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results complement and considerably extend various results
of Fernandez, Galbis, and the second named author.
© 2024 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

Weighted composition operators play an important role in functional analysis and
operator theory. Given a set (2, a self mapping ¢ on 2 and a function ¢ on €2, beyond
the fundamental question of when a weighted composition operator Cy, ., acts on a given
function space F(§2) — that is, when the operation Cy, , f = ¢ (f o) results in a function
belonging to F(2) for every f € F() — it is a natural task to characterize operator
theoretic properties of Cy, , on F(€) by properties of ¢ and ¢. Obviously, the class of
weighted composition operators contains multiplication operators, i.e. p(z) = x, as well
as composition operators, i.e. ¥(x) = 1.

In the present article, we consider weighted composition operators on the space .7 (R%)
of rapidly decreasing smooth functions. While the space @ (R?) of multipliers for . (R9)
has been characterized by L. Schwartz [22,33], the functions ¢ on R for which the cor-
responding composition operator acts on .#(R) have been characterized only recently
n [18]. Apart from characterizing the pairs (1, ) for which Cy , acts on .7 (R?), we
also characterize power boundedness and (m-)topologizability for weighted composition
operators on . (R%) in terms of 1 and .

In recent years, mean ergodicity, power boundedness, and topologizablity of (weighted)
composition operators and multiplication operators on various spaces of (generalized)
functions have attracted the attention of a large number of authors. We give only a
sample of articles (and refer to references therein); see e.g. [1,4—6,9-12,14,15,21,23-29,32].

Recall that a continuous linear operator T' on a locally convex Hausdorff space F is
power bounded precisely when the set of its iterates {T™; n € N} is equicontinuous. This
notion is closely connected with 7' being mean ergodic, i.e. with the property that for

1

every € E the sequence of Cesaro means (+> " _ T™(x))

me1 converges. Whenever

the Cesaro means converge uniformly on bounded sets, T’ isnﬁrl\lliformly mean ergodic.
By a classical result of Lorch [30], on reflexive Banach spaces, every power bounded
operator is mean ergodic, which characterizes reflexivity of Banach spaces, as has been
shown in the celebrated work [16] by Fonf, Lin, and Wojtaszczyk. Bonet, de Pagter, and
Ricker [8, Proposition 3.3] proved that Lorch’s result remains true for (semi-)reflexive
Hausdorff locally convex spaces. Additionally, by [28, Theorem 2.5], on Montel spaces,
mean ergodic operators are automatically uniformly mean ergodic. Thus, power bounded
operators of .7 (R?) are already uniformly mean ergodic.

While the interest for power boundedness for operators on locally convex Hausdorff
spaces stems from its close relationship to (uniform) mean ergodicity, topologizable op-
erators were introduced by Zelazko in [35] (see also [7]). Recall that a continuous linear
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operator T on a locally convex Hausdorff space E is topologizable if for every continu-
ous seminorm p on F there is a continuous seminorm ¢ on E and a sequence (a,)neN
of positive numbers such that (a,7T"),eN is equicontinuous from E equipped with p
into F equipped with ¢. This property characterizes those T' for which there is a unital
subalgebra A of L(FE) (with composition as multiplication) which contains T and which
admits a locally convex topology making A into a topological algebra such that the map
Ax E — E,(S,z) — Sz is continuous. While the notion of m-topologizability (where
the sequence (a,)pen in the definition of topologizablity can be chosen as a sequence
of powers (M™),en, M > 0) was also introduced by Zelazko [34], a renewed interest
in this property stems from a recent result of Golinska and Wegner [19] stating that
m-topologizable operators on sequentially complete locally convex spaces generate uni-
formly continuous semigroups of operators. It should be noted that in contrast to Banach
spaces, on arbitrary locally convex spaces in general not every continuous linear operator
generates a strongly continuous semigroup, see [17].

Our results for power boundedness for weighted composition operators Cy , are
sharp when v, ¢ are univariate polynomials. They allow to provide natural examples
of infinite dimensional subspaces of L£(.#(R)) consisting entirely of power bounded
operators, or — except the zero operator — entirely of non-power bounded operators,
respectively. Concrete examples of such infinite dimensional vector spaces are {Cy , :
¢(x) = 22+ 1,1 polynomial} (Theorem 5.10) and {Cy , : ¢(z) = (1/2)z,v polynomial}
(Proposition 5.4), respectively. We point out that examples of the second kind cannot
occur for operators defined on Banach spaces.

The article is organized as follows. In section 2 we characterize those pairs (1, ) for
which the corresponding weighted composition operator Cy , acts on % (R?). Under
mild additional assumptions on 9 and ¢, in section 3, we give a characterization for
the latter property which is easier to check in many situations including composition
operators. In section 4 we characterize power boundedness and (m-)topologizability of
Cy,p on & (Rd). As a concrete example we show power boundedness of Ceyp exp OL
Z(R), i.e. ¥ = ¢ = exp. It should be noted that neither the composition by exp nor
the multiplication by exp acts on #(R). As an application of our findings in section 4,
in section 5 we study power boundedness of weighted composition operators on . (R)
for the case that ¢ is a (univariate) polynomial. Among others, we prove that power
boundedness of translation operators, i.e. p(z) = x + b, b # 0, can be achieved by
multiplication with constants of modulus strictly smaller than 1. We also show that for
deg(¢) > 2, power boundedness of the composition operator C., is equivalent to the power
boundedness and/or uniform mean ergodicity of the weighted composition operators
Cy., for arbitrary ¢ € Oy(R). In the short final section 6, we apply arguments from
section 5 to show that a univariate polynomial ¢ is necessarily a translation whenever
there is 1) € Oy (R) such that Cy , is weakly supercyclic, i.e. there is f € /(R) with
{ACE . fi A € C,n € N} is weakly dense in .(R). This complements recent results on
hypercyclicity of weighted translation operators on .#(R) by Goliniski and Przestacki
[20].
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Throughout, we use standard notation from functional analysis [31] and dynamics of
linear operators on locally convex spaces [3,8].

2. Weighted composition operators on .7 (R%)

The main purpose of this section is to characterize those pairs (¥, ), 1 € C>®(R%)
and ¢ : R? = R? smooth mapping, for which the corresponding weighted composition
operator Cy, ., acts on . (R?), where we say that Cy ,(f) =1+ (f o) acts on .7 (R?) if
Cyof € L (RY) for every f € .7 (R?). Obviously, in this case Cy, is a linear mapping
on #(RY). As usual, we say that ¢ is a symbol for #(R?) if C, := Cy, acts on
Z(R%). Additionally, we recall that ¢ is a multiplier for ./ (R?) if My, = Cyidg, acts
on 7 (R%). We shall see in Example 2.9 below that neither C,, acting on .#(R) nor 1
being a multiplier for .(R) is necessary for Cy ., to act on .7 (R).

We first fix some notation which is valid throughout this paper. As usual, for a smooth

function f : RY — C and a multi index a = (aq,...,aq) € N¢ we write f(¥)(z) =
0% f(x) = EM‘?‘% (), where as usual |a| = Z;l:l o While we also denote the
1 d

Euclidean norm of z € R by |z|, it will always be clear from the context whether we
refer to the length of a multi index or the Euclidean norm of a vector. Next, we recall
some notation from [13] used in the multivariate version of the Faa di Bruno formula.
On the set N§ of multi indices, for a = (a1,...,a4),8 = (B1,---,B4), we write a < 3
provided one of the following holds:

(1) ol <15,
(ii) || = |B) and aq < B1, or
(iii) || =18, o1 = B1,..., a5 = B and agy1 < P41 for some 1 < k < d.

Moreover, for 3 € N§\{0} and X\ € N¢ we define the set

p(B,A) =< (k1. kg b, ..., 48)) € Nglﬁld : for some 1 < s < |,

kj=4¢;=0for 1 <j<|B|—s;lkj| >0for |B]| —s+1<j<|F], and

18] 18]
0 < {jg|—s41 < -+ < {5 are such that ij = /\,Z kilt; = B

Jj=1 J=1

It is straightforward to show |A| < |8| whenever p(8,A) # (). Then, for a smooth function
f:R? = C, a smooth mapping ¢ : R — R? and for every 3 € N¢\{0} we have

Bl (o) ()%
FerP@= Y e ¥ o[
(B:2)

RR7ENLA
AENE (5, j=1 ks (4;1)
1<|AI<18]
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see |13, Remark 2.2]), where Lp(“ (Zj) ,...,(p(ej) x)) and where for y =
Y1 d
Yi,..,yq) € Chand k = (k1,...,kq) € N¢, as usual y* = yk1 --'ykd, so that
1 d

(4 : - el s
( ) =11 ( ) =11 (m%(:@) ,

=1 i=1

with fj = (‘ej,17 PN ,€j7d), kij = (k‘jJ, ceey kj,d) S Ng It follows immediately from the
definition of the set p(3, A) that p(3,0) = (). Thus, employing the usual convention that
the sum of summands indexed by the empty set equals zero, for every 3 € N¢\{0} we
have

1Bl _(e;)
(for)P (@)= Y N Zﬁ'HM-

NENd oy s k)"
0<AI<18]

Abusing notation, for 3 = 0, we further set p(0,\) = () whenever A € NZ¢\{0} and
p(0,0) = {(0,0)} (0 € N§) so that, by the usual convention 0! = 1 and 0° = 1

001 Lo A
0/\)]1/{'6' 1, A=0,

where we also applied the usual convention that the product of factors indexed by the

empty set equals one. Thus, for f and ¢ as above, for ¢ € C*®(R%), and for every multi

index o € N¢, by applying Leibniz’ rule and Faa di Bruno’s formula, after reordering,

we get

- (o) (@)

18] . k;
_ om (¢ ()
- Y X () 9 3 oL e

BENZ  AeNg p(B,A)  J=1
B<a 0<|A[<]A]

18]

(t ks
Y% (G ¥l E0On

BeNg  AeNg p(B,A) =1
IB1<|e] O<IAI<]B]

18I ¢ ;) k;
_ ()
- T e Y (e X TR

AENE BeNG p(B,A)  J=1
0< A< ] B<au| A<

d
j=1
for z € C and m € Nj.

where we have used that () = []

z(z—l)m(;z—m—&-l)

(5 ) = 0 if there are a;, 3; € No with 8; > «;

since (jl) =
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For ¢ € C*(R%), a smooth mapping ¢ : R — R? and a, A € N¢ with |\| < |a| we
denote

o |B] (@.) k;
FZY(@) = ) @W Z@H¢ (2.1)

BeENZ p(B,A)  j=1 kj! (45 ')
B<a,A<|B|
and thus
@ (foe)@@ = > fVp@)Fy (). (2.2)
AeNY
0<|AI<] ol

Now we are ready to prove a first technical lemma which will also be used in section 4.

Lemma 2.1. Let I be a non-empty set, (V;)icr € CC(RHT and let ¢; : R — R? be
smooth mappings, i € I. Assume that there are a, A € Ng with |\ < |a| and p > 0 such
that

1 P
Vq>0: sup sup (L+|o])

T Tpa Fed @) = oo 2.3
i€l xeRd4 (1 + |§01(SC)|)Q| a,A ( )| ( )

Then there is f € .#(R?) satisfying

sup sup (1 + [2])?[(¢; - (f 0 9:)) ¥ ()| = oo.
i€l zeRd

Proof. Let \g € N¢ be the minimum with respect to the linear ordering < of N¢ of

the finite set of A € N§ with [A| < |a| for which (2.3) holds. Let (z;)jen, (i;)jen be
sequences in R? and I, respectively, such that |z;;1] > |z;| + 1 and

(1 + |z4])P | Pi; Wi

(1 + i, ()7 2

At this step, we continue the proof by considering two cases. First we assume

()| > J. (2.4)

(lpi; (z5)])jen to be unbounded. By making an abuse of notation and identifying (;);en
with a subsequence, we can assume |2 1] > [z + 1 and |o;,,, (2j11)] > |o4; (25)| + 1
for every j € N, and let (I(j))jen be a strictly increasing sequence of natural numbers
such that

[P
R

| Py Pi
j—oo0 (L4 [, (2;)])!D)

Fa’;\'o 7 (z5)] = 0. (2.5)

Fix 0 € 2(B(0,1/2)), 0 (0) = 1 and o™ (0) = 0 for A € N\ {\o}. We define

o _ola i)
H@)= 2 o o
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Since the summands which define f are smooth functions with mutually disjoint compact
supports and because lim; [(j) = oo, it is standard to check f € ./ (R%). Moreover, by
(2.2) and the definition of F¥’

(U P10, (Fowi )@@l = U+ [5)7 | 30 F Vs, o)) Fag ™ (a)

AENY
0<[A[< el

Pi; Wi
= (L Jas PLFOD (i, () FL 3. ()
(1 + |xj|)p Pi; i
(1 + |<F7ij (Ij)|)l(j) I a,Xo (xj)|

so that by (2.5)

sup sup (1+ [])?[(¢i - (f 0 9:)) ) ()] > sup (1 + |a;)P| (s, - (f 0 95,)) ) ()] = 00
i€l xcRd jEN

as desired.
Next, let us suppose that (o, (2;)|)jen is bounded. We observe that the choice of Ao
implies the existence of ¢ > 0 and C € (0, 00) such that, for each A € N¢ with A < ),

1 p it

sup ————————
wverd (1+ [y (2)])9

Next, we fix f € 2(R?) such that f(x) = 2%°/)\¢! in a neighborhood of the bounded
subset {¢;, (2;); j € N} of R%. Then, a moment’s reflection reveals that f*) = 0 in a
neighborhood of {;;(z;); j € N} whenever g < A and obviously, for every ¢ > 0 there
is M € (0,00) with

sup FV i (@i)| (1 + Jepi, (a5))T < M.
JEN,
AENG, A<l

Now we have by (2.2) and (2.4), for j € N,

L+ |2 )21, - (f o N @)l = (L4 ;)P | D> (e (xj))F(fK’wij (z;)
0231 Sal

> (1 [a)7 |10, () FE 3 ()

Pi; i
04,)]\ ! (‘TJ)

= X [y ] 0+l e

A<Xo L+ [, (w5)])2
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. )P ) )
> (14 o o)) o s |3

W @0 (l’j)’* ZMC’Z]‘, ZMC

A<Ao A<Xo

so that again

sup sup (1 + |2])?[(¢; - (f 0 9:)) ) (@)] > sup(1+ |2;])P| (s, - (f © 0,)) ' ()] = 00
i€l zcRd JjEN

as desired. O

Theorem 2.2. Let ¢p € C°(R?) and let ¢ : RT — R? be smooth. Then, the following are
equivalent.

(i) ¥ - (fop) € LR for every f € S (R?).
(ii) The weighted composition operator Cy , : S (RY) — S (RY), f — ¢ - (f o) is
correctly defined and continuous.
(iii) For all a,\ € N§ with |\| < |a| and for every p > 0 there exists ¢ > 0 such that

1 p
wup LIz

S Sl ek VA S 0.
S Wt Telna Fer @<

a7

Proof. Obviously, (ii) implies (i), and (i) implies (iii) by Lemma 2.1 applied to I = {1}
and ¥ = ¥, 1 = . Additionally, using (2.2) it is straightforward to show that (iii)
implies (ii). O

The evaluation of condition (iii) from the above theorem for concrete 1, ¢ might be
quite involved due to the rather complicated expression for F(f;p in (2.1). Therefore, we
now give necessary and sufficient conditions for Cy ,, to act on .(R%) which are easier
to evaluate. Since for @ € N¢ and A = 0 it holds Fgf;f’ (x) = ¢(@(2), Theorem 2.2 (iii)
immediately implies the following necessary condition.

Corollary 2.3. If the weighted composition operator Cy o, : ./ (R?) — Z(RY), f > - (fo
©) is well defined then for each o € N& and p > 0 there is ¢ > 0 such that

1 p
oy (L2

() (g 00.
e ARSI

Theorem 2.2 immediately implies the next sufficient condition for Cy , to act on
Z(R9). It will be shown in Theorem 3.3 below that under some mild additional assump-
tions on 1, ¢ this sufficient condition is also necessary.

Corollary 2.4. Let ¢p € C(R?) and let ¢ : R? — R? be smooth. Assume that for each
a € N¢ and p > 0 there is ¢ > 0 such that
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1 p
aup LIz

AP @ ) < o
S At Telmna V<o

and for each o € N¢ there is ¢ > 0 such that

1
sup | ()] < co.

sere (14 [p(2)])7
Then Cy,, acts on . (R?).

Remark 2.5. For the special case of a multiplication operator, i.e. ¢(z) = z for all z € R9,
for k;,¢; € N¢ we have

if £; = k; =0,

if |¢;] > 2,

if |¢;] = 1, k; ¢ span{¢;},
if |¢;] = 1, k; € span{¢;}.

(o) =TT (@) =

i=1

- o O =

Therefore, defining

pO(ﬂ7>‘) :{(khvk\ﬂ\vghagw\) Ep(ﬂa)‘) : |€|ﬂ\| <1 and kj € Span{gj}
forall 1 <j < 8]}

it follows that

rro- X (et ¥ Al

BeENY po(B,A) =1 kit
B<a | N <|B]

In order to continue, let e; = (d;)1<j<a (Kronecker’s §), 1 < ¢t < d, be the standard
basis vectors of R% and for § € NA\{0}, 8= 20, Bres let I(8) := {1 <t <d: B #0}
so that @ # I(B8) = {t1,...,tg} with 1 < t; < ... < tg < d. Moreover, we denote the
number of elements of I(3) by |I(3)|. With this notation, for 8 € N¢\{0} we conclude

pO(ﬂa)‘)
= (k1, ... kg e, . b)) € p(B, ) = 5| = 1,k; € span{{;} for all 1 < j < |f],
kj={4;=0for1<j< 18] — |I(ﬁ)|,f|5|,|[(g)‘+1 = 6t1,...,€m| = €y,

18] 18]
kil > 0 for B — [I(B)| + 1< <[B,Y ki=X\> |kjlt; =8
=1 =1
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0, if B A,
{(klaﬂk|ﬂ‘7‘€lﬂ7£|ﬁ|) S Nglﬁ‘d kj :gj :071 Sjg |B‘ - |I(B)‘7

pi-11(e)1+1 = €tsy LigI-11(8) 1 +2 = €ts—1,-- -, Ljg] = en,
Kigi-118)1+1 = BraCtas Kipl- 1) 42 = Pra—1€15-15- - Kig) = Bren}, i 5= A,

so that for A # 0

Fade = (§) o)

s

which also holds true for A = 0 (recall that the above multinomial coefficient is zero
whenever \ £ «).

Hence, Theorem 2.2 characterizes those ¢ € C°°(R%) for which the corresponding
multiplication operator My : #(R?) — Z(R%), f +— 9 f is correctly defined by the
property that for every a, A € N¢ with A < o and every p > 0 there is ¢ > 0 such that

1 p
up (L 12D

R (1 + |JCDq |¢(a_>\)(37)| < 00.
zeR4

Obviously, this holds precisely when for each v € N¢ there is 7 > 0 such that

sup (14 [z]) " [¢ (2)] < 0.
reR4

Thus, for the special case p(x) = z, Theorem 2.2 gives the well known characterization
of the space of multipliers of .#(R%) as @ (R?).
Additionally, by Corollary 2.3, if ¢ is a non-constant elliptic polynomial, Cy , acts on

Z(R9) if and only if 1) € @ (R?). Therefore, if d = 1, this equivalence holds whenever
© is a non-constant univariate polynomial.

Remark 2.6. Next, we consider the special case d = 1 in Theorem 2.2. We define for

B, X € No\{0} with A < 3

B B
q(B.N) =< (i1,..,ig) ENG = Y iy =D jij =8y,
j=1 j=1

and for (i1,...,i5) € (B, A) we set

L(ll,,Zﬁ) = {]. S] Sﬂ ’LJ #0} and S(Zl,,lg) = |L(Z1,,15)|

Then, O # L(i1,...,ig) C{1,...,8}and 1 < s(i1,...,ig) < (. It is straightforward that
the correspondence ¢(8, A\) — p(8, \) which maps (i1,...,ig) into
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(07 s '707iminL(i1,...,i5)7 < '7imaxL(i1,...,i5);07 s 707minL(i17 cee 77;ﬂ)7 ey

max L(i1,...,1g))

is correctly defined and bijective, where we have (twice) S — s zeros. With this it follows
for d = 1 that for ¥, € C*°(R), ¢ real valued, o, A € Ng with A < «

oy _ N (@ (ams) | 2 1 (oY) () v
F@ =Y ()@ X all5(55) -
B=A i1,...,ig€Np, j=1 7" :

i1t tig=A,
i1+2i2++PBig=p

Noticing that ¢; = 0 for j > 8 — A 4 1 the above simplifies to

mo-£ (e 8T ()

. ! 4!
i1,...,ig—x+1E€Np, j=1
i1t igoap1=A,
i1+2i0++Big_ry1=0

=3 (5B (),

where Bg x denotes the corresponding Bell polynomial, i.e.

VIl,...,l‘g_,\_H ER: Bﬂ’)\(xl,...,xﬂ_x_,_l)
B=A+1

_ 3 o Il (%) (2.6)

11,820,808 241 €Np,
i1tio+Figap1=A,
i142ia4+(B—A+1)ig_r+1=0

for B, € N with A < 3, and Byo =1, Bgo=0,8€N.

Corollary 2.7. Let ¢, € C*(R), ¢ be real valued. Then, the following are equivalent.

(i) ¥ (fop) e F(R) for every f € ' (R).
(ii) The weighted composition operator Cy , : /' (R) = Z(R), f = 1-(foyp) is correctly
defined and continuous.
(iii) For every a, , A € Ny with o > 8 > X\ and for each p > 0 there is ¢ > 0 such that

sup L2y - B2 ()| < oo
S 3 [ @)Ban (@), @) | < oo

Proof. By Theorem 2.2 and Remark 2.6, (i) and (ii) are equivalent and hold precisely
when for every «, 8, A € Ng with @ > 8 > X and each p > 0 there is ¢ > 0 with
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LD IS~ (N ampy, - B3+ ()| < oo
ieﬁ(le(ﬂﬁ)l)qg(ﬂ)w DB (# @) 0 < o

Evaluating the latter condition first for A = a, then for A = a — 1 etc. finally shows that
(i), (ii), and (iii) are equivalent. O

Remark 2.8. For a real valued ¢ € C*°(R) it follows from Corollary 2.7 with ¢) = 1 that
the corresponding composition operator Cy, f = f o ¢ acts on .(R) if and only if

Va,A € No,a > AVp>03g>0:

2161]% % ’BQ’A (gp’(x), cee go(o‘_’\"’l)(x))‘ < 0. (2.7)

Since By =1 and Bg1(21,...,%a) = Za, condition (2.7) implies

o there is k > 0 such that |¢(z)| > |2|'/* whenever |z| > k, and
o for every a € Ny there are C,q > 0 such that |p(®)(2)| < C(1 + |¢(z)])9.

On the other hand, the previous two conditions easily imply condition (2.7) so that
Corollary 2.7 gives an alternate characterization to that in [18, Theorem 2.3]. Further-
more, the characterization in [18, Theorem 2.3] is also valid for several variables (see [18,
Remark 2.4(1)]), which can be deduced from Theorem 2.2, too, in a similar way.

Example 2.9. For the case ¢ = 9, we have that C, , : Z(R) = (R) is continuous if
and only if for every a € Ny and p > 0 there exists ¢ > 0 such that

1+ [z|)?
sup 0] < o

vere (1 +|o(z)])
Indeed, necessity follows from Corollary 2.3 while sufficiency is due to Corollary 2.4. For
o(x) = Y(x) = exp(z), we thus have that Cexp exp is continuous. Observe that neither the
composition operator Ceyp, nor the multiplication operator My, acts on .(R). We will
show in Example 4.9 below that Cexp.exp is even power bounded, and therefore uniformly
mean ergodic, on . (R).

Proposition 2.10. Let ¢ : R — R? be smooth such that for each p >0

ap (L@

vera (14 ]x])
Moreover, let ¢ € C*°(R?) be such that Cy , acts on .#(R?). Then ¢ € . (R?).

Proof. Let a € N¢ and p > 0. By applying Corollary 2.3 for p + 1 we get ¢ > 0 and
C > 0 such that
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(@) (1 + |e(x)])
el < € g T

By hypothesis on ¢, the supremum on the right is finite so the assertion follows. O

Theorem 2.11. Let ¢ : R? — R? be smooth. Then, Cy , acts on % (R?) for every ¢ €
Z(RY) if and only if Opp; € Onr(RY) for every 1 <k < d.

Proof. Let Oryp; € On(RY) for every 1 < i,k < d. By the multivariate Faa di Bruno
formula, f o € Oy (R?) for every f € Z(RY). Hence ¢ - (f o ) € . (R?) whenever
P € S (RY).

Now, let Cy,,, act on .(R%) for every ¢ € .%(R?). We assume that there are 1 <
i,k < d such that Oyp; ¢ On(R?). Hence, there is a € N¢ such that

o ()]

VjeN: sup —4—* = 0.
zeR4 (1+|x|)]

Thus, there is a sequence (z;);en such that |zj41] > |z;| + 1 as well as

i) ()]

(1 + fa5])7

for each j € N.
Now, we distinguish two cases. In case (¢(z;));jen is unbounded, by abuse of notation,
we identify (z;);en with a subsequence satisfying [¢(z;11)] > |¢(z;)| + 1, j € N. Let

0,9 € 2(B(0,1)) be such that o =1 in B(0,1/2) and ¢g(¢)(0) = 1 as well as g/?(0) =0
for B € Nd\{e;}. It is standard to show that

_ o(x — ;)
Y(z) = j%;} W (2.8)

belongs to .7 (R%), as does

Z g(z

1+ |x | 3/2

By the multivariate Faa di Bruno formula, for j € N we conclude
@ (Fo @)™ ()] = [oas) (7 0 9) " (25)]

_ ‘Wj)%(w i) el ﬂ‘
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so that 1 - (f o ) ¢ .7(R?) contradicting the hypothesis that Cy ., acts on .7 (R?).

To finish the proof, we consider the case when (¢(z;)),en is bounded. We define 1 as
in (2.8) and we consider a function f € 2(R%) such that f(x) = 2; on a neighborhood
of {¢(x;) : 7 € N}. Then (2.9) holds which again gives the desired contradiction. O

For smooth and bounded ¢ : R? — R? by Corollary 2.3, 1 € .#(R?) is a nec-
essary condition for Cy , to act on . (R?). Therefore, as an immediate corollary of
Theorem 2.11 we have the following.

Corollary 2.12. Let ¢ : R? — R? be smooth and bounded. Then, Cy., acts on ./ (R?) for
every Y € .7 (R%) if and only if p € Op(R?).

3. Small decay multipliers

In this section, we shall prove that for a family of weighted composition operators,
including composition operators, the sufficient conditions from Corollary 2.4 are also
necessary for Cy, ,, to act on .(R?). In order to do so, we first prove the following result
which will also be of use in section 4 below.

Lemma 3.1. Let I be a non-empty set and let ¢; : R* — R? be smooth mappings, i € I.
Moreover, let 1; € C®(R%), i € I, be such that for some m > 0

inf inf (L+ [z)™ (1 + |i(z)])™[¢i(2)] > 0. (3.1)

Assume that there are o € N¢ and p > 0 such that

A+ |z)? (@)
sup sup ————— |, ' (z)| = 00 3.2
e A e T (32
for all ¢ > 0, or that there is a € N¢ such that
! ) 3.3
sup sup ;" ()] = o0 (3:3)

il zera (1 + [pi(2)])

for all ¢ > 0. Then there is f € .7 (R?) satisfying

sup sup (1-+ fal) ™ max{|(i - (/0 00) (@) (W3- (f 0 00) @)} = o0

Proof. If there are o € N§ and p > 0 satisfying (3.2) for every ¢ > 0, then the result
follows by Lemma 2.1 with A = 0.

Thus, in order to complete the proof, we may assume that for every 8 € N¢ and p > 0
there is ¢(3, p) > 0 such that
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1
sup sup 12"

(8)
icl zerd (14 |@i(z)])25») [ ()] < oo (3.4)

We now fix a € N¢ with minimal |a| such that (3.3) holds for every ¢ > 0. Clearly,
|a] > 1, and for every 8 € N¢ with B < a, 8 # 0, there is ¢/(8) > 0 such that

Sup sup

(a—B)
iel zera (14 |@i(z)])7®) i ()] < oc. (3.5)

With m as in (3.1), we choose sequences (i;)jen, (I;)jen, and (z;)jen in I, N and R,
respectively, such that ;411 > I; > m+max{q(8,m) : 8 < a}+max{¢(B8) : 0# 8 < a},
201l > 14 Jo5] > 1+ m, and [l )] > 51+ I, (2 € N.

Next, we distinguish two cases. Suppose that (|o;;(2;)|)jen is bounded. Take f €
Z(R?) such that f = 1 on a neighborhood of {¢;,(z;) : j € N}. By (3.1) and the
boundedness of (|¢;; (7;)])jen we conclude inf;en (1 + [2;])™[t)s; (2;)| > 0 which implies

sup sup (14 [2])™ (i - (f 0 @) ()] > sup(l + )™ s, ()11 f (i, (24))| =
i€l zeR4 JEN

proving the assertion in this case.

Now, suppose that (|¢;; (7;)])jen is unbounded. By identifying (@i, (7;))jen with
a subsequence, we assume |¢;  (x;41)] > 1+ |o;, (2;)], j € N. Since |@§Ja)(x])| >
'(1 + |, (z;)])Y there is 1 < k < d such that the k-th component ;, j of @;, satisfies
|ng k(:c])| > \/—(1 + |, (x;)]), j € N. Let g € 2(B(0,1)) be such that g(z) =z, in a
nelghborhood of the origin. It is then standard to show that the function

o) = Y )

Z T+ T, () )

belongs to .#(R9). Since for 8 € N¢ with 8 < a,8 # «, by the choice of g and the
multivariate Faa di Bruno formula, we have

0 ()

(1 lepi, () )l =

-8
(fo‘pij)(a )(373‘) =
while obviously, (f o ¢;,)(z;) = 0. Hence, for 0 # 8 < o we obtain

sup(1-+ o )™l B (25) (f 0 0i,) ™ ()]

JEN

ol ()

(1 + Iy, (5)) o™
|l ()]
@+ lgw, (2,) )7

< sup(1+ [z ]) "™ i (;)]
JEN

< sup (1 + [2)™

()
SUB TTF [, )7 V5 (x))

< 00,
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where we have used I; —m > max{q(,m) : B < a} + max{q'(8) : 0 # § < a} together
with (3.4) and (3.5).
On the other hand,

(L [as )™ (s, (25) (f © 0i,) ) ()]

[P\ ()]

(1 + les; (25)Db

> (14 | |)™ (1 + leps, (2)]) ™85, (mm%.

= (L g )™ (U [, () )™ [ ()]

Combining the above with (3.1), the boundedness of ((1 + \xj|)m|1/)§f) (z)(f o
@ij)(a_ﬁ)(xj)DjeN for 0 # 8 < o, and Leibniz’ rule finally give

sup sup (14 [z])™[(¢i(f © i) ()] = oo,
i€l zeR4

which completes the proof. O

Definition 3.2. For a smooth mapping ¢ : R? — R? a function ¢ € C>(R?) is said to be
of small decay with respect to  if there is m > 0 such that

0 (1 Jal)™(1+ @)™ (@) >

As an immediate consequence of the previous lemma we obtain the following result.

Theorem 3.3. Let o : RY — R? be smooth and let 1) € C®(R?) be of small decay with
respect to . Then Cy , acts on S (RY) if and only if for each o € N§ and p > 0 there
is ¢ > 0 such that

1 p 1
sup (L + Jz]) q\w(a)(xﬂ < oo and sup (@) ()| < oo.

e ATy e AT T

Proof. By Corollary 2.4 the conditions are sufficient for Cy , to act on .%(R?) while
Lemma 3.1 also implies necessity. O

4. Power boundedness and topologizability

In this section we study power boundedness and related properties for weighted com-
position operators C'y , on Z(R%). For p > 0 and a € N¢, obviously

VieSRY: | fllpa= sup (14 [2)? [ ()]
z€R
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defines a continuous norm |||, on .7 (R?) and the set of norms {|-||p.o : p > 0,a € N§}
defines the standard topology on .#(R%). Whenever we equip the vector space .7 (R%)
only with the norm ||| .o we write .7}, o(R%). Obviously, every continuous linear mapping
from .7 (R%) into itself is in particular a continuous linear mapping from .#(R?) into
Fpa(R).

Next, for a smooth mapping ¢ : R? — R% and n € N we set ¢,, := po---0¢ the n-th
iteration of ¢. Additionally, we set @g(x) = x and for 1 € C*°(R%) and n € N we define

n

V() = [ wlpia (@), = eR™

j=1
In particular, ¢; = ¢ and Y% = 9.

Lemma 4.1. Let I be a non-empty set, (;)icr € CC(RHT and let ¢; : R4 — R? be
smooth mappings, i € I, such that the weighted composition operators Cy, ,, act on
S (RY), iel.

(a) Let o € N§ and p > 0 be fized. Then, the set of continuous linear mappings {Cy, o, :
i € I} is equicontinuous from & (R?) into 7, o(R?) if and only if for every A € N§
with || < |a| there is ¢ > 0 such that

sup sup 12"
icl zera (1 + [pi(2)])?

Fo (x)’ < o0 (4.1)

(b) The set of continuous linear mappings {Cy, », = i € I} is equicontinuous on . (R%)
if and only if for every a, A € N§ with |\| < |a| and each p > 0 there is ¢ > 0 such
that (4.1) holds.

Proof. Clearly, (b) is a direct consequence of (a). In order to prove (a), since . (R%) is a
Fréchet space, by the Uniform Boundedness Principle equicontinuity of {Cy, o, : i € I'}
from . (R?) into .7, «(R?) is equivalent to the boundedness of {Cy, o, f : i € I} in
Zp.a(RY) for every f € #(R%). Thus, by Lemma 2.1 and (2.2), we obtain the claimed
equivalence. 0O

Theorem 4.2. Let o : R?Y — R be a smooth mapping and let ¢p € C>®(R?). Then, the
following are equivalent.

(i) Cy,e acts on #(R?) and is power bounded.
(ii) For all a, A € N¢ with |\ < |a| and each p > 0 there exists ¢ > 0 such that

Pn,p™ ¥

1 P
sup sup (1 + f]) F7Y (x)’ < 00.

neN zeR4 (1 + “p’ﬂ(‘r)Dq
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Proof. Since C} ,f = Cyn.ep, f for every f € Z(RY), n € N, the assertion follows
immediately from Theorem 2.2 and Theorem 4.1 (b). O

Remark 4.3. Using the same arguments as in Remark 2.5, by Theorem 4.2, for ¢ €
O (RY) the corresponding multiplication operator My, is power bounded on .#(R9) if
and only if for every v € N¢ there is 7 > 0 such that

sup sup (1+ |z|)~"
neN zecRd

@M (@) < o,

i.e. the sequence (¢"),cn is bounded in @y (R?) (cf. [2, Theorem 4.3]).
Using Remark 2.6 as in the proof of Corollary 2.7 one obtains the following result.
Corollary 4.4. Let ¢, p € C*(R), ¢ be real valued. Then, the following are equivalent.

(i) Cy,p acts on Z(R) and is power bounded.
(ii) For all o, B, A € Ng with o > 8 > X and for each p > 0 there is ¢ > 0 such that

(14 |z|)? (a—B) , o)
sup sup -——— v | (Y™ 2)Bsa (¢, (x), ..., o . ‘<Oo.
SUp SUD 1 Ty [V (@) o (#h(@), v (x))

The next theorem follows immediately from Lemma 3.1 and Theorem 3.3.

Theorem 4.5. Let o : R — R? be a smooth mapping and let 1 € C®(R?) be of small
decay with respect to . Then, the following are equivalent.

(i) Cy., acts on #(RY) and is power bounded.
(ii) The following two conditions are satisfied:
(a) For allp >0 and o € N§ there exists ¢ > 0 such that

1 P
sup sup 12D

[ S bl DA n,¢\(a) T .
neN zeRd (1+|(pn(x)|)q|(,l/} ) ()] <

or atl o € there exists ¢ > 0 such that
b) F ll Ng h ) 0 h th

()
sup sup —————|¥, ()] < o0.
R AP TR

Remark 4.6. We observe that, arguing as in Corollary 2.3 and Corollary 2.4, the hypoth-
esis for 1 to be of small decay with respect to ¢ in Theorem 4.5 is only needed for the
necessity of (b) in (ii). Condition (a) is necessary for the power boundedness of Cy
while (a) and (b) together are always sufficient conditions for the power boundedness of
Cy,, whether ¢ is of small decay with respect to ¢ or not.
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Remark 4.7. Obviously, ¢(z) = 1 is of small decay with respect to every smooth ¢ :
R¢ — R so that Theorem 4.5 is applicable to composition operators. Employing the
same arguments as in Remark 2.8, we derive easily that the composition operator C,
acts on .#(R?) and is power bounded if and only if it satisfies the two conditions

(a) there are k, > 0 such that for every n € N it holds |, (x)| > |z|* whenever |z| > I,
and

(b) for every a € Ny there are C,q > 0 such that \(pgf)(wﬂ < C(1 4+ |pn(x)])? for every
n €N,z € R%

For d = 1, this characterization has been obtained in [14, Proposition 3.9]. We observe,
that when d = 1, then any polynomial ¢ with deg(y) > 2 satisfies condition (a) above.
Indeed, this is easily obtained from lim, |“0|ST)| = oo. Combining this observation
with [14, Theorem 3.11] we obtain that condition (b) above is satisfied if and only if

deg(p) > 2 and ¢ has no fixed points (and hence the degree of ¢ is even).

Remark 4.8. Because .7 (R?) is a Montel space, [8, Proposition 3.3] combined with [28,
Theorem 2.5] yield that Cy, ,, as well as its transpose are uniformly mean ergodic when-
ever Cy ., is power bounded on .7 (R?).

Example 4.9. In Example 2.9 we have already seen that for v = ¢ = exp the weighted
composition operator Cexp exp acts on .#(R) although neither exp is a symbol for . (R)
nor exp € Op(R). We will now show that Cexp exp is even power bounded on .#/(R), and
thus uniformly mean ergodic, by Remark 4.8. To do so, we first notice that

(pn) (2) = ()" () = " (2) = p1()pa(@) -+~ pu(2). (4.2)

Thus, by Corollary 4.4, Cexp exp is power bounded on .#(R) if for every p > 0 and o € Ny
there is ¢ > 0 such that

(1 |=))P
sup sup

R S et VA n,p\ (o) x 0 .
neN »eR (1+|<pn(l,)|)q|(90 ) ()] < (4.3)

holds.
In order to prove (4.3), we show as a first step the following auxiliary inequality.

VaeNgIng e NVn > ng,z € R: (0™9) (@ (2) < o1 () (pn(2)) 2+ (4.4)

In order to prove that (4.4) indeed holds true, we note that due to p?% = ¢, the
inequality (4.4) holds for « = 0 and n = 2. Now, assume that the inequality (4.4) holds
for a = 0 and some n > 2. Then, since (¢, (7))? < pni1(x) for every ,

n+1,p

P (@) = 9" (@)pnt1 (7) < 01(2)(n(2))  Pnra () < 91(2) (Pnia (@)?
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so that (4.4) also holds for @ = 0 and n + 1 proving the validity of (4.4) for @ = 0 with
ny = 2.

In order to establish (4.4) for & = 1 we first provide some auxiliary estimates. As
p(x) = €”, for every n > 1,

on(z) = ePn1@) = Z 7@"%@))]-7

=

so that
VieNpneNn>22cR: (o, 1(x)) <jlo,(z). (4.5)
Besides that, since for n > 1 it holds ¢, (R) = (p,_1(0), +00) we also have
Vn>52eR:n<p,2(0) <@,1(z). (4.6)

For arbitrary C' > 0 and j € N, choosing N > 5 so large that C(j 4+ 2)! < N, by (4.6)
and (4.5), it holds for all x € R and n > N,

j , (n-1(x))

nC(pn-1(x)) =n(C(j +2)) 2 (Pn-1(2))

G+2) < (). (4.7)

To show (4.4) for e = 1, we introduce ¥,,(x) := 1+¢"¥(x)+- - -+p"~1¥(x). Applying
(4.2) we then obtain

(") (x)
= (1 @n) (2) = (1) () - p2(x) -+ pn (@) + - + 1(2) - Pn1 () - ()" (2)
= (p1(@) - pn(@) (L + @1 (2) + -+ () -+ P (@)

Q" ()W (). (4.8)
By inequality (4.5) for j = 0, pn(z) > 1 for every n > 2,2 € R, implying ¢™%(z) <
e"tLe(z) for n > 1,2 € R. Hence, ¥, (z) < 1+ (n — )" 1%(z),2 € R,n € N.

Applying (4.6), (4.4) for « = 0 and (4.7) for C = 2,j = 3 there is N > 2 - 5! such that
foralln > N and all x € R,

Uo(z) <1+ (n—1)" () <1+ 1(2)e" " (2) <1+ (pn-1(2))?

< 2pn1(2))® < pn(2).

Hence, by (4.8) and by (4.4) for a = 0, for all n» > N and all z € R,

(™) (2) = @™ (2)Un(2) < p1(2)(pn (@)’
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which proves (4.4) for a = 1.
Now, fix & € N and assume that for all § < « there exists ng € N (without losing
generality, ng < n, if 5 <+ and 8 # 7) such that (4.4) is satisfied, i.e.,

(") (@) < pr(@)(pa(@)*, weR, n=mng. (4.9)

We show (4.4) for o and ng, where n, € N satisfies n, > max{ng;8 < a,8 # a} +1
and is such that for every x € R and n > n,

297 (on-1(2))**? < pn(2), (4.10)

which is possible by (4.7). From (4.8) and Leibniz’ rule, for every n > n,

(@) (@) = (0, D) = T (O“1)<so"v“’><ﬂ><w><wn><a-1-ﬁ><x>. (4.11)

B<a—1 p

Moreover, by Leibniz’ rule, for all v € Ny, j € N, and x € R,

(@j+1,so)(v)(x) _ (ij,v:)(v) 90 1(z) + Z < > Jsp (v)( )(%H)(v—%) (z)

> (%) (@)p;(0) > (%) ().

Applying the above inequality for j = 1,...,n — 2, by the choice of ny, using inequal-
ity (4.9), for every n > n,, and taking in account ¢,_1(x) > 1 for all z € R, we get for
each f<a—1

() (@) = (L4919 44 19) 071D )
do—1-h
< P
< 1+ (0= Da(@) (s (@)
< (14 p1(@)nlpa-s (@)
< a1 @n(pnor (@) 7

S n@nil(x)a-‘rz

< p%cpn(fc) (4.12)

L+ (n = 1)(p" 1)1 ()

Thus, combining (4.9) with (4.11) and (4.12) for n > n,, we conclude

@) < o 3 (75 )@@ o) < @), e R
B<a—1
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The proof of (4.4) is complete.
In order to derive (4.3) from (4.4), let p > 0 and a € Ny be fixed. Set ¢ =p+ 3+ .
Then, for n > n, it follows for x > 0

(1+a)P

(14 pn(a))pt3ta Ut ofos)

(1 + @n(2))Ptt =

(¢"9) () <

while for z < 0 we have

(1 +(;:(a:3):)|2:3+a (") (@) < (1 +[a)Ppr() < sup(1 + )" exp(—y) < oc.

In the remainder of this section, we deal with (m-)topologizability of weighted com-
position operators on .#(R9).

Proposition 4.10. Let ¢ : R? — R? be a smooth mapping and let p € C>(R?). Then,
the following are equivalent.

(1) Cy.e acts on S (R?) and is topologizable (m-topologizable).
(ii) For all a, A € N¢ with |\| < |a| and each p > 0 there exists ¢ > 0 such that

1 P
VneN: sup w
cere (1+ [on(z)])9

F(ff;’wn&(w)‘ < oo (< M™ for some M > 0).

Proof. We only prove the assertion for topologizability. The proof for m-topologizability
is done by the same argument with obvious modifications.

By definition, Cy ,, is topologizable on . (R?) if and only if for every p > 0 and a € N¢
there is a sequence (an)nen in (0,00) such that {a,Cy , : n € N} is equicontinuous
from .7 (R?) into .7 o (R?). Since a,C}} , = Ca,yne o, , n € N, by Lemma 4.1 (a), Cy o
is topologizable precisely, when for every a € N¢ and p > 0 there is (a,)nen in (0,00)
such that for each A € N§ with |\| < || there is ¢ > 0 with

(1 + [z[)? o™
sup sup ———————— |a, FXvY  (2)] < o0,
neN gerd (1+ [@n(z))e 17" oA
where we have used that F(f&,anw"’“o(x) = anFoffj\’wnW(x), r € R?. Since the number of
A € N¢ with |A| < |a] is finite, the latter property is easily seen to be equivalent to (ii)
which proves the Proposition. 0O

Remark 4.11.

(i) Again, using Remark 2.6 as in the proof of Corollary 2.7, for d = 1 a weighted
composition operator Cy , on . (R) is topologizable, respectively m-topologizable,



V. Asensio et al. / Journal of Functional Analysis 288 (2025) 110745 23

if and only if for all a, 5, A € Ny with &« > g > X and for each p > 0 there is ¢ > 0
such that

S O 1) L PP o) / (B—A+1)
VneN: :gg T Ion @] (p™%) (x)Bg,x (S%(:E), N + (x))‘ < 0,

respectively if and only if for all o, 8, A € Ny with o > 8 > X and for each p > 0
there are M, q > 0 such that

1 P
Vn € N : sup (1+J2])

P oy ) @B (@)@ )| < 007

For the special case ¥ = 1, similar as in Remark 2.8, the above characterizations of

(m-)topologizablity simplify to the two conditions

— there is k > 0 such that for each n € N there is 7, > 0 such that |¢,(z)| > |z|'/*
for all || > rp,, and

(a)
— for every o € N there is ¢ > 0 (resp. there are M, ¢ > 0) with sup,cg %

00 (resp. sup,ecr % < M™) for every n € N.

(ii) Similarly as in Remark 4.3, by Proposition 4.10, for 1) € €;(R%) the corresponding
multiplication operator My is (m-)topologizable on .7 (R?) if and only if for every
v € N§ there is r > 0 (resp. there are M, r > 0) such that

VneN: sup (1+|z))™"
z€R4

(wn)('Y) (x)‘ < 00,
respectively

VneN: sup (1+ |z|)™"
zeR

@M (@) < m”

Analogously to the proof of Theorem 4.5, we can characterize topologizability and

m-topologizability in a much more operable way.

Theorem 4.12. Let o : RY — R? be a smooth mapping and let 1 € C=(RY) be of small
decay with respect to ¢. Then, the following are equivalent.

(i) Cy.,, acts on Z(R?) and is topologizable (m-topologizable).

(ii) The following two conditions are satisfied:

(a) For allp >0 and o € N§ there exists ¢ > 0 such that, for alln € N

1 p
wp 1D

SR Sl el VA PO C) n
z€Rd (1 -+ |90n($)|)q|(1/} Lp) (‘T)| < 00 (< M fO?” some M > O).



24 V. Asensio et al. / Journal of Functional Analysis 288 (2025) 110745

b) For all a € N§ there exists ¢ > 0 such that, for alln € N
0

sup (D (z)] < 00 (< M™ for some M > 0).

1
T g ?
werd (1 + [on(@)])?

Remark 4.13. Condition (a) in Theorem 4.12 is necessary for Cy , to be topologiz-
able (m-topologizable) without the assumption that ¢ is of small decay with respect
to ¢. Additionally, conditions (a) and (b) are always sufficient for topologizability (m-
topologizability) of Cy .

Example 4.14. Fix ¢) = 1. From Remark 4.11(i), observe that if ¢ is a polynomial, then
C, : Z(R) — Z(R) is topologizable if and only if C, is well defined if and only if
deg(¢) > 1. On the other hand, for p(z) =z + 1, x € R, n € N, p > 1 it holds

1 d 1 P
sup I s () = el < 2
TR T @l SR\ Tz

Hence condition (a) in Theorem 4.12 is satisfied. Since condition (b) in Theorem 4.12
is trivially satisfied, the corresponding composition operator, the so-called translation
operator C,41, is m-topologizable but not power bounded, because by the same com-
putation as above it does not satisfy condition (a) of Theorem 4.5, as observed in [14,
Remark 2].

Example 4.15. Let ¢ : R = R, ¢(z) = ax + b, a,b € R, a ¢ {0,1}. Then C, is m-
topologizable. In fact, it follows from Theorem 4.12 and

1 1 b
lim —— sup + |zl — = 1o , if|al >1
nlal™ peRr 1 4 |lanx + 717(111“ ) la —1f
and
1 b
lim |a|™ sup + Izl :max{l,ﬁ}, if 0 < |a| < 1.
n z€R 1 + a"a:—&-@ |1 —al
Finally, for a = —1, we have C’g =idgR)-

Example 4.16. Let p(z) = V1+ 22, and let ¢ be a fixed non-null polynomial, which
is of small decay with respect to . Then C, : S(R) — #(R) is power bounded
by [14, Example 2]. We show that for Cy , : S (R) — Z(R) topologizable and m-
topologizability are equivalent and that this holds precisely when v is constant. Moreover,
Cy,p : L (R) = Z(R) is power bounded if, and only, if ¥ = ¢ for some |c| < 1.

Indeed, since C, is power bounded, by Remark 4.7 and Theorem 4.12, (m-
)topologizability of Cy ., is equivalent to condition (a) from Theorem 4.12 (ii).
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Hence, if ¢y = ¢ € C, condition (a) for m-topologizability from Theorem 4.12 (ii)
holds.
On the other hand, if deg(y) > 1, for every g € N, we find n = ¢ + 1 so that

" (@) [ (@)d(e(x)) - Plpn1(2))]

SUp ———————— = Ssup

zeR (L4 |pn(@)))?  2cr (1+Vn+a2)a

= 00,

since the numerator has degree n - deg(y)) = (¢ + 1) - deg(?)) and the denominator, gq.
Therefore Cy , is not topologizable (and not power bounded).
Finally, fix ¢ = c. If |¢| < 1, then, Cy , is power bounded. Otherwise, for all ¢ > 0,

re@) () (0(2)) - (s (2))] o
S Tt on(@))t SR (1 vt 22y S T T

so Cy,, is not power bounded.
5. Power boundedness of weighted composition operators for polynomials
5.1. Power boundedness of Cy , on #(R) for p(z) =ax+b

In this subsection we study univariate polynomials of degree one. For a € R\{0},b €
R, as is well known, and may be checked by Remark 2.8, p(z) = az + b is a symbol for
Z(R). For the special case p(x) = « the composition operator Cy ., is the multiplication
operator My,. Power boundedness of multiplication operators in one variable has been
characterized by Albanese and Mele (cf. Remark 4.3). Furthermore, from the fact that,
for any locally convex space F, a continuous linear operator T' € L(E) is power bounded
if and only if 72 is, the next proposition follows immediately.

Proposition 5.1. Let p(z) = —x + b and ¢ € Op(R). The composition operator Cy , s
power bounded if and only if (- (¥ © ©))")neN s a bounded sequence in Opr(R).

By the same argument as in the corresponding part of Example 4.16, we derive the
next proposition.

Proposition 5.2. Let ¢ : R - R, x — ax + b, a,b € R,a # 0, and let v € C*(R) be a
non constant polynomial. Then Cy , is not topologizable.

Proposition 5.3. Let ¢ : R - R, x — x4+ b, b € R\ {0} and let v € C®(R) be a
polynomial. Then Cy , is power bounded if and only if there is ¢ € C, |c| < 1 such that
Y(x) = c for all x € R. In this case, the sequence (C}) ) is convergent to 0 in Ly(-7(R)).

Proof. Without loss of generality, we assume 1 # 0. Since v is a polynomial it is of
small decay with respect to . Condition (b) of Theorem 4.5 (ii) is trivially satisfied.
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Assume that Cy , is power bounded. By Proposition 5.2 1 has to be constant, ¢ = c.
In case of |c¢| = 1 we know that C, is not power bounded [14, Remark 2|. Additionally,
by condition (a) in Theorem 4.5 (ii), for some ¢ > 0 we have

(1+[=])
00 > sup sup |¢[" ————— > sup |¢|["(1 + |bn]|)
neN zeR 1+ [pn(@))? ™ nen
which implies |c| < 1. Therefore, the sequence (C}} ) of iterates is clearly pointwise con-
vergent to 0 and because .#’(R) is a Montel space, we conclude that (C}; ) is convergent
to 0 in L£p(.Z(R)).
On the other hand, if v is constant, 1) = ¢ with |¢| < 1, for p > 0 we have

1 p 1 P
sup sup |c|™ (1 |zD) = sup sup |c|” (¢> < sup [¢[*(1 + |bn|) < oo
neN zeR (1 + |“Pn<x)|)p neN zeR 1+ |33 + nb| neN

so that Cy . is power bounded by Theorem 4.5. O

Proposition 5.4. Let ¢ : R - R, z — az+b, a,b € R, |a| ¢ {0,1} and let ¢ be a non-null
polynomial. Then Cy , is not power bounded. In case |a| > 1, Cy , is not power bounded
for every ¥ € C*(R) which is of small decay with respect to .

Proof. We first consider the case |a] > 1. Let z¢ = a’—_bl be the unique fixed point of .
We have

len(zo)l  _ _la”
L+ en(zo)| 1+ |zl

Hence, condition (b) from Theorem 4.5 (ii) does not hold.

Assume now |a| < 1 and % to be a non-null polynomial. By Proposition 5.2 we can
reduce to the case 1(z) = ¢, with ¢ € C\{0}. Since Cy ,, is power bounded if and only
if C} , is, we can assume 0 < a < 1. Let p > 1 such that a” < |c[. On account of

on(x )*a :z:+b1 @ for each ¢ > p, we have

(N (-

sup sup VN 1+| (%)'

- |C
neN zeR (1 + |§0n($)|)q

> sup

(| l) :
7 = 00.
neN \ @ (1+‘1+b11%j)

By Theorem 4.5, Cy ,, is not power bounded. O
5.2. Power boundedness of Cy, , with ¢ being a polynomial with deg(y) > 2

The main purpose of the current subsection is to prove Theorem 5.10 below which
completements Proposition 5.4 with a statement for polynomial ¢ of degree larger than
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one. For this, we first observe that Theorem 4.5 and Remark 4.7 immediately yield the
following result.

Proposition 5.5. Let o : R — R? be a symbol for .7 (R?) such that there exists k,1 > 0
such that |pn(x)| > |z|* when |z| > I,n € N, and let ¢p € C°(RY) be of small decay
with respect to . If Cy , acts on (R and is power bounded then Cy, is also power
bounded on . (R%).

Lemma 5.6. Let ¢ : RY — R? be a symbol for #(R?) such that Cy is power bounded.
Additionally, assume that |on|? = o(|¢ni1|) uniformly as n — oo, i.e.

Ve > 03N e NVn > N,z € R?: |p,(2)] < €lonii(z)].

(i) There is k > 0 such that for every 1 € Oy (R?) and m € Ny there are M,,,q,, >0
such that for every B € N§ with |3| < m it holds

sup sup |("9) P ()] < My (1 + [ipn(a)]) . (5.1)
neN |z|>k

(ii) Assume that
Jng € N,e>0Vn > ng,z € R : |p, ()| > c. (5.2)

Then, for every ¢ € Oy (RY) and m € Ny there are M,,,q., > 0 such that for every
B € Ng& with |B| < m it holds

sup sup |("9) P ()] < My (1 + [ipn(2)]) . (5:3)

n>no xR

Proof. Since C, is power bounded, by Remark 4.7
Jk > 0V|z| > k,neN: |o,(z) > 1. (5.4)

Before we continue, we need to establish the auxiliary estimate (5.5) below. For this,
we recall that for 3 € N¢ we have

T (e @)™
Wop) @)=Y vMea@) Y BT T

LL L1001kl
AeNE iy g1 Kt
0<|A<|4]

As ¢ € Oy (R?), for all A € N¢ there exist Cy, gy > 0 such that

W (pn(@)] < CA1L + lpn(@))®, xR neN.
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The power boundedness of C', and Remark 4.7 (b) thus imply
VB eNIICh qs¥n € Nz € RY: (40 9n) P ()] < Ch(1 + |gn(2)])%.

Now, let us fix m € Ny. Combining the above with (5.4), we obtain the existence of
Ciny @m > 1 such that

VB e NG, Bl <m,neN,jz| 2 k: |($0pu) P (@) < Cunlpn ()| ™. (5.5)
Next, we fix n; € N large enough such that
Vn>ng,x € RY: max{3,22"C2 }en(2)> < |ong1(2)].

From the continuity of CZZW = Cyn.s p, and Corollary 2.3 we obtain the existence of
M, ¢, > 0 with ¢, < ¢/, such that

VB ENG, B <m,1<n<n,lz| >k [("9) D (@)] < My (14 [on(@)]). (5.6)
Therefore, for 3 € N§ with |3| < m and z € R¢ with |z| > k we conclude

@D (@) = | - (W0 ) (@)
<3 (e @) [wo e @

v<B v
’ vy
< My (14 [ (0)) 0 3 ( B) Conlpmy ()]0
<B

s
= My (1 + |0ny ()))2)5/227 Co (|, () [2) 772
< My (1 + 3Jgn, (2)2) 1 /222 C2 oy, (2)|?) /2
< Mo (1 + [y 41(2)) /2 @y 11 ()] 92
< My (1 + |y 41 ()]) %

where we have also used that 2|, ()| < 2|¢n, (z)|? for |x| > k, and 1 < ¢,,, < ¢/, Thus,
(5.6) not only holds for 0 < n < ny but also for n = n; + 1. Proceeding recursively, we
conclude

VB € NG, 18l <myn € No,Ja| 2 k: |(0"9) D (@)] € Mon(1+ [ion(@)])
i.e. (5.1) which proves (i).

Assume that (5.2) holds. Refering to this additional hypothesis instead of (5.4), the
same arguments which led to (5.5) yield

V3 eNG, |8l <m,n > ng,x € RY: (40 pa) P (@) < Cralgn(@)|™. (5.7)
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With the aid of (5.7) in place of (5.5), the validity of (5.3) is derived with the same
arguments as (5.1). This proves (ii). O

Remark 5.7. Let ¢ : R? — R< be a symbol for .#(R?) such that C,, is power bounded.
Assume that |p(z)| > 0 for each z € R% Then condition (5.2) holds. Indeed, by Re-
mark 4.7 there is k& > 0 such that |¢(z)| > k'/* whenever |z| > k. Since |¢| has no zeros
and {z : |z| < k} is compact, there is ¢ > 0 such that |¢p(x)| > ¢, z € R?. In particular,
|| > ¢ on each of the sets ¢,_1(R), n € N, which shows that (5.2) holds true.

Moreover, in case of d = 1, the additional hypothesis (5.2) is automatically satisfied
for every polynomial ¢ : R — R for which C, is power bounded on .#(R) without fixed
points and deg(y) > 2. Indeed, we have either ¢(z) > z for each z € R or p(z) < x
for each z € R. In particular, lim,_,« |pn(z)| = oo for every z € R. By Remark 4.7,
there is k > 0 such that |p,(x)| > k'/* for each x € R\[~k, k] and every n € N. We
now consider the case p(z) > x,x € R. The arguments for the case p(z) < z,z € R,
are mutatis mutandis the same. In particular, (¢, (z)),en is strictly increasing for each
r € R. Additionally, for each = € [k, k] there is n, € N such that ¢, (z) > k'/* for all
n > n,. For every = € [~k, k], let 6, > 0 be such that ¢, (y) > k'/* for every y € R
with |x — y| < d,. Since [k, k] is compact and the sequences (¢ (z))neN, © € [k, k],
are strictly increasing, there is ng € N such that ¢, (z) > k'/* for all z € [—k, k] and
n > ng. We conclude that (5.2) is true.

Combining Remark 4.7, Remark 4.6, Lemma 5.6, and Remark 5.7, we immediately
derive the following result.

Theorem 5.8. Let » : RY — R? be a symbol for /(R?) such that |pn|* = o(|pni1)
uniformly as n — co. Moreover, assume that there is ng such that |pn,(x)| > 0 for each
x € R%. Then, the following are equivalent.

(i) C, is power bounded on & (RY).
(ii) Cy,, is power bounded on . (RY) for every ¢ € On(R?) and/or for every smooth
1 of small decay with respect to .

In order to strengthen the above theorem in case d = 1 we first prove another auxiliary
result.

Proposition 5.9. Let E be a Montel locally convex space and let T € L(E).

(i) If AT is power bounded for some A > 1, then (T™)neN s convergent to 0 in Ly(E).
(i) If (%T”)HGN is bounded in Ly(E) for some k > 0, then AT is power bounded for
every A € (0,1).
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Proof. If A > 1 and (A\"T™(2))nen is bounded in E for every z € E then (T"(z))nenN
is convergent to 0 for every « € E, and this is equivalent to (T™),, is convergent to 0 in
Ly(E) since (T™),en is equicontinuous and E is Montel. This proves (i). To prove (ii),
we proceed by contradiction. Let 0 < A < 1 and let x € F and let p be a continuous
seminorm on E such that (A\"p(T"(x)))nen is unbounded. For every k > 0, A" <

eventually, hence (p(T"(x))) is also unbounded. 0O

neN

We can finally prove the main theorem of this subsection which complements Sec-
tion 5.1. Note that polynomials ¢ : R — R with deg(p) > 2 are symbols for #(R) by
Remark 2.8.

Theorem 5.10. Let ¢ : R — R be a polynomial with deg(p) > 2. The following are
equivalent.

Cy is power bounded on .#(R).

(C;L)neN converges to 0 in Lp(Z(R)).

C, is Cesdaro bounded on . (R), i.e. the sequence (£ 3" | C1")pen is bounded in

m=1

)
)
c) Cy, is (uniformly) mean ergodic on -/ (R).
)
)

Ly(F(R).

(f) Cy,p is power bounded on .7 (R) for every 1 € Oy (R) and/or for every smooth
of small decay with respect to p.

(8) (C} ,)nen is convergent to 0 in Ly(#(R)) for every ¢ € Orn(R) and/or for every
smooth ¥ of small decay with respect to .

(h) (C} ,)nen s (uniformly) mean ergodic on ' (R) for every ¢ € Oy (R) and/or for
every smooth v of small decay with respect to .

Proof. The equivalence among (a), (b), and (c) is [14, Theorem 3.11] (combined with [28,
Theorem 2.5(b)]), and (d) is equivalent to (b) due to [14, Corollary 3.12]. Clearly (b) im-
plies (e). If we assume (e), then (%C’g) is bounded in £;(.(R)), and Proposition 5.9(ii)
yields that Cy,,, is power bounded for 1g(z) = 1. Proposition 5.5 implies that C,, is
power bounded and (e) implies (b). The equivalence (b) and (f) holds by Theorem 5.8.
Trivially, (g) implies (b), and if (f) is satisfied, then Csy , = 2Cy , is power bounded,
and (g) follows by Proposition 5.9(i). This shows that (a) to (g) are equivalent. Finally,
(f) implies (h) by [8, Proposition 3.3] and [28, Theorem 2.5(b)] while (h) implies (e) by
[28, Theorem 2.5(b)]. O

Remark 5.11. Besides extending the results about composition operators on . (R) from
[14,15] to weighted composition operators, showing that the ergodic properties rely only
on the symbol, Theorem 5.10 also improves [14, Theorem 3.11 and Corollary 3.12] for
composition operators, by showing that Cesaro boundedness and mean ergodicty are
equivalent for composition operators. Analyzing the proof, we can even replace the prop-
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erty of Cesaro boundedness in condition (e) by the boundedness of (£C, ) in £;(.7(R))
for some £ > 0.

6. Supercyclicity of weighted composition operators with ¢ being a univariate
polynomial

In this short section we use the ideas of Lemma 5.6 in order to prove the next result
which complements the results from [20].

Proposition 6.1. Let ¢ : R — R be a polynomial such that Cy , is weakly supercyclic for
some 1 € Op(R). Then @(x) =z + b with b # 0.

Proof. If ¢(xz¢) = 0 for some zy € R then Cy ,(*(R)) C Ker(ds,), and Cy,, can-
not be weakly supercyclic. If ¢(zg) = ¢(z1) for some xy # x1 then Cy ,((R)) C

Ker(igi‘fg 0z, — 0z,), and again we conclude that Cy ., is not weakly supercyclic. Hence
Cy,, is not weakly supercyclic if ¢ has even degree. If ¢ is constant, the range of Cy
is the span of ¢, and again Cy,, is not weakly supercyclic.

When ¢(z) = ax + b and a # 1, a # 0, then for z( := 72, if we denote by X the
linear span of {d,,, 59%)} C Z(R)', satisfies C}, ,(X) C X, and the matrix representing
the restriction of Cy, , to X in the basis {d,,, (5;&?} is

U(zo)  ¢'(x0)
0 ay(zo) )
Since a # 1 we conclude that C,  has two eigenvalues, and then Cy . is not weakly
supercyclic by [3, Proposition 1.26].

When ¢(x) =z, Cy , is a multiplication operator with {J, : x € R} being eigenvec-
tors of (7, , and again we conclude by [3, Proposition 1.26] that Cy ,, cannot be weakly
supercyclic. If ¢ has two fixed points again the same argument applies.

To finish, we have to conclude that Cy , is not weakly supercyclic when ¢ is a poly-
nomial of odd degree bigger or equal than 3 with only one fixed point a and ¥ (x) # 0 for
any z € R. We proceed by contradiction. Since non null multiples of weakly supercyclic
operators are weakly supercyclic, we can assume ¢ (zg) = 1. Under these hypotheses,
there is k > |a| such that |z| > k implies |p(z)| > |z| and |pn(2)|?> < |@ni1(x)| for all
n € N. Let M, q > 0 such that |¢(z)] < M|x|? for |z| > k. We argue as in Lemma 5.6 to
get ™% (x)| < M|y (2)|? for all |z| > k. From [3, Proposition 1.26] we get that Cy
restricted to Ker(d,) is weakly hypercyclic, and, for any |x| > k and f € Ker(d,), being
a hypercyclic vector

O o f (@) = [ (@)] - | f(on(@))] < Mlpn ()] f(pn(2))] < M sup ||| f ()],
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and this supremum is finite since f € .#(R), which is a contradiction with the assumption
that f is a weakly hypercyclic vector. O

For the translation operator, i.e. C, with p(x) = 2+ 1, we refer the reader to [20] for
sufficient conditions on ¢ € Oy (R) for Cy , to be weakly supercyclic on .(R) as well
as for other linear dynamical properties for these operators.

Acknowledgment

The research on the topic of this article was initiated during a visit of the third named
author at Departamento de Matematica Aplicada, E. Politécnica Superior de Alcoy,
Universidad Politécnica de Valencia. He is very grateful to his colleagues from Valencia
for the cordial hospitality during this stay as well as during numerous earlier ones. The
first named author was supported by GV PROMETEU/2021/070. The second and third
named authors were partially supported by the project PID2020-119457GB-100 funded
by MCIN/AEI/10.13039,/501100011033 and “ERDF A way of making Europe”.

Data availability
No data was used for the research described in the article.

References

[1] A.A. Albanese, E. Jordd, C. Mele, Dynamics of composition operators on function spaces defined
by local and global properties, J. Math. Anal. Appl. 514 (1) (2022) 126303.
[2] A.A. Albanese, C. Mele, Spectra and ergodic properties of multiplication and convolution operators
on the space S(R), Rev. Mat. Complut. 35 (3) (2022) 739-762.
[3] F. Bayart, E. Matheron, Dynamics of Linear Operators, Cambridge University Press, 2009.
[4] M.J. Beltran-Meneu, M.C. Gémez-Callado, E. Jord4, D. Jornet, Mean ergodic composition operators
on Banach spaces of holomorphic functions, J. Funct. Anal. 270 (2) (2016) 4369-4385.
[5] M.J. Beltran-Meneu, M.C. Gémez-Callado, E. Jorda, D. Jornet, Mean ergodicity of weighted compo-
sition operators on spaces of holomorphic functions, J. Math. Anal. Appl. 444 (2) (2016) 1640-1651.
[6] M.J. Beltran-Meneu, E. Jordd, Dynamics of weighted composition operators on spaces of entire
functions of exponential and infraexponential type, Mediterr. J. Math. 18 (5) (2021) 212.
[7] J. Bonet, A problem on the structure of Fréchet spaces, Rev. R. Acad. Cienc. Exactas Fis. Nat.,
Ser. A Mat. 104 (2) (2010) 427-434.
[8] J. Bonet, B. de Pagter, W.J. Ricker, Mean ergodic operators and reflexive Fréchet lattices, Proc.
R. Soc. Edinb., Sect. A 141 (5) (2011) 897-920.
[9] J. Bonet, P. Domariski, A note on mean ergodic composition operators on spaces of holomorphic
functions, Rev. R. Acad. Cienc. Exactas Fis. Nat., Ser. A Mat. 105 (2) (2011) 389-396.
[10] J. Bonet, P. Domanski, Power bounded composition operators on spaces of analytic functions,
Collect. Math. 62 (1) (2011) 69-83.
[11] J. Bonet, E. Jord4, A. Rodriguez, Mean ergodic multiplication operators on weighted spaces of
continuous functions, Mediterr. J. Math. 15 (3) (2018) 108.
[12] J. Bonet, W. Ricker, Mean ergodicity of multiplication operators on weighted spaces of holomorphic
functions, Arch. Math. (Basel) 92 (5) (2009) 428-437.
[13] G.M. Constantine, T.H. Savits, A multivariate Faa di Bruno formula with applications, Trans. Am.
Math. Soc. 348 (2) (1996) 503-520.
[14] C. Ferndndez, A. Galbis, E. Jorda, Dynamics and spectra of composition operators on the Schwartz
space, J. Funct. Anal. 274 (12) (2018) 3503-3530.


http://refhub.elsevier.com/S0022-1236(24)00433-6/bibEE9D827613D2A83118AD511068AFC82Ds1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibEE9D827613D2A83118AD511068AFC82Ds1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibBFAB432B24CBE1C0720191567CFE2859s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibBFAB432B24CBE1C0720191567CFE2859s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib5089FA881630360A9B3361469C1A0C5Ds1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib8313FA42C682072FF3CFD2BF11F50283s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib8313FA42C682072FF3CFD2BF11F50283s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibEDACFF840385C7DEC6C7EE79BE4326FEs1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibEDACFF840385C7DEC6C7EE79BE4326FEs1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib3D22E84F90110500B8EC955FF24579C1s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib3D22E84F90110500B8EC955FF24579C1s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib9F10D9C9A7D97DA7241AACA9192DD16Ds1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib9F10D9C9A7D97DA7241AACA9192DD16Ds1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib38934E58AF506A4F9B3A5F4D08989393s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib38934E58AF506A4F9B3A5F4D08989393s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib5C1FDD038CDBC83C9EEFAA5284AD19BDs1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib5C1FDD038CDBC83C9EEFAA5284AD19BDs1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib6DB3226A675B00E5EE82EDE8BBDA169Ds1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib6DB3226A675B00E5EE82EDE8BBDA169Ds1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibA0E058C1C754F5A87FB6414FA5D83E37s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibA0E058C1C754F5A87FB6414FA5D83E37s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibC32B860441FFD68D73614E9DD99C1D2Fs1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibC32B860441FFD68D73614E9DD99C1D2Fs1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib955799FB0A8C205FA7BB3C372F8DC78Bs1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib955799FB0A8C205FA7BB3C372F8DC78Bs1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib72159C0BDD991D9750E4DDA3D372FF57s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib72159C0BDD991D9750E4DDA3D372FF57s1

V. Asensio et al. / Journal of Functional Analysis 288 (2025) 110745 33

[15] C. Fernandez, A. Galbis, E. Jordd, Spectrum of composition operators on S(R) with polynomial
symbols, Adv. Math. 365 (2020) 107052.

[16] V.P. Fonf, M. Lin, P. Wojtaszczyk, Ergodic characterizations of reflexivity in Banach spaces, J.
Funct. Anal. 187 (1) (2001) 146-162.

[17] L. Frerick, E. Jord4, T. Kalmes, J. Wengenroth, Strongly continuous semigroups on some Fréchet
spaces, J. Math. Anal. Appl. 412 (1) (2014) 121-124.

[18] A. Galbis, E. Jorda, Composition operators on the Schwartz space, Rev. Mat. Iberoam. 34 (1)
(2018) 397-412.

[19] A. Golinska, S.A. Wegner, Non-power bounded generators of strongly continuous semigroups, J.
Math. Anal. Appl. 436 (1) (2016) 429-438.

[20] M. Golinski, A. Przestacki, Dynamical properties of weighted translation operators on the Schwartz
space S(R), Rev. Mat. Complut. 33 (2020) 103-124.

[21] M.C. Gémez-Collado, E. Jordd, D. Jornet, Power bounded composition operators on spaces of
meromorphic functions, Topol. Appl. 203 (2016) 141-146.

[22] J. Horvath, Topological Vector Spaces and Distributions, Addison—Wesley, Reading, 1966.

[23] E. Jord4, A. Rodriguez, Ergodic properties of composition operators on Banach spaces of analytic
functions, J. Math. Anal. Appl. 486 (1) (2020) 123891.

[24] D. Jornet, D. Santacreu, P. Sevilla-Peris, Mean ergodic composition operators in spaces of homo-
geneous polynomials, J. Math. Anal. Appl. 483 (1) (2020) 123582.

[25] D. Jornet, D. Santacreu, P. Sevilla-Peris, Mean ergodic composition operators on spaces of holo-
morphic functions on a Banach space, J. Math. Anal. Appl. 500 (2) (2021) 125139.

[26] T. Kalmes, Power bounded weighted composition operators on function spaces defined by local
properties, J. Math. Anal. Appl. 471 (1-2) (2019) 211-238.

[27] T. Kalmes, Topologizable and power bounded weighted composition operators on spaces of distri-
butions, Ann. Pol. Math. 125 (2) (2020) 139-154.

[28] T. Kalmes, D. Santacreu, Mean ergodic composition operators on spaces of smooth functions and
distributions, Proc. Am. Math. Soc. 150 (2) (2022) 2603-2616.

[29] T. Kalmes, D. Santacreu, Mean ergodic weighted shifts on Kothe echelon spaces, Results Math.
78 (5) (2023) 180.

[30] E.R. Lorch, Means of iterated transformations in reflexive vector spaces, Bull. Am. Math. Soc. 45
(1939) 945-947.

[31] R. Meise, D. Vogt, Introduction to Functional Analysis, Clarendon Press, Oxford, 1997.

[32] D. Santacreu, Ergodic properties of multiplication and weighted composition operators on spaces
of holomorphic functions, Math. Nachr. 297 (7) (2024) 2609-2623.

[33] L. Schwartz, Théorie des Distributions, Hermann, Paris, 1966.

[34] W. Zelazko, When is L(X) topologizable as a topological algebra?, Stud. Math. 150 (3) (2002)
295-303.

[35] W. Zelazko, Operator algebras on locally convex spaces, in: A. Mallios, et al. (Eds.), Topological Al-
gebras and Applications, Athens 2005, in: Contemp. Math., vol. 427, Amer. Math. Soc., Providence,
RI, 2007, pp. 431-442.


http://refhub.elsevier.com/S0022-1236(24)00433-6/bibA319A97917666479E14F4D9B8D9BA50As1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibA319A97917666479E14F4D9B8D9BA50As1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib169EAC96FAA7E7B587988304A4544669s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib169EAC96FAA7E7B587988304A4544669s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibE09F4717D70519AE1C33D59D43D1852Fs1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibE09F4717D70519AE1C33D59D43D1852Fs1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib2CAB440EA2BB92CB44959B7FEAA52D4Bs1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib2CAB440EA2BB92CB44959B7FEAA52D4Bs1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibB5BB00EE6C60321F2692AD174EFFAF77s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibB5BB00EE6C60321F2692AD174EFFAF77s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib4FB138D3DA9574EFC5DBD71572CB1A66s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib4FB138D3DA9574EFC5DBD71572CB1A66s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib2B221530155087FCA2A8489A7566C44Cs1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib2B221530155087FCA2A8489A7566C44Cs1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibECCDE20A2068BDC40EEABC7BEAF5DE82s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib90358203580F396AEDCCF694A29FBF7Es1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib90358203580F396AEDCCF694A29FBF7Es1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib9CFAD5C88ABA7C61C154E3D82AFD7216s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib9CFAD5C88ABA7C61C154E3D82AFD7216s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibEA9AB0975F133D06467FCE2F6F9C119As1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibEA9AB0975F133D06467FCE2F6F9C119As1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibFA2A8FA61656FF252EBB0CCDB6010D99s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibFA2A8FA61656FF252EBB0CCDB6010D99s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibD80115E631ED17967D8EBBCBE2CB828Ds1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibD80115E631ED17967D8EBBCBE2CB828Ds1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib2206ACC09004BC2594CF8F273C051AF4s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib2206ACC09004BC2594CF8F273C051AF4s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib8FDF2B9AB645E02D0FEFD61444346A6Es1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib8FDF2B9AB645E02D0FEFD61444346A6Es1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibB6796AA4D94C7595A0C328A6D11E6585s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bibB6796AA4D94C7595A0C328A6D11E6585s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib1628048EE882894C9C0A4D4072B1DCC4s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib67FD3AAAFF05FFDA3C080BA4C2DA2FA3s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib67FD3AAAFF05FFDA3C080BA4C2DA2FA3s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib0674FBA73A2E6914EA9B1FC55130BB81s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib7C4042DC7BAFC25981059FF4102ED3E6s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib7C4042DC7BAFC25981059FF4102ED3E6s1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib315534F20D96A6AD70CDD5CBA615AB0Ds1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib315534F20D96A6AD70CDD5CBA615AB0Ds1
http://refhub.elsevier.com/S0022-1236(24)00433-6/bib315534F20D96A6AD70CDD5CBA615AB0Ds1

	Power boundedness and related properties for weighted composition operators on S(Rd)
	1 Introduction
	2 Weighted composition operators on S(Rd)
	3 Small decay multipliers
	4 Power boundedness and topologizability
	5 Power boundedness of weighted composition operators for polynomials
	5.1 Power boundedness of Cψ,ϕ on S(R) for ϕ(x)=ax+b
	5.2 Power boundedness of Cψ,ϕ with ϕ being a polynomial with deg(ϕ)≥2

	6 Supercyclicity of weighted composition operators with ϕ being a univariate polynomial
	Acknowledgment
	Data availability
	References


