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Acoustic holograms can generate cavitation patterns of complex spatial distribution by shaping and steering the 
focal spot of therapeutic ultrasound systems. However, when monitoring these systems by passive cavitation 
detection, off-axis therapeutical targets and the receiver directivity may not be aligned. In this paper, we 
present passive cavitation beamforming to monitor a therapeutical ultrasound system using holograms targeted 
to arbitrary locations, in which both therapeutic and passive cavitation monitoring systems use 3D-printed 
acoustic lenses. The therapeutic system uses an acoustic hologram to focus the ultrasound beam on the target, 
which is off-axis. Then, a second lens is designed to beamform the cavitation signals which emerge from the 
therapeutic target, steering the directivity of the passive cavitation detector in the direction of the therapeutic 
focus and, in addition, compensating for skull aberrations. The system is experimentally tested with an ex-vivo 
macaque skull and a blood vessel phantom with microbubbles. In addition, results are compared with a standard 
confocal configuration and an off-axis configuration in the absence of the monitor lens. A parametric study is 
performed by varying the amplitude of the emitted signal and the impact on the behaviour of the microbubbles 
is analysed based on the cavitation index values. Results show that monitoring holograms align the passive 
cavitation detector response with the focal spot of the targeted therapeutic transducer. These holograms encode 
a fixed beamformer for cavitation signals in reception, increasing the sensitivity of cavitation emission at the 
target. In this way, cavitation doses can be used to locally monitor the cavitation activity of microbubbles, thus 
opening a new path to low-cost monitoring of therapeutic ultrasound systems.
1. Introduction

In the central nervous system (CNS), brain vasculature presents par-

ticular physiological structure, known as the blood-brain barrier (BBB), 
which prevents many macromolecules from entering the brain through 
normal paracellular or diffusion pathways. In the brain, endothelial 
cells composing the blood vessels and capillaries are connected by tight 
junctions that protects the brain by limiting the entry of potentially 
neurotoxic plasma components, blood cells, and pathogens [1]. How-

ever, this extremely low permeability also blocks the pathway of most 
potentially effective therapeutic agents or contrast molecules used for 
diagnostics [2]. Focused ultrasound in combination with microbubbles 
is nowadays the only approach to produce a transient, non-invasive, 

* Corresponding author.

safe and localized BBB opening, thus facilitating targeted drug delivery 
to the brain [3].

Numerous preclinical studies have shown successful results in 
Alzheimer’s disease (AD) treatment by using gene therapy [4,5] and 
antibody delivery [6], as well as in Parkinson’s disease (PD) treatment 
by targeting pathogenic factors [7] or by delivering therapeutic agents 
[8,9], and glioblastoma by facilitating transfer of chemotherapeutic and 
other agents to improve tumour control rates and animal survival [10]. 
More recently, clinical trials have shown the safety and effectivenesses 
of focused ultrasound-induced BBB opening, e.g., for brain metastases 
treatment [11] and feasibility, or safety and reversibility of BBB open-

ing in patients with AD [12,13] and PD [14].

A physical limitation of ultrasonic BBB opening techniques is the 
presence of the skull. Indeed, these rigid and porous bones produce 
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Fig. 1. Configurations used. (a) Confocal configuration where the therapeutic focus (i.e., the acoustic image) is aligned with the passive cavitation detector (PCD) 
directivity. (b) When the acoustic image is steered to target off-axis locations, the PCD directivity may not be aligned. (c) Using a monitoring hologram, the PCD 
directivity is re-aligned with the acoustic image.
aberrations and a strong attenuation of the incident ultrasound beam. 
Single element devices can be used to focus ultrasound in the brain, 
and since aberration cannot be corrected, simulations can be used to 
select the best-case scenario [15]. A way to get rid of skull limita-

tions is the use of implantable ultrasound devices [16,17]. Even while 
this solution is evidently invasive, it may be appropriate to deliver 
chemotherapeutic agents after open brain surgery. Currently, the main 
non-invasive approach is the use of phased-array transducer systems 
[18,19], that allows electronic beam steering and aberration correction. 
However, these systems present some limitations. First, the poor scala-

bility of the power electronics for these multiple-channel systems results 
in a high-cost device with a limited number of channels, only 1024 or 
2048 piezoelectric emitters are commonly used. Moreover, large aper-

tures are required to achieve a high acoustic gain. As a consequence 
of the combination of these two limitations, the individual piezoelec-

tric elements must be large to cover the entire transducer aperture. 
Therefore, each element radiates a highly directional beam, and their 
centre-to-centre spacing is larger than one wavelength. This results in 
the emergence of diffraction grating lobes, which considerably limits 
the steering range of the array.

Recently, three-dimensional printed acoustic lenses were proposed 
to correct skull aberrations and focus ultrasound in a single spot [20]. 
The advantage of this system is its low-cost. It only requires a single-

element transducer coupled to a 3D-printed lens. Moreover, acoustic 
holograms [21] can go beyond these lenses and, in addition to com-

pensating skull aberrations, they can synthesize arbitrary wavefronts. 
This includes arbitrary beam steering, generating multiple focal spots, 
or producing complex acoustic images matching the 3D-shape of a tar-

get brain structure [22]. Since then, holograms have widely been used 
in many applications, such as in synthesizing acoustic vortices into the 
skull [23], cavitation pattern generation [24], cell patterning [25], pro-

ducing arbitrary and large thermal patterns [26], controlling the ther-

mal dose of high-intensity focused sources [27], and have been tested 
in vivo to open the blood-brain barrier in small animals, generating ei-

ther multiple sharp focal spots whose small spherical size approaches 
the limit imposed by diffraction [28] or wide and elongated focal areas 
[29].

Even when ultrasound focusing can be efficiently achieved using 
holograms, the problem of monitoring the treatment is still an open 
issue. Since one of the most robust indicators of BBB opening is the 
acoustic emission produced by the cavitation of microbubbles [30,31], 
spectral algorithms have been developed for the detection of sub-

harmonic, harmonics and ultra-harmonics generated by cavitation ac-

tivity [32–34]. Quantitative indexes can be calculated to evaluate the 
cavitation dose [35]. Moreover, these indexes are used to implement 
2

acoustic feedback systems to dynamically control the power delivery 
system and limit in real time the dose delivered [36–38]. Usually, 
BBB monitoring systems use one or several passive cavitation detectors 
(PCD) to listen to the acoustic emission at the focal spot of the system. 
In conventional systems, the PCD is usually confocal to the focused ul-

trasound transducer because the detector directivity must be aligned 
with the therapeutic focal spot. However, when a hologram is used to 
generate an acoustic image which is not aligned with the axis of the 
holographic system or, alternatively, when certain levels of electronic 
steering are employed in a phased-array system, e.g., when focusing at 
some lateral structure in the brain, the therapeutic focal spot may not 
be aligned with the PCD reception directivity. This misalignment may 
result in a reduced cavitation signal level and the loss of calibration 
when comparing cavitation indexes for different targets. In this situa-

tion, cavitation mapping methods can image bubble activity and steer 
the detector directivity [39–43], but this method requires a high-cost 
phase-array system which may limit the 3D-printed lens benefits. In 
this way, it would be desirable to conceive a low-cost technique to steer 
the detector directivity to match the location of the acoustic images 
generated by holograms.

In this work, we present a passive cavitation detection system de-

signed to monitor ultrasound-assisted BBB opening using holograms 
targeting at arbitrary locations, in which both therapeutic and monitor-

ing systems use 3D-printed acoustic lenses. First, the therapeutic system 
makes use of an acoustic hologram to focus the ultrasound beam at the 
target, which is located off-axis. Then, a second lens is designed to steer 
the directivity of the PCD in the direction of the therapeutic focus and, 
in addition, compensating the skull aberrations. This monitoring holo-

gram encodes a passive beamformer that amplifies the signals generated 
at the target, with the aim of locally monitor the cavitation activity. The 
system is experimentally tested using an ex-vivo macaque skull and a 
blood-vessel phantom including microbubbles. In addition, results are 
compared with a confocal configuration, as shown in Fig. 1 (a), and an 
off-axis configuration in the absence of the monitoring lens, as shown in 
Fig. 1 (b). The experimental setup consists of a dual transducer system, 
a passive cavitation detector and a 0.5-MHz focused ultrasound trans-

ducer coupled with a holographic lens. Blood vessels are mimicked by a 
0.9-mm polyethylene flexible tube with flowing microbubbles. A para-

metric study is conducted by varying the amplitude of the emitted signal 
and microbubble activity is analysed based on cavitation index values.

2. Methods

2.1. Hologram design

The acoustic focal spot of the focused transducer is steered by using 

holograms, placed in contact with the surface of the transducer by using 



Applied Acoustics 224 (2024) 110144N. Lamothe, D. Andrés, A. Carrión et al.

Fig. 2. Photographs of the holographic lenses for the therapeutic beam (a) confocal configuration, (b) off-axis configuration, (c) photograph of the monitoring 
hologram for the passive cavitation detector, (d) design scheme for the monitoring hologram.
coupling gel. In this work, two different lenses are used to tune the 
therapeutic beam, a confocal and an off-axis lens, and a third hologram 
is used for the monitoring system.

For the confocal case, Fig. 1 (a), a hologram is used to correct skull 
aberrations and focus at an axial distance of 𝑧 = 55.3 mm without lat-

eral steering. Then, for the off-axis case, Fig. 1 (b), a second hologram is 
used to focus on a target of interest inside the macaque skull, matching 
the postcomissural putamen location, whose centre is located at coordi-

nates 𝑥 = −6.6 mm, 𝑦 = −11.2 mm, and at the same axial distance. Both 
lenses were designed using time-reversal methods using pseudo-spectral 
time-domain simulations, as described in detail in Ref. [21]. First, a 
simulation is set by locating an acoustic monopole source, namely the 
virtual source, at the target location inside the skull. The simulation 
is performed and we record the field at a spherical holographic surface 
parallel to the transducer, at a distance 𝑟0 = 4 mm from its surface. Note 
in this simulation the transducer is not used as a source. Second, only 
the phase information of the wavefront at steady state and at the work-

ing frequency is retained, and it is complex-conjugated to account for 
temporal inversion. Finally, the lens is constructed to modulate the field 
radiated by the focused ultrasound transducer, in such a way the phase 
of the transmitted field by the lens resembles the phase of the wave-

front at the holographic surface. The design of the lens in curvilinear 
coordinates is described by D. Andrés et al. [22, Supplementary mate-

rial], and the macaque skull properties are described by D. Andrés et al. 
[44].

The monitoring hologram for the passive cavitation detector, 
Fig. 1 (c), was designed in the same way as the holographic lens for 
lateral focusing, but in this case the field was recorded at a flat surface 
in front of the PCD at 𝑧0 = 4 mm. The complex-conjugated phase was 
2D unwrapped [45], to avoid phase jumps and improve directivity in a 
broadband spectrum. Using the unwrapped phase, the monitoring lens 
was designed as those for transmission [21].

The 3D-printed lenses used are shown in Fig. 2 (a-c). All lenses were 
3D printed with Clear (Formlabs) photopolymer using stereolithogra-

phy (Form2, Formlabs). The lenses were designed using a pixel size of 
500 μm and printed using lateral spatial resolution of 10 μm (𝑢-𝑣 direc-

tions) and an axial resolution of 50 μm (𝑤 direction, see Fig. 2 (d)). 
The density and sound speed values were experimentally obtained 
(𝜌𝐿 = 1186 kg/m3 and 𝑐𝐿 = 2599 m/s, respectively), and the attenu-

ation coefficient in the simulations was set to 𝛼𝐿 = 3.4 dB/(cm-MHz𝛾 ), 
with a power law exponent of 𝛾 = 1.1 [44].

2.2. Hardware design

A custom piezoelectric focused ultrasound transducer is used for the 
therapeutic beam (single-element, 100-mm aperture, 140-mm curva-

ture radius, 20-mm diameter of the central hole, and a central frequency 
of 𝑓𝑐 = 500 kHz). A piezoelectric PCD (V382-SU, Olympus) with a cen-

tre frequency of 3.5 MHz and a bandwidth (− 6 dB) of 65.17%, and an 
aperture of 12.7 mm is used to capture the signal emitted by microbub-

bles cavitation. The PCD is placed in the central hole of the focused 
3

transducer in a way that both transducers are confocally aligned. The 
PCD acoustic focus is located at 48 mm, and its depth of field is 27 mm. 
A USB oscilloscope with integrated function generator (Handyscope 
HS5, TiePie engineering) is used for both, acquisition and signal gen-

eration. The emitted signal is amplified by a 400 Watts amplifier (E&I 
Ltd, USA) and a 50-Ohm impedance matching network is used to maxi-

mize power transfer from the amplifier to the focused transducer.

2.3. Experimental protocol

The dual transducer setup was submerged in a water tank filled with 
degassed water at room temperature. For the three experimental config-

urations, as shown in Fig. 1, the lenses were coupled to the transducer 
with high-temperature coupling gel (Sonotech Sono 600) to avoid its 
dissolution in water ensuring a smooth coupling of the lens to the trans-

ducer surface.

The macaque skull was located at the design position by using a 3D-

printed holder, guaranteeing an accurate alignment between the skull 
and the holographic lens. The skull bones were submerged in degassed 
water during 12 hours before the experiment to avoid air pockets on 
its surface. Vessel phantom was manufactured using a 0.9-mm diame-

ter polyethylene flexible tube, located in the focal zone. The precise 3D 
positioning was performed by using a hydrophone (Y-104, Sonic Con-

cept), attached to a threaded rod and monitored by a motion controller 
(PI Micos GmbH, Germany). Then, the hydrophone was removed and 
replaced by the vessel phantom. Two different configurations of the ves-

sel phantom were tested (see Fig. 3). First, a 3D-printed holder was used 
to stretch the tube and, thus, resulting in a straight tube transversally 
passing through the focal point. The second configuration consisted in 
performing a knot with the polyethylene tube to mimic a more complex 
network of the phantom vessels. Because the straight tube is a straight-

forward and repeatable arrangement, it requires a high precision during 
positioning to ensure that the 0.9-mm diameter tube overlaps the focal 
spot. In contrast, the knot covers a larger area, around 10 ×10 ×20 mm3. 
Note the size of the focal spot was 5 ×4 ×14 mm3. Therefore, knot phan-

tom may be less sensible to positioning errors.

We used sinusoidal pulsed bursts of 100 ms length (5000 cycles), re-

peated at a pulse repetition frequency (PRF) of 1 Hz, during 100 s (𝑀 =
100 pulses). These signals feed the 0.5-MHz focused ultrasound trans-

ducer at different input voltages, which before amplification ranged 
from 100 mV to 600 mV, with a 100-mV step. A calibration of the 
system was performed to measure the peak rarefaction pressure at the 
focal point.

For each sinusoidal pulsed burst emitted by the therapeutic trans-

ducer, a synchronous acquisition was performed to record the cavitation 
signals detected by the PCD using a 100 MHz sampling frequency. 
Before microbubble injection, with only PBS circulating through the 
polyethylene tube, cavitation baseline signals were measured as a ref-

erence. Then, microbubbles (Luminity, Lantheus Medical Imaging) di-

luted in 5 mL of phosphate buffered saline (PBS) (final concentration 
of 20 μL/kg) were injected by using an infusion pump (Perfusor fm, B 

Braun) at a flow rate in the tube of 0.02 mL/s. Experiments were re-
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Fig. 3. (a) Block diagram for the experimental setup, photograph of the experiment, and details of the vessel phantoms: (b) straight and (c) knot tube.
peated for each phantom using the confocal configuration, and for the 
three configurations using the knot phantom.

2.4. System calibration

System calibration to know the input voltage versus the pressure 
at the focal point was performed. A high intensity hydrophone (Y-104, 
Sonic Concepts) was used to measure the field for the two therapeutic 
beam lenses in a degassed water tank, including the macaque skull but 
in the absence of the vessel phantom. To find the position of the focal 
point, 3D-scans were carried out around the coordinates of the focal 
spot. Final positioning of the hydrophone corresponds to the maximum 
pressure point. Input voltage for calibration was fixed within the range 
50 mV to 700 mV, using steps of 50 mV.

In addition, the directivity of the monitoring hologram was eval-

uated using pseudo-spectral time-domain simulations implemented in 
the k-Wave package [46] and experimental measurements. The field 
of the PCD with and without the monitoring lens was measured in a 
square transverse plane of 20 × 20 mm2 using a step of 0.1 mm, us-

ing a broadband hydrophone (HGL500, Onda, UK) in a degassed water 
tank. Then the radiation of the piezoelectric PCD was evaluated both 
in the near and in the far field using angular spectrum projection [44]. 
In the near field, experimental measurements were used to estimate the 
field radiated by the PCD in an area covering the focal spot. In the far 
field, the angular spectrum and the directivity in the elevation plane 
of the source were calculated. For the angular spectrum the energy of 
the wave is obtained for each wavevector component. Defining 𝜃 and 
𝜑 as the azimuth and elevation angles in the range 0 ≤ 𝜃 < 2𝜋, and 
0 ≤ 𝜑 ≤ 𝜋, the wavevector components are given by 𝑘𝑥 = 𝑘 cos(𝜃) sin(𝜑), 
𝑘𝑦 = 𝑘 sin(𝜃) sin(𝜑), and 𝑘𝑧 = 𝑘 cos(𝜑), and the wavenumber is given by 
𝑘2 = 𝑘2

𝑥
+𝑘2

𝑦
+𝑘2

𝑧
= 𝜔2∕𝑐20 . In this way, the far field pressure |𝑝|2(𝑘𝑥, 𝑘𝑦)

shows the angular distribution of the acoustic wavefront energy emitted 
by a transducer. Note that piezoelectric PCDs are reciprocal transduc-

ers, so emission and reception responses are analogous.

2.5. Cavitation dose model

Time-domain cavitation signals, 𝑆(𝑡), were acquired and spectral 
processing was performed by calculating their Fast Fourier Trans-

form, 𝑆(𝑓 ) =  [𝑆(𝑡)]. Several cavitation dose indexes were calculated: 
first, stable cavitation dose based on harmonics contribution (dSCDh), 
second, stable cavitation dose based on ultra-harmonics contribution 
(dSCDu) and, third, inertial cavitation dose (dICD). On the one hand, 
harmonic components were defined as integer multiples of the funda-

mental frequency,
4

𝑓ℎ,𝑛 = 𝑛𝑓0, (1)
Fig. 4. Sample spectrum of the received signal. Frequency bands used for cavi-

tation dose index are marked in colour.

where 𝑛 ∈ ℕ, and 𝑛min < 𝑛 < 𝑛max. On the other hand, ultra-harmonics 
were defined as odd multiples of the fundamental,

𝑓𝑢,𝑛 = (𝑛− 1∕2)𝑓0. (2)

A bandwidth of Δ𝑓 around each harmonic or ultra-harmonic compo-

nent is considered. Finally, inertial cavitation level was defined as the 
broadband noise contribution of the whole spectrum removing the fre-

quency range and bandwidth of both, harmonics and ultra-harmonics,

(𝑓ℎ,𝑛 +Δ𝑓∕2) < 𝑓𝑏,𝑛 < (𝑓𝑢,𝑛 −Δ𝑓∕2), and

(𝑓𝑢,𝑛 +Δ𝑓∕2) < 𝑓𝑏,𝑛 < (𝑓ℎ,𝑛+1 − Δ𝑓∕2). (3)

These frequency bands are sketched in Fig. 4 for a sample cavitation 
spectrum.

For each single pulse, stable cavitation level based on harmonic con-

tribution was defined as

SCDℎ =

√√√√ 𝑛max∑
𝑛=𝑛min

⟨
𝑆(𝑓ℎ,𝑛)

⟩2
, (4)

where 𝑆⟨𝑓ℎ,𝑛⟩ is the area under the frequency spectrum for the 𝑛-th 
harmonic given by Eq. (1), considering a bandwidth of Δ𝑓 around each 
harmonic. The stable cavitation level based on ultraharmonic compo-

nents, 𝑓𝑢,𝑛, is given by

SCD =

√√√√ 𝑛max∑ ⟨
𝑆(𝑓 )

⟩2
, (5)
𝑢

𝑛=𝑛min
𝑢,𝑛
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where 𝑆⟨𝑓𝑢,𝑛⟩ corresponds to the area under the frequency spectrum for 
the 𝑛-th ultra-harmonic component given by Eq. (2), also considering a 
Δ𝑓 bandwidth. Finally, inertial cavitation level was calculated as

ICD =

√√√√ 𝑛max∑
𝑛=𝑛min

⟨
𝑆(𝑓𝑏,𝑛)

⟩2
, (6)

where 𝑆⟨𝑓𝑏,𝑛⟩ corresponds to the area under the broadband frequency 
spectrum given by Eq. (3).

Mean cavitation doses are then calculated as the mean of cavita-

tion levels for all pulses. For the mean stable cavitation dose based on 
harmonics contribution we get

dSCDℎ =
1
𝑀

𝑀∑
𝑚=1

SCDℎ,𝑚, (7)

where SCDℎ,𝑚 is the stable cavitation level based on harmonic contri-

bution, Eq. (4), 𝑚 = 1, 2, … , 𝑀 is the pulse index and 𝑀 is the total 
number of pulses. The mean stable cavitation dose based on ultra-

harmonics contribution is given by

dSCD𝑢 =
1
𝑀

𝑀∑
𝑚=1

SCD𝑢,𝑚, (8)

where SCD𝑢,𝑚 is the stable cavitation level based on ultra-harmonic 
contribution, Eq. (5). Finally, the mean inertial cavitation dose

dICD = 1
𝑀

𝑀∑
𝑚=1

ICD𝑚, (9)

where ICD𝑚 is the stable cavitation level based on harmonic contribu-

tion for the 𝑚-th pulse.

Those indexes are measured first in the absence of microbubbles to 
estimate a baseline level, and then injecting the microbubbles to calcu-

late the actual cavitation doses. In this way, we can normalize the mean 
cavitation doses by the mean baseline (BL) dose as

⟨dSCDℎ⟩ = (dSCDℎ − dSCDh,BL)∕dSCDh,BL, (10)

⟨dSCD𝑢⟩ = (dSCD𝑢 − dSCDu,BL)∕dSCDu,BL, (11)

⟨dICD⟩ = (dICD− dICDBL)∕dICDBL. (12)

In this way, normalized doses estimate the harmonic contribution of the 
emission of the microbubbles in the phantom, neglecting other external 
sources of nonlinearity such as the nonlinear response of the materi-

als, transducer, and cumulative nonlinear effects, or local nonlinearities 
such as clapping between boundaries or oscillations of solitary bubbles. 
In this study, it was considered a bandwidth of Δ𝑓 = 20 kHz, 𝑛min = 2
and 𝑛max = 10, matching the frequency range of the PCD.

2.6. Cavitation dose dynamical model

To model the evolution of the cavitation doses we use a simple and 
empirical model, aiming to capture the main macroscopic features of 
this complex dynamical process. In this way, cavitation dose indexes 
were fitted to a sigmoid function, using a logistic curve given by

𝐷 (𝑝) =
𝐷max

1 + 𝑒−𝛽(𝑝−𝑝𝑡ℎ)
+𝐷0, (13)

where 𝐷 (𝑝) is either normalized cavitation dose index, i.e., those given 
by Eqs. (10)-(12), as a function of the rarefaction pressure amplitude 𝑝, 
and the model parameter 𝐷max is the maximum cavitation dose index, 
𝛽 is the transition scale factor, 𝑝𝑡ℎ is the cavitation pressure threshold, 
and 𝐷0 is the cavitation dose baseline.

This empirical model, sketched in Fig. 5, describes the expected rise 
of the cavitation indexes as a function of the pressure amplitude and the 
5

transition towards the cavitation index saturation, the latter produced 
Applied Acoustics 224 (2024) 110144

Fig. 5. Empirical cavitation model using a sigmoid function to separate stable 
and inertial cavitation regimes.

when energy is transferred to novel frequency components due to non-

linear cascade processes. In this way, we set the hypothesis that the 
model threshold value, 𝑝𝑡ℎ, for the SCDh may be used to estimate the 
pressure threshold for stable cavitation regime. We chose this model 
also for inertial cavitation dose because this index must be bounded. 
When energy is pumped by the fundamental frequency component, the 
nonlinear oscillations of cavitating bubbles generate acoustic emissions 
with harmonic and ultra-harmonic components. As the amplitude of the 
pumping wave rises, so is the richness of the spectral combinations, con-

taining harmonics, sub-harmonics and, progressively, any linear combi-

nations of the spectral components. Therefore, the spectrum broadens, 
and inertial cavitation dose progressively grows. However, as the band-

width of the PCD is finite, and absorption is more effective on higher 
harmonic components, we expect inertial cavitation dose to saturate. 
Nevertheless, note that the range of amplitudes explored in this paper 
are moderate and inertial cavitation dose will be restricted to its initial 
rise, as depicted in Fig. 5.

3. Results

3.1. Therapeutic beam calibration

The field of the therapeutic beam generated by the two lenses is 
presented in Fig. 6. First, for the confocal configuration we can observe 
that the therapeutic holographic lens is manipulating the phase of the 
wavefront in such a way that a sharp focal spot is generated at the axis 
of the system and inside the skull cap, as shown in Fig. 6 (a). The inset 
shows the comparison between the simulated and experimental fields, 
where a good agreement can be observed. Then, the second holographic 
lens is used to steer the focal spot towards the therapeutic target. The 
corresponding simulated field is shown in Fig. 6 (b), where it can be 
observed that the focal spot matches the location of the target. The 
experimental results, shown in the inset, also present a good agreement 
with the simulated field distribution.

Once the focal spot is identified, hydrophone measurements were 
taken at different driving voltages. The results of the amplitude cali-

bration are presented in Fig. 7 for the two holograms, i.e., the confocal 
lens and off-axis lens, where the peak rarefaction pressure is plotted ver-

sus the input voltage. Results show that when input voltage increases, 
the pressure at the focal spot also increases, but the particular ratio 
between the applied voltage versus the peak rarefaction pressure is dif-

ferent for each configuration. The confocal configuration curve (red line 
in Fig. 7) presents a steeper slope than the off-axis calibration curve 
(grey curve). This means that for the same input voltage, confocal lens 
allows reaching a higher rarefaction pressure amplitude. For example, 
to reach the reference value of 0.5 MPa at the focal point, an input volt-
age of 240 mV is needed in the confocal configuration whereas 300 mV 
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Fig. 6. Therapeutic beam field distribution. (a) Simulated field of the confocal configuration. The inset shows the experimental and simulated data for a cross-section 
at the focal position. (b) Off-axis configuration. The inset shows the corresponding experimental and simulated data.
Fig. 7. Experimental calibration curves of the pressure in the focal zone versus 
the input voltage for confocal (red) and off-axis (grey) configurations.

are needed in the off-axis configuration, which is a 25% higher voltage. 
In this way, steering the focal spot leads to a reduction of the gain of 
the system.

Calibration results will be applied thereafter to show comparable 
results of the microbubbles cavitation depending on the experimental 
configuration. In this way, measurements acquired using amplitudes 
between 100 mV and 600 mV correspond to a pressure range of 178 kPa 
to 1.54 MPa for the confocal configuration and a range of 139 kPa to 
1.16 MPa for off-axis configuration.

3.2. Monitoring hologram response

The monitoring hologram response is evaluated by projecting the 
field measurements using acoustic holography. Fig. 8 summarizes the 
main results. First, experimental results show that in the absence of the 
monitoring lens, the PCD shows near-field oscillations, with a final max-

imum at its Fresnel distance given by 𝑧 = 𝑘𝑎2∕2𝜋 = 94.1 mm, as shown 
in Fig. 8 (a). The PCD presents a narrow beamwidth, and, therefore, a 
sharp angular spectrum, see Fig. 8 (b). The beam width is 𝜑𝐵𝑊 = 1.98°, 
matching the theoretical value of a circular piston for narrow beams 
𝜑𝐵𝑊 = 3.232∕𝑘𝑎 = 1.99°, where 𝑎 is the radius of the source and 𝑘
the wave number. Note that in the experiment the surface velocity is 
usually lower at the edges and the approximation of a uniform circu-

lar piston is not exactly fulfilled. Nevertheless, as shown in Fig. 8 (c), 
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the PCD agrees with the theoretical response of a flat circular radiator 
given by 𝑝(𝜑) = 2𝐽1(𝑘𝑎 sin𝜑)∕𝑘𝑎 sin𝜑, where 𝐽1 is the first-order Bessel 
function of the first kind.

It is important to note that if a cavitation source is located out of 
axis, for example, at elevation angles larger than 10°, like those in the 
off-axis configuration, Fig. 1 (b), then the detected cavitation signal 
amplitude falls to less than 20 dB, i.e., signals are attenuated by two 
orders of magnitude. In this situation, cavitation noise generated out of 
the target might mask the cavitation signals of interest generated at the 
target region.

In contrast, when the monitoring hologram is used, we observe that 
the PCD beam in transmission is steered and refocused to the target lo-

cation, as shown in Fig. 8 (d). Due to focusing, the angular spectrum 
broadens as compared with the flat piston, and, as shown in Fig. 8 (e), 
the field is no longer homogeneous due to the aberration compensa-

tion encoded in the lens. The monitoring hologram is designed to tilt 
the main directivity lobe 𝜑ℎ = 11.25°. When using the lens the steering 
angle, 11.26°, matches the design value. Finally, the far-field directiv-

ity using the hologram is shown in Fig. 8 (f). The beam width is 2.16°, 
slightly broader than the piston in the far field. Experimental results 
show also good agreement with the theory for a tilted and focused 
beam. Note that focusing increases the bandwidth of the angular spec-

trum and, therefore, focusing on the near field widens the beam width 
in the far field.

The angular spectrum analysis provides also insights on hologram 
construction details. By looking in detail at Fig. 8 (e), four bright spots 
can be seen, marked with arrows. Those spots emerge at directions 
matching the diffraction grating (DG) angles given by sin𝜑 = 𝑛𝜆∕𝑑, 
with 𝑛 = 1, 2, …. Note that the squared 500-μm pixels that compose 
the hologram are slightly larger than the wavelength at 3.5 MHz in 
water. Therefore, small replicas of the beams are generated at the holo-

gram grid directions, i.e., see directions (𝑢,𝑣) shown in the scheme in 
Fig. 2 (d). However, since the amplitude on these diffraction grafting 
lobes is small compared with the main lobe, so is their contribution to 
the received signal.

3.3. Confocal configuration

Experimental results of stable and inertial mean cavitation doses are 
presented in Fig. 9. On each graph, both vessel phantoms are shown: the 
straight tube is represented by a continuous line and the knot phantom 
by a dashed line. Grey curves stand for baseline (BL) measurements, 
where only PBS is circulating through the tube, while red curves stand 
for measurements with circulating microbubbles. Mean cavitation dose 
for the confocal configuration is measured at 6 different pressures rang-
ing between 178 kPa to 1.54 MPa.
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Fig. 8. Passive cavitation detector (PCD) response. (a) Experimental field for the confocal configuration measured in the 𝑝(𝑥, 𝑧) plane at 𝑦 = 0, (b) Corresponding 
experimental angular spectrum |𝑝|2(𝑘𝑥, 𝑘𝑦), showing the normalized angular distribution of the energy for each wavevector component, (c) PCD directivity as a 
function of the elevation angle. (d) Experimental field including the monitoring hologram for the off-axis configuration, (e) corresponding experimental angular 
spectrum, (f) PCD directivity including the monitoring lens as a function of the elevation angle.
For all cases, and as expected, mean cavitation dose index grows as 
pressure increases when microbubbles are circulating. In contrast, base-

line slightly increases with moderate pressure amplitudes. At higher 
pressures, baseline also grows, indicating that nonlinear effects can also 
be activated in the absence of microbubbles inside of the phantom. By 
looking at the stable mean cavitation dose based on harmonics, depicted 
in Fig. 9 (a), we observe that stable cavitation is occurring in the range 
of pressure 0.4-0.95 MPa. Up to 0.95 MPa, the baseline starts growing 
and microbubble curves start levelling off. On the other hand, dICD re-

sults, Fig. 9 (c), show that at moderate pressure, lower than 0.5 MPa, 
there is no relevant difference between the baseline and including mi-

crobubbles, which indicates that no inertial cavitation is occurring. 
From 0.66 MPa to the maximum measured pressure (1.53 MPa) dICD 
baseline remains stable while dICD value for microbubbles increases 
significantly. Indeed, when stable cavitation occurs, a gain of energy is 
observed around harmonic components of the received signal spectrum, 
reflected by the dSCDh value, but when cavitation becomes inertial, the 
energy is transferred not only to higher harmonics, but to anharmonic 
components and, finally, generating broadband noise. This is the rea-

son why dSCDh tends to stabilize at higher pressure, while, in contrast, 
dICD increases.

On the other hand, results provided by dSCDu, shown in Fig. 9 (b), 
follow an intermediate trend. Before reaching high pressure, baseline 
remains almost constant and dSCDu is activated for pressures slightly 
higher than for dSCDh. This latter activation also is a consequence of 
the harmonic cascade during the nonlinear oscillations of the microbub-

bles, where even multiples of the fundamental frequency emerge as 
higher order nonlinear processes. However, dSCDu values present a low 
dynamic range (0.01 mV) for this setup. Note that both, dSCDh and 
ICD indexes show a much larger dynamic range, ranging from 10 to 40 
times greater. Note the limited bandwidth of the PCD does not capture 
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the subharmonic and other low-frequency ultra-harmonic components. 
Therefore, for further analysis only the dSCDh and dICD will be anal-

ysed.

Finally, it is worth noting here that similar results have been ob-

tained with both vessel phantoms, i.e., the straight tube and the knot 
vessel phantom, shown as continuous and dashed lines, respectively, in 
Figs. 9 (a-c). The specific values of both phantoms barely differ, and 
the pressure-dependent trends for all indexes are similar. However, the 
physical alignment using the straight tube is much cumbersome than 
using the knot because of the small size of the former phantom. To min-

imize the misalignment uncertainty using the monitoring lens for the 
off-axis configuration, which as shown above exhibits sharper near-field 
directivity, we will only consider the knot tube.

3.4. Off-axis configurations

The second series of experiments consider the off-axis hologram with 
and without using the monitoring lens. Here, results of SCDh and ICD 
are respectively normalized by the corresponding baseline so that we 
only see the contribution of microbubbles cavitation. Normalized cav-

itation dose results are shown in Fig. 10 (a-c), in logarithmic scale 
for convenience. Note that pressure values take into account system 
calibration, therefore, while same voltage inputs were used for all mea-

surements, pressure amplitude differs depending on configuration. For 
confocal configuration (Fig. 10 (a)) maximum pressure value reaches 
1.5 MPa whereas for off-axis and holographic monitoring configura-

tions it stops at 1.16 MPa (Figs. 10 (b,c)).

As observed for the confocal configuration, for low pressure levels, 
mild or no cavitation is detected. As we increase the pressure amplitude, 
stable cavitation is first generated, and as a consequence we observe an 
increase of the ⟨dSCDℎ⟩ value. Then, for higher pressure amplitudes, we 
observe a stabilization of the ⟨dSCDℎ⟩ value due to energy transference 

to ultra-harmonic components. Finally, inertial cavitation is activated 
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Table 1

Sigmoid model fitting parameters to the normalized stable cavitation dose data, ⟨dSCDℎ⟩, and the normalized inertial 
cavitation dose data, ⟨dICD⟩.

⟨dSCDℎ⟩ ⟨dICD⟩
𝑝𝑡ℎ 𝛽 𝐷max 𝐷0 𝑅2 𝑝𝑡ℎ 𝛽 𝐷max 𝐷0 𝑅2

(MPa) (a.u.) (a.u.) (a.u.) (a.u.) (MPa) (a.u.) (a.u.) (a.u.) (a.u.)

Confocal configuration 0.54 11.52 1394 4.02 0.996 1.09 8.19 303.7 7.97 0.986

Off-axis configuration 0.36 13.41 62.2 14.18 0.956 9.50 0.64 3940 0.12 0.652

Monitoring lens configuration 0.51 9.09 496.1 4.05 0.933 0.87 9.03 61.42 1.65 0.994
Fig. 9. Mean cavitation doses measured for the confocal configuration. (a) Sta-

ble mean cavitation dose based on harmonic contribution (dSCDh), (b) stable 
mean cavitation dose based on ultraharmonic contribution (dSCDu) and (c) in-

ertial mean cavitation dose based on broadband noise (dICD), measured using 
microbubbles (red) and PBS only (grey). Both configurations of the vessel phan-

tom are compared, (continuous line) straight vessel phantom and (dashed line) 
knot vessel phantom.

and ⟨dICD⟩ starts to grow. We propose an empirical sigmoid function, 
as described in Section 2.6, to model this complex dynamical processes 
in order to describe the growth and saturation of cavitation dose in-

dexes. The logistic curve given by Eq. (13) is fitted to experimental 
data, as shown by dashed lines in Figs. 10 (a-c), and the goodness of the 
fit is given by the indicator 𝑅2 (square of the correlation between the 
sigmoid function and experimental results). The fitting parameters are 
listed in Table 1.

For the confocal configuration, we can see in Fig. 10 (a) that the 
sigmoid model fits well experimental results for stable cavitation. The 
index ⟨dSCDℎ⟩ increases until 0.6 MPa, where it reaches a stable state. 
On the other hand, the sigmoid model fits the experimental ⟨dICD⟩ data 
with a larger margin of error. Note saturation for inertial cavitation 
was not observed in this pressure amplitude range. However, the initial 
growth of the ⟨dICD⟩ as described by the data can be modelled by the 
logistic curve.

For the off-axis configuration, the normalized cavitation dose shown 
in Fig. 10 (b) describes that ⟨dSCDℎ⟩ saturates with much less dynamic 
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range than for confocal configuration. On the other hand, inertial cavi-
Fig. 10. Experimental results of normalized cavitation doses ⟨dSCDℎ⟩ (grey 
markers) and ⟨dICD⟩ (red markers), for the knot vessel phantom. (a) Confocal, 
(b) off-axis and (c) holographic monitoring configurations. A sigmoid model is 
fitted to experimental data (dashed lines).

tation is barely detected, i.e., ⟨dICD⟩ level is low and does not change 
with pressure amplitude. Indeed, a lower amplitude is to be expected in 
reception in this case due to the lateral offset of the focal zone generated 
by the therapeutic holographic lens, combined with the narrow direc-

tivity of the PCD. The 𝑅2 indicator also demonstrates that experimental 
values are not reliable enough to fit well sigmoid curves, especially in 
the case of ⟨dICD⟩ data for describing inertial cavitation.

In contrast, this situation is reversed when the holographic moni-

toring lens is used. The cavitation doses shown in Fig. 10 (c) present 
a similar behaviour than for the original confocal configuration. First, 
both ⟨dSCDℎ⟩ and ⟨dICD⟩ amplitudes are of a same order of magnitude 
than for the confocal case. Note the therapeutic beam in this configura-

tion is exactly the same as in the off-axis configuration, and cavitation 
levels are expected to be similar. However, by manipulating PCD direc-
tivity with the 3D-printed monitoring hologram we are able to receive 
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higher signal level and thus detect microbubbles cavitation. When sig-

moid curve is fitted to the experimental ⟨dSCDℎ⟩ and ⟨dICD⟩ data, the 
dynamics of the cavitation dose are recovered. Moreover, 𝑅2 indica-

tors show a good fitness value between experimental results and fitted 
model. Note that, when targeting off-axis but using the monitoring lens, 
the fitting parameters, in particular the pressure threshold (𝑝𝑡ℎ) and the 
transition slope (𝛽), are similar than the ones obtained for the confocal 
configuration.

4. Discussion

Therapeutic holograms have the ability to steer the focal spot of 
a source, adapting the size and position of the acoustic image to the 
therapeutical target, and, in addition, compensating the aberrations 
produced by the skull bones. This approach results in a low-cost tech-

nology that might be used for blood-brain barrier opening. In this way, 
it may be desirable to use an accordingly low-cost monitoring tool, like 
cavitation detection, to track the treatment.

To capture cavitation activity, the aperture of passive cavitation de-

tectors for these applications is usually large in order to provide a good 
sensitivity. This also results in highly directive receivers, and out-of-axis 
sources are strongly attenuated. Cavitation activity produced out of the 
axis of these receivers is poorly detected. As demonstrated in this paper, 
cavitation doses provided by off-axis targets might be biased and/or un-

reliable. Any small cavitation produced at the axis of the receiving beam 
will be detected with a much higher amplitude than cavitation signals 
at the interest location, masking the interest signals. These sensors are 
suitable for confocal systems, where the therapeutic focal spot is aligned 
with the detector main lobe. However, the use of standard PCDs to mon-

itor steered holographic devices, where the therapeutic focal spot may 
be at off-axis, might be limited.

The monitoring holograms proposed in this paper are designed to 
beamform in reception the signals generated at a target focal spot, in-

side the skull. The retrieved cavitation doses present the same dynamics 
as for a confocal configuration, and therefore, might be used to mon-

itor BBB opening treatments produced by therapeutical holograms in 
a reliable and low-cost way. Note that, although this approach cannot 
provide spatial information, these lenses are analogous to the reading 
of cavitation mapping systems at desired spot, i.e., beamforming is pas-

sively performed by the engineered lens at the target of interest.

We have observed that the dynamics of mean cavitation dose de-

pending on pressure follows a sigmoid function. For confocal config-

urations, stable cavitation regime is indicated by moderate and rising 
level of ⟨dSCDℎ⟩ while ⟨dICD⟩ remains low and stable with pressure 
amplitude. On the other hand, inertial cavitation regime is character-

ized by a steady and intense ⟨dSCDℎ⟩ and moderate and rising ⟨dICD⟩. 
Off-axis configuration on the absence of the monitoring lens causes am-

plitude loss at reception because of the narrow directivity of the PCD 
and both, stable and inertial regimes are not clearly identified. How-

ever, by using the passive cavitation beamforming strategy applying 
the monitoring hologram on the PCD, the same cavitation dynamics as 
for the confocal configuration can be recovered. By measuring cavita-

tion doses, i.e., ⟨dSCDℎ⟩ and ⟨dICD⟩, we can obtain the region between 
the sigmoids in which moderate stable cavitation is occurring, but in-

ertial cavitation remains low. For this system, this regime is achieved 
when the peak rarefaction pressure is between 0.3 MPa and 0.6 MPa. 
These values fit the ones given for a safe and effective BBB opening us-

ing a transducer of similar features [15]. One note, regarding safety, 
recovering accurate in-target inertial cavitation dose is crucial to pre-

vent any sort of vascular damage. Challenges in accurately recovering 
the inertial cavitation dose, particularly when its position is altered by 
steering relative to the directional PCD, could contribute to the unfore-

seen T2∗ hypo-intensities observed in multiple clinical trials on BBB 
opening [18,19,14,47].

Note that in this study we mainly take into account harmonic com-
9

ponents for stable cavitation because ultra-harmonic cavitation level 
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was weak. This is caused by the frequency range of the PCD. In-

deed, central frequency of the focused ultrasound transducer is 𝑓0 =
500 kHz and usually, the lower ultra-harmonics, i.e., the sub-harmonic 
at 250 kHz and its even multiples, are those with the greatest ampli-

tude. However, the PCD has a central frequency of 3.5 MHz and the 
lower cut-off frequency (-6 dB) is 1.75 Hz. Reception bandwidth is cen-

tred on high-frequency ultra-harmonics which present a low amplitude. 
Therefore, dSCD𝑢 in this study did not provide clear insight into the 
cavitation dynamics at the focal spot.

A possible modification of the system might be to use a defocus-

ing hologram or lens for wide angle covering. In this way, maintaining 
the high sensitivity or a large-aperture PCD, cavitation activity emerg-

ing from any location may be detected. However, note this kind of 
configurations are less specific to monitor the activity at the target. 
Such configuration may provide cavitation signals from other regions. 
Indeed, the proposed holograms are designed to beamform cavitation 
activity generated at the target, and are suitable to monitor the cavita-

tion activity locally. In this study, a simple vessel phantom was used in 
order to generate cavitation only at the focal spot, and cavitation signals 
were detected accordingly. In contrast, in a in-vivo scenario, capillaries 
and blood vessels are present all over the brain and cavitation signals of 
different level may be generated at any location. Passive beamforming 
using holograms will amplify signals at the target location, ensuring the 
cavitation dose corresponds with this location. In addition, note that 
holograms provide strong flexibility to produce multi-focal therapeutic 
beams or wide focal spots. In the same way, monitoring holograms may 
also be designed to provide a directivity pattern with several lobes for 
the detector, each one matching the size and location of a therapeuti-

cal focal spot. Finally, note that in this work the monitoring lens was 
3D-printed separately to the therapeutic hologram, but in a relevant 
scenario both lenses can be manufactured simultaneously in the same 
piece to ensuring robustness under misalignment.

In addition, it should be noted here that since the lens is 3D printed 
in a solid material, its focus is fixed and, in principle, no major changes 
can be made to the location of the focal point. However, holograms 
do allow for a certain degree of steering, e.g., the system can be me-

chanically moved up to tens of millimetres, enough to cover a larger 
area [48]. By reciprocity, passive cavitation beamforming will bene-

fit from this effect and the whole system might move together to target 
and monitor various locations. An alternative to mechanical movements 
is to produce a larger volumetric focal spot [49], and adapt this focal 
spots to the whole therapeutic target. In this way, the sensitivity of 
a PCD could be adjusted to monitor cavitation at a wider focal area, 
avoiding the need to mechanically move the entire system. It should be 
noted that these approaches are limited to a specific target and patient. 
For a different individual, a new therapeutic and monitoring hologram 
must be designed and 3D printed because skull aberrations differ be-

tween patients [22]. To go beyond fixed 3D-printed holograms, using 
reconfigurable holograms [50] in reception might be able to change the 
location of the focal spot of cavitation monitoring in real time.

5. Conclusions

In this work, we have presented a simple but low-cost method to 
beamform the cavitation signals produced at the focus of a therapeu-

tical ultrasound system to locally monitor the cavitation activity. The 
method is based on 3D-printed holograms, where a lens is designed to 
encode the temporal delays of the beamformer, aligning the cavitation 
emission of the microbubbles at the target focal spot.

We have tested the concept using a setup where both therapeutic 
and monitoring systems are based on 3D-printed acoustic holograms. 
The first hologram was used for the therapeutic system to focus the 
ultrasound beam at a target within a macaque skull, matching the loca-

tion of the post-commissural putamen, which is located off-axis. Then, a 
monitoring lens is designed to steer the directivity of the PCD at the lo-
cation of the therapeutic target and, in addition, compensating the skull 
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aberrations. In this way, this monitoring hologram encodes a passive 
beamformer that aligns the cavitation signals generated at the target. 
Retrieved cavitation doses indicate that these monitoring lenses allow 
to locally monitor the cavitation activity.

This approach might be of interest for therapeutic ultrasound sys-

tems whose focal spot is not aligned with the detector, like systems 
using acoustic holograms or phased arrays systems when large elec-

tronic steering is applied, and for transcranial focused ultrasound ap-

plications such as BBB opening or any other cavitation-based therapy, 
where treatments can be monitored using a spectral analysis of the cav-

itation signals captured by a single-channel passive cavitation detector. 
In this way, passive cavitation beamforming can be used to estimate 
off-axis cavitation doses and to locally monitor the cavitation activity 
of microbubbles, thus opening a new path to low-cost monitoring of 
therapeutic ultrasound systems.
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Appendix A. Sensitivity analysis

The limitations on lens construction and the uncertainty of physical 
parameters can impact on the acoustic performance of the system. For 
instance, the proposed lens for monitoring was designed using a pixel 
width of Δ𝑥 = 500 μm. In addition, the printing layer thickness in the 
𝑧-direction was set to Δ𝑧 = 50 μm. Note the particular printer used in 
this work can resolve up to Δ𝑥 = 10 μm and Δ𝑧 = 25 μm. While these 
values are much smaller than the wavelength of the therapeutical beam 
at 500 kHz (𝜆 = 3 mm, 𝜆∕Δ𝑥 = 6 and 𝜆∕Δ𝑧 = 60), for the monitoring 
lens at 3.5 MHz these parameters are more similar to the wavelength 
(𝜆 = 3 mm, 𝜆∕Δ𝑥 = 0.86 and 𝜆∕Δ𝑧 = 8.6). The pixel width is of the 
order of the wavelength and, therefore, diffraction grating lobes can 
appear, as shown in this work. On the other hand, the axial dimension 

is quantized in 8.6 steps per wavelength, which means that the lens 

l size (𝑑𝑥) for a layer of Δ𝑧 = 𝜆∕20. (b) Directivity curves sweeping the number 
data as a function of 𝑑𝑥 for Δ𝑧 = 𝜆∕20. (d) Full directivity data as a function of 
trical parameters. (f) Relative error of the PCD beam-width as a function of the 
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can only synthesize at a finite number of phase values. To test the im-

pact of these geometrical constraints on the performance of the lens, 
a set of 1480 simulations were performed by sweeping the geometri-

cal parameters. The lateral size of the pixels was varied in the range 
0.1 < 𝜆∕Δ𝑥 < 4 (4.3 mm >Δ𝑥 > 107 μm), and the height of the printing 
layer was modified in the range 2 < 𝜆∕Δ𝑧 < 20 (214 μm >Δ𝑧 > 21 μm). 
The PCD directivity was calculated as a function of the receiving an-

gle. From this data, the main receiving angle and the beam-width were 
calculated. The relative errors between these metrics and the design re-

ceiving angle and the beam-width obtained by the theoretical approach 
were calculated. The results are shown in Fig. 11. It can be observed 
that when thin pixels are used (large 𝜆∕Δ𝑥), and when the surface of 
the lens is smooth by using a small Δ𝑧 (large 𝜆∕Δ𝑧) the PCD performs 
very similar than the expected by the design and, therefore, the er-

rors for the beam parameters are small (𝜀 < 1%). However, when the 
geometrical parameters are coarse (small 𝜆∕Δ𝑥 and 𝜆∕Δ𝑧 ratios), the 
lens does not perform as expected and PCD directivity does not agree 
the design, resulting in large and undesirable errors. For the geomet-

ric parameters used in this work (annotated in Figs. 11 (c-f)), the beam 
agrees with the design and we observe small relative errors for both, the 
tilt angle (around 0.1%) and the beam-width (around 1%). Note that a 
large variation of these values is observed in the study but, for this sim-

ple lens, the errors only become larger than 10% for very coarse grids 
(Δ𝑥 > 2𝜆 and Δ𝑧 > 𝜆∕3).
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