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A B S T R A C T   

The interaction of the reinforcing bars and the surrounding concrete plays an important role in structural con-
crete as it is decisive for the reinforcing bar anchorage and the load-deformation behaviour, including stiffness 
and deformation capacity. Therefore, understanding this interaction – commonly known as bond – is highly 
relevant to a safe and efficient structural concrete design. Bond depends on many parameters, which affect the 
local reinforcing bar-concrete interface as well as the global load transfer between the reinforcing bars and the 
surrounding concrete. The latter governs the formation of transverse and longitudinal cracks and the activation 
of transverse confinement, which are as decisive for bond as the local interface characteristics. Nonetheless, most 
bond models and code provisions focus on the local interface and merely account for the global configuration by 
means of empirically calibrated factors accounting, e.g. for good or bad bond conditions in confined or un-
confined situations, respectively. 

This study investigates the potential of stress fields for modelling bond based on the lower-bound theorem of 
plasticity theory. Stress fields facilitate the investigation of the local interface and the global load transfer 
consistently in one model, providing valuable insight into the flow of forces. For simplicity, the fundamental case 
of a concrete tie reinforced with one deformed steel bar is studied in this paper, superimposing axisymmetric 
discontinuous stress fields originating at each reinforcing bar rib. Each stress field consists of a triaxial nodal zone 
adjacent to a rib and a conical compression field that spreads the bond force radially, and is equilibrated along its 
outer perimeter by axial tensile stresses and confining hoops. The model relies on geometric parameters and basic 
material properties. The validation against experiments on reinforced concrete ties shows a good correlation 
between the predicted and observed bond strength and the crack spacing. The predictions can be improved by 
assigning stiffnesses to the stress field components and requiring interface compatibility, i.e. ensuring contact 
between the concrete and the reinforcing bar at every rib. Even when assuming a simplified, linearly elastic 
constitutive behaviour for concrete, the consideration of interface compatibility allows for reproducing the steel 
strain dependency of the local and average bond stresses and the occurrence and impact of splitting cracks.   

1. Introduction 

The reliable prediction of bond is essential to the efficient and safe 
design of reinforced concrete (RC) members as it is highly relevant not 
only for serviceability, by governing the cracked member behaviour and 
thus its stiffness, but also for the ultimate limit state, by influencing 
reinforcement anchorage and the member deformation capacity. A 
broad consensus exists upon the main bond mechanisms in RC members 
subjected to uniaxial tension. However, the development of generally 
applicable, mechanically sound models is hindered by the complex 
interaction of numerous influencing factors which affect the local rein-
forcing bar-concrete interfacial behaviour and the load transfer in the 
surrounding concrete. The local interface behaviour is governed by the 

interface characteristics, i.e. the diameter, rib pattern and deformations 
of the reinforcing bars, including their axial strains and relative 
displacement with respect to the concrete (referred to as bond slip) and 
the concrete strength. However, it is also strongly affected by the 
transverse confinement and the formation of transverse and longitudinal 
cracks. These effects depend on the global configuration of the member, 
which is characterised by the reinforcement ratio, the reinforcing bar 
spacing, the concrete cover thickness, transverse reinforcement if pre-
sent, and the concrete strength, and governs the load transfer to the 
surrounding concrete. Hence, the global configuration is as decisive for 
the load transfer between reinforcing bars and concrete as the local 
interface characteristics. 

Nonetheless, existing bond models and modern design codes [1–3] 
typically focus on the local force transfer between reinforcing bars and 
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the surrounding concrete at their interface. This highly complex force 
transfer is commonly modelled using nominal bond shear stresses uni-
formly distributed around the bar perimeter and varying along the bar 
axis as a function of either the nominal slip between concrete and steel 
or the steel stresses [1,4]. This crude idealisation cannot provide a 
mechanical understanding of the local interface behaviour, but it is 
commonly used to analyse the load-deformation behaviour by solving 
the differential equation of bond (derived by Kuuskoski [5] and first 
solved by Rehm [6]), which presumes that the nominal bond shear 
stress-slip relationship is known and unique. However, as outlined 
above, this assumption is strictly speaking mechanically ill-founded, as 
the behaviour depends as much on the global member configuration as 
the local interface characteristics. In fact, it has been experimentally 
shown that the bond shear stress-slip relationship varies considerably 
even along the short embedded length in standardised pull-out tests 
[7,8], and that – while it indeed strongly depends on the characteristics 
of the local interface (e.g. rib geometry [9–11]) – the relationship is 
strongly affected by the global member configuration, where longitu-
dinal splitting cracks have been found to be particularly detrimental for 
bond [12]. 

Moreover, bond shear stress-slip relationships are conventionally 
determined from pull-out tests based on averaged global measurements 
(i.e. applied load and nominal slip at the passive bar end), despite that 
such tests – generating axial compression in the concrete surrounding 
the reinforcing bar – are not representative of typical reinforced con-
crete members, where bond causes axial tensile stresses in the concrete 
between the cracks. This lacuna can be traced back to the difficulty in 
measuring the local interface behaviour. It can be mitigated by carrying 
out experiments on more representative specimens, such as RC ties and 
measuring local steel strains. First such tests were carried out more than 
a century ago, providing small cavities in the concrete cover to enable 
access to the reinforcing bars and track the steel deformations [13–15]. 
Later on, steel strains were measured by means of strain gauges glued 
onto and inside reinforcing bars [16–19], where the latter method 
minimises the bias of the interface but is extremely laborious and 
expensive. Today, such measurements can be carried out efficiently 

using state-of-the-art distributed fibre optical sensing (DFOS) on rein-
forcing bars [20–26]. Nonetheless, the bond shear stress-slip relation-
ships obtained from such measurements are only representative of 
situations similar to the underlying experiments. While other configu-
rations can be taken into account by semi-empirically calibrating the 
bond stresses and the bond stress-slip relationships, such approaches do 
not provide detailed mechanical insight into the force transfer, neither 
locally at the interface nor globally to the surrounding concrete. 

Nonlinear finite element analyses (NLFEA) have also been used to 
study bond by modelling the reinforcing bar, the surrounding concrete 
member and their interface. The behaviour of the interface can be 
modelled, e.g. by using nominal bond shear stresses as outlined above 
[27], or included in the proper NLFEA in more detailed investigations 
modelling the actual rib geometry or including interface elements 
[28,29]. If the input parameters are suitably chosen – typically cali-
brated on experiments – such analyses yield realistic predictions of the 
load-deformation behaviour for a specific case under consideration 
[30–32]. However, parametric studies are required to gain insight into 
the governing parameters and their effect, which is computationally 
expensive and questionable if the configuration differs from the one 
used to calibrate the input parameters. For these reasons, implementing 
such detailed bond models in NLFEA of entire structures is hardly ever 
expedient. In these cases, modifying the stress–strain relationship of the 
reinforcement to account for the relevant effect of bond on a structural 
level – i.e. tension stiffening – is computationally much more efficient 
than modelling the interface [33,34]. 

Stress field models – either simple strut-and-tie models or more 
refined discontinuous stress fields – are very useful for understanding 
the force transfer from the local reinforcing bar-concrete interface to the 
surrounding concrete. Conceptual strut-and-tie models consisting of 
conical struts and tension hoops (rings), and wedge-shaped nodal zones 
at the ribs of deformed reinforcing bars were proposed many decades 
ago [35] to explain the mechanical bond behaviour. These models allow 
identifying the relevant parameters and, if combined with suitably 
calibrated strength criteria for the tensile hoops [35–37], can be used to 
predict the occurrence of longitudinal splitting cracks. Stress field 

Nomenclature 

c cohesion 
fc0 uniaxial concrete compressive strength 
fctm mean concrete tensile strength 
fR relative rib area 
fsu steel ultimate stress 
fsy steel yield stress 
hR rib height 
rc concrete radius 
sR rib spacing 
sr crack spacing 
sRc clear rib spacing 
u deformations in x direction 
x, r, φ cylindrical coordinates 

Latin upper case 
Ac cross-sectional area of the concrete 
Agt steel strains at the ultimate strength 
As cross-sectional area of the steel 
Ec E-Modulus of concrete 
Es E-Modulus of steel 
F force, applied external load 

Special characters 
Ø diameter 

Greek lower case 
α inclination of the conical compression field 
β inclination of the contour surface EF 
γ inclination of the nodal zone ABK 
δ slip 
ε strains 
ηcc effectiveness factor for concrete subjected to uniaxial 

compression 
ηct effectiveness factor for concrete subjected to uniaxial 

tension 
σ normal stresses 
σc concrete stresses 
σs steel stresses 
σs,max maximum steel stresses (at the crack) 
τb bond shear stresses 
φ cylindrical coordinate, angle of internal friction 

Indices 
c concrete 
m mean 
s steel 
u ultimate limit state 
y yielding  
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models can also be used to study the load-deformation behaviour by 
assigning adequate member stiffnesses and optimising the geometry to 
minimise complementary energy, i.e. maximise stiffness, where appro-
priate [38–40]. However, a meaningful assignment of stiffnesses re-
quires realistic concrete dimensions and hence, the existing conceptual 
strut-and-tie models are of limited use for this purpose. Instead, 
consistent stress fields according to the lower-bound theorem of plas-
ticity theory – satisfying equilibrium without infringing the yield con-
ditions of the concrete – are required. 

This paper presents such a stress field for the fundamental case of a 
concrete tie reinforced with one deformed steel bar. The proposed 
discontinuous axisymmetric concrete stress field between two cracks is 
composed of individual stress fields for each rib, which allows capturing 
local effects and the global load transfer. The model provides a good 
understanding of the flow of forces, the governing failure modes, the 
distribution of bond stresses, and how confinement could affect the force 
transfer while relying neither on empirical parameters nor on calibrated 
bond shear stress-slip relationships. More realistic bond stress distribu-
tions along the bar axis can be achieved by assigning stiffnesses to the 
stress field components and requiring interface compatibility, i.e. 
ensuring contact between the concrete and the reinforcing bar at every 
rib. To this end, a simplified approach is proposed to estimate the axial 
and radial concrete deformations at the interface, assuming a linear 
elastic behaviour of the concrete. The proposed model is validated 
against experimental results of three RC ties where steel strains were 
measured quasi-continuously with DFOS and compared to the Swiss 
Code provisions [41] in terms of average and local bond stresses, crack 
spacing, the influence of the bar diameter and the occurrence of 
splitting. 

2. Phenomenology of the reinforcing bar-concrete interaction 

This section outlines relevant aspects of the reinforcing steel-
–concrete interaction in RC members subjected to uniaxial tension, 
which serve as the foundation for the stress field model derived in 
Section 3. The typical bond behaviour of structural concrete is discussed 
in the following for the particular case of an axisymmetric RC tie, which 
characteristics are shown in Fig. 1. The reinforcing bar of nominal 
diameter Ø is subjected to uniaxial tension and experiences the highest 
steel stresses σs,max at the crack, where the concrete is axially stress-free, 
i.e. σc = 0. With increasing distance from the crack, the axial concrete 
tensile stresses increase as the load is transferred from the bar to the 
surrounding concrete. In contrast, the steel stresses and average steel 
deformations decrease, which is commonly known as the tension stiff-
ening effect. Depending on the crack spacing sr, the average concrete 
tensile stresses at the centre between two adjacent cracks, referred to as 
ideal cross-section, vary between 0.5 and 1.0 times the concrete tensile 
strength [4]. 

The governing bond mechanism for very low loads, at initial loading, 
is chemical adhesion [42]. At increasing load, the elongation of the 
reinforcing steel exceeds the strain capacity of the concrete, causing 
nonlinear deformations and discontinuities such as cracks, crushing, and 
slip between concrete and steel, leaving mechanical interlock at the ribs 
and friction as the primary load transfer mechanisms while adhesion 
vanishes [42]. The crack width varies across the concrete cover thick-
ness since the crack width, which at the interface corresponds to the 
actual slip between reinforcing bar and concrete, includes a contribution 
of the concrete strains between the cracks (which is commonly included 
in the nominal slip, see Section 4). The crack width is typically defined at 
the concrete surface. 

In addition to the main cracks, radial splitting cracks and internal 
conical cracks originating at the rib tips can form, as illustrated in Fig. 1 
(also called micro- or secondary cracks). Rehm [6] identified splitting 
caused by the wedging action of the ribs as one of two main contributors 
to slip, with concrete crushing at the ribs – caused by the local load 
transfer – as the second one. The wedging action of deformed bars, 
acknowledged by numerous authors, e.g. [35,43,44], is often modelled 
by simple strut-and-tie models with conical compressive struts spreading 
the transferred load to the surrounding concrete, where they activate 
axial concrete ties and circumferential tensile hoops [35,36]. Tepfers 
derived analytical expressions to quantify the resistance of these tensile 
hoops assuming constant nominal bond stresses along the bar axis. He 
assumed potentially cracked, linearly elastic or fully plastic concrete 
tensile hoops and found the resistance of linear elastic tensile rings to be 
the highest if the internal zone was radially cracked (split) up to a radius 
of 0.486⋅rc, with rc = radius of the concrete cylinder. Schenkel developed 
stress fields for bond that extended the tensile hoop solutions of Tepfers 
for plastic and plastic-cracked behaviour [37]. He focused on anchorage 
and lap splices in RC elements and the case of small concrete cover 
without investigating the activation of axial tensile forces in the con-
crete. This is, however, a key component of the stress field presented in 
the next section. 

3. Discontinuous stress field for bond 

3.1. Main assumptions and simplifications 

The development of the discontinuous stress field model for bond 
focuses on an axisymmetric crack element, i.e. the part of an RC tie 
delimited by two adjacent main cracks (see Fig. 1a). The reinforcing bar 
ribs are modelled in a discrete manner and the load transfer between the 
reinforcement and the concrete is limited to mechanical interlocking at 
the ribs. The model assumes that at each rib, a conical compression field 
forms, which is equilibrated by annular discs acting as tensile hoops and 
an axial tension field (see Fig. 2). Conceptually, this corresponds to the 
simple strut-and-tie models for bond proposed many decades ago [35]. 

Fig. 1. RC tie characteristics: (a) geometry and stress resultants; (b) deformations over half of the crack spacing sr.  
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The detailed formulation of the stress field generated at each rib is 
inspired by the Dual-Cone stress field developed for partially loaded 
areas at ETH Zurich [45], particularly concerning the determination of 
the non-trivial concrete stress states in the vicinity of the rib (triaxial 
nodal zone) and the conical compression fields. 

The geometry of the RC tie is idealised as a concrete cylinder with 
radius rc that is reinforced with a concentric reinforcing bar and 
axisymmetric about the x-axis (i.e. the reinforcing bar axis), as shown in 
Fig. 1a. Due to symmetry, only half of the crack element is modelled. The 
ribs are equally spaced at the rib spacing sR, have a constant rib height 
hR, and are inclined by γrib to the x-axis. 

The concrete is idealised as rigid-perfectly plastic in accordance with 
the theoretical basis of the Theory of Plasticity [44,46] (see uniaxial 
behaviour in Fig. 3a), i.e. stresses below the plastic compressive and 
tensile strengths fc and fct, respectively, are not inducing deformations. 
Although reinforced concrete is far from behaving in this way, a rigid- 
perfectly plastic idealisation results in a safe design when dimen-
sioning and detailing appropriately, i.e.,:avoiding excessively high or 
low reinforcement ratios, limiting the inclination of compression struts 
and choosing the material strengths in a suitable manner (i.e. appro-
priate reduction factors) to account for the limited ductility of the ma-
terials. The plastic concrete compressive strength fc is defined as: 

fc = ηcc⋅fc0 (1)  

where fc0 = uniaxial compressive strength of the concrete and ηcc =

effectiveness factor accounting for brittleness, softening effects (e.g. due 
to cracking), size effects, and loading conditions [46,47]. In this study, 

where normal-strength concrete is assumed and compression takes place 
without transverse cracks, ηcc = 1.0 is used. For the tensile strength, the 
effectiveness factor is needed due to the brittleness of concrete in tension 
[46]: 

fct = ηct⋅fctm (2)  

where fctm = mean tensile strength and factor ηct = effectiveness, with ηct 
= 0.7 if a uniform tensile stress distribution is assumed (based on the 
observed maximum concrete tensile stresses reached in the RC ties 
observed in [48] and findings from [49]), and ηct = 1.0 for a variable 
stress distribution, i.e. if the tensile strength is reached merely in a single 
point. 

In the proposed stress field, multiaxial stress states occur. This is, for 
instance, the case of the triaxial nodal zone forming adjacent to the rib or 
in areas where the conical compression field and the axial tension field 
intersect (see Fig. 2). A modified Mohr-Coulomb (MC) failure criterion is 
adopted as a suitable yield condition for such stress states, where the 
tensile strength is limited to fct (see Fig. 3b) [50]: 

Y = σ1(1 + sinφ) − σ3(1 − sinφ) − 2ccosφ⩽0
σ1⩽fct

σ1⩾σ2⩾σ3

(3)  

where φ = angle of internal friction (taken as tanφ = 3/4), c = cohesion 
(taken as fc/4) [46] and σ1, σ2 and σ3 = principal stresses. The 
compressive strength in uniaxial and plane stress states is given by Eq. 
(1). For triaxial stress states (plane strain), the triaxial compressive 
strength results from Eq. (3) as fc3 = σ3 = fc + 4⋅σ1. 

The force applied in the RC tie is selected in the model below the 
ultimate capacity of the reinforcing bar, guaranteeing that the maximum 
stress of the reinforcing bar at the crack (σs,max) does not exceed its 
tensile strength (fsu). The stresses in the reinforcement between the 
cracks follow directly from equilibrium once the concrete stress field is 
defined. The consideration of the influence of the steel deformations on 
the force transferred between the concrete and the bar will be explored 
in Section 4.2. 

3.2. Conceptual development of the stress field 

Fig. 2 illustrates the axisymmetric discontinuous stress field for one 
rib, which comprises four components whose shape and function are 
explained in the following before providing the detailed analytical 
formulation in Section 3.3. Such a stress field is developed consecutively 
at every rib i, starting from the main crack (see Fig. 4), and the stress 
fields of all ribs are superimposed to form the overall stress field. 

The concentrated load introduced by each rib results in a concrete 
nodal zone ABK which is a truncated cone with a concentric cylindrical 
hole subjected to a triaxial stress state. The load transferred by the rib is 

Fig. 2. Proposed stress field originating at one rib of the reinforcing bar.  

Fig. 3. Concrete constitutive idealisation: (a) actual and modelled constitutive behaviour under uniaxial compression and tension; (b) multiaxial loading failure 
criterion (plane-strain state). 
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composed of axial stresses σx0 acting on the annulus AK and radial 
stresses σr0 on the cylinder AB. Note that a similar nodal zone was 
proposed in [44,51] for a case with axial compression in the concrete 
(which would apply in a pull-out test but not in a tie). The inclination γ 
to the x-axis defines the size of the nodal zone; it can vary between the 
rib flank inclination γmax = γrib (nodal zone vanishes) and γmin = atan 
(hR/sRc) (nodal zone intersects adjacent rib), where sRc = clear rib 
spacing. The beneficial stress state in the triaxial zone allows the transfer 
of high, concentrated loads (see Section 3.3.1). 

Along its discontinuity surface BK, the triaxial nodal zone is equili-
brated by a uniaxial parallel compression field forming a hollow cone 
(BEFK), which is conically truncated at both ends and hereafter referred 
to as conical compression field. Its principal direction φ3 = α is generally 
not perpendicular to the surface BK, and the uniaxial stresses decrease 
inversely proportional to the radius along their trajectories (see Section 
3.3.2). The conical compression field spreads the loads radially to the 
outer contour surface EF, where they are diverted into axial tension and 
a radial component carried by annular discs acting as tensile hoops. The 
contour surface EF is inclined at an angle β to the r-axis; note that 
depending on the configuration, the angle β can be positive (as in the 
labelled stress field in Fig. 4) or negative (as in the remaining stress fields 
in the same figure). The inner radius of the contour surface EF (Point E) 
is defined by the smallest radius at which axial tension can be activated 
by the rib under consideration, i.e. the outer radius (Point F) of the 
corresponding contour surface of the precedent rib except for the first 
rib. For the latter, the minimum radius rct,min where concrete may carry 
tension superimposed with conical compression – without this super-
position governing failure – is defined in Section 3.3.3. The axial 
component of the conical compression field is carried along EF by the 
hollow cylinder (EYZF) and in equilibrium with the corresponding 
stresses activated on the mirrored (symmetric to the ideal section) side 
of the crack element. The radial component of the conical compression 
field is carried along EF by an annular disc loaded along its inner 
circumference (EQRF) subjected to radial compression (providing con-
ventional confinement) and another annular disc loaded along its outer 

circumference (ESTF) subjected to radial tension (providing tensile 
confinement). 

This model can be used to find a suitable stress field for a given 
distribution of bond stresses along the crack element. However, the 
present paper focuses on the determination of the local bond stresses, 
which requires an additional criterion to determine the geometry of the 
stress field. To this end, the bond force transferred at every rib is 
maximised. Hence, when developing the stress field at a rib, the three 
variables that define the stress field of the rib (α, β and γ) are set to 
maximise the load transfer while fulfilling geometrical boundary con-
ditions without infringing the failure criteria. The development of the 
stress field progresses to subsequent ribs until the axial tension field 
reaches the edge of the tie. This location, where the longitudinal tensile 
capacity of the tie is reached, corresponds to the ideal cross-section and 
determines the crack spacing sr. 

3.3. Analytical formulation of the stress field 

3.3.1. Triaxial stress state in the nodal zone ABK, steel and bond stresses 
The stresses acting axially and radially on the nodal zone ABK are 

related to the uniaxial stress σα0 of the conical compression field acting 
along BK and the angles α and γ. Generally, within ABK, the radial 
stresses σr vary in the x-direction and the axial stresses σx vary in the r- 
direction due to the assumption of a uniform uniaxial tension field in the 
hollow cylinder (EYZF), causing non-uniform stresses σx0, σr0 and 
σα0 along the boundaries of the nodal zone (see Section 3.3.2); the 
circumferential and radial stresses are assumed to coincide at each point 
within ABK. Equilibrium can be formulated at each point of the 
discontinuity surface BK in x- and r-direction (see Fig. 5a) as follows: 

∑
Fx ≡ 0 :σx0 = σα0⋅cosα⋅

sin(α + γ)
sinγ

(4)  

∑
Fr ≡ 0 :σr0 = σα0⋅sinα⋅

sin(α + γ)
cosγ

(5) 

Fig. 4. Progressive development of the axisymmetric stress field until the fourth rib.  
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The stresses in ABK need to satisfy the failure criterion provided by 
the yield condition in Eq. (3). 

The total bond force, i.e. the transferred axial load Fτ,i at a specific rib 
i, which defines the force and stress variations in the reinforcing bar, can 
be calculated by integrating the axial stresses applied at the rib, or by 
considering vertical equilibrium of the conical compression field BEFK: 

Fτ,i = −

∫ Ø/2+hR

Ø/2
σx0,i(r)⋅2π⋅r dr = σxd⋅π⋅

(
r2

F − r2
E

)
(6)  

and the nominal bond stresses τb over the length of a rib spacing are 
thus: 

τb =
Fτ

π⋅Ø⋅sR
(7) 

The influence of α and γ on the transferred load are shown in Fig. 5b, 
where for illustration the uniaxial compressive stresses σα0 along BK 
have been assumed to be uniform and equal to fc. It can be observed that 
the smaller γ, i.e. the bigger the triaxial zone, the higher the bond 
stresses. The angle α has a minor influence but becomes more significant 
for large γ. The optimum α changes depending on γ. 

3.3.2. Conical compression field BEFK 
Equilibrium along EF depends on α and β (Fig. 6). Assuming constant 

uniaxial stresses σαd along EF and splitting it into its radial and axial 
components σrd and σxd, respectively, one gets: 
∑

Fx ≡ 0 :σαd⋅cosα = − σxd⋅
cosβ

cos(α − β)
(8)  

Fig. 5. Nodal zone ABK: (a) equilibrium of the infinitesimal strut of width ds at the discontinuity BK; (b) influence of the variation of α and γ on the load transfer 
assuming σα0 = fc (steel and concrete properties set to those of Specimen Ø16.M.ND#2, see Table 1). 

Fig. 6. Conical compression field BEFK: (a) overview and geometry and (b) equilibrium at the discontinuity EF.  
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∑
Fr ≡ 0 :σαd⋅sinα = σrd⋅

sin|β|
cos(α − β)

(9) 

Dividing Eq. (9) by Eq. (8) yields the following relation between the 
radial and axial stresses in EF as a function of the angles α and β: 

σrd = − σxd⋅
tanα
tan|β|

(10) 

The constant uniaxial stress σαd along EF implies that this disconti-
nuity is a contour surface of the stress field in BEFK as shown in Fig. 7a, 
meaning that σrd and σxd are also constant along EF, which results in 
σα0 varying along BK unless it is also a contour surface, which applies 
only if the extensions of EF and BK intersect the symmetry axis at the 
same location (all contour surfaces of BEFK are cones with apex at the 
intersection of EF with the symmetry axis). The uniaxial stresses σα in 
the conical compression field BEFK decrease inversely proportional to 
the radius along their trajectories for a constant angle of inclination α, 
and can be expressed depending on the stress σαd. To this end, the help 
variable ζ ∈ [0,1] is introduced according to Fig. 7b. The uniaxial 
stresses σα in the conical compression field BEFK in any Point Q(x,r) 
follow from σαd as: 

σα(x, r) = σαd⋅
rM(ζ)

r
= σαd⋅

x − xE + r⋅cotα + rE⋅tanβ
r⋅(tanβ + cotα) (11)  

where xM and rM = coordinates of Point M and x = xM + (rM − r)⋅cotα 
(see Fig. 7b). With this and Eq. (8), Eq. (11) becomes: 

σα(r, ζ) = −
σxd

cosα⋅
cosβ

cos(α − β)
⋅
xM(ζ) + rM(ζ)⋅cotα − xE + rE⋅tanβ

r⋅(tanβ + cotα) (12)  

where the coordinates of Point M can be expressed as a function of ζ: 

rM = rE + ζ⋅(rF − rE) xM = xE + ζ⋅(rF − rE)⋅tanβ (13) 

The maximum stresses in the conical compression field BEFK along 
BK are thus: 

σα0(ζ) = σαd
rM(ζ)
rN(ζ)

= −
σxd

cosα⋅
cosβ

cos(α − β)
⋅
xM(ζ) + rM(ζ)⋅cotα − xE + rE⋅tanβ

rN(ζ)⋅(tanβ + cotα)
(14)  

where xN and rN = coordinates of Point N (see Fig. 7b), which can again 
be expressed as a function of ζ: 

rN = rK − (xK − xB)⋅tanγ+ ζ⋅hR = rB + ζ⋅hRxN = xB + ζ⋅hR⋅cotγ (15)  

Eqs. (4), (5) and (14) allow determining the axial and radial stresses 
applied by the rib: 

σx0(ζ)= −
σxd

cosα⋅
cosβ

cos(α − β)
⋅
xM(ζ)+ rM(ζ)⋅cotα − xE + rE⋅tanβ

rN(ζ)⋅(tanβ+ cotα) ⋅cosα⋅
sin(α+γ)

sinγ
(16)   

σr0(ζ)= −
σxd

cosα⋅
cosβ

cos(α − β)
⋅
xM(ζ)+ rM(ζ)⋅cotα − xE + rE⋅tanβ

rN(ζ)⋅(tanβ+cotα) ⋅sinα⋅
sin(α+γ)

cosγ
(17) 

The annular discs acting as hoops carry the radial stresses σrd (see 
Section 3.3.4) and the axial stresses σxd activate the concrete in tension 
inside a hollow cylinder extending from EF to the ideal cross-section (see 
Section 3.3.3). The axial tensile stresses σxd are set equal to the plastic 
concrete tensile strength: 

σxd ≡ fct = ηct⋅fctm(ηct = 0.7) (18)  

3.3.3. Axial tension field 
As already introduced in the previous section, uniform axial tensile 

stresses corresponding to the plastic capacity (σxd = fct) are assumed in 
the hollow cylinders of the axial tension field. This consideration sim-
plifies the model but implies that the tie always fails by reaching its axial 
tensile capacity, which generally does not result in the maximum bond 
capacity. The impact of this assumption is discussed in Section 4, where 
an alternative procedure to capture cases where the failure of the con-
crete tensile hoops becomes governing is presented. 

The axial tension field generated by a specific rib intersects the 
conical compression fields of the subsequent ribs. Hence, both stress 
fields would need to be superimposed in order to verify the yield crite-
rion. The model assumes that the inner part of the tie carries no tensile 
stresses over a radius rct,min, such that the region where the stress fields 
intersect is not governing and hence, the conical compression field can 
be verified only by checking that its maximum stress (at the boundary 
BK of the triaxial nodal zone) is below its uniaxial compressive strength. 
Details of the superposition of the stress fields are given in Appendix A. 
As a result, the inner radius of the axial tensile hollow cylinder activated 
by the first rib is set equal to: 

rct,min =
fc

fc,red
⋅
(Ø

2
+ hR

)
≈ 1.5⋅

(Ø
2
+ hR

)
(19) 

Fig. 7. Stress distributions in ABK and BEFK: (a) stress distributions for an assumed distribution σxd = fct; (b) determination of stresses in an infinitesimal strut as a 
function of variable ζ ∈ [0,1]. 
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3.3.4. Annular discs acting as concrete tensile hoops 
The radial component of the conical compression field BEFK is 

equilibrated along the discontinuity EF by two annular discs: (a) an 
inner one (ESTF) loaded with radial tension σrd,ID along its outer 
circumference and (b) an outer one (EQRF) loaded with radial 
compression σrd,OD along its inner circumference ((̵σrd) = σrd,ID + (̵ σrd, 

OD)). Both annular discs are subjected to tangential tension (σφ) and 
radial tension or compression (σr). The inner radius of the inner annular 
disc (ri,ID = rct,min) and the outer radius of the outer annular disc (ro,OD =

rc) are constant. The radii defining the boundary between the inner and 
the outer annular disc (ro,ID = ri,OD) vary slightly along the discontinuity 
EF (see Fig. 4). For the verification, the average radius is considered. 

Several statically admissible stress solutions exist for a radially 
loaded annular disc. In this study, the tangential stresses (σφ) are 
assumed to be constant (see Fig. 8), resulting in: 

σφ,ID = σrd,ID⋅
ro,ID

ro,ID − ri,ID
(20)  

σφ,OD = − σrd,OD⋅
ri,OD

ro,OD − ri,OD
(21) 

The distribution of the applied radial load between the inner and the 
outer disk can be freely chosen as long as the tensile stresses given in 
Eqs.(20) and (21) do not exceed the concrete tensile capacity defined by 
Eq. (2) (note that for the tangential stresses ηct = 0.7 applies, while ηct =

1.0 is to be used for the radial stress in the inner annular disc). If the 
radial tension of the inner annular disc is not governing (which is the 
case in the following examples), the radial stresses are split between 
both annular discs such that the tangential stresses in the inner and the 
outer disc are equal (σφ,ID = σφ,OD = σφ). 

The model could include the contribution of transverse reinforce-
ment (e.g. transverse stirrups or fibre-reinforced concrete) to capture the 
corresponding enhancement of bond due to the additional confinement. 
However, while the bursting force resisted by the confining reinforce-
ment could essentially be modelled as in the Dual-Cone stress field for 
partial area loading [45], modelling of the confining action in the un-
cracked state is not straightforward, since at low radial deformations, 
the stresses in the confining reinforcement may be considerably below 
the yield stress. 

3.4. Numerical solution process 

The main equations and assumptions of the model are summarised in 
Fig. 9. The stress field model comprises the equilibrium equations, 
geometrical boundary conditions, and the yield conditions of the ma-
terials. The analytical model, which has been implemented in Matlab, is 
consecutively solved at every rib, starting from the rib adjacent to the 
main crack (where the steel stress is known), until the total axial tensile 
capacity is reached. The geometry of the stress field at each rib is defined 
by the variables α, β and γ, which are varied at a discrete step size. 
Initially, all admissible solutions at the rib are determined. From this set 
of admissible {α, β, γ}-combinations, the solution with the highest bond 
force transfer is selected as the optimum. Finally, the steel stress in the 
successive rib is determined, and the process is repeated until the ideal 
cross-section has been reached or the total force applied to the tie has 
been anchored (if the applied force is below the cracking load of the tie). 
The resulting stress fields are independent of the applied load (even if 
the reinforcing bar yields) as long as it is equal to or higher than the 
cracking load. 

3.5. Results and discussion 

The stress field is used to model the behaviour of a series of concrete 
tie experiments conducted by the authors [48]. The experiments were 
instrumented with distributed fibre optical sensing (DFOS), which pro-
vided distributed steel strain measurements from which local results of 
bond and slip were calculated. Three concrete ties with a length of 1360 
mm (first tie) and 1500 mm (remaining two ties), respectively, rein-
forced with normal-strength cold-worked deformed steel bars of diam-
eter 14, 16 and 20 mm are discussed in the following, namely specimens 
Ø14.U.ND#3, Ø16.M.ND#2 and Ø20.M.ND#1 [48]. As these specimens 
had a square cross-section of 150 × 150 mm2, a circular section with an 
equivalent radius rc,eq = 84.6 mm of equal cross-sectional area is 
considered in the stress field model. In this way, the tensile capacity of 
the concrete cross-section is well-modelled, but the confinement of the 
concrete cover might be overpredicted. The material and geometrical 
properties of the reinforcing steel and concrete are summarised in 
Table 1. For the model validation, the model results are compared to the 
experimental data corresponding to the load step with the highest 
average bond stresses, for all crack elements of each tie (6…12 
depending on the specimen). The results are further compared to the 

Fig. 8. Assumed stress field for the concrete tensile hoops formed by two annular discs with (a) external and (b) internal radial loading.  
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predictions by the Swiss Standard SIA 262:2013 [41], which is based on 
the Tension Chord Model (TCM) [4]. The TCM allows analytically 
solving the differential equation of bond [5], assuming a stepped rigid- 
plastic bond shear stress distribution with bond stresses τb0 = 2⋅fctm and 
τb1 = fctm for elastic and plastic steel stresses, respectively, independent 
of the nominal slip. 

The resulting stress fields are shown in Fig. 10a. The solutions are 
representative of any load within the cracked elastic range of the RC ties. 
The stress field is represented twice: on the left side, the conical 
compression field is plotted on the front, while the right side focuses on 
the annular discs acting as hoops. For the first three ribs, the inclination 
of the compression field α was limited to 45◦ based on experimental 
observations of internal micro-cracking of RC ties and shear keys 
[47,52]. The resulting inclinations of the remaining ribs are between 38◦

to 58◦. In all cases, the optimal values of β are negative for the ribs near 
the crack, while positive values result further away. All resulting stress 
fields have some minor local discontinuities which are caused by (i) the 
step size of 1◦ used to vary the geometrical variables and (ii) the change 
in regimes, e.g. the change from negative to positive β: the uniaxial 
compressive strength at the boundary BK of the triaxial node becomes 
governing at a certain radius rE for all admissible negative inclinations β. 
Hence, only solutions with a positive β remain possible, which results in 
a pronounced drop of the local bond capacity (see Fig. 10f). This 
discontinuity can be explained by the fact that no smooth transition from 
negative to positive inclinations β is possible, since around β = 0 the 

annular discs providing confinement are axially very thin, such that all 
admissible solutions have a pronounced negative or positive inclination 
β. If no solution with negative β is admissible since the compressive 
stress along BK is governing, β thus jumps from a negative to a positive 
value. The associated drop in the bond force is due to the much higher 
capacity of conical compression fields with a negative inclination β, as 
these activate thicker-walled hollow cylinders in axial tension (see, e.g. 
Fig. 4), with both the cylinder wall thickness (and thus the total trans-
ferred load) as well as the thickness of the annular discs (and thus the 
confinement) increasing as β takes on a more negative value. On the 
contrary, for positive admissible inclinations β much thinner-walled 
hollow cylinders can be activated (for the same α and γ) and, more 
importantly, at relatively small positive inclinations β, where the cyl-
inder wall thickness (and thus the total transferred load) would still be 
relatively large, the confining discs are axially thin (hence provide 
limited confinement) as mentioned above. 

Fig. 10b and c illustrate the resulting local bond stresses and average 
concrete tensile stresses (integral of bond stresses divided by the con-
crete cross-sectional area) of the rigid-plastic stress field (SF) and com-
pares them to experimental data (EXP) and the Tension Chord Model 
(TCM). The variation of the experimental results of all crack elements 
within each tie highlights the inherent scatter. It can be observed that 
the stress field is capable of reproducing the increase of the bond stresses 
near the crack. This build-up of bond is primarily linked to geometry: the 
available concrete volume (required for the load transfer) increases with 

Fig. 9. Schematic overview of the model components: discontinuous stress field with varying α, β, γ and failure criteria.  

Table 1 
Material and geometrical properties of the RC ties from [48] used for validating the stress field.  

specimen Ø 
[mm] 

fsy 

[MPa] 
fsu 

[MPa] 
Es 

[GPa] 
εsu 

[‰] 
Agt 

[‰] 
hR,max 

[mm] 
hR 

[mm] 
sR 

[mm] 
fR 

[%] 
γrib 

[◦] 
fc 
[MPa 

fct 
[MPa] 

Ec 

[GPa] 

Ø14.U.ND#3 14 517 621  192.3 112 78 1.4  0.9 6.5  14.7 40  36.1  2.94  30.3 
Ø16.M.ND#2 16 540 611  198.5 68 49 1  0.6 9  8.5 65  33.6  3.20  29.1 
Ø20.M.ND#1 20 505 581  197.0 97 60 1.2  0.9 12  7.7 39  36.1  2.94  30.3  
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the distance from the crack. The experimentally observed bond stresses 
decrease progressively after reaching the peak at x ≈ rc. Neither the peak 
nor the subsequent decreasing branch could be accurately predicted 
with the stress fields. The systematically lower peak bond stresses are 

caused by the conical compression fields locally reaching their capacity, 
which does not correspond with the experimental results. Modelling 
solutions to address the latter disagreement are discussed in Section 4.1. 

The limitations in capturing the local bond behaviour are, however, 

Fig. 10. Results of the stress field model for the RC ties of various bar diameters defined in Table 1: (a) stress fields with highlighted conical compression fields (left) 
and tensile annular discs (right); (b) bond stress distributions; (c) average axial concrete stress distributions; (d) crack spacings; (e) maximum average bond stresses 
(experimental data (EXP), stress field (SF), and Tension Chord Model (TCM) [4]); (f) stresses in the stress field compared to corresponding strengths (governing 
stresses); (g) graphic legend of the stresses shown in (f). 
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not reflected in the global behaviour. The concrete tensile stresses match 
the experimental data quite well and better than the TCM. The crack 
spacing (sr) and average bond stress (τb,av) can also be reproduced 
reasonably well (Fig. 10d and e). Furthermore, the stress field captures 
the trend of smaller crack spacing and lower average bond strength with 
increasing bar diameter (NB Ø16.M.ND#2 had a higher concrete tensile 
strength than the other specimens). The TCM is capable of modelling the 
former effect, but not the latter. Although the average bond stresses 
derived with the stress field are rather in the upper range of the exper-
imental values, they are still more accurate than the values assumed in 
the TCM. While the TCM provides excellent minimum and maximum 
crack spacing predictions, it overestimates the bond strength of these 
unconfined RC ties, particularly for the case of large diameters (or a high 
reinforcement ratio, respectively). 

4. Exploration of possible model extensions 

The stress field presented in Section 3 has the potential to adequately 
reproduce average bond strengths and maximum crack spacings while 
accounting for geometrical parameters such as the concrete cover, the 
bar radius, the rib height and rib spacing. However, one main limitation 
of the model is the assumption that the axial tensile stresses σxd activated 
by each rib are set equal to the plastic concrete tensile strength, which 
has been observed to yield unrealistically low predictions of the local 
bond when the maximum capacity of the conical compression field with 
β < 0◦ is governing. Another limitation is that the model cannot capture 
phenomena related to concrete and steel deformations, such as the 
reduced bond strength at large (inelastic) reinforcement strains and the 
descending branch in the bond stress distribution, see Fig. 10b. 

These model limitations are addressed in the following by two 
modifications (see Fig. 11). In Section 4.1, the axial tensile stresses σxd 
activated by each rib are reduced in order to avoid failures of the conical 
compression field and find solutions with negative inclinations β leading 
to higher bond stresses. In Section 4.2, stiffnesses are assigned to the 

reinforcing bar and the concrete and a simplified interface compatibility 
condition is introduced, such that the load and steel deformation de-
pendencies of bond can be captured by the model. 

4.1. Reduced axial tensile stresses 

In Section 3.5, it was shown that local bond may decrease pro-
nouncedly if the uniaxial compressive strength in the conical compres-
sion field becomes governing, which does not reflect the experimentally 
observed behaviour. In such cases, a more realistic stress field can be 
developed by reducing the axial concrete tensile stress activated by the 
corresponding ribs to a value below the concrete tensile strength (σxd,i ≤

fct). This extension of the solution space of admissible stress fields is 
examined for the 7th rib of Specimen Ø14.U.ND#3 (see Fig. 10a). The 
bond stresses corresponding to a utilisation of σxd,i = fct/3, σxd,I = fct/2 
and σxd,i = fct in the axial hollow cylinder are shown in Fig. 12a-c, with 
the angle γ set to its minimum admissible value. The original solution 
space (Fig. 12a) is enhanced by the reduction of the axial tensile stress to 
50% and 33% of the tensile strength (Fig. 12b and c, respectively), 
providing feasible solutions with larger bond strength, i.e. solutions with 
β < 0◦. However, this measure affects the successive ribs as the hollow 
cylinder becomes thicker, reducing the remaining space for the hollow 
cylinders activated by successive ribs. 

The application of the extended model, where not all ribs necessarily 
activate the full axial tensile capacity of the concrete (i.e. σxd,i ≤ fct), is 
explored hereafter. To utilise the capacity of the concrete in axial ten-
sion, the r-coordinate of Point E corresponding to Rib i + 1 is set equal to 
that of Point E of the preceding Rib i (rE,i+1 = rE,i) if Rib i does not 
activate the full axial tensile strength (σxd,i ≤ fct). The hollow cylinders 
activated by subsequent ribs may thus overlap. Generally, the axial 
tensile capacity of the concrete is fully exploited (

∑
σxd,i = fct); the total 

axial tensile stress is however locally reduced (
∑

σxd,i < fct) in case the 
conical compression field becomes decisive and bond stresses would 
otherwise decrease abruptly. Fig. 13a illustrates the resulting stress field 

Fig. 11. Schematic overview of the discontinuous stress field model including two main extensions: (i) adjustment of the axial concrete tensile stresses σxd in case of a 
regime change from negative to positive β with a significant bond decrease (brown, Section 4.1), and (ii) interface compatibility (grey, Section 4.2). 
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for Specimen Ø14.U.ND#3, where the axial tensile stress was reduced at 
the respective ribs until a feasible solution with β < 0◦ was found. As a 
reference, for the 8th rib, σxd,8 was set to 0.5⋅fct, and the 9th rib utilised 
the remaining capacity of the hollow cylinder. A reduction of the axial 
tensile stress (σxd,i < fct) was applied from the 8th to the 15th rib. 

Fig. 13b compares the resulting bond stress distribution (orange) to 
that of the stress field assuming σxd,i = fct (black) and experimental data 
(grey). The stress field with σxd,i ≤ fct captures higher and more realistic 
bond stress values than when assuming σxd,i = fct. The more efficient 
solutions with β < 0◦ found with σxd,i ≤ fct are also reflected in the much 
higher utilisation of the uniaxial compressive strength in the conical 
compression fields (Fig. 13c, compare to Fig. 10f). 

The chosen value of σxd,i highly affects the solution space of the 
subsequent rib i + 1. Hence, a simple maximisation of the transferred 
load at each rib (starting at the main crack and proceeding towards the 
ideal section) by optimising σxd,i would yield unrealistic results with a 
strongly jagged bond stress distribution: the bond force at a specific rib 
could be maximised with low axial tensile stresses and very flat conical 
compression fields (large angle α), which would however strongly 
impair the possible geometries and bond strengths of the compression 
fields in the following ribs. Such issues were circumvented in the stress 

field shown in Fig. 13b by limiting the inclination α of the 6th conical 
compression field, which caused a slight decrease of the bond stresses at 
the 6th rib but enabled much higher bond forces at the 7th rib even 
without reducing σxd,7 (see black and orange curve in Fig. 13b before the 
bond stress drops). This somewhat arbitrary choice, similar to the 
manual selection of σxd,i < fct, highlights that despite that optimising σxd,i 
appears to be promising, further work would be required to find an 
objective optimisation approach that automatically develops meaning-
ful stress fields. This is however beyond the scope of this paper. 

4.2. Compatibility at the reinforcing bar-concrete interface 

The rigid-plastic stress fields developed in the previous sections aim 
at maximising the force transfer at each rib for the given configuration 
without considering deformations, hence they disregard compatibility. 
While this can be justified based on the lower bound theorem of plas-
ticity theory, the results are of limited use for load-deformation analyses 
and serviceability considerations such as estimating crack widths. 
Furthermore, the rigid-plastic stress fields cannot capture the well- 
known, experimentally substantiated strong impact of high steel de-
formations: bond stresses decrease significantly at large steel strains, i.e. 

Fig. 12. Resulting bond stresses in the admissible solution space at the 7th rib of Specimen Ø14.U.ND#3 for γmin and corresponding optimal stress field geometry at 
EF: (a) σxd,i = fct; (b) σxd,i = fct/2; (c) σxd,i = fct/3. 

Fig. 13. Stress field development for Specimen Ø14.U.ND#3 with σxd,i ≤ fct: (a) stress field topology; (b) bond stress distribution compared to the stress field solution 
with σxd,i = fct and experimental data; (c) governing stresses. 
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when the reinforcement yields. This is reflected in established models 
such as the TCM, where the bond stresses are reduced to half of the 
initial value once the reinforcement yields [4]. 

These shortcomings of the rigid-plastic stress fields are addressed in 
the following by assigning stiffnesses to the reinforcing bar and the 
concrete and introducing a simplified compatibility condition requiring 
contact between the concrete and the reinforcing bar at every rib. Note 
that unlike compatibility-based stress fields [33] or more general 
nonlinear finite element analyses, these simple model extensions – in the 
following referred to as interface compatibility – do not ensure a contin-
uous compatible stress field satisfying the stress–strain relationship at 
each point, as is evident when considering the stress discontinuities at 
the conical boundaries of the conical compression field. However, the 
model with interface compatibility maintains the clear mechanical 
meaning of all components as in the rigid-plastic stress field, and despite 
being a crude idealisation – essentially corresponding to a Level 2 
approximation according to [53] – enables a more realistic consider-
ation of the force transfer between reinforcing bars and surrounding 
concrete and facilitates carrying out approximate load-deformation 
analyses. 

4.2.1. Main assumptions for interface compatibility 
Fig. 11 illustrates the workflow in the development of the stress field 

considering interface compatibility, which is based on the rigid-plastic 
stress field presented in Section 3 and adopts the use of reduced axial 
tensile stresses introduced in Section 4.1. For all admissible rigid-plastic 
stress fields evaluated according to these previous sections, the steel and 
concrete deformations and deformation increments at the interface are 
estimated as further outlined below, discarding solutions where the 
axial steel deformations and concrete displacements at the interface 
differ by more than a specified threshold (tolerance). From the 
remaining set of admissible solutions, the stress field with the highest 
bond stress is chosen. 

The reinforcing bar is assigned a suitable stress–strain relationship. 
In this study, the relationship proposed by Ramberg-Osgood [54] for 
cold-worked reinforcing bars is used, as it represents well the constitu-
tive behaviour of the reinforcement in the experiments used for vali-
dating the model [48]. The steel displacements consist of the elongation 
of the reinforcing bar, corresponding to the integral of steel strains from 
the ideal section to the rib under consideration. In the model, these 
displacements are determined rib-wise, with Rib i contributing 

Δus,i = εs,i+1⋅sR (22)  

where εs,i+1 = steel strains between Rib i and i + 1 obtained from the 
steel stresses (which are constant between the ribs) and the stress–strain 
relationship of the reinforcing bar. The total steel displacement at Rib i 
then corresponds to the sum of the contributions of all ribs between Rib i 
and the ideal cross-section. 

The concrete in the conical compression field and in the axial tensile 
hollow cylinders is modelled as linearly elastic in tension and 
compression, which is a reasonable approximation since high concrete 
stresses occur only within a short length along the conical compression 
fields. On the other hand, the deformations of the annular discs acting as 
hoops are neglected (i.e. the radial coordinates of the points E and F of 
the rigid-plastic stress field are maintained) since the stresses and de-
formations of these discs are subject to considerable uncertainty (load 
sharing of inner and outer annular disc, internal splitting and conical 
micro-cracks in inner part of the tie r < rct,min, see Fig. 1b and Section 
3.3.3). The small deformations of the triaxial nodal zone ABK are also 
neglected, as well as the contribution of conical micro-cracks (see 
Fig. 1b) caused by the discontinuity between the conical compression 
fields (which close to the ribs are subjected to high compressive stresses) 
and the surrounding stress-free concrete. 

Hence, the deformations of the concrete components of the stress 
fields of each rib consist of the superposition of (i) an axial elongation 

due to the tensile strains in the hollow cylinders (see Fig. 14a), with Rib i 
contributing approximately 

Δuct,i = (xK − xM + sR)⋅
fct

Ec
(23)  

where xK − xM + sR = axial distance between Point M of the rib under 
consideration (see Fig. 7b) and Point K of the subsequent rib, and (ii) a 
contraction of the conical compression field along its generatrices, with 
the contour surface EF remaining in place. The contraction of the conical 
compression field (ii) causes axial concrete displacements at Rib i 
(Fig. 14b): 

Δucc,i(ζ) =
∫ rM

rN

σα(ζ, r) dr⋅
cosα
Ec

= log
(

rM(ζ)
rM(ζ)

)

⋅σαd
xM(ζ) + rM(ζ)⋅cotα − xE + rE⋅tanβ

r⋅(tanβ + cotα) ⋅
cosα
Ec

(24)  

with rM and rN radial coordinates of Points M and N according to Eqs. 
(13) and (15), respectively (see also Fig. 7b), as well as radial concrete 
displacements (Fig. 14b): 

vcc,i(ζ) =
∫ rM

rN

σα(ζ, r) dr⋅
sinα
Ec

= log
(

rM(ζ)
rM(ζ)

)

⋅σαd
xM(ζ) + rM(ζ)⋅cotα − xE + rE⋅tanβ

r⋅(tanβ + cotα) ⋅
sinα
Ec

(25)  

which, in turn, cause an axial interface slip at Rib i: 

δR,i =
vcc,i(ζ)
tanγrib

(26)  

if one assumes that vcc,i is absorbed by sliding along the rib-concrete 
interface, i.e. associated by axial displacements such that concrete and 
reinforcing bar remain in contact (Fig. 14b). The corresponding reduc-
tion of the contact surface is included in the model, hence, less load is 
transferred as the contact surface becomes smaller with increasing 
interface slip. 

The model assumes that the concrete between the conical compres-
sion fields does not contribute to the transfer of bond forces. However, 
this concrete constrains the relative displacements of adjoining conical 
compression fields, which complicates the superposition of the concrete 
displacements of the stress fields originating at all ribs. For simplicity, it 
is assumed here that (i) the radial displacements vcc,i and hence the axial 
interface slip δR,i at each rib depend only on the stress field at the cor-
responding rib, but (ii) the concrete parts between the conical 
compression fields impose the vertical displacements of the conical 
compression field at Rib i + 1 to that of Rib i. The axial concrete 
displacement at Rib i thus corresponds to the sum of the contributions of 
all stress fields between Rib i and the ideal cross-section. 

In order to ensure that concrete and reinforcement remain in contact 
along the discontinuity surface BK, the axial steel displacements us,i at 
each rib must correspond to the sum of the axial concrete displacements 
uc,i and the axial interface slip δR,i, unless additional slip δsp,i occurs 
either due to internal splitting (causing concrete dilation enabling 
higher reinforcing bar slip at the interface) or local concrete crushing in 
front of the ribs, or both. As the stress field is derived rib-wise, starting at 
the main crack, the total steel displacement us,i and the concrete dis-
placements component uc,i – which are integrals of the steel and axial 
concrete deformations, respectively, from the ideal cross-section to the 
rib under consideration – are unknown until the entire stress field has 
been developed. Hence, an iterative solution would be required if the 
stress field depended on the total displacements, similar to the solution 
of the differential equation of bond in models relying on nominal bond 
shear stress-slip relationships. Note that in such models, the nominal slip 
δ is commonly defined as the difference between the total steel dis-
placements us and the concrete elongation due to bond-induced axial 
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tensile stresses (see Fig. 14c), which essentially corresponds to the 
elongation of the hollow cylinders uct in the stress field model, i.e. the 
nominal slip δ = us – uct contains the stress-induced concrete displace-
ments ucc. 

However, since (i) the total steel displacements us,i and the axial 
concrete displacements uc,i are sums of the contributions of all stress 
fields between Rib i and the ideal section, and (ii) compatibility must be 
satisfied at all ribs, interface compatibility can also be formulated 
incrementally, i.e. in terms of steel and concrete displacement in-
crements Δus,i and Δuc,i between two successive Ribs i and i + 1 
(Fig. 14a) 

Δus,i = Δucc,i +Δuct,i + δR,i + δsp,i (27)  

and as the stress field does not depend on the total steel or concrete 
displacements but only on their rib-wise increments, the stress field can 
be developed using incremental interface compatibility starting from the 
main crack. As the input values depend on the transferred load, ensuring 
equal displacement increments is a suitable condition for controlling the 
load transfer. A tolerance for the relative difference between Δus and Δuc 
is introduced to account for imperfections and model insecurities, such 
as the assumed linear elastic concrete behaviour and the uncertainty 
arising from the expansion of the hollow cylinders carrying tensile 
stresses with regard to the position of the ideal section, which also im-
proves the robustness of the numerical implementation. 

4.2.2. Solution procedure 
In the development of the stress field following the workflow illus-

trated in Fig. 11, it is initially assumed at each rib that all concrete 
displacement increments at the interface are stress-induced, i.e. caused 
by Δuct,i, Δucc,i and δR,i (due to vcc,i), hence δsp,i = 0. If no stress field (i) 
complying with the boundary conditions and the yield criterion, as well 

as (ii) satisfying interface compatibility with δsp,i = 0 can be found, it is 
assumed that additional slip δsp,i > 0 is caused by internal splitting 
cracks and local concrete crushing in front of the rib in order to satisfy 
displacement compatibility at the interface. This is typically the case if 
the reinforcing bar yields: bond stresses are low and the concrete stress- 
induced interface displacements including interface slip are small, while 
the steel displacements increase disproportionally. 

The additional slip δsp,i required for interface compatibility is 
determined as the difference between steel and concrete displacements 
while maximising bond. However, since the additional slip (δsp,i > 0) is 
associated with internal splitting, the concrete near the reinforcing bar is 
assumed to be radially cracked, and no triaxial stresses can develop at 
the reinforcing bar-concrete interface in this case. Hence, if δsp,i > 0, γ is 
set equal to the rib flank inclination γrib. Note that higher bond stresses 
cause more pronounced steel stress changes and larger concrete stress- 
induced interface displacements requiring smaller additional slip and 
vice versa; the solution with maximum bond thus requires a minimum 
additional slip δsp,i. Higher bond forces in parts affected by splitting 
could be ensured by providing confining reinforcement (similar as in the 
Dual-Cone stress field [45]), enabling a triaxial nodal zone despite in-
ternal splitting. This is, however, beyond the scope of this paper. 

Unlike the rigid-plastic stress fields presented in Section 3, which are 
independent of the applied load as long as it is equal to or higher than 
the cracking load, the stress field with interface compatibility depends 
on the applied load. Thus, the numerical solution must be carried out 
step-wise with increasing loads. Thereby, the four stages shown in 
Table 2 are distinguished: (1) crack formation, (2) stabilised cracking, 
(3) elastic-cracked behaviour and (4) plastic steel deformations. In the 
crack formation stage (1), the concrete is assumed to be pre-cracked at 
large distances, resulting in a pull-out situation at the cracks. The crack 
spacing is determined for the cracking load (where cracking stabilises in 

Fig. 14. Assumed concrete stress-induced interface displacements: (a) isolated hollow cylinder deformations; (b) conical compression field deformations; (c) dis-
placements of the concrete at the surface, the concrete at the interface and the steel (neglecting additional slip due to splitting or local concrete crushing in front 
of ribs). 

Table 2 
Modelling stages for the stress field with interface compatibility depending on the cracking load Fcr and the steel yielding load Fsy.  

Stage Load Characteristics 

1 – crack formation (pull-out 
situation) 

F < Fcr Concrete not fully activated in tension. Ideal cross-section where steel and axial concrete strains are equal. Internal splitting may 
occur. 

2 – stabilised cracking F = Fcr Concrete fully activated in tension. Cracks forming initially at the maximum crack spacing and subsequently at the minimum crack 
spacing. Internal splitting may occur. 

3 – elastic-cracked Fcr < F < 
Fsy 

Minimum crack spacing from Stage 2 kept constant (formation of possible further cracks neglected). Internal splitting may occur, 
more likely near crack. 

4 – plastic steel deformations Fsy < F Bond decreases with decreasing steel stiffness. Minimum crack spacing from Stage 2 kept constant. Internal splitting likely to occur.  
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load control) and subsequently kept constant, i.e. the concrete is not 
necessarily fully activated in tension for loads higher than the cracking 
load Fcr, as the bond stresses may decrease at higher load. 

4.2.3. Results 
The model extension with interface compatibility is validated against 

Specimen Ø16.M.ND#2 (Table 1) as this specimen is well-suited to 
investigate the occurrence of splitting. The four stages defined in Table 2 
are represented by four different stress fields with interface compati-
bility, which were developed for maximum steel stresses (at the crack) of 
200, 335, 450 and 580 MPa. The results obtained from the stress fields 

with interface compatibility, the experimental data – again for all crack 
elements to illustrate the inherent scatter – and the TCM predictions are 
compared in Fig. 15. 

The bond stress distributions (Fig. 15a) and average axial concrete 
stress distributions (Fig. 15b) obtained from the stress field with inter-
face compatibility correlate well with the experimentally observed 
profiles, capturing both the ascending as well as the descending 
branches in the bond stress distributions; the latter is mainly enabled by 
the interface compatibility condition. The TCM overestimates the con-
crete stresses in all cases and provides reasonable average bond stresses, 
particularly at higher loads and for the elements that did not split, but 

Fig. 15. Results of the stress fields with interface compatibility compared to experimental data and TCM predictions for Specimen Ø16.M.ND#2 at maximum steel 
stresses of 200, 270, 450 and 580 MPa: (a) bond stress distributions; (b) average axial concrete stress distributions; (c) displacements at the interface; (d) crack 
spacing and (e) average bond stresses; (f) stress field geometries with highlighted conical compression fields (left) and tensile rings (right) (ribs with splitting marked 
with red dots). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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cannot account for the bond loss due to splitting. At low load during 
crack formation (pull-out situation at 200 MPa), the concrete was acti-
vated over a long distance which is captured well by the stress field 
model, while the Tension Chord Model – due to the assumed high bond 
stresses (2⋅fct) – activates a much shorter length. Note that the experi-
mental data exhibit some bending effects presumably caused by the 
clamping of the steel bar ends [48]. 

The displacements illustrated in Fig. 15c indicate that controlling 
bond forces via interface compatibility worked well for all stages. The 
total steel and concrete displacements show a higher difference (corre-
sponding to the admitted tolerance) at high bond stresses and also 
increasingly with high steel deformations (Stages 2 and 3). A possible 
explanation is that in such cases, concrete crushing would contribute to 
slip, which cannot be accounted for in the model, as it is only introduced 
together with splitting and γ = γrib. Note that already during crack for-
mation (pull-out situation, see red dots for ribs with splitting in Fig. 15f) 
at 200 MPa, the slip contribution due to splitting was required at the first 
rib, where the steel displacement is largest while the length over which 
concrete can be compressed, i.e. generate Δucc,i and δR,i (due to vcc,i), is 
very short. For the same reason, branches with initial low bond stresses 
are also seen in Stages 2 and 3 (270 and 450 MPa). In Stage 4 (580 MPa) 
with plastic steel strains near the crack, longitudinal splitting was 
experimentally observed in all but four crack elements of the specimen. 
The bond stresses in the crack elements exhibiting splitting are modelled 
very well by the stress field, including the increase of bond stresses 
further away from the crack, although the longitudinal extent of the split 
region is slightly overestimated, which could be attributed again to the 
fact that the model assumes splitting as soon as δsp > 0 is required for 
interface compatibility, but δsp could partly be caused by concrete 
crushing in front of the ribs without splitting and therefore higher bond 
stresses. On the other hand, the maximum bond stresses predicted by the 
model in the unsplit region are higher than experimentally observed. A 
possible explanation is that the confinement capacity of the annular 
discs providing confinement in the split region, was not reduced. 

Fig. 15d and e illustrate the crack spacing and the average bond 
stresses. Concrete cracking occurred in the experiment at very low 
stresses of only 190 MPa, while the TCM predicts cracking at 380 MPa 
and the stress field at 266 MPa (assuming a tensile strength of 0.7⋅fct). 
This can be explained by initial stresses due to shrinkage and possible 
bending effects, as well as scatter of the tensile strength. The TCM 
provides reliable lower and upper bounds for the crack spacing, but the 
local and the average bond stresses are overestimated, particularly for 
Stages 2 and 4, where they are overpredicted by a factor of 2…3. The 
stress field with interface compatibility activates the full axial concrete 
tensile capacity at around 270 MPa (see also Fig. 15f) where a new crack 
forms at x = 300 mm. This crack spacing is then held constant, as the 
stress fields for 450 and 580 MPa do not even activate the full tensile 
capacity at the given crack spacing, hence no new crack is predicted. The 
average bond stresses predicted by the stress field closely match the 
experimental data. 

4.2.4. Discussion 
Accounting for interface compatibility improves the capability of the 

stress field to predict the load-deformation behaviour while maintaining 
transparency and a clear physical meaning of all model components: 
Interface compatibility requires that the change in elongation of the 
reinforcing bar must be matched by the concrete stress-induced axial 
interface displacements, which are assumed to consist of the contraction 
of the conical compression field along its generatrices (causing axial and 
radial interface displacements, the latter being absorbed by interface 
slip) and the expansion of the axial hollow cylinder, with an additional 
slip due to internal splitting and crushing of the concrete in front of the 
ribs where required. With this simple condition, the load transfer could 

be steered satisfactorily in dependence on the applied load. The results 
match the experimental data very well, and the occurrence of splitting 
cracks could be predicted in the specimen used for validation. 

Nonetheless, the stress field still should be improved in some 
important aspects, particularly regarding the modelling of the splitting 
cracks and their radial extent. On the one hand, the concrete in the split 
region around the reinforcing bar cannot be activated tangentially, but 
at least in the specimen used for validation, the tangential stresses in the 
split region were very low (see Fig. 15f, 580 MPa), such that the sur-
rounding concrete would likely be able to carry the radial bursting load, 
enabling higher stresses in the node ABK and thus higher bond stresses. 
In fact, rather than the capacity of the tensile hoops, the low bond 
stresses predicted by the model in the split area are primarily caused by 
the lack of a triaxial zone ABK at the ribs (imposing γ = γrib), which can 
diminish the bond stress by an order of magnitude at typical rib flank 
inclinations (see Fig. 5b). On the other hand, the model does not account 
for the fact that the tensile hoops confining the conical compression 
fields of the ribs adjacent to the split area with rather high bursting 
forces are located in the split region, which should reduce their capacity; 
as commented in Section 4.2.3, this may cause overprediction of the 
bond stresses near the split area. 

Furthermore, as additional slip is needed to satisfy interface 
compatibility, splitting is introduced at low loads. This prevents the 
formation of a triaxial stress state near the ribs and leads to excessively 
low bond stresses in the region close to the crack. However, the missing 
slip is at least partly due concrete crushing, which is ignored by the 
model. Using a non-linear constitutive law for concrete could enhance 
the predictions by creating a transition from linear-elastic to fully split 
behaviour. 

5. Summary of the main findings and conclusion 

This paper investigates the load transfer between reinforcing steel 
and concrete with stress fields for the case of axisymmetric reinforced 
concrete (RC) ties subjected to monotonic loading. To this end, a rigid- 
plastic discontinuous stress field based on the lower bound theorem of 
Plasticity Theory (Section 3) was developed and subsequently refined 
and extended to account for interface compatibility (Section 4). Rather 
than relying on the crude idealisation of nominal bond shear stresses and 
slip and semi-empirical bond shear stress-slip relationships as most 
existing bond models, the stress fields presented in this paper derive the 
load transfer based on the material properties and geometry of the RC tie 
and the capability of the surrounding concrete to carry the loads. Bond 
forces are transferred through a triaxial nodal zone at the concrete- 
reinforcing bar interface and radially spread by hollow conical 
compression fields, whose radial and axial components are resisted by 
annular discs acting as hoops and axial hollow cylinders loaded in ten-
sion. The geometry of the stress field was developed such that critical 
overlap of stress field parts is minimised, and the inner radius of the 
annular discs and the smallest hollow cylinder defined such that the 
superposition of tensile stresses in these components with the 
compressive stresses in the conical compression field is not governing. 

The rigid-plastic stress field, whose geometry is independent of the 
level of applied load, was validated against experimental data obtained 
from three RC ties instrumented with distributed fibre optical sensing 
(DFOS), showing good correlation in terms of the maximum bond 
stresses and crack spacing and highlighting that the stress field is 
capable of reliably accounting for the influence of the reinforcing bar 
diameter and rib geometry. However, the initial assumption that the 
tensile capacity of the hollow cylinders should be fully utilised by each 
individual conical compression field proved to be unfavourable in cases 
of high bond stresses, where concrete crushing in the conical compres-
sion field becomes governing, accompanied by a sudden drop in bond 
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stresses. Therefore, a local reduction of the axial tensile stresses in the 
hollow cylinders corresponding to the affected conical compression 
fields was explored in Section 4.1, yielding improved predictions of the 
behaviour. However, this solution is neither optimal for the stress field 
at an individual rib, nor for the global stress field, and the method re-
quires further development. 

While the rigid-plastic discontinuous stress fields, enhanced by the 
local reduction of axial tensile stresses where appropriate, provide good 
predictions of the bond strength, they cannot account for the influence 
of the applied load and steel strains, which is particularly relevant in the 
post-yield range. Therefore, an extension of the stress field with an 
interface compatibility condition, ensuring contact between the con-
crete and reinforcing steel at every rib for the load transfer, was 
explored. The extended model does not ensure rigorous deformation 
compatibility but maintains the clear mechanical meaning of all com-
ponents as in the rigid-plastic stress field. The main findings and con-
clusions for the stress field with interface compatibility, which 
essentially corresponds to a Level 2 approximation according to [53], 
are:  

• Despite the crude idealisation and simplistic interface compatibility 
condition, the predictions of the bond stress profiles – including the 
ascending and descending branches – and their dependency on the 
applied load or steel strains, respectively, could be greatly improved.  

• The model is capable of capturing the local and average bond stresses 
and the crack spacing throughout the investigated loading stages – 
crack formation, stabilised cracking, cracked-elastic behaviour and 
post-yield range – satisfactorily, with its predictions correlating very 
well with experimental data.  

• The model can predict the occurrence of internal splitting and the 
associated drop in bond stresses in the split region, and yields a 
mechanical explanation for the behaviour, i.e. the additional slip 
required to absorb large differences in steel and concrete displace-
ments that cannot be accommodated by concrete stress-induced 
interface displacements, which could not be explained by simple 
equilibrium in the rigid-plastic model.  

• The stress fields are highly valuable for visualising the flow of forces, 
and provide a clear mechanical explanation of the distribution of 
bond stresses, how confinement influences them, and what failure 
modes govern. One such example is the influence of the missing 
triaxial stress state in the case of splitting, where the omission of the 
triaxial nodal zone ABK adjacent to the ribs, explains the decrease in 
bond stresses. 

In conclusion, the stress field with interface compatibility provides a 
proof of concept for the use of similar models in order to determine more 
realistic load-dependent bond stress distributions by approaching bond 
beyond its reduction to an interface property as common in nominal 
bond shear stress-slip models. 

Future work could focus on the refined modelling of splitting, e.g. 
determining the extent of the split region based on the approaches by 

Tepfers and Schenkel [35,37] to improve the modelling of concrete 
confinement within the split region. Also, an approach on how to 
separately include concrete crushing and splitting is desirable as slip 
caused by concrete crushing can maintain a triaxial nodal zone ABK. 
Furthermore, the stress field should be globally optimised, rather than 
carrying out local optimisations in its rib-wise development. Thereby, 
the axial concrete stress σxd could be globally optimised and compati-
bility could be accounted for in a more refined manner based on total 
displacements. In addition, the model should be extended to and vali-
dated for confined RC ties, accounting for the beneficial effect of 
transverse reinforcement not only acting as tensile hoops, but also 
providing additional confinement for the nodal zone ABK adjacent to the 
ribs (analogously as derived in [45]) thus enabling triaxial stress states 
in the case of splitting; however, suitable experimental data for valida-
tion is lacking. Another potential future work direction is a finite 
element implementation of a fully compatible stress field, similar to 
[33], with global optimisation. Compared to conventional finite element 
analyses, such a model would have the advantage of being suitable for 
parametric studies without the need for calibrated, empirical parameters 
of bond shear stress-slip relationships. Such analyses could be used for 
instance to determine the influence of the rib geometry on bond sys-
tematically and optimise it for specific applications. 
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Appendix A 

For the superposition of the conical compression field and the hollow cylinders subjected to uniaxial tension, basically two cases can be distin-
guished depending on the inclination of the compression field: (a) α ≤ π/4 − φ/2 and (b) α > π/4 + φ/2 (see Fig. 16). In the first case (a), the conical 
compression superimposed to the axial tension is beneficial, and the superposition (even with fully activated uniaxial strengths in each component, i.e. 
σα (=σα0) = fc and σxd ¼ fct) will not govern failure. In the second case (b), the conical compression needs to be reduced below its uniaxial capacity such 
that sliding failure is avoided (first Eq. (3), with σ3 = σα and σ1 = fct) [46]. For the most unfavourable angle α = π/2, compressive stress within the 
region where the compressive and axial stress fields intersect must be limited to fc,red to avoid failure: 

σα =
(

tanφ +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + tan2φ

√ )
⋅
[(

tanφ +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + tan2φ

√ )
⋅fct −

fc

2

]

= fc,red (28)  
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Fig. 16. Failure modes in regions where the conical compression field (green) is superimposed to the axial tension field (blue): (a) case with beneficial superposition 
of stress fields for α < π/4-φ/2; (b) case for α > π/4 + φ/2 in which the axial tensile stress (uniaxial tensile strength) in the axial compression field reduces the 
compressive strength of the conical compression field below its uniaxial capacity. 

For simplicity, only the latter case is considered in the development of the stress field. Since the compressive stresses in the conical compression 
field decrease with the radius, this criterion can indirectly be satisfied by choosing the inner radius of the axial tensile hollow cylinder activated by the 
first rib (rct,min) such that the region where the stress fields intersect is not governing and hence, the conical compression field can be verified only by 
checking that its maximum stress (at the boundary BK of the triaxial nodal zone) is below its uniaxial compressive strength. This applies if σα(rct,min) ≤
fc,red, leading to Eq. (19). 

Thereby, the inner part of the tie (r < rct,min) carries no tensile stresses, since neither the axial tensile hollow cylinders nor the annular discs acting 
as hoops extend inside rct,min. This is plausible since the transfer of tensile stresses is impeded by the conical micro-cracks (see Fig. 1b) that are likely to 
occur in this region already at low loads. 
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