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1. Introduction

Octahedral norms were introduced by Godefroy and Maurey in the unpublished work [10], and appeared
for the first time in the literature at [8], where it was proved that a Banach space X admits an octahedral
norm if and only if it contains a copy of ¢;. Octahedrality can be viewed as a strong non-differentiability—
in the sense of Fréchet—condition. Octahedrality has been extensively studied in recent years, see e.g.
[1,3,5,17,20] and many others, in connection with various dentability conditions on a Banach space. Through
its relation with the containment of ¢; and thanks to Rosenthal’s ¢; Theorem—see [21]—, octahedrality also
has interesting applications in connection with the weak sequential completeness of the Banach space—see
also [6, §II1.4 and Theorem 3.7 in §II1.3]—, and it is naturally connected with the problem of preserved
Gateaux smoothness points too,—see [8,22] and the paragraph below Theorem 1.1.

The coexistence of Gateaux smoothness and octahedrality for a single norm has, therefore, been a known
problem since the early nineties—see [11, Problem 197], [13, Problem 7] and [22,23]). Curiously, up to date,
the only example of a Banach space X which admits such a norm is the Hardy space Hi(D), as shown
(using deep results from harmonic analysis) in the monograph [6, p. 120]. This space is a separable subspace
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of Ly containing a complemented copy of ¢;. To find such a renorming, even in the basic case X = {1, was
open. Our main result in this note is the following.

Theorem 1.1. Let (X, || -||) be a Banach space admitting a Gdteaux smooth (equivalent) norm and hav-
ing a complemented subspace isomorphic to ¢1. Then, X admits a renorming |||-|| which is simultaneously
octahedral and Gateaux smooth.

By [13, Lemma 28], a given element « € Sx is a very smooth point if and only if x is a point of Gateaux
smoothness in the bidual X**. By [9, Lemma 9.1], for a separable Banach space X, its norm || - || being
octahedral is equivalent to the existence of an element z** € X** such that

||>t<*

x4+ = = |ll| + |||, for every x € X.

This property is a stronger condition of the norm that implies octahedrality and also prevents the
existence of preserved smooth points—see [22]. Although the existence of such a point z** is a consequence
of octahedrality in the separable case by the aforementioned lemma, the implication does not hold when
removing the separability assumption—see [18, Theorem 3.2]. In particular, for separable spaces X, our
main result provides a norm ||| - ||| where every non-zero point is Géteaux smooth but not very smooth.
Notice that the notion of very smoothness coincides with the one of strong Gdteaux smoothness—see [13].

Our proof relies on a new method of construction based on controlled directional estimates of the norm
on a dense subspace, which passes to the completion. It is somewhat subtle, and uses the complementability
of /1 heavily. To some extent, this is inevitable, as octahedral norms cannot have a rotund dual norm, which
is the standard condition in order to obtain a Gateaux smooth norm. Indeed, octahedral spaces contain
an asymptotically isometric ¢1-sequence ([2]), and spaces with such a sequence cannot have a dual rotund
norm ([19]). The proof would be no simpler if we just assumed that X = ¢, but it is not clear if there is a
simple formal argument in our case, using the special case of ¢1, together with the complementability of ¢,
in X.

We are inclined to believe that the complementability condition in Theorem 1.1 is redundant (so, the
containment of ¢; should be sufficient and, of course, also necessary), but our method of proof does not
cover this case.

The rest of the text is devoted to the proof of the main Theorem 1.1 through the construction of a
renorming ||-[|| being simultaneously Gateaux smooth and octahedral. The document is organized as follows:
the remaining part of this introductory section will contain preliminaries and notation. Section 2 consist of
the inductive construction of the renorming and the proof of its elementary properties. Lemma 2.5 shows
that it is an equivalent norm to the original one, and Proposition 2.6 contains the argument for octahedrality.
The last Section 3 is completely dedicated to showing the Gateaux smoothness of the final norm, which
is the most delicate part of the proof. It consists of showing that the Gateaux smoothness on the original
construction—Proposition 3.1 and Corollary 3.2—is inherited to the whole space X. The argument depends
on some suitable estimates of the directional derivatives and splitting in two cases, depending if there exists
a Birkoff-James orthogonal relation between the point and the direction or not—Subsections 3.1 and 3.2,
respectively.

1.1. Preliminaries and notation
We assume that our Banach space (X, || -||) has a Gateaux smooth norm || - ||, and X = X, & ¢4, for

some Banach space Xj. We will use {e;}$2; to denote the canonical basis of ¢;. For every n € N, consider
the linear subspace
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Xn = XO —|— span{ei 1 S 7/ S n}7
and put

Y = UXn:{xeX:a:GanorsomeneN}.
neN

Thus, the whole space X is the completion of the subspace Y.
It is clear that there exists a unique decomposition of every = € X as

o] o0
T =x0+ E zjej, where zg € X, E |z;| < oo.
=1 =1

For any n € N, consider the n-th canonical projection (or the canonical projection to X,,) as the map
P, X = X,

P, (x) :=x9+ ijej.
j=1

To simplify the notation, we will also denote the n-th canonical projection of a given element x by the
symbol

The final norm ||| - ||| will be obtained through the construction of a sequence of compatible renormings
[l - ||l on the spaces X,,. Such a sequence has, of course, a unique extension to the whole space X. It will
be easy to check that ||| - ||| is octahedral, as it will have the property on Y, and octahedrality passes to the
completion X. The construction will also be Gateaux smooth at all points of Y—see Section 3. The difficult
part of the argument is to prove the Gateaux smoothness for every x € X \ Y. This is equivalent to the
existence of all directional derivatives %, where h € Y.

We refer to [6,7,12,14] for standard results and notation.

2. The construction of the norm

This section will contain the inductive construction of the norm ||| - |||, which will be octahedral and
Géateaux smooth. As said before, it will start through an inductive process of constructing norms on the
spaces X,,. Roughly speaking, the main idea behind this is to add one more dimension and construct a new
norm as the Minkowski functional of a new convex body, defined through homothetic copies of the previous
unit ball. Through the assumptions of the function that indicates the homothetic factor depending on the
height, we may achieve the new convex body being still smooth, and that on each step, the norm for the
new vectors is “asymptotically” an ¢;-sum.

We will start by consider sequences of real numbers {z, }nen, {ln}nen, and {s, }nen such that:

e U<z, <y <8y < 1

e 2z, strictly decreasing;

o [, strictly decreasing, {l,,},eN € £1;
e s, strictly increasing, s, — 1.

Also, take a sequence of continuous convex and real-valued functions {f,}nen, frn: [0,1] = R with the
following properties,
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Fig. 1. Shape of the function f,.

i. fn=01in [0, z2,];
ii. f, is smooth and strictly increasing in [z, l,,];
n ln
i fu(f) =t —
iv. fn in [s,, 1] is strictly increasing, smooth, f(1) = 1 and lim; ;1 f/(¢) = oo.
Then, the following holds.

when ¢ € [l,, sp];

Proposition 2.1. By the construction above, for everyt € [0,1]

Zn + ln
ti
2

< falt) <t.
In particular, f, — |- | uniformly.
Proof. Is clear from the construction. See also Fig. 1. O

From the result above we also have that for every ¢ € [0, 1],
T s f(t) > 1t
Now, we are ready to start with the construction of the norms. For n = 0 just define ||| - [[|o := || - || as

the restriction of the Gateaux smooth norm from X to Xy. For n > 1, we will define a (equivalent) norm
[I| - Il in X, by the Minkowski functional of the set

By =A{z € X : [|1Pa—r2ll,,—y £ 1= fullznl), zn € [-1,1]}. (1)
Thus, ||| - || := iB,,, and so Bx, = B, and
Sx, ={z € Xo: |Pamrzll, oy =1 = fallwal), @n € [-1, 1]} (2)

Lemma 2.2. Let x € Y. Then,

|J}n|

In particular, ||Pp—1z||,_y < [|[Pnzl|,,-

Proof. We can assume without loss of generality that [|P,z||, > 0—otherwise, the result is trivial. Then,

x
P, | w—=—— ) € Sx,,, and by (2), the equality
" (||Pnfﬂ||n>
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e s
H ( (|||an|||n B AN o

follows. From here, we deduce

|xn|
I1Posall, =<1—fn (— IPuall,. ©
: e,

For the previous description of the norm there are some easy consequences that follow naturally. We will

state them for further reference.
Corollary 2.3. If x € S(x, j.|1.) and [t| < zn41, then
llz + tentall,yr = Ml
In particular,
Xn OB i1 lllgn) = Bt
Proof. The formulae follow readily from the properties of f,, and the construction of [|-[[,,. O

Now, we are ready to define the final renorming ||| -[[|, through the supremum of the already constructed
[I| - [Il, that is, for any € X

=]l := sup {[l| Pnzll,,}-
neN

We will prove that it is indeed an equivalent norm through being equivalent to the already equivalent

norm [[| - [[lo ®1 || - ||; in X (the computation of ||zo||, + [[(zr )52, for any = € X).

Proceeding by induction again, for Xy take |- |o := ||| - |[[o—the original Gateaux norm in Xy. For n > 1,
consider | |, := ||| - [ln=1 €1 | - |- It is straightforward to see that for n > 1 the unit ball associated to this
norm is

By, ={r € Xy : ||[Praz]| <1—|xu|} =conv(B,_1,€ey).

n—1 —

Remark 2.4. In the following, we will use the fact that T], cn(1+ z”;l”) converges. This is due to the fact
that {%}%N € {1, because in the construction of the functions f, we took {l,}nen € 1.

Lemma 2.5. For the constructed norms, it is satisfied that

1

W| o S Mlln < T+ -
In particular, by considering the norm ||| - |||o ®1 || - ||; on X, we have that
1
(Mo @2 - 1) < A1 1< 1l lllo @ - Il

HnEN(l + ZWT-Hn)

Proof. First, it is clear by Proposition 2.1 that

n ln
B|.|n Cc B, C (1 + z ;— > B\'In‘
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Now, on the one hand, from the right-hand side inclusion, we have that for every n,
1Pnz|l, < [Ppzln = [[Pao1zll,—y + 2al-

Applying this inequation iteratively, we reach

n oo
I1Pazl,, < llzollo + D Lzl < llaollly + D laal-
=1 =1

In particular, by taking the supremum on n in the left side, we reach the first inequality

IF-1F< I~ Mllo @211~ 1]
On the other hand, by the left-hand side inclusion, we have

1 1

| Pzl 1Prlln = ——F
1 + zn2 n

ntln I € n—1 Tn

Once again, applying this iteratively
n 1 n
llll = sup 1Bkl = I Pazll,, > | T1 PN (Ixolllo +y Ixi> :
j=1 2 i=1
In particular, by taking suprema on n € N, we reach

1

= Ul - Mo @ [+ 11)-
HnEN(l + %ln)
The proof is over. 0O
2.1. Octahedrality of the norm
Here, we will show the octahedrality of ||| - |||. Recall that a norm || - || of a Banach space X is said to be

octahedral if for every € > 0 and every finite-dimensional subspace F' of X there exists x € Sx such that
ly +az| = (1 —e)(lyll + laf)
for every y € F and o € R.
The core of the idea is that, in the set B,,, the element e, is “close” to witnessing the octahedrality of
the norm for any element in B, _1, and the closeness is reduced with the increasing of the n.
Proposition 2.6. Let € > 0. Then, there exists ng € N such that, for any n > ng,

1Pr1z + cenll, = (1 =) Parzll, + laf)-

In particular, the norm ||-|| is octahedral.

Proof. Take ng € N such that —22Fla_ < ¢ Then, applying Lemmata 2.2 and 2.5, we get
zn+ln+2

1

|1 Pr—1z + aen|l, > ———|
n 1 + Zn2 n

|Pr—12 + aen|n
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Cn

—

(1 - f(lxn|))Bn—1

S

8
e - @

B,
Fig. 2. Shape of the unit ball B,,. The slice of B,, at height x, is a homotetic copy of B, _1 with scalar factor 1 — f, (z).

1
= = (IPszll s + ol
2
1

Zn+ln
1+ 5

(I1Pa-s2ll,, + la ),

and this last term is greater or equal than (1 — &)(|| P,—1z]|,, + |o|) if and only if

1— 1 _ Zn + c

As this is satisfied because of the choice of n € N, we conclude the proof. O

3. Gateaux smoothness of the norm

This final section is fully devoted to showing the Gateaux smoothness of ||| - |||. It will require splitting
the argument into several steps. First, the smoothness of the norm ||| - |||, in X,,. Geometrically, this is due
to the properties on the functions f,—see again Fig. 2. The smoothness of ||| - |||, in the points that belong

to the previous X,,_1\{0} is due to the assumption f, = 0in [0, z,], and the smoothness in +e,, is achieved
because lim;_,q f/(t) = oc.

Proposition 3.1. The space (X, ||-|l,,) is Gateaux smooth.

Proof. By induction, for n = 0, we know that the norm ||| - |||o on X is Gateaux smooth by hypothesis. By
equation (2) we know that [||-||,, is the Minkowski functional of the 1-level set of the function

9(x) == [1Parzll,,—y + fa(lzal).

By inductive assumption, [|-[|,,_; is Gateaux smooth (except at the origin). Hence g(x) is also a Gateaux
smooth convex function in its domain, except for the origin and possibly the point +e,. Hence there is a
unique tangent hyperplane to the graph of g at x and this immediately implies that there is also a unique
tangent hyperplane to the Minkowski functional of Sx . In other words, |||, is Gateaux differentiable at
z. The remaining case when = = +e, is clear, since the only tangent hyperplane at this point is the kernel
of the n-th coefficient functional on X, yielding Gateaux smoothness again. O
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Corollary 3.2. The space (Y, ||-||) is Gdteaux smooth.

Proof. Given x,h € Y, there exists n € N so that both x,h € X,,, so the result follows from the previous

one. 0O
In the remaining part of the section, we will prove that [||-||| is GAteaux smooth on the whole X. This is
the most delicate part of the argument. Our Banach space (X, ||-[|) is the completion of the normed space

(Y, 1D = Un (X, [II4]ll,,)- To prove that the final norm is Gateaux smooth, it suffices to prove that ||| has
a directional derivative at any point 0 # = € X with respect to a dense set of directions, in our case, for
any h € Y. If x € Y then this follows directly from Corollary 3.2, as both x and the direction h € Y are
contained in some X,, and we know that [||-|[,, is Gateaux smooth. It remains to deal with the delicate case
reX\Y.

In what follows, we assume without loss of generality that z = x —&—Z;‘;l xje; (where of course ) |z,| <
o0), [lz|l = 1. Since ™ = o + 377, xjej, (2| < 1 for all n € N.

In order to prove the Gateaux smoothness at a fixed point « we will obtain an estimate of the function
(of parameter t)

G (t) = [+ thll| — (|||
for every h € Y. In the end this will lead to the desired conclusion because

0
() = 202l

We start by collecting some simple observations concerning the functions ¢, 5. The proof is omitted, as
it is immediate.

Lemma 3.3. For any 7 > 0,

b7 (t) = [l + trhl| = |zl = ¢z.n(rt);
Prarn(t) = T2 + trhl| — [Tzl = 7¢2.n(t);

¢Tm,h(t> -

1 1
ra ()| = lrell = 764,20 = 7o)
Also, for fixed x € X,h € Yt € R, we have
¢z,h(t) = hrILn ¢r”,h(t)-

Our strategy is to show that the sequence of functions ¢n j yields the estimates needed for Gateaux
smoothness at x.

We will split the argument into two cases through the well-known notion of orthogonality initially intro-
duced by Birkhoff at [4] and studied by James in [15,16].

Definition 3.4. Given a Banach space (X, | -1]), and z,h € X\{0}. It is said that x is Birkhoff-James
orthogonal to h if for everyt € R

[l + th]| = ]
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In our context, x is Birkhoff-James orthogonal to h if and only if ¢, ,(t) > 0 for every ¢ € R. Geomet-
rically, the above definition allows us to think of A as a “tangent direction” on x, meaning that the vector
x + th belongs to a tangent hyperplane of the multiple of the unit ball |z Bx at z. Notice that if || - || is
Géateaux at z, then qS;,h(O) = 0 for any h tangent direction at x. Finally, one of the key properties of the
renorming is that the norms are inductively constructed so that the sliced of unit ball B;, ;1 in the direc-
tion of e, 41 are homothetic copies of the previous step B,,—recall Fig. 2. This implies that Birkoff-James
orthogonality for a projection is preserved at further steps.

Corollary 3.5. Let x € (X, ||| - ||l) such that ™ # 0. If 2™ is Birkoff-James orthogonal to a given direction
h € X,,, then x"*! € X,, 1 is Birkoff-James orthogonal to h.

Proof. By Lemma 2.2,

|xn+1| _
(1 - fn+1 (M)) ¢z”+1,h(t) = ¢m",h(t)7

and the result follows. O
8.1. Case 1: 2™ is Birkoff-James orthogonal to h € X,

In this part, we will assume that the direction h belongs to X,, for a given n € N, and furthermore,
2™ € X, is Birkoff-James orthogonal to h.
As z™ is a smooth point, ¢/ ,(0) = 0, or equivalently

Gun n(t) = oft). 3)

Let us now estimate ¢zn+1 p,.
From the construction of the renormings ||| - |||,—see Lemma 2.2 and Corollary 2.3—we have that for
every A > 0 there is some A < A such that

)\SX"_*_1 N (Xn + $n+16n+1) = S‘SXn + Tn+1€n+1-
i.e. for a fixed value z, 1 we have
ll | =% <= lla" + @nsrensall = [l ]| = A

Take P := Hlm—i\—thl\l(mn + th), the point on the ray from the origin to the point 2™ + th which has norm
A= [la I ] )

Now, put P := P + @y11€p41. Then P, (P) = P and [|P|| = A = [[|2""|||.

Denote by

A

Ri=—~ (3™ 1 th
T e ¢ )

the point of intersection of the ray from zero to (z"*! + th) with ASx, ,,.
We claim that [|P,(R)|| > A as, from a simple geometric argument, we deduce that R must project
farther away from the origin than P—see Fig. 3. Indeed, we may write

n+1 n
pe I (U ey p ),

et 2] ([Eagl
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Fig. 3. Geometric interpretation of the claim.

so R € span{P, P}. Notice that P, R € span{P, P}N\Sx
it is satisfied that ||z]| < A.

Then, the intersection of span{z"**+th}Nconv (P, P) is a unique point S, that clearly satisfies P, (S) = P
and [|S|| < A. As both R, S € span{z"*1 + th}, but || R|| > ||S]|, we finally deduce that

but H’PH’ < \. Then, for every z € conv (P, P),

n+1?

2R = I2(S)II = [[| 2]

So, the claim is proved.
But then, by the claim

™l Jier + ¢
lle 3+ ¢hll Jla]]

12| = 2. (R > ||| 2]]|-

So we just deduced

Ml M=+ nl]
el = Ml + thl]

Using Corollary 3.5 and this last inequality,

0 < durr n(t) = [ + th]] - [l
="l
< —|a" + th|| — [||la"*
e e I = (I}l
[z
= T Qgn p(f)-
[F e

Now, we may fix n large enough so that h € X,, and [|z"|| > 3||z[|. Proceeding inductively as above, we
get the estimate for every m > n:

gl
G n(t) <
! [l

Gan n(t) < 2¢am p(t). (4)
Then, passing to a uniform limit for m — oo this clearly implies that

G (t) < 2¢n 1 (1),

which using (3) means that ¢, (t) = o(t) and so % =0.
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Fig. 4. Decomposition of a direction h € X,,.
3.2. Case 2: no projection ™ is Birkoff-James orthogonal to the direction h

Let us pass to the general case. We may assume ||z|| = ||k]| = 1. For sufficiently large N € N, h € Xy,
and H|x — xN|H < %. In what follows, we tacitly assume that m > n > N, i.e. without loss of generality,
we assume that always [|z"[| > 12 and [[z™ — 2™ < §. We may also consider [¢| < 7.

For m, let h = hy;, + Cpz™ be a (unique) decomposition such that h,, is a tangent direction at z™—see
Fig. 4.

Notice that, considering g, € Sx:, the (unique) norming functional for 2™ € X,, (ie., (gm,2™) =
[lz™]I), it is well known that this functional g,, is the one describing the value of the directional derivatives
at ™, i.e., for any direction y € X,,,\{0}

Oll="1 _

In particular, we have that (g, hn) = 0. Geometrically, the unique tangent hyperplane of ||z™||Bx,, at
x™ is exactly 2™ + ker(gnm,).
As [(gm, h)| <1 and (g, ™) = [|z™]| > 13, we have

16°
a||=™
A _ (g, 1) = Conlgm, ™) = Cunlla™,
oh
from where we deduce that
16
Cnl < —. 5
Cnl < 32 5)
Recall that, by the construction of the norm ||| - |||, tangent directions at one dimension are preserved in

further dimensions (see Corollary 2.3), so h,, € ker g, i.e. (gm, hn) = 0, whenever m > n. Thus, as
gm(h) = gm(hm + Crnz™) = g (hn + Crz™),

we deduce that Cy,gm (2™) = Cpgm(z™) and then we get
0= Cingm(z™) — Crngm(z")

= (Cm - Cn)gm(xn) + Cm Z xigm(ei)'

i1=n+1
Now, if we combine this equation above with the lower bound

15 1
m ny| > m my| _ m __ ..n > = — -,
|gm (@) 2 lgm (2™)] = lla™ = 2™ | > 75 = ¢
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and using also the upper bound |C,,| < 32 from (5), we achieve

|Cp — C| < 'ﬁﬁ*) > mil <2 }: |z

1=n+1 1=n—+1

and, in particular,
|Cri1 — Cnl < 2|Tpt1]-
With this, we will get the estimation
I7ns1 = Pl < 4z 1.
Indeed, using equations (5) and (6),

1Pns1 — hall = |H0n+1xn+1 - nxnm
S ’H(CnJrl - Cn)xn+1 + Cnxn—H - Cnxn|||

< NCoir — G| + [ Cua™ — G|

<L 2|zpg1] + CollTntientall

< 4|f£n+1 ‘ .
Now, using Lemma 3.3,

Gan n(t) = (2" + thy + tCpa™ || = [[l2"]

= I+ tCn)2™ + thl| = [II(1 + ¢C )™ (|| + (I (L + ¢C )™ (|| — ||

= d+tc,)am b, () T 1C|z"|

— (14 1C) t) + tCulla".

_
“\1+tC,

Notice that the above formula gives an expression of ¢~ j(t) that depends on the tangent direction h™.

By (re-)writing the formula for the n + 1-dimension, we would get an expression depending on the next

tangent direction h,i. The idea is that, thanks to (7), we can estimate the function ¢gzn+1 j,, but still use

the previous tangent direction h,,. In fact, by writing the formula and adding and subtracting the vector

Vp 1= HTth"’ we get

Gant1 p(t) = (L +tCpy1)dpntt p, ( +tChi1 |Hxn+1 H|

= 1)

1
—
1+ tCpiq )
1

—th,
1+ tCn+1 +

= (1+tCphyi1) < "t 4

+ tChpa ™|

1
=(1+1tC, "y A —————thy1 — Uy
1+ +1)< "t +1+tC’n+1 41—

|

= )

We may now use the triangular inequality on the last step of the formula above (where the vectors vy,

are introduced). This means that, for a certain error E,, (), we are able to express
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Gant1 n(t) = P14tCn41)em+1 1, () + 1Cnpa ||| 2" | + En(t) (8)

where the error is estimated by
[ En ()] < [tlllln+1 = halll < 4ft]|znia]- (9)
Notice that comparing the two formulas that we achieved for ¢4n+1 5, we have that the error is exactly
En(t) = ¢(1+tcn+1)z"+1,hn+1 (t) - ¢(1+t0n+1)m"+1,hn (t) (10)

We can then use (8), getting

k—1
Gantr p(t) — Gun p(t) = Z(¢x,L+j+17h(t) — Gynti p(t))
3=0
=A+B+C, (11)
where we have the three terms
k—1
A= (¢(1+tcn+j+1)$”+j+l,hn+j (t) - ¢(1+tcn+j)zn+j:hn+j (t)) )
7=0
k—1 k—1
Bi= 3 #Cntjir = Cop)llla™ 7|+ 3 tCos ([l = [l 1)
j=0 =0
C:= E,i1(t) — E,(¢).
We can estimate separately the three of them. First, notice that using previous estimations on ||| - ||| and

using inequalities (5) and (6) to control |Cp4j+1] and |Cp4j41 — Cpaj| respectively, we get the bound

k—1 16 k—1
1Bl < 20> |wntjal + 1 D lwngjsal-
=0 =0

Also, the bound on the error that we had at inequality (9) yields
|C] < Aft]|zn4x] + 4t||zn].

So, with respect to B and C—and for the sake of simplicity—we might take the same bound,

oo

Bl < 41t] Y |@nssl (12)
j=0

Cl< 41t ) |zns] (13)
§j=0

Now, we only need to estimate A. Notice that we may split again
|A] < |Aq| + |A2],

where



14 Ch. Cobollo, P. Hdjek / J. Math. Anal. Appl. 543 (2025) 128968

A1 = PO ) b (B) — Btt0)m by (F) (14)
k—2

A2 = Z ’¢(1+tC,,LH+1)a:"+-7'+17hn+j (t) - ¢(1+tcn+j+1)w"+j+l,hn+j+1 (t)| (15)
7=0

For A,, by the error expression at (10), we have for j =0,...,k—1

|O+C s s )+ kg s (B) = PA4C s s )+ Ry 40 (B)] < 1By (£)]

< 4tf|zntjtl- (16)
So, As can be bounded as
k-2 k—1
Ay SIS [onial = 4 [ (17)
j=0 j=0
For A;, we may express the first of its two terms as
¢(1+tcn+k)w"+k,hn+k,1 (t) = (¢)(1+tcn+k)w"+k,hn+k,1 (t) - ¢(1+tcn+k)$"+k,hn (t)) (18)

+ ¢(1+t0n+k)w"+kvhn (t)

For the first summand of (18)
|2tC )zt sy () = Datt0n s ywm+t h )] < [ Pngk—1 — B

k—1
<4113 [ (19)
j=1

And for the second term of (18), as z™ is Birkoff-James orthogonal to h,,, we can reduce the last term
of the above formula to the previous Case 1 in Subsection 3.1, so applying (4) and re-writing through
Lemma 3.3, we get

| D11t )z, (B)] <

=1l ( 1 )
14+ tChtk) " Pan —t]|,
(A 0C0o0) S S \ T30,

and recalling the estimates of |Cp,,| < 12 in (5), and the initial assumptions on the norms [[z™ || and that

we took [t < 512, we get that for any k € N

16 15 16 1
n < =114+ —— n P ra—
[Sa+i0, e, (O] < 15 < 316 15) P <1 +tChik >‘

1
< 2¢4n —t 20
<2mn (Tt (20)

where for every k € N, % <1+4tChik < % and

21|
3

t

— [ <2t 21
1+tChyr| — g 1)

g




Ch. Cobollo, P. Hdjek / J. Math. Anal. Appl. 543 (2025) 128968 15

So, by (18) and (19) we get the estimation on Ay,

|A| = |¢(1+tcn+k)m"+k,hn+k,1(t) = b+1c,)zm h, (1)

< |batecn )zt han 1 (O] + |Darecyam n, (E)]
k-1

< 4t Z |Tnti |+ |Datec, )z, (O] + |Datecn)en n, E)] - (22)
=1

Combining the bounds of A; and A5 (adding equations (22) and (17) respectively), we get the remaining
estimation of A,

k—1

Al <8I |oni| + [ emts i 0] + [Earec,)an h (t)] (23)
j=1

Combining together the bounds of A, B and C (equations (23), (12) and (13) respectively) and returning
to (11), we finally achieve

|¢zn+k1h(t) - ¢Z",h(t)‘ S A + B + C

< B+4+4)|t Y |wnyyl
§=0

+ | btec, yzntt (O] + |Datic)an b, (E)] (24)

Finally, applying (20) to bound the last two terms in the equation above, we reach

o0
1
n t) — Gpn n(t)| < 16|t i 204 p, | —————t
| @i p(t) = Gan n(t)] < |\j§:0|33 il +2¢0n p, (1+tCn+k>

2¢4n —t

+ ¢z Jho <1 —‘y—tCn )

And this last inequality implies that ¢, 5 (¢) is differentiable at ¢ = 0—with derivative equal to lim,_, . Cp,.
Indeed, given any € > 0 we may pick n large enough so that Z;'io |Znt;] < €. We know that ¢,n p(t) and
¢gn h, (t) are differentiable at t = 0 by the previous case—with values being equal to C,, and 0, respectively.
So,

[Garen n(t) = b (8)] < 1621] + o(t) (25)

where the o(t) estimate is independent of k because of (21). This finishes the argument and the proof of the
main result.
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