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ABSTRACT

The purpose of this paper is to introduce the class of large MR-Kannan
contractions on Banach space that contains the classes of Kannan,
enriched Kannan, large Kannan, MR-Kannan contractions and some
other classes of nonlinear operators. Some examples are presented to
support the concepts introduced herein. We prove the existence of a
unique fixed point for such a class of operators in Banach spaces.
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1. INTRODUCTION

Let (X, d) be a metric space and T : X — X be a self operator. We denote
the set {x € X : T(x) = z} of fixed point of T by F(T'). Solving a fixed point
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problem of an operator T, denote by FFPP(T) is to show that the set F(T) is
nonempty.

In 1922, Banach [7] presented the idea of the Banach fixed point theorem. We
state the Banach fixed point theorem in the context of normed spaces.

Theorem 1.1 ([7]). Let (X,||-]|) be a Banach space and T : X — X be a
Banach contraction, that is an operator satisfying
[Tz =Tyl < 6{[lx —yll}, Vz,yeX, (1.1)
with 0 < 8 < 1. Then, T has a unique fized point.
In 1968, Kannan [18] generalized Theorem 1.1 by presenting the idea of the

Kannan fixed point operator. We state the Kannan fixed point theorem in the
context of normed spaces.

Theorem 1.2 ([18]). Let (X,||||) be a Banach space and T : X — X be a
Kannan contraction, that is an operator satisfying

|72 — Tyl < Mz — Tl + |y — Tyll}, ¥ay € X, (1.2)
with 0 <\ < % Then, T has a unique fized point.

We present the following example that satisfies the Kannan contraction but
not the Banach contraction.

Example 1.3. Let X =R and T : X — X be an operator defined by

0 if x <2,
T“”_{ 1oifz>2

Now, we can easily prove that for \ = i, it satisfies (1.2) such that

1
| Tz — Ty| < Z{\x —Tx|+ |y —Tyl}, Va,y €R.

Clearly, T is discontinuous at * = 2. Thus, T does not satisfy the Banach
contraction.

Now, we present the following example that satisfies the Banach contraction
but not the Kannan contraction.

Example 1.4. Let X =[0,1] and T : X — X be an operator defined by

Tx:g, Vr € X.

Indeed, let T be a Banach contraction, then for § = %, it satisfies (1.1) such
that

1
|TJ} - Ty‘ = §{|1‘ - y|}7 Vl’,y € X.

If T would be a Kannan contraction, then by (1.2) there exist 0 < A < % such
that

1 1
§\I*y|§§A{ lz| + |y }, Va,y € X, (1.3)

which does not satisfy for any 0 < A < % on taking x =0 and y = 1.
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These examples show that Banach contractions and Kannan contractions
are independent of each other, but the following result concludes that Banach
contractions are Kannan contractions under some specific condition.

Lemma 1.5 ([15]). Every Banach contraction with 0 < 6 < % is a Kannan
contraction.

Proof. We can refer the reader to the proof of Lemma 1 of ([15]) that leads to
a conclusion. 0

Many mathematicians have generalized the Kannan results, as detailed in
the cited references ([4, 9, 17, 19, 21, 20, 22, 25]). One of the interesting
generalization of the Kannan result was given by Dehici et al. ([15]).

In 2019, Dehici et al. [15] generalized Theorem 1.2 by presenting the idea of
large Kannan contraction.
The main result of [15] in the context of normed spaces is stated as follows:

Theorem 1.6 ([15]). Let (X,||||) be a Banach space and T : X — X be a
large Kannan contraction, that is an operator satisfying
[Tz = Ty|| < [lz —yll, Va,y€X,
with © # y and for every e > 0, there exist § < % such that
[zyeX, [lz—y|2€d =
1Tz — Tyl < 6{ |l = Tx| + lly — Tyl }-

Then, T has a unique fized point.

(1.4)

Every Kannan contraction is a large Kannan contraction, but converse is
not true as it follows from Example 4 of ([15]).
In 2020, Berinde and Pacurar [11] generalized Theorem 1.6 by presenting the
idea of enriched Banach contraction.
The main result of [11] is stated as follows:

Theorem 1.7 ([11]). Let (X, ||]|) be a Banach space and T : X — X be a
(b, 0)-enriched Banach contraction, that is an operator satisfying

[b(z —y) + T — Ty|| < 0{||lz — yll}, Yo,y € X, (1.5)
with 0 < b < 400 and 0 <0 <b+ 1. Then, T has a unique fized point.

In 2020, Berinde and Pacurar [10] generalized Theorem 1.7 by presenting
the idea of enriched Kannan contraction.
The main result of [10] is stated as follows:

Theorem 1.8. [10] Let (X, ||-|]) be a Banach space and T : X — X be a
(a,b)-enriched Kannan contraction, that is an operator satisfying

1b(z —y) + Tx = Ty| < a{lle =Tzl +[ly = Tyl}, Ve,yeX,  (1.6)
with 0 < b < 400 and 0 < a < % Then, T has a unique fized point.

For more results in this direction, we refer ([3, 5, 1, 2, 10, 12, 13, 16] and
references therein).
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Now, we impose the following question:
Question: Under which condition does an (b, §)-enriched Banach contraction
become an (a, b)-enriched Kannan contraction?

In 2023, Anjum et al. [6] generalized Theorem 1.8 by presenting the idea of
(1, a)-MR-Kannan type contraction.
Before presenting the main result of MR Kannan type contraction, we need the
following result from ([6]):
Let

C={v: X >R:¢(x)#—-1,Vz € X}.

The main Theorem of [6] is stated as follows.

Theorem 1.9 ([6]). Let (X,||-||) be a Banach space and T : X — X be a
(¥, a)-MR Kannan type contraction, that is an operator satisfying

ap(z) +Tx yv(y) + Ty 1 1
T+y(z)  1+9(y) ‘ Sa(‘l—i—’(/}(x) HW’H?J(?@;!),

forallz,y € X, with 0 <a < % and 1 € (. Then, T has a unique fixed point.

Remark 1.10.

(i) If ¢(x) = 0, for all z € X in contractive condition (1.7), we obtain Theorem
1.2.

(ii) If ¥(x) = b > 0, for all € X in contractive condition (1.7), we obtain
Theorem 1.8.

| — Txf|+

The aim of this paper is manifold. Firstly, we define the new class of operator
called large MR-Kannan contraction, which includes the Kannan, Enriched
Kannan, Large Kannan, and MR Kannan contractions. Secondly, we prove
the existence of a unique fixed point for such a class of operators. Thirdly, we
generalized the main result by introducing the class of some real-valued control
functions and the existence of a unique fixed point for this class of operators.
Finally, the existence of a unique fixed point for such a class of operators in
the non-necessarily continuous sense.

2. MAIN RESULT

To answer the above question, we start this section with the following lemma:

Lemma 2.1. Every (b, 0)-enriched Banach contraction with 0 < 6§ < bigl s an

(a,b)-enriched Kannan contraction.

Proof. Tt follows from ([14]) that for A = b_%l, the (b, 0)-enriched Banach con-

traction (1.5) is equivalent to following Banach contraction:
[Tz —Tayll < clle —yll, Va,y € X, (2.1)

where A = c. Since 0 < 6 < 2EL, then ¢ € [0,1/3).
Also, it follows from ([10]) that for A = 325, (a, b)-enriched Kannan contraction
(1.6) is equivalent to following Kannan Contraction:

ITxe = Tayll < af o — Toall + [ly — Toyll }- (2.2)
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where a € [0, 1).
Hence the conclusion follows from Lemma (1.5). O

2.1. Large MR-Kannan Contractions.
Let us begin with the definition that follows.

Definition 2.2. Let (X, ||-]|) be a linear normed space and T : X — X be a
large (1, d)-MR Kannan contraction satifying

wp(@)+T P(y)+T
e e < e —ul vewex,

where ¢ € ¢, with z # y and for every € > 0, there exists § < 5 L such that
[zyeX, |z—yll== }

zp(x)+Tz _ ydb(y)+Ty
o) 1+w@)“55{

Now, we present the following example that satisfies the large (¢, a)-MR
Kannan contraction but not Kannan, Large Kannan, (a,b)-enriched Kannan
and (¢, a)-MR Kannan contractions.

z—Tx
1+ z)

+ H 1+w(u)
(2.3)

Example 2.3. Let X = R and an operator T : X — X be defined by
—z3 + 25

T@) ==

(i) If T would be a large Kannan contraction, then from contractive condition
(1.4), we have

, VzeX.

—2%+2° -y +y°
1+x4 1+y
for every € > 0, there exist § < 3 1 such that

[rye X, |z —y| > ¢ =
3,5 _.3..5 _.3,.5 _.3..5
’ o4z =y +y ‘S(g{’m F o +‘y* f—k;‘% ’}’

1+x4 1+y* 1+x?

which is equivalent to the form

_ 3+ 5 _ 3+

’ erxf - iy+yy ‘< |l‘—y|

for every € > 0, there exist § < 3 L such that

[z,y e X, \a:—y|>e] (2.4)
T o s Vi i ta® y+y®

’ TFot~ — 17yt ‘ < 5{ Trot| T ‘W :

On taking = 2 and y = 0, this leads to the conclusion that it does not satisfy
(2.4) for any § < 1.

(ii) If T would be an (a, b)-enriched Kannan contraction, then contractive con-
dition (1.6) becomes
< a{ } (2.5)
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On taking = 2 and y = 0, contractive condition (2.5) reduces to
|—34b + 24| < 10a, (2.6)

this leads to the conclusion that it does not satisfy (2.6) for any 0 < a < % and
0<b< +o0.

(iii) If T would be a Kannan contraction, then contractive condition (1.2)

reduces to
< )\{ } (2.7)

On taking x = 2 and y = 0, this leads to the conclusion that it does not satisfy
(2.7) for any 0 < A < 1.

m+x3
14 o4

B SR B Y-

14 24 1444

y+y°
L+y?

(iv) On the other hand, T is a large MR-Kannan contraction. Indeed, sup-

pose that for ¢(x) = ljr—x;, for all z € X and clearly, 9 € (.
We have

)

gt e —yt —yB P
rp(e)+Ta  yo(y) +Ty| x(+) i ( ¥t ) ) y(+) i ( !
1+ T/J(x) 1+ u)(y) —axt —y
L+ | oo L+ (o
<z5z3+x5> <y5y3+y5)
1+x4 1+y4
(1+x4_x4> B <1+y4y4)
1+z4 1+y4

- s =

= |z —y|[2* +y* + |
< (|| + [y]) |[#* + y* + 2y

, (2.8)

if we take x > 0, then |z| = 2 <z + 2% = 2 — (—23) = |z — Tyz| and the set
defined by

|~

1
W= {(;z:,y) € [71,1]2 : |x2 + 2 +xy} + 3 |z fy|2 <
then, (2.8) becomes

2
1—|z -y
2

3

Tyz — Tyl < (|lz — Tyx| + |y — Toyl) ‘

for some € > 0, if we have |x — y| > ¢, for all z,y € w, then

1—é€?
2

Ty - Toy| < (e — Tye| +Jy - T¢y|>\
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which is equivalent to the form as
z—Tx

S0 e (el g

1+9(x)  1+3(2)
this leads to the conclusion that for §(e) = 1562, (2.9) satifies that T is a large
MR-Kannan contraction.

For this ¢, T does not satisfy a (¢, a)-MR Kannan contraction and contractive
condition (1.7) reduces to

|2° — | < af|z+ 2% + |y +°|}- (2.10)
On taking z = 2 and y = 0, this leads to the conclusion that it does not satisfy
(2.10) for any 0 < a < 3.

From the conclusion of the above example, we can draw the following dia-
gram:

Kannan contraction

Enriched Kannan contraction Large Kannan contraction

MR Kannan contraction Large MR Kannan contraction

Before proceeding with the proof of the large (1, §)-MR Kannan contraction,
we discuss the following results from ([6]):
Let

B=¢: X >R:¢(zx) #0, Vz e X,
An operator Ty : X — X is defined by where ¢ € .

Lemma 2.4 ([6]). Let Ty : X — X be a generalized averaged operator defined
by

Ty =(1—-¢(x))r+ ¢(x)Tz, VrelX,
has a property that F(T) = F(Ty), where ¢ € . We would like to direct the
reader’s attention to the fact that the term generalized averaged operator refers
to a specific type of admissible perturbations [23, 26]. It is worth noting that the
class of generalized averaged operators includes the class of averaged operators

(a term coined in [8]). This is demonstrated by considering A € (0,1) and
defining ¢p(x = X for all x € X.

We start with the following result.

Theorem 2.5. Let (6, |||) be a Banach space and T : X — X be a large
(1, 90)-MR Kannan contraction. Then, T has a unique fized point.
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Proof. Let ¢(x) = W, for all z € X and ¢ € 8. Then, from the contraction

condition (2.3), we have

e N e

(z = Tz)|)
+ (lo(y)
(y—Ty)ll)
(1= ¢(x)x + ¢(x)Ta (1 -9y + o) Ty
Jon E=2tlet R B
(z = Tz)|)
+ (llo(y)
(y —Ty)ll)-
This can be expressed in the following equivalent form:
ITye — Tyyll < allz — Tyall + ly - Toyll, Vaye X, (211)

if an integer m > 1 such that Tj'zo = Tg‘+1x0, for all zg € X, then T¢(T(;”xo) =
Tyx(].

Now, suppose that Tjzo # Tg“xo for n > 1. As Ty is a large (¢,9)-MR
Kannan contraction, then

HT;hLll‘o — Tg.’ﬂoH < HTJ;LEO — Tgila?oH <. < ||T¢.”L'() — LU()H .

This shows that 7, = HTQ’]HIO = Txo
limy, 400 =y > 0. if we take v > 0, then for every n > 1, we have

is a strictly decreasing sequence. Thus,

HT(;LHxO — TngH > .
As a result, for § < 3 we have
HT(;H_le - Tg+2x0H - HTng - T;;“xOH
é 1) |: HT(;L.’EO — Tg+1$0H + HT£+1$0 — Tg+2$0H :| .
It concludes that

(1= 0) || 75 a0 — T30 | < 6| T — T3 |
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so, we have

HT;szO B T$+2x0 H

IN

1)
g T - 1

5 2
< (125 w1100

5 n
< (125) I~ 720

5 n+1
As § < %, we deduce that k = 1‘%5. Consequently, it follows from (2.12) that
lim ‘T;;azo - T;;“xOH —0, (2.13)

n—-+oo

that is a contradiction. Therefore, v = 0. Now, we have to prove that {x,}
defined by z, = Tjwo is a Cauchy sequence. On the contrary, suppose that
{zn} is not a Cauchy sequence. Hence, for € > 0 and subsequences of integers
(Nk), (ng), (mg) such that

N — +00,myg > ng > N, (214)

and
€ < ||Tmk — Tnkl| - (2.15)

As Ty is a large (¢,0)-MR Kannan operator, by utilizing (2.15), for § < % we
have

€ < [|zmr — Tnkll = | Topzmr—1 — TpTnk-1]l <6 [ |Zmr—1 — Tme| +
||$nk71 - (EnkH } .

Taking k — 400, from (2.13), we have

lm || @mg—1 — Tkl = Um ||@pk—1 — Znkl] = 0.
k——+oo k—+oo
Thus, im0 ||Zmk — Znk|| = 0, which contradicts our assumption. Hence,

{zn} is a Cauchy sequence. Because X is a Banach space, then lim,,_, { oo @, =
limy, 400 Tyxo = [, for all [ € X. Since Ty is continuous. Thus, [ is a fixed
point of Tj.

On the contrary, suppose that I is another fixed point of T, and I # l. Then,
for g > 0 we have [ — 1 > €y. As Ty is a large (¢, d)-MR Kannan operator,
there exist §p < % such that

=)= [z - 7] < 6o = i + o = ) ||
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Hence, we obtain Hl — Z/H = 0, it contradicts our assumption. So, we have
1=1. 0
We deduce a Theorem 1.6 as a corollary from Theorem 2.5.

Corollary 2.6. Let T be a large Kannan contaction. Then, T has a unique
fixed point.

Proof. If we take ¢(z) = 0, for all z € X in the contraction condition (2.3),
then it reduces to Theorem 1.6. Consequently, the result follows from Theorem
2.5. O

It follows from Rakotch ([24]) that the set
{f:(0,400) = [0,0.5), f(tp) = 0.5 = t, = 0(n — +00)}

is represented by [].
We can now prove the generalised version of Theorem 2.5, stated as follows:

Theorem 2.7. Let T : X — X be a large (3, )-MR Kannan contraction, that
is an operator satisfying

< Hx_yHa anyeX

zP(x)+Tz yw(y)JrTy’

1+9(z) 1+1(y)
with © # vy, and if for all € > 0, there exists fe € [] such that
wyeX, o—y|>d= (2.16)
zp(x)+Tz  yd(y)+Ty z—Tx y=Ty
G e || < el - yll){ 9@ || T H +5) ”

Then T has a unique fized point.
Proof. Tt follows from Theorem 2.5 that we have
[Tox — Toyll < alle — Tyx|| + |ly — Toyll, Va,ycX. (2.17)

if an integer my > 1 such that T(;noxo = T(;"(’on, for all zg € X, then
T¢(T$O$0) = T;”"xo.

Now, suppose that TJzo # Tgﬂxo for n > 1.1. The sequence {z,} defined by
xp, =TFxo

[n — Znsn|| = HTgxo . T;onH < HTng . T;’*leH = |l&nor — 2 -

This shows that 7, = ||z, — zn41|| is a strictly decreasing sequence. Thus,
limy, 400 M = v > 0. if we take v > 0, there exist f, € [[, we have

o = @asall = |[Two = T3+ a0 | < £ (l2n-s = 2al)lllwn = 2nss|+lan-1 = 2l
Consequently, we obtain

20 — Tna|
lTn — Tppall + |01 — 24|

< f7(||xn,1 - xn”) <

N =
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Taking n — 400, we have

|l — Tnia]] Y 1 1
= — == <|Tph_1 —Tp|l < = 2.18
[0 @t [+ oumr —wal] 27 2 = oot = el <ge (249)

that is a contradiction. Therefore, v = 0. Now, we have to prove that {x,}
defined by z, = TJzg is a Cauchy sequence.

On the contrary, suppose that {z,} is not a Cauchy sequence. Hence, for ¢ > 0
and subsequences of integers (Ny), (ng), (my) such that

N — +00,my > ng > N, (219)

and
€ < [@mk — Tnkll = 1Tozmr—1 — ToTnr—1]| (2:20)

Hence, k-1 # Tnk—1. From our assumption and the relation (2.20), for
fe € I we have

€0 < ||Znk — Zmk|l = (| To2nk—1 — TpZmi—1]|

S fe(”xnkfl - xmkrle)[Hxnkfl - xnk)” + ||xmk:71 - xmk”]
1
S i[Hxnk—l - xnk” + mek—l - xmkH]
Taking k — +o0, we have

€0 S lim Hxnk - xmk‘” = 0,
k—-+4o00

which contradicts our assumption. Hence, {z,,} is a Cauchy sequence. Because
X is a Banach space, then lim,,_, o, x,, = 2¢, for all z5 € X.

Now, we have to prove that zg is a fixed point for 7. By triangular inequality
for an integer n > 1, we have

120 = Ty o0l < [|20 = Tnt1ll + ([T 20 — Tnal
= llz0 — znsall + HT¢Z0 - T¢'rn|| .

let x, # zp. so, we have

20 = Ty 20l < [[20 = Tns1ll + [ Ts20 — Tnal]

1
< llzo = @ntal + (120 = @ngall + llz0 = Tozol))-
consequently, we obtain
1 1
0= 5 llzo = Tozoll < llzo = znrall + 5 llzn = 2l

Taking n — 400, we get

1 . 1 ..

0= llzo = Tozoll < lim llzo = @niall + 5 Hm lzn = znsa]l = 0.

Thus, 2 is a fixed point for Ty.
On the contrary, suppose that z; is another fixed point of Ty and z9 # 2.
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Then, for € = ||zg — 21|, there exist f: € [0, ) such that

€
0< 5 <llzo =zl = 1Toz0 — Tyl < F5 (120 — z1l) (120 = Tooll + [l21 = Tp2ul])
1
< 5(llz0 = Tozoll + [l21 = Tp2ul) = 0.
It contradicts our assumption. So, we have zy = 2. ]

Definition 2.8. Let (X, ||-||) be a linear normed space and T : X — X be
asymptotically regular, that is an operator satisfying

lim |77z — 7" z|| = 0. (2.21)

n—-+o0o

for all z € X.
The set
{f:(0,4+00) = [0,1), f(tn) —» 1=1t, = 0(n = +00)}

is represented by [].
wp(@)+Tr _ yh(y)+Ty

1+(x) 1+ (y)
for all z,y € X, with  # y, and replace it by T is continuos and asymptotically
regular.

Now, we can drop the contractive condition

< [lz = yll,

We can now prove the generalised version of Theorem 2.5, stated as follows:

Theorem 2.9. Let T : X — X be a large (1,9)-MR Kannan contraction and
T be a continuous and asymptotically regular, that is an operator satsisfying

, ” (2.22)

y—T
+ H 1+4(y)

for all e > 0 there exists f. € [| such that
[zyeX, |lz—ylzed=

zP(x)+Tz  yp(y)+Ty < fe(”x _ y”){ z—Tz

1+ (x)

1+¢ () 1+ (y)

Then T has a unique fized point.
Proof. Tt follows from Theorem 2.5 that we have
|Tya = Toyll < allz = Toal + ly—Toyll, Ya,yeX.  (223)

if an integer mg > 1 such that Tfozo = T(;n0+1$0, for all o € X, then
T¢(Td7)no$0) = T;nol‘o.

Now, suppose that Tz # T$+1xo for n > 1. We have to prove that {z,}
defined by z,, = T}jx¢ is a Cauchy sequence.

On the contrary, suppose that {x, } is not a Cauchy sequence. Hence, for € > 0

and subsequences of integers (Ny), (ng), (my) such that

N — +00, MK > N > N, and mek — xnk” > €. (224)
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Hence, by triangular inequality and our assumption, we have
lZme — Zokl| < |Tme — Tmkt1 || + [|[Tmkt1 — Tnkt1 || + | ZTne+1 — okl
< mek - xmk+1|| + feo(Hxnk - xmk‘”)wxnk - mnk+1|| +
||xmk - xmk-{-l”] + ||~73nk+1 - xnk“ ,
where f., € [[. Eventually,
1 = feoUlzmr — zakD] |Zme — Takll < |Tme — okl
<[+ feo([wme — znk )]

(Hxnk‘ - xnk-i-lH + | Zmr — wmk-i-lH)-

Dividing right side by
[1 = feo(lzmr = Tnk DI([2nk = Tpkarll + l2me — Trmrsal]),
As, ||Tmrk — Tnkl| > €0, we have
€0 ||$mk — J73nk||
Znk — Toks1ll + |2me — Tmk41ll = 2ok — Tokta | + |2me — Tmpta |

L+ feo (|Tmp — nill)
L — feo(|zmrk — Tnkll)

Taking k — +o00, we have
1+ feo (l2mp — znkll)

lim = +00.
k=00 L — feo ([Tmr — Tnkl)
Hence,
lim  sup fe,(|Zm — al]) = 1. (2

n,m——4o0o

As fe, € 1, we concluded that

i (= 2al) =0,

25)

it contradicts our assumption. Hence, {x,} is a Cauchy sequence. Because X is
. / / . . .
a Banach space, then lim,,_, o =, = %, for all z; € X. Since Ty is continuous.

Thus, z(/J is a fixed point of Tj.
On the contrary, suppose that zll is another fixed point of Ty and 2,1 #*

Then, for ||z, — zéH = €1 > 5, there exist fe € [] such that

€1
[y e X, o—yl>5]=

lz =yl < follz =yl lllz = Tl + lly = Tyll].
Thus, it concludes that

A

. . ! ’
It contradicts our assumption. So, we have 2z, = z;.

’ ’
21— %o

z;—TzllH—l— HzIO—Tz(;M,
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2.2. Large MR-Kannan Contractions in the Non (Necessarily) con-
tinuos Sense.
Let us begin with the following definition.

Definition 2.10. Let (X, |-||) be a linear normed space and 7' : X — X be a
large (1,6)-MR Kannan contraction (in the non-necessarily continuous sense),
zY(@)+Te _ yp(y)+Ty

that is an operator satisfying
1
o) o) || < ( E=ey ‘* H1+w<y H)

for all z,y € X, with z # y, and if for all € > 0, there exists § < % such that
[zyeX, |z-yll=d= }

zY(@)+Te  yp(y)+Ty
o ) H = 5{
Theorem 2.11. Let T be a large (¢, 6)-MR Kannan contraction (in the non-
necessarily continuous sense). Then, F(T) is a singleton set.

z—Tx
1+(x)

y—Ty
+ H 1+4(y)

(2.26)

Proof. Tt follows from Theorem 2.5 that we have
ITyw = Toyll < alle = Tyall + ly— Toull, ¥ayeX.  (227)
Uniqueness of fixed point: On the contrary, suppose that zg,x; € X with
To # x1. So,
1
0 < flzo — @1l = 1 Tozo — Toaa|| < 520 = Tpnizol| + llz1 = Tpzal]),

it contradicts our assumption. So, zg = x7.

Existance of fixed point: if an integer m > 1 such that Tgbmo =
for all g € X, then T¢(T;”xo) =T} xo.

Now, suppose that z,, = TJxzo # Tg+1x0 = 2Tpt1 for n > 1.1, As Ty is a large
(1, §)-MR, Kannan contraction, then

T$+1$0,

lon = @nall = | 6T w0 = ToTgo|| < 5 (HT” Lo — Tyao||+|| Toao - T3 2 H)

1
= 5 [Zn-1 = Znll + |77 — Tni1]]
This shows that €, = |z,—1 — 2, is a strictly decreasing sequence. Thus,
limy, 400 ||xn - xn—&-l” =€ > 0.
As, €, = ||z, — xnt1| is a decreasing sequence. So, for all n > 1 we have

€0 < ||zn — Zn1]. Assuming that ey > 0 for 0 < o < 3, we have
||{,Cn — {L‘n+1|| = HT¢T” 1{£0 — T¢T¢ {E()H < = (HTn 11’0 — T¢ on-l-HTd) xro — T m+1 H)

So([Tn—1 = znll + |20 — zpyall),
it concludes

|27 — xn+1|| = Hxn 1= an

1—
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Inductively, we deduce that

do "
llzn — xn-&-lH < 1—34, Hxn—l — Znll,
do

where $25- = ¢ < 1. Hence, it concludes that limy, s 1oo(C)n = 0= ||2n — Tpta| =
0, it contradicts our assumption. Thus, ¢y = 0.

Now, we have to prove that {z, } defined by z,, = Tjxzo is a Cauchy sequence.
On the contrary, suppose that {z,} is not a Cauchy sequence. Hence, for
ap > 0 and subsequences of integers (Ng), (nk), (my) such that

Ny — 4oo,mi, > ng > N, and  ||Zmk — Znk|| > oo, (2.28)
leading to the conclusion that k1 # Tnk_1.
From the decreasing sequence €, = ||TpZnt—1 — TpZmi—1]| and our assumption,
we have
ao < || Zmk — Tok|l = |TeTmr—1 — TopTnr—1]|

1
S §(||znk—1 - xnk” + ||xmk—1 - xmk”)
< ||$nk—1 - xnk” .
By taking limg_, 4, it concludes that

ap < lm ||@me — Tnkl] < lm ||2pk — Zpk—1]| =0,
k—4o00 k— 400

it contradicts our assumption. Thus, {z,} is a Cauchy sequence.
Because X is a Banach space, then lim,,_, ; oo ,, = 2z9. By triangular inequality
for an integer n > 1, we have

20 = Ty 20| < [l20 = Tns1ll + [[2n41 — Ty 2ol -

|zn+1 — 20/l + [ Tpxn — Tipzol| -
Taking z,, # zg, we have

20 = Tozoll < 1120 — @nsall + 1 Ts20 — g
1

< 120 = 2l + 5 (|20 = 2nall + ll20 = Tozol))-

Equivalently
1 1
0= 5 ll20 = Tzoll) < ll20 = Znsall) + 5 llon = @nsall)
Taking z,, # zg, we have
1 1
0= 5 llz0 = Tozoll) < llzo = 2nsall) + 5 llon = 2nsal)) = 0.

Thus, Tyzo = 2. It completes our proof. O
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