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Abstract

It is a well-known fact that the topology induced by a fuzzy metric is metrizable. Nevertheless, the problem of how to obtain
a classical metric from a fuzzy one in such a way that both induce the same topology is not solved completely. A new method
to construct a classical metric from a fuzzy metric, whenever it is defined by means of an Archimedean z-norm, has recently
been introduced in the literature. Motivated by this fact, we focus our efforts on such a method in this paper. We prove that the
topology induced by a given fuzzy metric M and the topology induced by the metric constructed from M by means of such
a method coincide. Besides, we prove that the completeness of the fuzzy metric space is equivalent to the completeness of the
associated classical metric obtained by the aforementioned method. Moreover, such results are applied to obtain fuzzy versions
of two well-known classical fixed point theorems in metric spaces, one due to Matkowski and the other one proved by Meir and
Keeler. Although such theorems have already been adapted to the fuzzy context in the literature, we show an inconvenience on
their applicability which motivates the introduction of these two new fuzzy versions.
© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

In 1975, 1. Kramosil and J. Michalek introduced a notion of fuzzy metric space in [20]. Later on, such a concept
was slightly modified by A. George and P. Veeramani in [7]. Besides, in [7] it was proved that each fuzzy metric
induces a topology which has as a base the induced family of open balls. Such a fact can be retrieved for fuzzy metrics
in the sense of Kramosil and Michalek. Since then, several authors have addressed topological issues of both notions
of fuzzy metric space. Indeed currently it is still a topic of research activity (see, for instance [1,2,12,10,17,29,32]).

In [14], a significant topological result for fuzzy metrics in the sense of George and Veeramani was proved by V.
Gregori and S. Romaguera. Specifically, they showed that the class of metrizable topological spaces coincides with
the class of fuzzy metrizable topological ones, i.e., those topological spaces (X, 7) whose topology can be induced
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by a fuzzy metric on X. Again, this result can be obtained for fuzzy metric spaces due to Kramosil and Michalek.
Therefore, both notions of fuzzy metric are topologically equivalent to classical metrics. Nevertheless, we can find
some differences between fuzzy metrics and metrics. For instance, there exist fuzzy metrics, in the sense of George
and Veeramani, which are not completable (see [15,11]). A topic of interest, in which fuzzy metrics, in both senses,
and metrics differ is fixed point theory. Many works have tackled the problem of adapting a classical metric fixed point
theorem to the fuzzy framework, which is currently an intensive field of research (see, for instance, [5,9,18,25,26,31]
and references therein). Unlike to the classical case, fuzzy adaptations of classical results usually need to assume some
additional requirements to the completeness in order to ensure the existence of fixed point.

Going back to the metrizability of fuzzy metric spaces, an interesting issue is to establish a technique to obtain a
metric from a given fuzzy one in such a way that both induced topologies are the same. A few works have provided
advances in this direction. Hence particular techniques to construct a metric from a fuzzy one by means of the use
of auxiliary functions were introduced in [28,3]. In the aforesaid references the both induced topologies were shown
to be the same and, in addition, the completeness of the constructed metric and the completeness of the given fuzzy
metric were shown to be equivalent. Such a fact allowed to prove new fixed point theorems, among them a Caristi
fixed point type theorem, in the fuzzy context using the classical counterparts.

Another approach to the aforesaid issue has been recently stated in [24]. However, this new approach presents great
differences from that developed in [28,3]. Now the metric is obtained using uniquely the own structure of the fuzzy
metric space, whenever the f-norm that defines the fuzzy metric is Archimedean and, thus, it is generated by means
of an additive generator (see Theorem 3.3 in Section 2). However, the relationship between the topologies induced
by both metrics, the classical and the fuzzy one, has not been studied yet. Moreover, the relationship between the
completeness of both metric structures remains open.

Inspired by the preceding facts, in this paper we continue the work exposed in [24] with the aim of providing a
solution to the general posed problem about the equivalence between the topologies generated by the fuzzy metric
and its induced classical metric. Specifically, we show that both topologies coincide when the method given in [24]
(Theorem 3.3 in Section 2) is used. After that we show that completeness of the fuzzy metric space is equivalent
to completeness of the constructed metric space. Moreover, we take the advantage of such an equivalence in order
to apply the new results to fixed point theory in fuzzy metric spaces. Concretely, we have focused our attention on
two fixed point theorems appeared in the literature. On the one hand, D. Mihet introduced the notion of fuzzy -
contractive mapping in [23] and he proved an existence of fixed point result for this kind of contractive mappings (see
Theorem 4.2). Later V. Gregori and J.J. Mifiana characterized the class of fuzzy 1r-contractive mappings with a unique
fixed point (see Theorem 4.3). On the other hand, D. Zheng and P. Wang have recently provided the notion of fuzzy
Meir-Keeler contractive mapping in [33] and, in addition, they have characterized such mappings with a unique fixed
point (see Theorem 4.12). However, both characterizations present an inconvenience related to their applicability,
since in some cases we need to know exactly the fixed point of the self-mapping in order to be able to check the
condition ensuring the existence of such a fixed point (see Example 4.4). On account of this drawback, we strengthen
both contractive conditions providing new fuzzy notions of both aforementioned contractions in order to obtain, on
the basis of the previously exposed theory, the corresponding characterizations without such an inconvenience and
(contrary to the results given in [28,3]) with the completeness as the only request on the fuzzy metric space (see
Corollary 4.11). The proofs of these two characterizations follow from two fixed point theorems in the classical
metric context due, on the one hand, to Matkowski ([21]) and, on the other hand, to Meir and Keeler ([22]).

The rest of the paper is organized as follows. In Section 2, we recall the basics of the theory of -norms and fuzzy
metrics which will play a central role in our study. Section 3 is devoted to the study of the relationship between the
topology induced by a fuzzy metric and the topology induced by the metric constructed from it, as well as the com-
pleteness. Thus, we show that the aforesaid topologies are the same and that the completeness of both are equivalent.
Finally, in Section 4 we prove two new fixed point theorems in fuzzy metric spaces by means of the use of the metriza-
tion results given in Section 3. Concretely, we prove existence of fixed point for two classes of contractive mappings,
the so-called fuzzy 1 -contractive mappings and the fuzzy Meir-Keeler contractive mappings. The uniqueness of fixed
point is also characterized in both cases.
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2. Preliminaries

In this section we compile the basic notions about t-norms and fuzzy metrics that will be useful throughout the

paper.
We begin recalling those concepts about 7-norms. For a detailed treatment of the topic we refer the reader to [19].

Definition 2.1. A z-norm is a function * : [0, 112 — [0, 1] such that for all x, v,z € [0, 1] the following four axioms
are satisfied:

(T1) Xky=Yy*X; (Commutativity)
(T2) x*(yxz)=(x*y)*g; (Associativity)
(T3) X %y <Xx*z whenever y <z, (Monotonicity)
(T4) x*x1=x. (Boundary Condition)

If in addition, the #-norm % is a continuous function on [0, l]2 (the continuity is considered with respect to the usual
topology on [0, 11?), then it is said to be continuous. Moreover, a #-norm is called Archimedean if for each x, y€]0, 1[
there exists n € N such that x™ < y, where N stands for the set of positive integer numbers and x™ is defined as
follows: x(' = x and x+1 = x™ x x for all n € N. According to [19], the following proposition characterizes the
class of continuous Archimedean ¢-norms.

Proposition 2.2. A continuous t-norms % is Archimedean if and only if it satisfies x * x < x for each x €]0, 1[.

Two paradigmatic and well-known examples of continuous Archimedean ¢-norms are the usual product * p and the
Luckasievicz t-norm %y, where x *xp y =x - y and x %7 y = max{x + y — 1,0} for all x, y € [0, 1]. An example of
continuous #-norm which is non-Archimedean is the minimum t-norm A, i.e., x A y = min{x, y} for all x, y € [0, 1].

Another example of continuous Archimedean #-norm, which will play a crucial role in our subsequent discussion,
is the so-called Hamacher product *g, where O %y 0 =0 and x xg y = < +;y_ o elsewhere.

Essential concepts, in our work, are the notions of additive generator and pseudo-inverse. Let us recall that, given
a strictly decreasing continuous function f : [0, 1] — [0, 0o] such that f(1) =0, the pseudo-inverse £~ of f is the
decreasing function f =110, 0o] = [0, 1] defined as follows:

FED () { £l iy < fO)

0, elsewhere

Moreover, given a t-norm x, a strictly decreasing continuous function f : [0, 1] — [0, oo] is said to be an additive
generator of * provided that f,(1) =0 and

Xxy= f*(_l)(f*(x) + f«(»)

for all x, y € [0, 1], where f*(_l) is the pseudo-inverse of the additive generator f,. In case the preceding equality
holds, the t-norm * is said to be generated by f, or, equivalently, f; is said to be an additive generator of .

It must be stressed that when a f-norm * is generated by means of a continuous additive generator, then the
continuity of the f-norm * and the continuity of the additive generator f are equivalent. Note that if a 7-norm x is
generated by an additive generator fi, then this additive generator is uniquely determined up to a non-zero positive
multiplicative constant. It is known that each f-norm generated by an additive generator is Archimedean. Nevertheless,
the converse of this assertion is not true in general (see [19, Example 3.21] for instance). The next celebrated result,
the proof of which can be found in [19], states that continuous Archimedean 7-norms are always generated by additive
generators.

Theorem 2.3. A t-norm * is continuous and Archimedean if and only if there exists a continuous additive generator
[« which generates *.

After recalling the necessary basics on 7-norms, we focus now our attention on the notion of fuzzy metric space
introduced by Kramosil and Michalek in [20].
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Definition 2.4. A fuzzy metric space is an ordered triple (X, M, *) such that X is a (non-empty) set, * is a continuous
t-norm and M is a fuzzy set on X x X x [0, oo[ satisfying, for all x, y, z € X and for all s, ¢ €]0, oo, the following
axioms:

(KM1) M(x,y,0)=0;

(KM2) M(x,y,t)=1 foreacht €]0, ool if and only if x = y;

(KM3) M(x,y,t)=M(y,x,1);

(KM4) M(x,z,t+s)>M(x,y,t)*M(y,z,5);

(KM5) The function M, :10, oo[— [0, 1] is left-continuous, where M, () = M(x, y, t) for each ¢ €]0, co[.

If (X, M, %) is a fuzzy metric space, then we say that (M, ), or simply M if no confusion arises, is a fuzzy metric
on X.

According to [7], given a fuzzy metric space (X, M, %), the value M (x, y, t) can be understood as the degree of
similarity between x and y with respect to a positive real parameter ¢. Thus axiom (KM1) does not play any role from
a fuzzy measurement point of view. Taking this fact into account, from now on, we will consider as a fuzzy metric a
fuzzy set M on X x X x]0, oo[ satisfying axioms (KM2)—(KMS5) for all ¢ €]0, oo[. Under such a consideration, it
must be pointed out that the notion of fuzzy metric space given by George and Veeramani is a particular case of fuzzy
metric in the sense of Kramosil and Michalek (see [7, Definition 2.4]).

It should be noted that given a fuzzy metric space (X, M, ), for each continuous ¢#-norm < such that ¢ < x (i.e.
aob<axb,foralla,b e |0,1]) we have that (X, M, ¢) is also a fuzzy metric spaces.

The arguments similar to the ones given in [7] remain valid for showing that every fuzzy metric M on X generates a
topology T3 on X which has as a base the family of open sets of the form {By;(x,€,t):x € X,0 <€ < 1,1 €]0, co[},
where By (x,e,t) ={ye X: M(x,y,t) > 1 —¢} forall x € X, € €]0, 1[ and ¢ €]0, oo[. Observe that Tj; does not
depend on the 7-norm that defines the fuzzy metric (X, M, %).

The following are two well-known examples of fuzzy metric spaces, both involving a classical metric in their
definition.

Let (X, d) be a metric space. Define the fuzzy sets M, and M, respectively, on X x X x]0, oo[ as follows:

_d@y)

Me(x,y,t)=e" "7, )]

Ma(x,y.1) = 2

t

t+dx,y)’

According to [7], (X, M,, A) and (X, M4, A) are fuzzy metric spaces and, hence, both M, and M, are fuzzy
metrics on X. So (X, M,, %) and (X, My, *) are also fuzzy metric spaces for each continuous 7-norm =, since * < A.
Moreover, a well-known fact is that the topologies 737, and 7Ty, coincide with the topology 74 on X induced by d.
According to [7], the fuzzy metric My is called the standard fuzzy metric induced by d.

The same arguments to those given in [7] remain valid to prove the next proposition which characterizes convergent
sequences in fuzzy metric spaces.

Proposition 2.5. A sequence {x,} in a fuzzy metric space (X, M, x) converges to x with respect to Ty if and only if
for each r €]0, 1[ and t €]0, o[ there exists ng € N such that M (x, x,,t) > 1 — r for each n > ng, or equivalently,
lim, M (x,,, x,t) =1 forall t €]0, ol.

We end the section recalling the notion of Cauchy sequence in fuzzy metric spaces as well as the concept of
complete fuzzy metric space as introduced in [7].

Definition 2.6. A sequence {x,} in a fuzzy metric space (X, M, %) is said to be Cauchy, if for each r € ]0, 1[ and each
t €]0, oo[ there exists ng € N such that M (x,, x,,,¢) > 1 —r for all n, m > ng or, equivalently, lim, ,, M (x,, Xp, t) =
1 for all ¢ €]0, oo[. A fuzzy metric is said to be complete if each Cauchy sequence is convergent.

Observe that the preceding notions were introduced in the framework of fuzzy metric spaces in the sense of George
and Veeramani. However, the same concepts remain valid for the Kramosil and Michalek fuzzy metric spaces as they
are defined in Definition 2.4.
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3. On the metrization of a fuzzy metric: topology and completeness

As mentioned in Section 1, the topology induced by a fuzzy metric is metrizable. However, it is not clear which
metric induces this topology in general. Motivated by this fact in Theorems 3.1 and 3.2 were developed some tech-
niques in order to induce a metric from a fuzzy metric in such a way that the topology induced by the metric coincides
with the topology induced by the fuzzy metric. Moreover, the completeness of the former one is guaranteed by the
completeness of the last one, and vice-versa.

Below, we provide Theorem 3.1 as a slight modification of a result established by V. Radu in [28]. We include its
proof for the sake of completeness. Observe that the original proof by Radu differs from the proof presented below. In
order to state such a result, let us recall that, given a fuzzy metric space (X, M, %), the function M, y :]0, co[— [0, 1]
is increasing for all x, y € X (see, for instance, [6]).

Theorem 3.1. Let (M, %) be a fuzzy metric on X. Suppose that there exists a function u : [0, co[— [0, oo satisfying
the following conditions:

(R1) w is continuous on [0, col;

R2) u(t)=0&1=0;

R3) u(t+s) = pu(t)+ u(s) forallt,s > 0;

R4A) M(x,y,t)>1—pu@),M(y,z,8)>1—u(s)=Mx,z,t +s)>1—u(t+s).

Then the function dg, : X x X — [0, oo[ defined by

dr,(x,y)=sup{t >0: M(x,y,1) <1—pn()},
is a metric on X. Moreover, the topologies T (dr,) and Ty coincide. Furthermore, (X, dg,,) is complete if and only if

(X, M, %) is complete.

Proof. First, we will show that dg ” is a metric on X.

Obviously, if x =y then dg, (x,x) =sup{r > 0: M(x,x,1) <1 — pu(t)} =0 since M(x,x,1) =1 for all 7 > 0.
Conversely, if dg, (x, y) =0 then sup{r > 0: M(x,y,1) <1 —pu@)} =0and so M(x,y,1) > 1 — pu(r) forall 7 > 0.
Due to the fact that y is continuous on [0, co[ we conclude that

lim M(x,y,t)>1— lim pu@)=1-—pu0)=1.
t—0t t—0t

Therefore M (x,y,t) =1 for all ¢ > 0, because of the function My y is increasing. It follows that x = y.
Clearly dg, (x, y) = dg, (y, x). It remains to show the triangle inequality.
Let x, y, z € X and consider € > 0. Then, by definition of d R, We have

M(x.y,dg,(x,y) +€) > 1 — u(dg, (x,y) +€) and M(y, z.dg, (y.2) +€) > | — u(dg, (v, 2) + ).
Then, by (R4), we get

M(x,z,dg, (x,y) +dgr,(y,2) +2€) > 1 — u(dg, (x, y) +dg, (v, 2) + 2¢).

Again, by definition of dRM we have that dRM (x,2) < dRM (x,y) +dRM (v, 2) +2¢. Due to the fact that € > 0 is arbitrary
we conclude that dg, (x, z) <dg,(x,y) +dg,(y,2)-

Hence, dR# is a metric on X.

Now, we will see that for each x, y € X and € > 0 we have that

M(x,y, ) >1—p(e) & dg,(x,y) <e. (3)

On the one hand, suppose that M (x, y,€) > 1 — u(€). Then dRu (x, y) < €. However, if assume dRu (x,y) = € then
M(x,y,t) <1— u(t) for each r €]0, €[. Taking limits in the preceding inequality we get, by left-continuity of M, ,
and continuity of u, the following

M(x,%e): lim M(-x»yst)f 1 — lim I’L(t): 1 _I’L(E)v
t—e— t—€~

5
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a contradiction. Then, dRu (x,y) <e.

On the other hand, if dg, (x, y) < € then, by definition of dg,,, we conclude that M (x, y, €) > 1 — u(e).

In the light of the preceding fact, it is not hard to check, using (3), that 7' (dg,,) = Ty and that (X, dg,,) is complete
if and only if (X, M, %) is complete. O

The next result was proved by F. Castro-Company, S. Romaguera and P. Tirado in [3].

Theorem 3.2. Let (M, ) be a fuzzy metric on X. Suppose that there exists a function « : [0, co[— [0, co[ satisfying
the following conditions:

(Cl) « is strictly increasing on [0, 1];
(C2) O<a(t)<tforallt€l0,1[and a(t) > 1 forallt > 1;
C3H d—a@®)*x(1—a(s))>1—a(t+s)forallt,s [0, 1].

Then the function dy : X x X — [0, oo[ defined by
dy(x,y)=sup{t >0: M(x,y,t) <1—a()},

is a metric on X. If, in addition, the function « is left-continuous on 10, 1], then the topologies T (dy) and Ty coincide.
Moreover, (X, dy) is complete if and only if (X, M, ) is complete.

It must be stressed that the construction given in the preceding results depends on the existence of auxiliary func-
tions. Inspired by this fact, J.-J. Mifiana and O. Valero introduced a new technique which allows to induce a metric
from a fuzzy metric in such a way that the construction depends only on the structural aspects of the fuzzy metric.
This construction is described in the following theorem.

Theorem 3.3. Let (M, x) be a fuzzy metric on X, where * is a continuous Archimedean t-norm. Then the function
du, s, : X x X = [0, oo] defined as

du, 1. (x, y) = sup{r €10, £ O)[: M(x, y, 1) < fV 1)},

is an extended metric on X, where f, is an additive generator of *.

Observe that the metrics generated via Theorem 3.3 can take the value oo and that such metrics are known as
extended metrics in [4] (generalized metrics in [27]). Obviously the notions of convergent sequence, Cauchy sequence
and completeness are defined in the same way to the classical case.

Clearly the preceding construction presents the advantage of involving only the pseudo-inverse of an additive
generator of the #-norm * under consideration. Despite the aforesaid benefit, it must be pointed out that such a method
works only for Archimedean continuous ¢-norms and this excludes, for instance, the minimum #-norm.

In contrast with the construction given in Theorems 3.1 and 3.2, the problems about the coincidence of the both
topologies and the equivalence of their completeness equivalence for the construction given in Theorem 3.3 remain
open. Motivated by this fact, the main target of this section is to provide an answer to such problems.

To this end, we want to stress first that the function dy , defined in Theorem 3.3 is given by means of both, the
fuzzy metric M and an additive generator f, of the continuous Archimedean #-norm *. As mentioned in Section 2,
the additive generator of a (continuous) Archimedean #-norm is uniquely determined up to a non-zero positive multi-
plicative constant. So, the additive generator that defines a #-norm is not unique. Thus, one can wonder if the metric
constructed in Theorem 3.3 can be different in case we consider different additive generators of the same continuous
Archimedean 7-norm. The next example shows that the answer to the posed question is affirmative.

Example 3.4. Let (X, d) be a metric space and consider the fuzzy metric space (X, M,, *p) introduced in Section 2
(see expression (1)). Next, consider the two additive generators fi, and g, of the continuous Archimedean 7-norm
xp given, for each x € [0, 1], by

fep () =—log(x) and g, (x) = —2log(x).
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Of course we are assuming that f, (0) = g4, (0) = co.
Clearly, the pseudo-inverses of f, and g, are given, for each x € [0, oco], by f*(;l) (x) =e*and gi;l) x) = e ,
respectively. Thus one can verify that

du,.f., (x,y)=+d(x,y) and dpy,g,, (x,y)=y2d(x,y)

for each x,y € X. Therefore dMe,f*P (x,y) # dMe,g*P (x,y) for each x,y € X whenever x # y. It follows that the

metric dy, f,, is different from the metric dy, 4, , . Nevertheless, one can check easily that dy,, 1, , . dum,.g,, and M
generate the same topology which coincides with the topology induced by d.

In view of the fact that the above example shows that the metric dy, s, depends on the additive generator f; of
t-norm * under consideration, we introduce the following notion.

Definition 3.5. Let (X, M, %) be a fuzzy metric space, where * is a continuous Archimedean ¢-norm, and let f, be an
additive generator of *. The function dy, ¢, : X x X — [0, oo] defined, for each x, y € X, by

du. £, (x, y) = sup(t €10, fOF: M(x, y,0) < 7)),
will be called the metric deduced from M and f.
In order to achieve the goals of this section, we will study first the relationship between the topology induced by
a fuzzy metric (M, x) on a set X, whenever * is a continuous Archimedean ¢-norm, and the topology induced by the

metric dy, s, deduced (in the sense of Definition 3.5) from M and f;, where f is an additive generator of .
The following proposition will be helpful to get the aforementioned relationship.

Proposition 3.6. Let (X, M, %) be a fuzzy metric space, where x is a continuous Archimedean t-norm, and let f, be
an additive generator of x. Then, for each x € X, the following assertions hold:

1) Foreachr €]0, 1] and t €]0, ool there exists € €0, oo[ such that
Bay ;, (x;€) © By (x,r,1).

2) For each € €]0, oo[ there exist r €0, 1[ and t €]0, oo[ such that
By (x,r,t) S Bay ;, (x5 €).

Proof. 1). Fix x € X. Let r €]0, 1[ and ¢ €]0, oo[. Take € = min{z, fi.(1 — r)}. We assert that BdM,f* (x;¢€) C
By (x,r,t). Indeed, let y € BdMJ‘* (x; €). Then, dy, 1, (x, y) < €. By definition of dy s, we have that M(x, y, €) >

£V @, 50
M(x,y.0) = Mx,y,)> fS () = [Vl =r)=1-r.
Therefore, y € By (x, r,t) as we claimed.
2). Fix x € X. Let € €]0, co[. We distinguish two cases:
Case 1. Suppose that € €]0, f.(0)[. Take r =1 — *(71)(6) and t = € €]0, oo[. By definition of ffl) and since

€ €]0, f«(0)[ we have that r €]0, 1[. We will see that, in such case, By (x,r, 1) C BdM,_/* (x;€).
Let y € By (x,r,t). Then,

M(x,y,e)=M(x,y,10)>1—r= D).
Thus, by definition of dy, f,, we deduce that dy, 1, (x,y) <€ andso y € BdM’f* (x;€).
Case 2. Suppose that € € [ f4(0), oo[. Take an arbitrary r €]0, 1[ and r = € €]0, oo[. Then, it is easy to verify that
By(x,r,t) C Bay (x5 €). O

From the preceding proposition we obtain the following immediate corollary.

7
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Corollary 3.7. Let (X, M, x) be a fuzzy metric space, where * is a continuous Archimedean t-norm, and let f, be an
additive generator of x. Then T (dy, 1,) = Ty

In the light of Corollary 3.7 we have that, given a fuzzy metric space (X, M, %), where * is a continuous
Archimedean ¢-norm, the convergent sequences with respect to 7y, coincide with the convergent sequences with
respect to T (dy, ). Under such observation, it seems natural to wonder whether Cauchy sequences in (X, M, %)
coincide with Cauchy sequences in (X, dy, 7). The next proposition provides an affirmative response to the posed
question.

Proposition 3.8. Let (X, M, %) be a fuzzy metric space, where * is a continuous Archimedean t-norm, and let f, be
an additive generator of . If {x,} is a sequence in X, then the following assertions are equivalent:

1) {xn} is Cauchy in (X, M, ).
2) {xy} is Cauchy in (X, dpy, z,).

Proof. 1) = 2). Let {x,,} be a Cauchy sequence in (X, M, x). Then, for each r €]0, 1[ and ¢ €]0, co[ there exists
no € N such that M (x,, x,,,t) > 1 — r for each n, m > ng. We will show that for each € > 0 there exists n; € N such
that dpy, 7, (X, xm) < € foralln,m > ny.
Fix € > 0. The case € > f,(0) is obvious and for this reason we assume that € €]0, f,(0)[. Consider r = 1 —
*(_1)(6) €]0, 1[ and t = € > 0. Then there exists ng € N such that M (x,, x,,,,t) > 1 —r for all n, m > ny.
Again, take n; = ng and suppose n, m > nj. Then

M (Xp, X, €) = M (X, X, 1) > 1 —r = f{7(€)
and so dp, 7, (xn, Xm) < €. Thus we deduce that dyy, 7, (xp, xim) < € forall n,m > ny.

2) = 1). Let {x,} be a Cauchy sequence in (X, du, r,). We will prove that for each r €]0, 1[ and ¢ €]0, oo there
exists ng € N such that M (x,,, x,,,t) > 1 —r for all n, m > ny.

Fix r €10, 1[ and  €]0, oo[. Take € < min{ fx(1 — r), t}. Note that € €]0, f.(0)[. It follows that £\ "(e) > 1 —
r. Due to the fact that {x,} is a Cauchy sequence in (X, dy, ) we conclude that there exists ng € N such that
dm, 1, (Xp, xm) < € for all n, m > ng. Then, by definition of dy_f,, we have M (x,,, x;,, €) > f*(_l)(e) forall n, m > ny.

Let n,m > ng. Then

M Xy X, 1) = M (xp, X, €) > f0(€) > 1 -7

Since n, m > ng are arbitrary we deduce that {x,} is a Cauchy sequence in (X, M, *). O
An immediate consequence of the above proposition and Corollary 3.7 is the next one.

Corollary 3.9. Let (X, M, x) be a fuzzy metric space, where * is a continuous Archimedean t-norm, and let fy be an
additive generator of x. Then the following statements are equivalent:

1) (X, M, %) is complete.
2) (X,dp,y,) is complete.

4. Applications to fixed point theory in fuzzy metric spaces

In this section we take advantage of the theory exposed in Section 3 in order to present its applications to fixed point
theory in fuzzy metric spaces. Concretely, we get a new result on the existence of fixed point for fuzzy -contractive
mappings in the sense of Mihet [23]. The proof of this result is base on a fixed point given by Matkowski in [21]
established in metric spaces Conditions that guarantee the uniqueness of fixed point for this type of contractive map-
pings are also provided. Moreover, the existence and the uniqueness of fixed point for fuzzy Meir-Keeler contractive
mappings in the sense of Zheng and Wang ([33]) are discussed. The proof of these new fixed point results depend on
a fixed point result established in metric spaces given by Meir and Keeler in [22].

8
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The aforesaid new fixed point results are obtained (in contrast with similar results from [23] and [33]) without
demanding any extra condition on the fuzzy metric. To this end, as we will show later, we need to strengthen the
contractive conditions used in [23] and [33].

4.1. Fuzzy vr-contractive mappings

In 2008, Mihet in [23] introduced a general concept of contractivity in the fuzzy setting. Such a concept generalized
the notion of fuzzy contractive mapping formerly given by Gregori and Sapena in [16]. According to [23], given a
fuzzy metric space (X, M, x), we will say that a self-mapping 7 : X — X is a fuzzy W -contractive mapping if there
exists a non-decreasing continuous function ¥ : [0, 1] — [0, 1] such that ¥ (s) > s for each s €]0, 1[ satisfying, for all
x,y € X and for all  €]0, oo[ such that M (x, y, t) > 0, the following:

M(T(x), T(y),t) =¥ (M(x,y,1)).

From now on, the class of mappings ¥ satisfying all conditions in the definition of i-contractive mapping will be
denoted by W.

After introducing the previous concept, Mihet proved the following fixed point theorem in [23]. In order to state it,
let us recall the following interesting class of fuzzy metrics, which was introduced in [13], that plays a crucial role in
the aforesaid theorem.

Definition 4.1. Let (X, M, %) be a fuzzy metric space. The fuzzy metric M (or the fuzzy metric space (X, M, *)) is
said to be strong if, in addition to axioms (KM2)—(KMSY), it satisfies, for each x, y, z € X and each ¢ €]0, oo[, the
following one:

(KM4) M(x,z,t) = M(x,y,0) % M(y, 2, 1).
The promised result given by Mihet can be stated as follows:

Theorem 4.2. Let (X, M, x) be a complete strong fuzzy metric space and let T : X — X be a fuzzy -contractive
mapping. If there exists x € X such that M (x, T (x),t) > 0 for each t €]0, o[, then T has a fixed point.

In the light of the fact that the previous result does not warrant the uniqueness of a fixed point, we provide a
characterization of the existence and uniqueness of fixed point for yr-contractive mappings in fuzzy metric spaces. It
is based on [8, Theorem 3.3] which was proved for fuzzy metrics in the sense of George and Veeramani.

Theorem 4.3. Let (X, M, %) be a complete fuzzy metric space and let T : X — X be a fuzzy -contractive mapping.
Then the following assertions hold:

1) T has a fixed point if and only if there exists x € X such that \,_oM (x, T (x),t) > 0.
2) If T has a fixed point, then the fixed point of T is unique if and only if, for every fixed point x,y € X, M(x,y,t) >0
forall t €]0, ool.
Proof. 1). Follows the same arguments to those used in [8, Theorem 3.3] to demonstrate the existence of fixed point.

2) If the fixed point of T is unique, then M (x, x,t) = 1 for all # > 0 and, the desired conclusion follows. Suppose
that there exist two fixed points x, y € X with x # y. Then there exists s > 0 such that 0 < M (x, y,s) < 1. Hence we
have that

Mx,y,s)=M(Tx), T(y),s)>v(M(x,y,s)) > M(x,y,s),

which is a contradiction. Therefore the fixed point of 7 is unique. O

Despite Theorem 4.3 characterizes those ¥ -contractive mappings that have a unique fixed point, its applicability
to ensure the existence of fixed point sometimes may be too limited. The justification for this assertion is given by the

9
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fact that there are instances of i-contractive mappings for which the application of Theorem 4.3 for guaranteeing the
existence of fixed point requires to know exactly the point in which the self-mapping has such a fixed point.
Example 4.4 gives an instance of such a situation.

Example 4.4. Consider the discrete fuzzy metric space (R, M, xp), where M is defined on R x Rx]0, co[ by
M(x,x,t) =1 forall ¢t €]0, oo[ and

Mx,y,t)=0 ifre]0,1]andx #y

M(x, y,1) = .
(.. 1) {M(x,y,t):l if 1 €]1, 0ol and x # y

According to [23], the fuzzy metric space (R, M, *p) is strong and complete. Moreover, every self-mapping T :
R — R is a fuzzy v-contractive mapping for any v € W. Consider the self-mapping 7 : R — R given by 7'(x) =
for all x € R. Then T is a fuzzy i -contractive mapping. Clearly, the unique fixed point of 7" is x = 0. Moreover,
NisoMx, T(x), 1) =0forall x #0and A,_, M, T(0),t)=1.

In conclusion, in order to guarantee the existence of a fixed point of the mapping 7 one requires to know that its
fixed point is exactly x = 0, which is an important limitation for the application of Theorem 4.3.

To avoid the exposed inconvenience, we propose to introduce a new class of fuzzy contractive mappings. Such a
class consists in a modified version of the class of the fuzzy 1r-contractive mappings introduced by Mihet.

Definition 4.5. Let (X, M, %) be a fuzzy metric space such that * is a continuous Archimedean -norm andlet 7" : X —
X be a self-mapping. We will say that T is a fuzzy v r, -contractive mapping if there exists a function ¢ : [0, f,(0)] —
[0, f«(0)] which is strictly increasing, right-continuous and satisfying lim,, ¢” (#) = 0 for each ¢ €]0, f,(0)[ such that,
for each x, y € X and r €]0, f,(0)[ satisfying M (x, y, t) > 0, the following is held:

MT(x), T(y), o) =Yg (M(x,y,1)),
where ¥y, (s) = ( fl) opo f*) (s) for each s € [0, 1], where f; is an additive generator of .

With the aim of stating an example of fuzzy 1, -contractive mappings, which motivates the introduction of the
previous concept, let us prove the proposition below.

Proposition 4.6. Ler (X, d) be a metric space and let Mg be the standard fuzzy metric induced by d. Then (Mg, *p)
is a fuzzy metric on X, where Mg : X x X x]0, oo[ is given by

Ma(x,y,1), if0<t=<d(x,y)

My(x,y, 1) =
(D [ Ma(x,y.20,  ift>d(x,y)
Proof. Letx,y € X and ¢, s €]0, oo[. We have to shogv that Md satisfies axioms (KM2) and (KM4) since the validity
of axioms (KM3) and (KM5) holds b~y definition of M. ~
(KM2) Obviously, if x =y then M;(x, y,t) =1 for each t €]0, co[. Now, suppose that M, (x, y,t) = 1 for each
2t

t €]0, oo[. Then TG = 1 for each t > d(x, y) and, hence, d(x, y) = 0. Therefore x = y.

(KM4) We distinguish two possible cases.

Case 1: t +s > d(x, z). In this case, Md(x, z,t +585)=My(x, z,2t + 25). Whence we have that
Ma(x, 2,1 +5) = Ma(x, 2,2t +25) = Ma(x, y,20) ¥ Ma(y,2,25) =
= Ma(x,y,0) %5 Ma(y,2.9).

Case2:0 <7+s <d(x,z). Now, My(x,z,t+5) = Mg(x, z,t +s5). Notice that > d (x, y) and s > d(y, z) cannot
hold simultaneously. Indeed, the fact that ¢t > d(x, y) and s > d(y, z) implies that d(x, y) +d(y,z) <t +s <d(x, 2),
which is a contradiction. Next we consider three possible cases. If 0 <t <d(x,y) and 0 <s <d(y, z), then

Ma(x,z,t +5) = Mg(x,y,t +5) > Ma(x,y, 1) % Mg(y,2,5) =

10
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=Md(x’yvt) *H Md(yvz’s)'

It remains to consider the cases in which either 0 <7 <d(x,y)and s > d(y,z) ort > d(x,y) and 0 <s <d(y, 2).
We focus on the first one, since the other is proved analogously.
In such a case, we have that My (x, y,t) g My(y,z,5) = Mg(x, y,t) xg Mg(y, z,2s). Then we need to show that
the following inequality is fulfilled:
t+s t 2s
= *H =
t+s+dx,z) T t+dx,y)  25s+d(y,2)
2ts
2ts +2sd(x,y) +1d(y,2)’

The preceding inequality is held if and only if the next one is so

(t+5)Q2ts +2sd(x, y) +1d(y, 2)) = 2ts(t + 5 +d(x,2)). “)

Taking into account that we have supposed that 0 <t < d(x, y) and s > d(y, z), then szd(x, y) > std(y, z). There-
fore,

(t+85)2ts +2sd(x,y) +td(y,z)) = (t +5)2ts +2sd(x,y)) =
2t%s + 2157 + 2tsd (x, y)+ 2s2d(x, y) >
225 + 2052 + 2tsd (x, y) + 2tsd(y, 7) = 2t%s + 2t5% + 2ts(d(x, y) + d(y,2)) =
> 2425 + 2t5% + 2tsd(x,z) = 2ts(t + 5 +d(x, 2)).
Thus, inequalit~y (4) holds and we obtain that 1\7Id~(x, z,t+s5)> 1\7Id (x,y,t) %y Md (v, z, 8) in the supposed case.

Hence, since My(x,z,t+s) > My(x,y,t) xg My(y, z,s) in all possible cases we conclude that (KM4) is satis-
fied. O

The following example gives the promised instance of a fuzzy v 7, -contractive mapping.

Example 4.7. Consider the fuzzy metric space (R, MdE, %), where MdE is the fuzzy metric on R constructed in
Proposition 4.6 and induced by the metric dg(x,y) = |x — y| for all x, y € R. Let T : R — R be the self-mapping
given by T(x) = 7 for each x € R. We will see that T is a fuzzy ¥ fen -contractive mapping, where f, is the
additive generator of the continuous Archimedean z-norm %y given by fi, (a) = 1;—“, for each a € [0, 1]. Observe
that f, (0) = co and that the pseudo-inverse of f, is given by f*(;l) (b) = ﬁ for each b € [0, co], where é is
assumed to be 0.

Consider ¢ : [0, o0] — [0, oo] given by ¢(¢) = % for each t € [0, oo[ and ¢(00) = oco. Obviously, ¢ is strictly
increasing, right-continuous and lim,, ¢" () = 0 for each ¢ €]0, oo[.

Observe that, for each s €]0, 1], we have that

Uiy @ = (15" 000 fon) @ = (157 00) (fun ) =

(_1)((p<l—s>>: (_1)(1—s): 1 _ s .
*H s . 25 1+ s+id-y9

Notice, in addition, that fey 0) =0.
Let x, y € R and ¢ > 0. We distinguish three cases:

Case 1. Suppose that 0 < % <dg(T(x), T(y)). Taking into account that dg (T (x), T (y)) = %dE(x, y) we deduce
that 0 <t <dg(x,y). Then

t

My, (T(x), T(y), = 2 = = !
2 (T T 00 = e T TN~ S+ Mdpery) 1+ Lde(eoy)

B~

and
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~ t
M G0 D = ey

Whence we get that
~ ~ t
M (T()C),T( )’ ([)): % M ('xa 7t) T ——
“* P00 =¥y (Mar(e.3.0) = Ldg(x.y)
Case 2. Suppose that dg (T (x), T (y)) < % and dg(x, y) <t. Then
2% t

Mag (T T 00 = 5 T TO) 1+ Lda e, )

and
2t t

C 2+dp(x,y) 14 ldp(x,y)

Thus we obtain that

Map (T (0. TG 9(0) = vz, (Map (e, 3.1)) =

My, (x,y,1)

t
t+4de(x,y)
Case 3. Suppose that dg (T (x), T (y)) < % and r <dg(x,y). Then
t

Mg (T (x), T(y), B
ap (T(x), T(y), (1)) + st y)

and
Mg (x,y, 1) = ———.
D = )
Hence we have that

Wap (TG, T 90 2 g, (Map (v, 9.)) = —

t+ 3de(x,y)

Therefore T is a fuzzy ¥y,  -contractive mapping.

Since the notion of fuzzy ¥, -contractive mapping comes from a modified version of the notion of fuzzy -
contractive mappings it seems natural to wonder whether every mapping ¢, as given in Definition 4.5, belongs to W.
The answer to the posed question is negative. Indeed, Example 4.7 gives an instance of mapping vz, which belongs
to W. However, a straightforward computation shows that the mapping ¥y, does not belong to W because it satisfies
all condition in Definition 4.5 but it is not continuous at 1 (it is only right continuous), where f, (x) =1 — x for all
x €0, 1] (f«, (0) = 1) and the mapping ¢ : [0, 1] — [0, 1] is given by

if 1
(p(x)z{ if x € [0, [.

ifx=1
As mentioned before, the new contractive notion has been introduced in order to introduce a new fixed point
theorem in the fuzzy context that avoids the mentioned inconvenience of Theorem 4.3 and that, on the one hand, it
does not impose the use of restrictive constraints about completeness as in [23, Theorem 3.1] (where the fuzzy metric
space is required to be strong) and, on the other hand, it does impose the use of auxiliary functions as in Theorems 3.1
and 3.2.
In order to achieve our target we will need the following auxiliary classical result.

NI— =

Theorem 4.8. Let (X, d) be a complete extended metric space and let T : X — X be a self-mapping satisfying, for
each x,y € X such that d(x, y) < 0o, the following:

d(T(x), T(y)) =g (d(x,y),

where ¢ : [0, 00] — [0, o0] is non-decreasing and lim, " (t) = 0 for each t €]0, co[. Then the following assertions
hold:
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1) T has a fixed point if and only if there exists xo € X such that d(xg, T (xp)) < 0o.
2) If T has a fixed point, then it is unique if and only if d(x, y) < oo for all fixed points x,y € X of T.

The proof of the preceding result runs exactly as the original proof obtained for metric spaces by Matkowski in
[21, Theorem 1.2]. The difference is given by the facts that the condition “d(xq, T (xp)) < 00” cannot be dropped and,
in addition, the uniqueness is not guaranteed in general such as the next example shows.

Example 4.9. Let X = {x, y} with x # y. Define d(x, y) =d(y, x) = +o0 and d(x, x) =d(y,y) =0. Then (X, d) is
a complete extended metric space.

Define the self-mapping 77 : X — X by T1(x) = x and T1(y) = y. Clearly T satisfies, for all x, y € X such that
d(x,y) < oo, the condition

d(T1(x), T1(y)) < ¢ (d(x, ),

where ¢ : [0, co] — [0, o] is any non-decreasing function such that ¢(¢) < oo for each ¢ €]0, oo[, lim,, " () = 0 for
each t €]0, oo[ and ¢(00) = co. Notice that ¢(0) > 0.
Observe that x and y are fixed points of 7 and, thus, that 77 has not a unique fixed point.

Next define 75 : X — X by T>(x) = y and T52(y) = x. Again, the self-mapping 7 satisfies, for all x, y € X such
that d(x, y) < 0o, the condition

d(Ta(x), Ta(y)) <@ (d(x,y)),
where ¢ : [0, co] — [0, o] is any non-decreasing function such that ¢(¢) < oo for each ¢ €]0, oo[, lim,, " (1) = 0 for

each 7 €]0, oo[ and ¢(00) = co. Moreover, d(x, T>(x)) = oo for all x € X. Clearly, 7> does not have fixed point.

In view of the exposed facts we are able to prove the promised new fixed point theorem for v 7, -contractive map-
pings.

Theorem 4.10. Let (X, M, %) be a complete fuzzy metric space such that x is a continuous Archimedean t-norm and
[« is an additive generator of *. Suppose that T : X — X is a fuzzy ¥ r,-contractive mapping, then the following
assertions hold:

1) T has a fixed point if and only if there exists xo € X such that M (xo, T (xo), t) > 0 for some t €]0, f.(0)[.
2) If T has a fixed point, then the fixed point of T is unique if and only if, for every fixed point x,y € X, M(x,y,t) >0
forall t €]0, ool.

Proof. First we prove a few facts that will be useful in our subsequent reasoning when proving assertion 1) and 2).
Since T : X — X is a fuzzy ¥y, -contractive mapping we have warranted the existence of a function ¢ : [0, f,(0)] —
[0, f«(0)] strictly increasing, right-continuous and fulfilling lim,, 9" (¢) = 0 for each ¢ €]0, f,(0)[, such that, for each
x,y € X and ¢t €]0, f,(0)[ satisfying that M (x, y, t) > 0, the following is held:

M(T (x), T(y),9®) = V5, (M(x,y,1)).

Next we show that, for each x, y € X such that d(x, y) < oo, we have that

dy, 1, (Tx), T() <@ (du, 1. (x,y)),
where dy, , is the extended metric deduced from M and fi, i.e.,

du. 1, (x,y) = sup{t €10, £ (O)[: M(x,y,1) < £V (1)}, foreach x, y € X.
With this aim we distinguish two cases:

Case 1: dyr. 1, (x, y) = f«(0) < 00. It follows that M (x, y, ) > £V (t) > 0 for each 7 €]0, £,(0)[, or equivalently,
fe(M(x,y,t)) <t foreacht €]0, fi(0)[.
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Since T : X — X is a fuzzy s, -contractive mapping, for each x,y € X and for each ¢ €]0, f,(0)[ satisfying
M(x,y,t) >0, we have

MT (). TG)00) = Yy Mk, y.0) = (£ 090 £) (M(x, y.0) =
(FD00) (e MG,y 0.

Besides, f*(_l) o @ is a strictly decreasing function on 0, f,(0)[. Hence f*(_l) op(fu(M(x,y,1))) > f*(_l) o ¢(t) for
each t €]0, f(0)[, since f. (M(x,y,t)) <t foreach ¢ €]0, f.(0)[. Whence we deduce that

MT . TG) o) > (£ 0¢) )= £ (00,

foreacht €]0, fi(0)[. Thus, dy, 7, (T (x), T (y)) < @(¢t) foreach t €]0, f,(0)[ and, consequently, dyy ¢, (T (x), T (y)) <
dm, £, (x, y)).

Case 2: dy,f,(x,y) € [0, £ (0)[. In this case, dpy, f,(x,y) < oo and M(x,y,t) > f*(_l)(t) > 0, for each 1 €
ldm, 1. (x, ¥), f«(O)[, or equivalently, fi (M (x,y,t)) <t foreacht €ldy r (x,y), f+(O)[.

Let ¢t €]duy, . (x,y), fx(0)[. Again, the fact that T : X — X is a fuzzy s, -contractive mapping gives, for each
x,y € X and for each r €]0, f,(0)[ satisfying M (x, y, ) > 0, that

MT @), T, e0) = (£ o) (f (M(x,y,0)).
Moreover, the facts that f*(_l) o ¢ is a strictly decreasing function on |dy r, (x,y), f«x(0)[ and fi (M (x,y,1)) <t
for each t €ldy, 1, (x,y), fx(0)[ yield that

MT @, T, e0) > (£ 0g) 0= £ (0@

foreach t €ldy, 7, (x,¥), fx(O)[. So dpm, 1, (T (x), T(y)) < ¢(t) foreach t €ldy 1, (x,y), f+(0)[. Now, from the right-
continuity of ¢ we obtain that dy, 1, (T (x), T (¥)) < ¢(dum, 1, (x, ¥)).

Therefore, we conclude that dyy ¢, (T (x), T (y)) < ¢(du, s, (x,y)) for each x, y € X satisfying dpy ¢, (x,y) < oo.

Obviously, ¢ satisfies conditions in Theorem 4.8. Moreover, by Corollary 3.9, (X, dy, y,) is complete.

Now we prove 1).

(=). If there exists a fixed point xqg of T, then M (xo, T (x0), ) = M (xo, xo,t) =0 for all 7 €]0, f,(0)[.

(«<=). Assume that there exists xg € X such that M (xg, T (xg), t) > 0 for some ¢ €]0, f,(0)[.

Next we show that there exists x, € X such that dyy, 7, (x(), T (x(,)) < 00. In case that f,(0) < oo, thendy, f, (x,y) <
f«(0), for each x, y € X and, thus, we obtain the desired conclusion by setting x(’) = x0. Now, suppose that f,(0) = co.
If dyr.f, (xo, T (x0)) = 00, by definition of dy_ f,, we have that M (xo, T (x), 1) < £~ " (t) for each  €]0, oc[. Taking
into account that My, 7(x,) is non-decreasing and, in addition, £ s strictly decreasing and continuous (notice that
in this case £V = £ with £ (0) =1 and £{" (c0) = 0, we conclude that M (xo, T (xo), 1) = 0 for each ¢ > 0
that is a contradiction.

Hence, all the hypothesis demanded in Theorem 4.8 are satisfied and the existence of fixed point is guaranteed.

It remains to prove 2).

(=). If the fixed point of T is unique, then M (x, x,t) =1 for all # > 0 as claimed.

(«). First we show that /¢, (s) > s for all s €]0, 1[. According to [30], we have that the function ¢ : [0, f.(0)] —
[0, £+ (0)] satisfies ¢(z) < t for all ¢ €]0, f.(0)[. Moreover, given s €]0, 1[, we have fi(s) €]0, f«(0)[ and, thus, that
0(f(5)) < fa(s). Since £ matches up with £ on 10, f,(0)[ we have that it is strictly decreasing on 10, f,(0)[
and, hence, that £~ (@(fu(s))) > £V (fu(s)) = s. Whence we deduce that ¥, (s) = ( Dogo f*> (s) > s for
all s €]0, 1[. Now, for the purpose of contradiction, suppose that there exist two fixed points x, y € X with x # y.
Then there exists s > 0 such that 0 < M (x, y, s) < 1. Hence we have that ¢(s) < s and that

M(x,y.s) = M(x,y, ¢(s)) =M(T(x), T(y), (s)) =
Vi (M(x,y,5)) > M(x,y,s),

which is a contradiction. Therefore the fixed point of T is unique. O

14
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As a consequence of the above result we obtain the following one.

Corollary 4.11. Let (X, M, ©) be a complete fuzzy metric space and let T : X — X be a fuzzy v 1, -contractive map-
ping for any continuous and Archimedean t-norm such that ¢ > *. Then the following assertions hold:

1) T has a fixed point if and only if there exists xo € X such that M (xo, T (xo), t) > 0 for some t €]0, f.(0)[.
2) If T has a fixed point, then the fixed point of T is unique if and only if, for every fixed point x,y € X, M(x,y,t) >0
forall t €]0, ool.

Proof. Since ¢ > x we have immediately that (X, M, %) is a fuzzy metric space. Moreover, the completeness of
(X, M, ¢) provides the completeness of the fuzzy metric space (X, M, x). The conclusions of the result follow from
Theorem 4.10. O

It must be stressed that, as exposed before, the preceding results require neither to involve auxiliary functions in
the spirit of Theorems 3.1 and 3.2 nor to impose another constraints in addition to completeness as in [23, Theorem
3.1] in order to guarantee the existence of a fixed point. Moreover, Theorem 4.10 and Corollary 4.11 overcome the
aforementioned inconvenience of Theorem 4.3.

4.2. Fuzzy Meir-Keeler contractive maprings

Recently in [33], Zheng and Wang have introduced the notion of fuzzy Meir-Keeler contractive mapping. It consists
in an adaptation to the fuzzy setting of the celebrated notion of contractivity introduced by Meir and Keeler in [22].
Such an adaptation was given in the context of fuzzy metric spaces in the sense of George and Veeramani, which is
a particular case of the notion due to Kramosil and Michalek. From now on, we will call such fuzzy metric spaces
GV-fuzzy metric spaces.

Let us recall that, according to [7], a GV -fuzzy metric space is an ordered triple (X, M, %) such that X is a (non-
empty) set, *x is a continuous f-norm and M is a fuzzy set on X x X x (0, co) satisfying, for all x,y,z € X and
s, t €]0, oo[, axioms (KM2), (KM3) and the following ones:

(GV0) M(x,y,t)>0;

(GV1) M(x,y,t)=1if and only if x = y;

(GV4) The assignment My y :]0, co[— [0, 1] is a continuous function, where M, ,(t) = M(x,y,t) for each t €
10, ool.

Following [33], given a GV-fuzzy metric space (X, M, x), a self-mapping T : X — X is said to be a fuzzy Meir-
Keeler contractive mapping with respect to § € A provided that for each € €]0, 1[ the following condition is satisfied
for all x, y € X and ¢ €]0, oo[:

€e—68(e)<M(x,y,t) <e=>M(Tx),T(y),t) > e,
where A denotes the set of all functions § :]0, 1] —]0, 1] such that § is right continuous.

In [33], the following characterization was stated when GV-fuzzy metric spaces are under consideration.

Theorem 4.12. Let (X, M, %) be a complete GV-fuzzy metric space and let T : X — X be a fuzzy Meir-Keeler con-
tractive mapping with respect to § € A. Then, T has a unique fixed point if and only if there exists xo € X such that
Ao M (x0, T (x0), 1) > 0.

Theorem 4.12 can be extended to the context of fuzzy metric spaces (in the sense of Kramosil and Michalek). To
this end, we need to adapt the notion of fuzzy Meir-Keeler contractive mapping. Thus, given a fuzzy metric space
(X, M, %), a self-mapping 7T : X — X is said to be a fuzzy Meir-Keeler contractive mapping with respect to § € A
provided that for each € €]0, 1[ the following condition is satisfied

€e—08(e)<M(x,y,t) <e=>M(T(x), T(y),t)>c,

15
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for each x, y € X and ¢ €]0, oo[ such that M (x, y,t) > 0.
In view of the preceding notion we can state the aforesaid extension of Theorem 4.12 as follows.

Theorem 4.13. Let (X, M, x) be a complete fuzzy metric space and let T : X — X be a fuzzy Meir-Keeler contractive
mapping with respect to 6 € A. Then the following assertions hold:

1) T has a fixed point if and only if there exists xo € X such that /\,>0 M (xqg, T (x9),t) > 0.
2) If T has a fixed point, then the fixed point of T is unique if and only if, for every fixed point x,y € X, M(x,y,t) >0
forall t €]0, ool.

Proof. 1) The same arguments given in the proof of Theorem 4.12 in [33] remain valid to show that 7 has a fixed
point if and only if there exists xo € X such that A\,_ o M (xo, T (x0), 1) > 0.

(2) (=). The proof follows the same arguments to those given in the proof of Theorem 4.10.

(«). Suppose that there exists x, y € X such that x and y are fixed points of 7 and x # y. By pour assumption
M(x,y,t) > 0 and taking €e = M (x, y, t) we have, applying the contractive condition, that € €]0, 1[ and that

Mx,y, 1) =M(T(x), T(y),1) > M(x, y,1),

which is impossible. So T has a unique fixed point. O
The following example illustrates the preceding result.

Example 4.14. Consider the complete fuzzy metric space (X, M, A), where X = {0, 1} and the fuzzy metric M is
given, for each ¢ €]0, oo[, by

xAy ifx#y

M(x’y’t)zil ifx=y

Consider the function § € A given by 8(¢) = § for all € €]0, 1].

Next, define the self-mapping 77 : X — X by 71(0) =1 and T7(1) = 0. It is a simple matter to check that 77 is
a fuzzy Meir-Keeler contractive mapping with respect to §. However, 71 does not have fixed points. Observe that
NisoMx,T(x),t)=0forall x € X.

Now, define the self-mapping 7> : X — X by 7>(0) =0 and 75>(1) = 1. Itis clear that 7> is also a fuzzy Meir-Keeler
contractive mapping with respect to §. Clearly 75 has two fixed points. Notice that M (0, 1,7) =0 for all r > 0.

Although Theorem 4.13 characterizes those fuzzy Meir-Keeler contractive mappings that have a unique fixed point,
its applicability to ensure the existence of fixed point sometimes may be too limited, as it happens with Theorem 4.3,
because in order to warrant such an existence it requires to know exactly the point in which the self-mapping has such
a fixed point. Again, with the aim of overcoming this drawback, we propose a new version of fuzzy contractivity of
Meir-Keeeler and a characterization of the existence and uniqueness of fixed point.

Definition 4.15. Let (X, M, x) be a fuzzy metric space such that % is a continuous Archimedean 7-norm and let 7 :

X — X be a self-mapping. We will say that T is a fuzzy fi-Meir-Keeler contractive mapping if, given € €]0, f.(0)[,

there exists § > 0 such that M(x, y,€) < f*(_l)(e) and M(x,y,e +6) > f*(_l)(e + 8) imply M(T (x), T (y),€) >
(-1 . "

f« (€), where f is an additive generator of .

Example 4.7 (see Theorem 4.19) gives instances of fuzzy f,-Meir-Keeler contractive mappings.

In the light of the previous notion, we are able to introduce a new fixed point theorem in the fuzzy context that
avoids the aforementioned inconvenience of Theorem 4.13.

In order to get our objective the following auxiliary classical result, whose proof can be found in [27], will play a
central role.
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Theorem 4.16. Let (X, d) be a complete extended metric space and let T : X — X be a self-mapping satisfying the
following condition:
Given € > 0 there exists § > 0 such that

€ <d(x,y) <€+ impliesd(T(x), T(y)) <e.

Then the following assertions hold:

1) T has a fixed point if and only if there exists xo € X such that d(xo, T (xg)) < 00.
2) If T has a fixed point, then it is unique if and only if d(x, y) < oo for all fixed points x,y € X of T.

Now, we are able to prove the promised theorem that characterizes the class of fuzzy f,.-Meir-Keeler contractive
mappings with a (unique) fixed point.

Theorem 4.17. Let (X, M, %) be a complete fuzzy metric space such that * is a continuous Archimedean t-norm and
f« is an additive generator of *. Suppose that T : X — X is a fuzzy f«-Meir-Keeler contractive mapping, then the
following assertions hold:

1) T has a fixed point if and only if there exists xo € X such that M (xg, T (x¢), t) > 0 for some t €]0, f,(0)[.
2) If T has a fixed point, then the fixed point of T is unique if and only if, for every fixed point x,y € X, M(x,y,t) >0
forall t €]0, ool.

Proof. 1). (=). The proof follows the by same arguments as those given in the proof of Theorem 4.10. <). Suppose
that there exists xo € X such that M (xg, T (x¢), t) > O for some ¢ €]0, f,(0)[. With the aim of showing that T has a
fixed point, we will see that T satisfies the conditions of Theorem 4.16 for the extended metric space (X, dp, 7,). To
this end, observe that, by Corollary 3.9, (X, dp, f,) is complete.

Fix € €]0, f.(0)[. Then there exists § > 0 such that M(T (x), T(y),€) > £ " (e) provided that M(x, y,€) <
FEV(€) and M(x, y, e 4+ 8) > £V (e +6).

Suppose that € < dy ,(x,y) < € + 8. Then the construction of dy, s, gives that M(x,y,€) < f*(_l)(e) and
M(x,y,e+38) > f*(_l)(e + &). It follows that M (T (x), T (y), €) > f*(_l)(e) since T is a f,-Meir-Keeler contrac-
tive mapping. So we get again that dy 7, (T (x), T (y)) < €. The same arguments given in the proof of assertion 1) in
Theorem 4.10 remain valid to show the existence of xo € X such that dy, f, (xo, T (x0)) < 00.

Applying Theorem 4.16 we have that T has a fixed point.

2). We only prove the implication (<). Suppose that there exist two fixed points x, y € X with x # y. Thus we
have that there exists s > 0 such that 0 < M (x, y, s) < 1. We distinguish two cases:

Case 11 fu(M(x,y,s)) <s. Take & = fo(M(x,y,s)). Then & €]0, £,(0)[ and, in addition, £ "(e) =
fl)(f*(M(x,y,s))) = M(x,y,s). Hence M(x,y,e) < M(x,y,s) = ffl)(e). Moreover, taking § = s — €, we
have M(x,y,e+8) = M(x,y,s) = fCV(e) > fCD(e + 8). Note that either £ (e +8)=0or £ V(e +8) =
f*_1 (e +6) and f*_1 is strictly decreasing on ]0, fi(0)[. Since T is a fuzzy f,-Meir-Keeler contractive mapping, we
deduce that M (x, y,e) = M(T (x), T (y), €) > f*(_l)(e) =M(x,y,s)> M(x,y,e€), which is a contradiction.

Case 2: s < fi(M(x,y,s)). Take ¢ = s. Then s €]0, f.(0)[ and, in addition, M(x,y,€) = M(x,y,s) =
VM, y.9)) < £ (5) = £ (). Moreover, taking 8 = f.(M(x, y, 5)), we have that M(x, y, € +5) =
M(x,y.s+ fr(M(x,y.9)) = M.y, 8) = £ (M@, y.9) > £V @y.90) +9) = € +6).

Since T is a fuzzy f.-Meir-Keeler contractive mapping we deduce that M(x,y,€) = M(T(x),T(y),€) >

*(_1)(6) > M(x, y, €), which is a contradiction.

Therefore T has a unique fixed point. O

From Theorem 4.17 we get the following consequence whose proof we omit because the reasoning given in Corol-
lary 4.11 applies also to this case.
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Corollary 4.18. Let (X, M, o) be a complete fuzzy metric space and let T : X — X be a fuzzy fi-Meir-Keeler con-
tractive mapping for any continuous and Archimedean t-norm such that ¢ > x. Then the following assertions hold:

1) T has a fixed point if and only if there exists xo € X such that M (xo, T (xo), t) > 0 for some t €]0, f.(0)[.
2) If T has a fixed point, then the fixed point of T is unique if and only if, for every fixed point x,y € X, M(x,y,t) >0
forall t €]0, ool.

In [22], each fuzzy y-contractive mapping was shown to be also a fuzzy Meir-Keeler contractive mapping. Whence
Theorem 4.3 can be obtained as a corollary of Theorem 4.13. It seems natural to wonder whether the same happens
for fuzzy v 7, -contractions and fuzzy f,-Meir-Keeler. The answer to such a question is affirmative as the next result
shows.

Theorem 4.19. Let (X, M, x) be a complete fuzzy metric space such that x is a continuous Archimedean t-norm and
[« is an additive generator of x. If T : X — X is a fuzzy ¥y, -contractive mapping, then T is a fuzzy fi-Meir-Keeler
contractive mapping.

Proof. Since T : X — X is a fuzzy v, -contractive mapping there exists a function ¢ : [0, £ (0)] — [0, fx(0)]
strictly increasing, right-continuous, satisfying lim, ¢" () = 0 for each ¢ €]0, f,(0)[ and, in addition, fulfilling, for all
x,y € X and r €]0, £, (0)[ such that M (x, y, t) > 0, the following inequality:

M(T(x), T(y),9) =Y p (M(x,y,1)),

where /£, (s) = ( Dogo f*) (s) for each 5 € [0, 1].

In the following, we will show that T is a fuzzy f,-Meir-Keeler contractive mapping.

Fix € €]0, f«(0)[. According to [30], we have that the function ¢ : [0, f,(0)] — [0, f«(0)] satisfies ¢(¢) < ¢ for all
t €]0, £+ (0)[. So ¢(€) < €. Besides, the right-continuity of ¢ yields the existence of § > 0 such that ¢ (¢ + §) < € and
besides € + 6 €]0, f(0)[. Observe that, in such a case, § < f,(0) — €.

Let x, y € X be such that M (x, y,€) < f*(_l)(e) and M (x,y,e+6) > f*(_l)(e +4). Since My is non-decreasing
and T is a fuzzy ¥y, -contractive mapping we have that

M(T(x), T(y), €)= M(T(x), T(y), p(e +8)) = s (M(x,y,€+6)).

Moreover, we have that
MT ). TG) &) > vr, (V€ +8) = (£ 000 £) (A E+8),

since M(x,y, € +§) > fﬂffl)(e + &) and ¥, is a strictly increasing function.
Hence we deduce that

MA@, T0) &) > s, (£0E+8) = (£ ogo £2) (£ +9).
Furthermore, (ﬁ,< o *(_1)> (e +8) =€ + 6, since € + 6 €]0, f,(0)[. Whence we get that

M(Tx), T(y),€) > £V (e +8) > £ (o),

due to (€ 4+ §) < € and since ffl) is strictly decreasing on ]0, f.(0)[.
Therefore T is a fuzzy f,-Meir-Keeler contractive mapping. O

On account of the preceding result, we wonder if the contrary implication is also satisfied. Later, we will a negative
answer to this question. Before, we prove the next proposition, which establish a relationship between fuzzy Meir-
Keeler contractive mappings and fuzzy f,-Meir-Keeler contractive ones when stationary fuzzy metrics are under
consideration. Recall that a fuzzy metric space (X, M, %) is said to be stationary if the function My y is constant for
all x,y e X.
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Proposition 4.20. Let (X, M, x) be a stationary fuzzy metric space, where x is a continuous Archimedean t-norm.
Then, every fuzzy Meir-Keeler contractive mappings with respect to some & € A is a f.-Meir-Keeler contractive
mapping for each additive generator f, of *.

Proof. Let 7T : X — X be a fuzzy Meir-Keeler contractive mappings with respect to some § € A and let f, be an
additive generator of . Taking into account that M is stationary, we denote M (x, y,t) = M (x, y) for all ¢ €]0, oo[.

Fix € €]0, f+(0)[ and consider ¢/ = f*(fl)(e) €]0, 1[. By our assumption we get, for all x, y € X and ¢ €]0, oo[, the
next

€ —8()<M(x,y,t) <€ =MTx),T(y),t) >¢€.

We distinguish two possibilities:
1. Suppose €’ — 8(€") < 0. Then, for each §’ > 0 we have that
€ —8(e) <0< f(e+8)<M(x,y.e+8)=Mx,y.e) < f{V(e)=¢.

So, M(T(x). T(y)) > €' = £ (o).
2. On the contrary, assume €’ — §(¢’) > 0. Take §' = fi(¢/ — 8(¢’)) — €. Then,

e +8) = fEVfule = 8(€)) =€ —8() <M(x,y, e +8) =
=M(x,y,€) < f*(fl)(e) =€

~1
So, M(T(x), T(y)) > €' = /i (e).
Hence, T is a fuzzy f.-Meir-Keeler contractive mapping. O

As it was mentioned above, there exist fi.-Meir-Keeler contractive mappings which are not v 1, -contractive. Indeed,
Example 3.12 in [33] provides an instance of f,.-Meir-Keeler contractive mapping which is not v 7, -contractive. Note
that, on the one hand, the same arguments to those used in [33, Example 3.12] to show that the considered self-
mapping is not a fuzzy v-contractive mapping, remain valid in order to show that it is not a ¥, -contractive mapping,
where the f-norm under consideration is xp. On the other hand, observe that the fuzzy metric space used in such
an example is stationary. Then, Proposition 4.20 shows that the mapping introduced in it is a fuzzy f,-Meir-Keeler
contractive mapping.
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