRODUCTION

There are many beautiful results concerning fixed points for digital images.
There are also many highly flawed papers concerning this topic. The current
work continues that of [10, 3, 4, 6, 7, 8, 9] in discussing flaws in papers that
have come to our attention since acceptance of [9] for publication.

In particular, the notion of a “digital metric space” has led many authors
to attempt, in most cases either erroneously or trivially, to modify fixed point
results for Euclidean spaces to digital images. This notion contains roots of all
the flawed papers studied in the current paper. See [6] for discussion of why
“digital metric space” does not seem a worthy topic of further research.

2. PRELIMINARIES

Much of the material in this section is quoted or paraphrased from [6].
We use N to represent the natural numbers, Z to represent the integers.
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A digital image is a pair (X, k), where X C Z"™ for some positive integer n,
and k is an adjacency relation on X. Thus, a digital image is a graph. In order
to model the “real world,” we usually take X to be finite, although there are
several papers that consider infinite digital images, e.g., for digital analogs of
covering spaces. The points of X may be thought of as the “black points” or
foreground of a binary, monochrome “digital picture,” and the points of Z™\ X
as the “white points” or background of the digital picture.

2.1. Adjacencies, continuity, fixed point. In a digital image (X, k), if
xz,y € X, we use the notation =z <+, y to mean x and y are x-adjacent; we
may write z <> y when k can be understood. We write = <, y, or z £ y when
k can be understood, to mean x <+, y or x = y.

The most commonly used adjacencies in the study of digital images are the
¢, adjacencies. These are defined as follows.

Definition 2.1. Let X C Z". Letu € Z,1 <u <n. Let z = (z1,...,2,), y =
(y1,---,Yn) € X. Then = <., y if

e r#y,

e for at most u distinct indices i, |z; — y;| = 1, and

e for all indices j such that |z; — y;| # 1 we have z; = y;.

Definition 2.2 (see [20]). Let (X, ) be a digital image. Let 2,y € X. Suppose
there is a set P = {z;}1"y C X such that x = zg, x; <>, zi11 for 0 < i < n,
and x, = y. Then P is a k-path (or just a path when r is understood) in X
from z to y, and n is the length of this path.

Definition 2.3 ([25]). A digital image (X, k) is k-connected, or just connected
when « is understood, if given x,y € X there is a k-path in X from x to y.

Definition 2.4 (]25, 2]). Let (X, x) and (Y, A) be digital images. A function
f: X =Y is (k,\)-continuous, or k-continuous if (X, k) = (Y, \), or digitally
continuous when k and X\ are understood, if for every rs-connected subset X'
of X, f(X') is a A-connected subset of Y.

Theorem 2.5 ([2]). A function f: X — Y between digital images (X, k) and
(Y, \) is (k, A)-continuous if and only if for every xz,y € X, if x <>, y then
f(@) ex fy)-

Remarks 2.6. For z,y € X, P = {x;}I', C X is a x-path from z to y if and
only if f:[0,n]z — X, given by f(i) = x;, is (c1, k)-continuous. Therefore, we
may also call such a function f a (k-)path in X from z to y.

We use idx to denote the identity function on X, and C(X, k) for the set of
functions f : X — X that are k-continuous.

A fized point of a function f: X — X is a point € X such that f(z) = «.
We denote by Fix(f) the set of fixed points of f: X — X.

Let X =TI, X;. The projection to the j*" coordinate function pj: X = X;
is the function defined for z = (z1,...,2,) € X, ; € X;, by p;(z) = z;.

As a convenience, if x is a point in the domain of a function f, we will often
abbreviate “f(x)” as “fa”.
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2.2. Digital metric spaces. A digital metric space [13] is a triple (X, d, k),
where (X, k) is a digital image and d is a metric on X. The metric is usually
taken to be the Euclidean metric or some other ¢, metric; alternately, d might
be taken to be the shortest path metric. These are defined as follows.

o Given & = (21,...,2n) €Z", y = (Y1,...,Yn) € Z", p > 0, d is the £,
metric if

n 1/p
d(z,y) = <Z | i — yi |p> :
i=1

Note the special cases: if p = 1 we have the Manhattan metric; if p = 2
we have the Fuclidean metric.

e [11] If (X, k) is a connected digital image, d is the shortest path metric
if for z,y € X, d(x,y) is the length of a shortest x-path in X from x
to y.

We say a metric space (X, d) is uniformly discrete if there exists € > 0 such
that z,y € X and d(x,y) < € implies x = y.

Remarks 2.7. If X is finite or

e [4] d is an ¢, metric, or

e (X, k) is connected and d is the shortest path metric,
then (X, d) is uniformly discrete.

For an example of a digital metric space that is not uniformly discrete, see
Example 2.10 of [6].

We say a sequence {x,,}22  is eventually constant if for some m > 0, n > m
implies x,, = x,,. The notions of convergent sequence and complete digital
metric space are often trivial, e.g., if the digital image is uniformly discrete, as
noted in the following, a minor generalization of results of [16, 10].

Proposition 2.8 ([6]). Let (X,d) be a metric space. If (X,d) is uniformly
discrete, then any Cauchy sequence in X is eventually constant, and (X, d) is
a complete metric space.

3. ITERATIONS OF [1]

The paper [1] is concerned with comparing the rates of convergence of con-
vergent sequences in a digital image, perhaps especially of sequences converging
to a fixed point of a given function. This is a problem of greater theoretical than
practical interest, as in the “real world,” a digital image is finite and, usually,
of small to moderate size. Also, the paper is flawed as we discuss below.

e In Definition 2.5 of [1], a digital metric space (E,u), a function T :
E — E, and a sequence {ay, }22 ), where 0 < «,, < 1 are hypothesized.
Statement (2.2) of this definition calls for

Tnt+1l = fT,ozn (‘rn)
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where nothing appears to define or describe fr . Further, the defini-
tion proceeds with a subdefinition,

€n = W Tni1, [0, (Tn))

where p is a metric, so, by the above, we would have ¢, = 0. It seems
unlikely that this is what the authors intended.

e The assertion of [1] labeled as Theorem 4.1 uses “F(T)” without defi-
nition in its hypothesis. Its usage suggests this is intended to be “Fp”,
defined earlier as the fixed point set of the function 7.

e The argument offered as proof of Theorem 4.1 uses the symbol “§”,
seemingly as a nonnegative real number. As this “proof” proceeds, it
seems that § is required to be in the interval [0,1), but this restriction
is never stated. What appears to be the same “0” appears in the
arguments given as proofs of the assertions labeled Theorem 4.2 and
Theorem 4.3.

e The paper’s assertion labeled as Theorem 4.2 also depends on its Def-
inition 2.5, which, as discussed above, is dubious.

e The paper’s Example 4.4 assumes the function

T(x)=x/243

is defined from X to X, where X is the set of non-negative integers.
Since, e.g., T(1) = 3.5 is non-integral, the formula given for T' does not
belong in a discussion of functions from X to X.

e Example 4.5 is similarly flawed, hypothesizing the function

T(x) =+va?—8x+40

as a function from X to X where X is the set of nonnegative integers.
But, e.g., T(1) = v/33 is not an integer, so the formula given for T' does
not belong in a discussion of functions from X to X.

Perhaps appropriate rewriting can yield valid results out of the assertions
of [1]. However, as written, none of the “Main Results” of this paper can be
regarded as all of well defined, proven, and valid.

4. CONTRACTIVE TYPE MAPPINGS OF [15]

The paper [15] is concerned with fixed point results for self-maps T on digital
images such that T is a 6-contraction (defined below).

We note [15] uses “l-adjacent” for what our Definition 2.1 would call “c, —
adjacent” .

4.1. Improper citations. Improper citations exist in [15]: attributions to [16]
that should be to [13], of the definition of digital metric space and the definition
of a digital contraction map (not to be confused with the “contraction” that is
a digital homotopy between an identity map and a constant map). Since [13]
is a reference in [15], the authors of the latter should have known better.
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4.2. [15]’s Theorem 3.1.

Definition 4.1 ([15]). © = {0 : [0,00) — [0,00) | § is increasing, §(t) < v/t for
t >0, 6(t) =0 if and only if ¢t = 0}.

Definition 4.2 ([15]). Suppose (X, d,?) is a digital metric space, T : X — X,
and 6 € ©. Suppose d(Tz,Ty) < 0(d(x,y)) for all z,y € X. Then T is called
a 0-digital contraction.

The following is Theorem 3.1 of [15].

Theorem 4.3. Suppose (X,d, ) is a digital metric space and T : X — X is a
digital 0-contraction for some 0 € ©. Then T has a unique fixed point.

However, we note important cases for which the previous theorem reduces
to triviality, as a consequence of the following.

Proposition 4.4 ([9]). Let (X,d,k) be a connected digital metric space in
which

e d is the shortest path metric, or
o d is any £, metric and kK = c;.
Then every 0-contraction on (X, d) is a constant map.

4.3. [15)’s Corollary 3.1. Corollary 3.1 of [15] gives a version of the Banach
Contraction Principle (defined below) for digital images. This was previously
shown in [14], which is a reference of [15], so the authors of [15] should have
cited [14].

Further, there are important cases for which the Banach contraction princi-
ple for digital images is a triviality.

Definition 4.5 ([14]). Let (X,d, k) be a digital image. Let 0 < A < 1 and
suppose T : X — X such that for all x € X, d(Tx,Ty) < Ad(z,y). Then T is
a digital contraction map.

The Banach contraction principle for digital images is the following.

Theorem 4.6 ([14, 15]). Let (X,d, k) be a digital image. Let T : X — X be a
digital contraction map. Then T has a unique fixed point.

However, we have the following.

Theorem 4.7. Let T : X — X be a contraction map on a connected digital
image (X,d,r). If Kk = ¢1 and d is an £, metric, or if d is the shortest path
metric, then T is a constant map.

Proof. For the case kK = ¢; and d is an ¢, metric, the assertion was shown
in [10].

Now assume d is the shortest path metric, and let A be as in Definition 4.5.
Let ¢ ¢, y in X. Since d(Tz,Ty) < XA -d(z,y) = A < 1, we must have
d(Tx,Ty) = 0. Thus Tx = Ty, and it follows from the connectedness of (X, k)
that T is constant. O

Thus, for the cases discussed in Theorem 4.7, the Banach contraction prin-
ciple for digital images is a triviality.
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4.4. [15]’s Theorem 3.2. The assertion labeled Theorem 3.2 of [15] is pre-
sented with a proof that contains a major error. The assertion is as follows.

Assertion 4.8. [15] Let (X, d,£) be a digital metric space and T : X — X such
that « # y implies d(Tz, Ty) < p(x,y), where

{ 3 [d(y,Ty)% +d(Txz, Ty) +d(x,y)} , }

14+d(y,Ty)
d(I, T.’L‘) 1+d(’1:lw,’1‘jy)

p(z,y) = max

Then T has unique fixed point.

In order to prove the existence of a fixed point, the authors define an infinite
sequence of points of X via zg € X, xp41 = Tz,. They attempt to show
that if the z,, are all distinct then {d(z,,Zn+1)}02, is a decreasing sequence.
However, a chain of equations and inequalities begins by claiming equality
between d(x,,, T, +1) and d(z,—1, ). There is no obvious reason to accept this
alleged equality, and note if true, it would be counter to the goal of showing a
decreasing sequence. The equation should be

d(xpn, na1) = d(Txp_1,Txy)

which would make the next few lines of the “proof” correct.
However, right side of the inequality

d(xn—la xn)
1
< max {2 [d(l'»,“ anrl) + d(xnfla anrl)]u d(xnfh xn)}

should be

1
max {2[d($n, xn+1) + d(xn7 JU'n+1) + d(l'n—la xn)]; d(xn—la mn)} =

max{[d(zn, Tni1) + %d(xn,h )], d(Tn-1,%n)}

Thus, the argument fails to lead to the desired upper bound of d(z,—_1,z,)
for d(xy, xn41). Therefore, the assertion must be regarded as unproven.

5. [17]’S EXPANSIVE MAPS

D. Jain’s paper [17] is concerned with fixed point results for expansive and
related digital maps.

The following definition is presented without citation in [17]. It should be
attributed to [19].

Definition 5.1. Suppose that (X, d, ) is a complete digital metric space and
S: X — X is amapping. If S satisfies d(S(x), S(y)) > ad(z,y) for all z,y € X
and some « > 1, then S is a digital expansive mapping.
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Remarks 5.2. Tt is easily derived from a discussion in [25] — see also [10] — that
such a function need not be digitally continuous. E.g., consider S(x) = 2z :
Z —7Z witha=15k=c;. f x &, yin X then Sx ¢., Sy.

5.1. [17)’s Theorem 3.2. The following is stated as Theorem 3.2 of [17].

Assertion 5.3. Let (X,d, k) be a digital metric space. Let S be an onto con-
tinuous self map on X such that

d(Sz, Sy) > au(z,y)
where o > 1 and
pu(z,y) = max {d(%y)’

Then S has a fixed point.

d(z,Sz) + d(y, Sy) d(x,Sy) + d(y, Sx) }
2 ’ 2 '

This assertion is “almost” correct, in that Jain’s argument makes use of
unstated hypotheses, namely that
e (X,d, k) is complete; and
e d is a metric (e.g., the Euclidean metric) for which x,, — 2 implies that
for almost all n, x, = x.

It may be that Jain assumed that d is the Euclidean metric ([17] does not
specify d as a particular metric) that satisfies both of these properties. An
example of a metric for a digital image that fails to have these properties is
given in Example 2.9 of [10].

Also, the hypothesis of continuity is unclear; Jain might mean in the classic
€ — 0 sense - Jain’s probable intent, as hinted in the “proof’; or Jain might
mean in the digital sense (which would be incorrect — see Remark 5.2) and
unnecessary. The argument offered in [17] as proof of Assertion 5.3 should also
be corrected as discussed below.

Errors in Jain’s “proof” are

e The inequality “0 > ku(z,y)” at line 6 of page 106 is stated without
justification. It does not clearly follow from what precedes.

e Two lines later, we see the claim that “S is continuous”, which had not
been hypothesized and we will not assume.

Theorem 5.4 below is a correct version of Assertion 5.3, in which we omit the
hypotheses of d being complete and S being continuous. Also, since p(z,y) >
d(z,y), we can substitute the latter for u(zx,y).

Theorem 5.4. Let (X, d, k) be a digital metric space, where d is any £, metric
or the shortest path metric. Let S be an onto self map on X such that

d(Sz, Sy) > ad(z,y)
where o > 1. Then S has a fized point.

Proof. Note our choice of d makes (X, d, k) complete, and d(x,,, zg) — 0 implies
T, = x¢ for almost all n.
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We will modify Jain’s argument as is useful. Jain’s argument starts with
o € X. Since S is onto, there exists ; € S™!(x¢), and, inductively, x, €
S~ Hwp_1).

Jain correctly shows {x,}22, is a Cauchy sequence, although this can be
established much more briefly, as follows.

d(xp—1,zn) = d(Szp, STpi1) > ad(Tp, Tpi)-
So
d(xm $n+m) <d(wp, Tpyr) +-+ d($n+mflv Tpim) <
(1/a)"d(zo, @1) + -+ (1/)" ™ (g, 21) =
(1/a)"d(zo, 1) [L+ (1/a) + -+ (1/a)" '] =00 0.
Hence {x,}52, is a Cauchy sequence.

By Remark 2.7 and Proposition 2.8, there exists € X such that z,, = x for
almost all n. Therefore, for some n, S(x,41) = T = Tpy1, S0 2, € Fix(S). O

We also note the following.

Theorem 5.5. Let (X, k) be a finite digital image of more than one point. For
any metric d, there is no function S that is as described in Theorem 5.4.

Proof. Since X is finite but has more than one point, there exist distinct
xo,x1 € X such that d(zo,z1) = diamg(X). Suppose there exists S as de-
scribed in Theorem 5.4. Then

d(Swo, Sz1) > a - p(wo, v1) > - d(zo, x1) > d(20, 1),
contrary to our choice of zg, 1. The assertion follows. O
5.2. [17)’s Theorem 3.3. The following is stated as Theorem 3.3 of [17].

Assertion 5.6. Let (X, d, k) be a complete digital metric space and let S : X —
X be an onto self map that is continuous. Suppose S satisfies

d(Sz, Sy) > ap

where o > 1 and

= max {d(w,y), d(z, Sz) + d(y, Sy)

2

,d(x, Sy),d(y, Sm)}
then S has a fixed point.

But notice that p is greater than or equal to the expression used for p in
Assertion 5.3. Therefore, we can make the same modifications that we made
to Assertion 5.3, which gives us Theorem 5.4.

6. [18]’s f—) CONTRACTIVE MAPS

The notion of a “B— contractive map” appears to have originated in [27]
using the name “a— contractive map”. [18] uses both “a— contractive map”
and “f— contractive map” for the same notion.
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6.1. Fundamentals of 5—i contractive maps.

Definition 6.1 ([18, 27]). ¥ is the set of functions v : [0,00) — [0, 00) such
that

i) ¢ is nondecreasing, and

ii) there exist kg € N, a € (0,1), and a convergent series of nonnegative
terms >, vk, such that

PEL(E) < apk(t) + 1y
for k > kg and all t € RT.

Note [18] does not define the symbol “R*”; according to [27], it represents
[0, 00).

Lemma 6.2 ([27]). 1 € U implies
(1) Forallt € RT, ¢™(t) =00 0.
(2) ¥(t) <t forallt>0.

(3) ¢ is continuous at 0.
(4) S0 ¥ (t) converges, for allt € RY.

Definition 6.3 ([27]). Let T : X - X, a: X x X — [0,00). We say T is
a-admissible if a(x,y) > 1 implies o(Tx, Ty) > 1.

Definition 6.4. Let (X,d) be a metric space, a: X x X — [0,00), ¢ € U. If
T : X — X such that z,y € X implies

a(z,y)d(Tz, Ty) < ¢(d(z,y))

then T is an a — 9 contractive map.

6.2. [18]’s Theorem 3.3. Theorem 3.3 of [18] states the following.

Let (X,d,p) be a complete digital metric space and let T :
X — X be a § — 1 contractive map such that

(1) T is S-admissible.

(2) There exists xg € X such that B(xo, Tzo) > 1.

(3) T is digitally continuous.

Then T has a fixed point.

The assertion is correct, but, together with its “proof,” is substantially
flawed, as follows.

e We will show below that the assumptions of completeness and conti-
nuity are unnecessary under “usual” conditions.

e There are multiple incorrect references: The reference to “(6)” should
be to “(1)” in the definition of 8 — % contractive map; “Using (5)”
should be “Using (4)”; and “lemma 1.2” should be “Lemma 2.2”.

Thus, we can state the following version of Theorem 3.3 of [18].

Theorem 6.5. Let (X,d,p) be a connected digital metric space, where X is
finite or d is an £, metric or the shortest path metric. LetT : X — X be a
B — 1 contractive map such that
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(1) T is B-admissible.
(2) There ezists xg € X such that B(xg, Txo) > 1.

Then T has a fized point.

Proof. Note our assumptions about (X, d) imply completeness, by Remark 2.7
and Proposition 2.8.

We use much of the argument of [18]. Let 2,41 = Tx, for all n > 0. By
assumption,

B(xo, 1) = Bz, Txo) > 1.

A simple induction, using the fact that 7" is S-admissible, lets us know
B(xn, tnt1) = B(Txp—1,Txy,) > 1 for n > 0.
Then n > 0 implies

d(xnvmrH»l) = d(TxnflaTl'n) < B(xnflaxn) : d(Tmnth‘rn)

§ ¢(d(xn—la xn))

and a simple induction yields
A(@n, Tpt1) < Y™ (d(x0, 21)).

By Lemma 6.2(1), we have d(zy,,ZTpnt1) —nooo 0. By Proposition 2.8, for
almost all n, z, = 211 = T(zy), so x, € Fix(T). O

6.3. [18]’s Theorem 3.5. Despite a reference in the argument offered as proof
of [18)’s Theorem 3.5 to a Theorem 3.4 in the same paper, there is no Theo-
rem 3.4 in [18].

The following is stated as Theorem 3.5 of [18].

Let (X, d, p) be a complete digital metric space. Let T : X — X
be a digital 8 — ¥ contractive map satisfying

(i) T is f-admissible;

(ii) There exists zo € X such that B(xo,Tzo) > 1;

(i) If {z, }52 o C X such that S(zy, zpt1) > 1 for all n and
Ty —n—oo & € X then B(x,,2z) > 1 for almost all n.

Then there exists u € Fix(T).

The authors suggest that the purpose of this assertion is to be a version of
their Theorem 3.3 without the requirement of continuity. We note, however,
that our version of their Theorem 3.3, namely our Theorem 6.5, requires neither
a continuity assumption nor item (iii) of the current assertion.

6.4. [18]’s Examples 3.6 and 3.7. The authors wish to demonstrate uses
of their previous assertions in these examples. However, the metric spaces
considered are not digital images, as they are not subsets of any Z".
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7. [21]’S FIXED POINT ASSERTION FOR PAIRS OF FUNCTIONS

[21] uses W as the symbol for a function, not the set of functions so labeled
n [18]. In [21], ¥ : [0,00) — [0, 00) is continuous, and W(¢) = 0 if and only if
t=0.

The author also assumes a function ¢ : [0,00) — [0,00) that is lower semi-
continuous such that ¥(¢) = 0 if and only if ¢ = 0. It seems likely that the
latter is meant to be ¢(t) = 0 if and only if t = 0.

7.1. “Theorem” 3.1. The following is stated as Theorem 3.1 of [21].

Assertion 7.1. Let (X,d, p) be a complete digital metric space. Let N be a
nonempty closed subset of X. Let P, : N - N, G,H : N — X such that
Q(N) C H(N) and for all z,y € X,

W(A(Pr, Q) > d(de,n(z.9)) + 3 V(dan(wy) + Sldan(r,y) (1)

where

dos s (2, y)) = max{ d(z,y),d(Gz, Hy),d(Gz, Px),d(Hy, Qy), } (72)

3d((Gz,Qy) + (Hy, Px))
and

_ d(z,y),d(Gz, Hy),d(Gz, Pz),d(Hy, Qy),
dP,Q(!L'7y) = max{ Y %d((Gx,yQy) + (Hy, Px)) Y&y } (7.3)

Then {P,G} and {Q, H} have a unique point of coincidence in X. Moreover, if
{P,G} and {Q, H} are self-mappings, then P, Q, G, and H have a unique fixed
point in X.

This assertion has the following deficiencies.

e If d is a “usual” metric, (X,d) is a discrete topological space, so all
subsets of X are closed. Either the requirement of N being closed is
unnecessary, or the author meant something else.

e The statement of the assertion has Q(N) C H(N), but the first line of
the “proof” says Q(N) C G(N) and P(N) C H(N).

e Statements (7.1), (7.2), and (7.3) are expected to be true for all =,y €
X, but if N # X then Pz, Qy are undefined for =,y € X \ N.

e In each of (7.2) and (7.3), it seems likely that “d((Gz, Qy)+(Hy, Px))”
should be “d(Gz,Qy) + d(Hy, Px)”.

e dp g, defined in (7.3), is not mentioned in (7.1).

— It seems that either dp ¢ is intended to be part of (7.1) or else it
should be deleted.

— It appears that correction of the second lines of both (7.2) and (7.3)
would leave dpg(x,y) < dg,u(z,y) for all x,y € X. Therefore,
perhaps dp g is unnecessary.

e What does it mean to say “{P,G} and {Q, H} have a unique point of
coincidence”? This notion is undefined in [21]. Does it mean each pair
has a point of coincidence?
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e It is claimed in the “proof” that
U(Yont1, Yont2) = ¥(Pron, QToni1) <

V(dg,m(v2k, Takt1)) — d(da m(Tak, Tak+1))-
It appears the symbol “d” is missing from the left side of this inequailty.
Further, there is no explanation of this statement, and there is no
obvious derivation of it from (7.1) even after the seemingly appropriate
corrections.

We conclude that whatever this assertion is meant to say, is unproven.

7.2. Example 3.2. Example 3.2 of [21] is meant to illustrate the paper’s “The-
orem” 3.1, discussed above. The example uses X = [4,40], which is not a subset
of any Z" and thus cannot be the set underlying a digital image. Also, H is
undefined for some members of X and multiply defined for others; e.g., H(9)
is undefined, while H(x) is defined both by 17 + x and by 16 for 13 < x < 14.

7.3. Corollary 3.3. The following is stated as Corollary 3.3 of [21]. Despite
being labeled a corollary, the assertion has no clear relation to previous asser-
tions in [21], and, in fact, is false.

Assertion 7.2. Let P and @ be self mappings of a complete digital metric space
(X,d, p) into itself. Suppose P(X) C Q(X). If there exists o € (0,1) and a
positive integer & such that d(P*(x), P*(y)) < ad(Qz,Qy) for all z,y € X,
then P and @ have a unique common fixed point.

To show Assertion 7.2 is false, consider the following.

Example 7.3. Let X =[0,1]z, d(z,y) = |z —y|. Let P(z) =0, Q(z) =1 —=.
Clearly, P(X) C Q(X), and for all z,y € X,

d(P*(z), P'(y)) = 0 < 0.5d(Qz, Qy)
but @ has no fixed point.

8. [22]’S COMMON FIXED POINTS
Theorem 5 of [22] says the following.

Theorem 8.1. Consider two commuting and [sic] self-mappings f and g on a
complete digital metric space (K,d,p) with coefficient a € (0,1) such that f is
continuous, g(K) C f(K), and

d(gx, gy) < ad(fx, fy)  for all x,y € K.

Then f and g have a unique common fixed point in K.

However, this is unoriginal; indeed, stronger results appear in older papers.
Theorem 3.1.4 of [24] shows the assertion above can be part of an “if and only
if” theorem. Theorem 5.3 of [5] improves on Theorem 3.1.4 of [24] by showing
that the hypotheses of completeness and continuity are unnecessary, and the
“commuting” condition can be replaced by a weaker restriction of “weakly
commuting”.
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9. [23]’S FIXED POINT THEOREMS
9.1. [23]’s Theorem 3.1.

Definition 9.1 ([15]). Let © be the set of functions 8 : [0,00) — [0, 00) such
that 6 is increasing, 0(t) < \/(t) for t > 0, and 6(t) = 0 if and only if ¢ = 0.

Theorem 3.1 of [23] states the following.
Theorem 9.2. Let (X,d, 8) be a digital metric space, T : X — X, and 6 € O.
Suppose

d(Tz,Ty) < 0(d(z,y)) for all z,y € X. (9.1

Then T has a unique fized point.

Theorem 9.2 is, some would say, correctly proven in [23]; others would say
that where the argument offered as proof reaches the correct inequality

d(Tni1,7n) < d(Tp, Tn_1)

and claims that this shows z,, € Fix(T') for almost all n, that this conclusion
should be established by an easy but absent argument using (9.1).
We observe important cases for which Theorem 9.2 reduces to triviality.

Proposition 9.3. Let X and T be as in Theorem 9.2. Suppose (X,d,f) is
connected. If d is the shortest path metric, or if 5 = c¢1 and d is any £, metric,
then T 1is a constant function.

Proof. Given x +» y in (X, 8), we have
d(Tw, Ty) < 0(d(z,y)) = (1) < VI =1
so d(Tz,Ty) =0, i.e., Tx = T'y. The assertion follows from connectedness. [

9.2. [23]’s Theorem 3.2. [23] states its “Theorem” 3.2 as another attempt to
obtain what we have called Assertion 4.8. The argument, and its errors, are
similar to those of [15].

Like [15], [23]’s attempt to show {d(zn,Zn+1)} is a decreasing sequence has
a chain of comparisons beginning with an incorrect claim that d(z,, ;1) is
equal to d(zp—1, 2y ), where it should say d(x,, Tpi1) = d(T2p—1,Txy).

As in [15], correcting this error lets us proceed through subsequent lines of
the argument, until we come to the claimed inequality

max % {d(xnvxn+1)% + d<xn7$n+1) + d(xnflvxn)%} ’
d(xn—lwxn)
1
< max {2[d(1'n7 fEn—&-l) + d(xn—lv xn—i—l)]a d(xn—la xn)} )

an error that appeared in the “proof” of [15], discussed above in section 4.4,
correction of which does not lead to the desired conclusion.

10. [26]’s DAsS-GUPTA CONTRACTION

[26] studies a digital version of the Dass-Gupta contraction [12].
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10.1. [26]’s Theorem 3. Theorem 3 of [26], as written, is not correctly proven,
although with a small number of minor changes, a correct result can be ob-
tained. The following is stated as Theorem 3 of [26].

Assertion 10.1. Let (F, ®,v) be a complete digital metric space. Let K : F' —

F be a mapping that satisfies the rational contraction condition

&P (v, Kv)[1 + ®(u, Ku)]
1+ ®(u,v)

where £1,& > 0 and & + & < 1. Then K has a unique fixed point.

O(Ku, Kv) <

+ &P (u,v) for all u,v € F,

The argument offered as proof of Assertion 10.1 in [26] is marred by the

following. For ug € F, the sequence {u, = Ku,_1} and the constant n = 152&

are defined. Then, in the argument for existence of a fixed point:

e The inequality
n

(I)(un»un+k) < 177

D(ug, u
p (uo,u1)

is derived. It is argued that this inequality shows {u,} is a Cauchy
sequence. But this line of reasoning requires < 1, hence & < 1 — &y,
which is not hypothesized.

e It is claimed that K is continuous. This was neither hypothesized nor
proven, and, we show below, is unnecessary.

And in the argument for the uniqueness of a fixed point:
e If y and A are fixed points, “®(u, A) = (K u, K\)” should be “®(u, A) =
O(Kp, KA).
e “0< A< 1” should be “0 < & < 17.
Therefore, as written, Assertion 10.1 is unproven.
We modify Assertion 10.1 and its “proof” to obtain the following.

Theorem 10.2 ([26]). Let (F,®,T") be a digital metric space, and K : FF — F
a mapping satisfying
&P(v, Kv)[1 + ®(u, Ku)]

< .
O(Ku, Kv) < 1+ B (u,0) + &P (u,v) (10.1)
for all u,v € F, where &,& > 0, and
&2
< 1. 10.2

Then K has a unique fized point.

Note the inequality (10.2) does not appear in [26], but seems to be necessary
in the proof.

Proof. We use ideas of [26], with modifications to correct and abbreviate the
argument as are desirable.
Let ug € F, u,, = Ku,,_1 for all n € N.
Then
D(up, tnt1) = P(Kup—1, Kuy) <
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1P (up, Kup)[1 + @(up—1, Kup_1)]
14+ D(up—_1,un)

§1P(un, Unt1)[1 + P(un—1,un)]
1+ D(up—1,un)

§1P(Un; Unt1) + E2P(Un—1,un).

3
1-&
An easy induction allows us to conclude that

D(Up, Upt1) < ( &2 ) D(ug,uq).
1-&
So either w41 = uy, in which case u,, € Fix(K); or, (by (10.2)), {®(un, un+1)}
is a sequence decreasing to 0, S0 u, = u,y1 for n > ng, for some ng € N. Thus
U, € Fix(K).
To show the uniqueness of our fixed point, suppose u, v € Fix(K). By (10.1),
D(u,v) = (Ku, Kv) <0+ &P (u,v).
So ®(u,v) =0, i.e., u=w. O

+ gZCID(Unfla un) =

+ £2¢)(un—1a un) =

Thus
(I)(Una un+1) S

D(up—1,Up).

10.2. [26]’s Example 3.2. This example uses F' = [0, 1], which is not a subset
of Z™ for any n. Thus F is not appropriate for use as a digital image.

11. [28]’S ASSERTIONS WITH RATIONAL INEQUALITIES

The paper [28] claims fixed point results for self maps satisfying certain
rational inequalities on digital images. However, these assertions are not well
defined.

The assertion labeled “Theorem” 3.1 of [28] is as follows.

Assertion 11.1. Let (X, d, k) be a digital metric space. Let S,T be self maps
on X satisfying

d(S(z,y), T(u,v)) < ald(z, u) +d(y,v)] + Bld(z, S(z,y)) + d(u, T(u, v)] +

Ad(, T () + d(u, Sz, y)) + 6 (LSO ) )

[d(z,w)+d(y,w)][d(z,S(z,y)) +d(u,T(u,v))]
+n [ yl+d(m,u)+d?y,v) ] +

c: { d(u, S(x,y) + d(z, T(u, v)) }

T+ d(u, T(u, 0))d(w, (. ) (L)

for all u,v,z,y € X and
2a+p+n)+4(y+¢) +d< 1.

Then S and T have a common fixed point.

Several items are undefined in inequality (11.1):
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e Sand T are supposed to be defined on X, but throughout the inequality
they appear as if defined on X x X.

e The line beginning “y[” is missing a matching “|” — should it come
after the d(u, S(z,y)) term, or perhaps at the end of the line?

e In the same line, the last term has a denominator of 0 when x = u = y.

e Shouldn’t the coefficients «, 8,7, §,n, ¢ have lower bounds (perhaps 0)?

Also, the “proof” of this “theorem” begins with sequences described as fol-
lows: xg,yo are arbitrary members of X. Then

“Tn1 = S(@n,Yn), Yn+1 = T(Yn, Tn), and Tpyo2 = T(Tpt1, Yns1),

Ynt+2 = S(Yn+1, Tnt1) for n € N7
Accordingly, we might have z, 12 = T(Zp+1,Yn+1), Or we might have x40 =
Ti1)+1 = S(Tni1,Yny1). Similarly, y, o appears defined in two ways that
seem incompatible (unless S =T).

We also observe that the “Corollaries” 3.2 through 3.6 of [28] all share one

or more of the flaws discussed above. We conclude that whatever is intended
by each of Assertion 11.1 and its “Corollaries” in [28] is unproven.

12. FURTHER REMARKS

We have discussed several papers that seek to advance fixed point assertions
for digital metric spaces. Many of these assertions are incorrect, incorrectly
proven, or reduce to triviality; consequently, all of these papers should have
been rejected or required to undergo extensive revisions. This reflects badly
not only on the authors, but also on the referees and editors that approved
their publication.
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