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Abstract 
 
Design of antennas for wireless communication systems has attracted increasing 
interest during last years. The main objective of this Thesis is to propose a general 
design procedure of antennas for wireless communications systems, which pro-
vides a physical insight into the design process. To accomplish this objective, a 
method based on a modal decomposition of the current on the surface of the con-
ducting structure will be proposed. Modes have the advantage to provide physical 
insight into the radiating behavior of the antenna, as well as useful information for 
the optimization of the antenna geometry and the selection of the optimum feed-
ing mechanism and its location. 
 
A review of different modal methods, as well as the most important parameters to 
deal with when working with modal solutions, will be made. A method to obtain 
closed-form expressions for the modal surface currents on open planar conducting 
objects will be investigated. As it will be discussed, planar objects with canonical 
shapes can be interpreted in most cases as a deformation of three-dimensional 
objects whose surfaces coincide with any of the curvilinear reference coordinate 
systems. Consequently, closed-form expressions for vector modes in a circular 
conducting disk and an infinite planar conducting strip will be obtained. These 
functions will be proposed to be used as entire-domain basis functions in more 
complex problems including these planar surfaces. 
 
Current modes defined from vector wave functions are of complex nature, what 
sometimes makes them difficult to use for design purposes. In contrast, the The-
ory of Characteristic Modes provides a decomposition of the total current in the 
surface of any arbitrary conducting body in a set of real modes, whose radiation 
patterns are orthogonal over both the source region and the sphere at infinity.  
 
The Thesis will apply the Theory of Characteristic Modes to antenna design. Inves-
tigations will mainly focus on the effect of the feeding configuration and location 
on the modal excitation. The objective is to provide final prototypes of antennas to 
be used in real wireless systems, so as to prove the utility of the proposed method 
in a real design process. The method will hence be applied to antennas for differ-
ent applications: Wideband antennas, antennas for UWB systems, antennas for 
Multiple-Input Multiple-Output (MIMO) systems and antennas for handheld de-
vices. 
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Resumen 
 
El diseño de antenas para los nuevos sistemas de comunicaciones inalámbricas ha 
suscitado un creciente interés en los últimos años. El principal objetivo de esta 
Tesis Doctoral es la propuesta de un método general de diseño de antenas para 
sistemas de comunicaciones inalámbricas que proporcione una visión física del 
proceso de diseño. Para alcanzar este objetivo, se propone el uso de un método 
basado en la descomposición modal de la corriente en la superficie del cuerpo 
conductor. Los modos tienen la ventaja de proporcionar una visión más física del 
comportamiento radiante de la antena, así como información muy útil para la op-
timización de la geometría de la antena y para la selección del mecanismo óptimo 
de alimentación y su localización. 
 
En la Tesis se realizará una revisión de los diferentes métodos modales disponi-
bles, así como de los parámetros más importantes a tratar cuando se trabaja con 
soluciones modales. Además, se investigará un método para obtener expresiones 
cerradas para las corrientes superficiales en objetos conductores planos abiertos. 
Como se verá, los objetos planos con formas canónicas se pueden interpretar en 
muchas ocasiones como deformaciones de objetos tridimensionales cuyas superfi-
cies coinciden con las de algunos de los sistemas de coordenadas curvilíneas. De 
esta forma, se obtendrán expresiones cerradas para los modos vectoriales en un 
disco conductor circular y una tira plana infinita. Estas funciones se propondrán 
como funciones base de dominio completo en problemas más complejos que inclu-
yan este tipo de superficies planas. 
 
Los modos de corriente definidos a partir de las funciones de onda vectoriales son 
de naturaleza compleja, lo que dificulta en ocasiones su uso para el diseño de an-
tenas. Por el contrario, la Teoría de los Modos Característicos proporciona una 
descomposición de la corriente total en la superficie de un cuerpo conductor de 
forma arbitraria en un conjunto de modos reales, cuyos diagramas de radiación 
son ortogonales sobre la región de la fuente y la esfera infinita. 
 
La Tesis aplicará la Teoría de los Modos Característicos para el diseño de antenas. 
Las investigaciones se centrarán fundamentalmente en el efecto de la configura-
ción de alimentación y su localización sobre la excitación de los modos. El objetivo 
es proporcionar prototipos finales de antenas para su uso en sistemas inalámbricos 
reales, para probar la utilidad del método propuesto en un proceso real de diseño. 
El método se aplicará a antenas para diversas aplicaciones: antenas de banda an-
cha, antenas para sistemas UWB, antenas para sistemas MIMO (Multiple-Input 
Multiple-Output) y antenas para terminales móviles. 
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Resum 
 
El disseny d'antenes per als nous sistemes de comunicacions sense fil ha suscitat 
un creixent interès en els últims anys. El principal objectiu d'esta Tesi Doctoral és 
la proposta d'un mètode general de disseny d'antenes per a sistemes de comuni-
cacions sense fil que proporcione una visió física del procés de disseny. Per a acon-
seguir este objectiu, es proposa l'ús d'un mètode basat en la descomposició modal 
del corrent en la superfície del cos conductor. Els modes tenen l'avantatge de pro-
porcionar una visió més física del comportament radiant de l'antena, així com in-
formació molt útil per a l'optimització de la geometria de l'antena i per a la selecció 
del mecanisme òptim d'alimentació i la seua localització. 
 
En la Tesi es realitzarà una revisió dels diferents mètodes modals disponibles, així 
com dels paràmetres més importants a tractar quan es treballe amb solucions mo-
dals. A més, s'investigarà un mètode per a obtindre expressions tancades per als 
corrents superficials en objectes conductors plans oberts. Com es veurà, els objec-
tes plans amb formes canòniques es poden interpretar moltes vegades com a de-
formacions d'objectes tridimensionals les superfícies dels quals coincideixen amb 
les d'alguns dels sistemes de coordenades curvilínies. D'esta manera, s'obtindran 
expressions tancades per als modes vectorials en un disc conductor circular i una 
tira plana infinita. Estes funcions es proposaran com a funcions base de domini 
complet en problemes més complexos que incloguen este tipus de superfícies pla-
nes. 
 
Els modes de corrent definits a partir de les funcions d'onda vectorials són de natu-
ralesa complexa, la qual cosa dificulta de vegades el seu ús per al disseny d'ante-
nes. Al contrari, la Teoria dels Modes Característics proporciona una descomposició 
del corrent total en la superfície d'un cos conductor de forma arbitrària en un con-
junt de modes reals, els diagrames de radiació del qual són ortogonals sobre la 
regió de la font i l'esfera infinita. 
 
La Tesi aplicarà la Teoria dels Modes Característics per al disseny d'antenes. Les 
investigacions se centraran fonamentalment en l'efecte de la configuració d'alimen-
tació i la seua localització sobre l'excitació dels modes. L'objectiu és proporcionar 
prototips finals d'antenes per al seu ús en sistemes sense fil reals, per a provar la 
utilitat del mètode proposat en un procés real de disseny. El mètode s'aplicarà a 
antenes per a diverses aplicacions: antenes de banda ampla, antenes per a siste-
mes UWB, antenes per a sistemes MIMO (Multiple-Input Multiple-Output) i antenes 
per a terminals mòbils. 
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Chapter 1. Introduction 

Design of antennas for wireless communication systems has attracted increasing 
interest during last years. In the last decade, the number of wireless communica-
tions standards has rapidly increased, due to the miniaturization and cost reduction 
of wireless terminals as well as the spread of novel services very attractive for the 
users. In addition to analog and digital cellular-based services, broadband tech-
nologies such as third generation cellular and ultrawideband (UWB) systems, as 
well as wireless LAN standards and Bluetooth technology, have emerged. Figure 
1.1 summarizes the operating bands of all these different wireless communications 
standards, where it can be observed the large portion of available RF spectrum 
reserved for these systems [1]. Obviously, the inclusion of multiple technologies in 
wireless devices will significantly increase their functionality. 

Frequency (GHz)Frequency (GHz)  
Figure 1.1 Operating bands of different wireless communications standards. 
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“A good beginning makes a good end.” 
 

Louis L’Amour 
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Therefore, the proliferation of wireless communication services spurs on the need 
for compact antennas capable of providing good performance while operating at a 
broad frequency range, since it would be very attractive to cover all emergent 
standards using a single antenna. Present-day research in this field focuses on 
designing wide-band or multiband antennas which cover all the desired frequen-
cies, while retaining good radiation characteristics and reducing the space required 
for the antenna. 
 
Although many antennas have been presented in the literature, which provide a 
satisfactory performance with a relative small size, general guidelines for the de-
sign and development of antennas for these systems are scarce [2][3]. Most of the 
time, design is dominated by the experience of the designer, who usually employs 
some kind of Computer Assisted Design (CAD) tool to develop the antenna, and a 
final design is mostly reached using cut-and-try methods. Neither physical insight 
into the antenna performance nor guidelines for the design, which would be useful 
for the future, are thus provided. 
 
In last years, automatic optimization design tools based in different heuristic algo-
rithms, such as genetic algorithms [4][5], particle-swarm optimization [6][7], simu-
lated annealing [5][6] or neuronal networks [8], among others, have become in-
creasingly popular for antenna design problems. Although this design strategy 
usually provides a good solution for a specific problem, general design guidelines 
can not usually be extracted from the solution adopted, since physical insight into 
the problem is not gained at all. If a modification of the structure in some direction 
is required, a new execution of the automatic algorithm is in most cases necessary. 
 
Therefore, due to the lack of general design procedures detected in the literature, 
the main objective of this Thesis is to propose a general method for the design of 
antennas for wireless communications systems, which provides a physical insight 
into the design process. To accomplish this objective, a method based on a modal 
decomposition of the current on the surface of the conducting structure will be 
proposed. Modes have the advantage to provide physical insight into the radiating 
behavior of the antenna, as well as useful information for the optimization of the 
antenna geometry and the selection of the optimum feeding mechanism and its 
location. 
 
Modal analysis has been traditionally applied to the study of electromagnetic fields 
inside closed conductors (such as waveguides or cavities), and also in radiation 
and scattering problems concerning canonical geometries [9]-[11]. Some of the 
most important concepts and properties regarding these modes will be revisited in 
further chapters. Recently, a modal-based numerical method formulated forty 
years ago has become very popular in antenna analysis. This is the Singularity 
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Expansion Method (SEM), based on the expansion of the current in its complex 
natural resonances in the Laplace domain [12]. So far, the information provided by 
these complex modes has only been used for analysis and modeling of antennas, 
and not for design purposes, probably due to the added difficulty of dealing with 
modes of complex nature. A brief description of this method will be provided in a 
later chapter. 
 
The Thesis is divided in two parts: First, a review of different modal methods as 
well as the most important parameters to deal with when working with modal solu-
tions will be made. In addition, a method to obtain closed-form expressions for the 
modal surface currents on open planar conducting objects will be investigated in 
this first part. As it will be discussed in later chapters, planar objects with canonical 
shapes can be interpreted in most cases as a deformation of three-dimensional 
objects whose surfaces coincide with any of the curvilinear reference coordinate 
systems. Consequently, closed-form expressions for vector modes in a circular 
conducting disk and an infinite planar conducting strip can be obtained following 
the proposed approach. Moreover, these functions may be used as entire-domain 
basis functions in more complex problems including these planar surfaces.  
 
Current modes defined from vector wave functions are of complex nature, what 
sometimes makes them difficult to use for design purposes. In contrast, the The-
ory of Characteristic Modes, defined originally by Garbacz [13][14] and refined 
later by Harrington and Mautz [15][16], provides a decomposition of the total cur-
rent in the surface of any arbitrary conducting body in a set of real modes, whose 
radiation patterns are orthogonal over both the source region and the sphere at 
infinity. In the first part of the Thesis, the mathematical foundations and interpre-
tation of characteristic modes and their associate eigenvalues will be revisited. 
Moreover, a connection with vector wave functions will be established, showing the 
similarities between them. 
 
In the second part, the Thesis will focus on the application of the Theory of Char-
acteristic Modes to antenna design. This Thesis builds on the work developed in 
[17], where the Theory of Characteristic Modes was applied for the analysis of a 
wide variety of structures, and the physical interpretation of the information pro-
vided by these modes was established. In the present work, investigations will 
mainly focus on the effect of the feeding configuration and location on the modal 
excitation. Moreover, the objective is to provide final prototypes of antennas to be 
used in real wireless systems, so as to prove the utility of the proposed method in 
a real design process. The proposed design method will hence be applied to an-
tennas for different applications: Wideband antennas, antennas for UWB systems, 
antennas for Multiple-Input Multiple-Output (MIMO) systems and antennas for 
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handheld devices. In each chapter, state of the art of the antenna technology for a 
specific application will be revisited. 
 
This Thesis has been developed in the Electromagnetic Radiation Group (GRE) of 
the Institute of Telecommunications and Multimedia Applications (iTEAM) of the 
Technical University of Valencia (UPV). The work has partly been financially sup-
ported by FPU grant AP2002-2622, from the Spanish Ministry of Education and 
Science. Moreover, different parts of the work included in this Thesis have been 
carried out within the framework of different projects: 

- Project “Antennas for UMTS base-stations” (TIC2001-2364-C03-02), sup-
ported by the Spanish Ministry of Science and Technology. 

- Project “Distributed mobile networks for multi-user Communications, MI-
MONET” (TEC2004-04866-C04-01), supported by the Spanish Ministry of 
Education and Science. 

- Project “Wideband and multiband antennas for mobile platforms, WI-
MANT” (TEC2007-66698-C04-03/TCM), supported by the Spanish Ministry 
of Education and Science. 

- COST Action/Network 284 on "Innovative Antennas for Emerging Terres-
trial & Space-based Applications". 

- COST IC0603 on “Antenna Systems & Sensors for Information Society 
Technologies (ASSIST)”. 

- ACE (Antennas Center of Excellence) network, within activities A2.2 on 
“Small Antennas”, A2.3 on “Wideband and Multiband Antennas” and A3.1 
on “Training and Education”.   

 
Besides, part of this Thesis was developed at the Department of Antennas & EM 
Modeling of IMST GmbH., a German research company very experienced in the 
design and development of antennas for mobile terminals and satellite applica-
tions. The aim of this collaboration was to connect research in the field of antenna 
design for mobile terminals with more practical aspects, in order to provide design 
methodologies and results according to market requirements. Moreover, IMST 
experience with active elements and with manufacturing and measurement proce-
dures was very valuable in some of the prototypes presented in this dissertation. 
 
The dissertation is structured in seven chapters, including this introductory chap-
ter, as follows: 
 
In chapter 2, vector wave functions or modes for some canonical conducting struc-
tures will be revisited. These modes form an orthonormal set in which to expand 
the total field, and have an associated current distribution over the conducting 
object. First, modes of a perfectly conducting sphere and their properties will be 
revisited, as they have long been used in electromagnetic problems. As planar 
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antennas are more commonly used in wireless communications applications, a 
method to obtain closed-form expressions for the modes on some planar struc-
tures such a circular disk or an infinite conducting strip will be obtained. Complex 
current modes over these structures, in which the total current can be expanded, 
will be presented graphically. 
 
In chapter 3, similar modes to those presented in chapter 2 will be obtained by 
means of the Theory of Characteristic Modes, proposed by Garbacz [13][14] and 
refined by Harrington and Mautz [15][16]. The advantage of using these modes 
instead of traditional vector wave functions is mainly their real nature and or-
thogonal properties over the source region, what facilitates the treatment of these 
modes in an antenna design problem. The mathematical foundations of the Theory 
of Characteristic Modes and the physical interpretation of the eigenvalue associ-
ated to each mode will be revisited in this chapter. Closed-form expressions for the 
characteristic modes of planar antennas investigated in the previous chapter will 
be obtained, and comparison with the traditional vector wave functions for the 
surface current expansion will be presented. This will help to understand the physi-
cal interpretation of the radiation mechanisms of a conducting structure. 
 
In chapter 4, the problem of the excitation of characteristic modes will be investi-
gated. After the analysis and interpretation of the properties associated to the 
characteristic modes of a structure, the next step in the antenna design process 
will consist in selecting the optimum feeding configuration and location. The modal 
excitation problem will be first investigated using a simple structure, such a wire 
loop antenna. The dependence of the modal excitation on the sources location and 
the symmetries imposed in the structure will be studied. Then, excitation of a more 
complex structure, such as a planar monopole antenna, will be investigated in 
depth. Based on the information provided by characteristic modes, a novel feeding 
mechanism for this type of structures will be proposed. A prototype of the novel 
antenna will be fabricated and measurements will be provided, in order to validate 
the proposed design. Moreover, based on the previous design, a MIMO antenna 
will be proposed and measurements in a real MIMO system performed. 
 
In chapter 5, characteristic modes will be used to analyze wideband antennas with 
narrowband coupled resonators. Actually, resonators embedded into the geometry 
of a planar monopole antenna will be studied, since many antennas based on this 
configuration have been experimentally proposed in recent years. For the first 
time, a modal study of this type of structures will be carried out, which will physi-
cally explain the performance of the antenna. Planar monopole antennas with em-
bedded narrowband resonators have recently been used as wideband antennas 
with band-notched behavior. The physical knowledge of the behavior of the an-
tenna and its combination with the potentiality of active devices, will lead to pro-
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pose novel planar monopole antennas, where the excitation of the embedded 
resonator can be controlled electronically. This will obviously increase the function-
ality of the antenna to a great extent. Moreover, electronically controlled reactive 
loading can also be used to tune the resonance of the coupled structure. Proto-
types will be provided again to verify the proposed designs. Furthermore, time-
domain measurements for UWB antennas including active devices will be pre-
sented for the first time ever. 
 
In chapter 6, modal analysis will be applied to the design of antennas for mobile 
terminals based on the radiation of its Printed Circuit Board (PCB). This design 
philosophy of antennas for mobile terminals has become very popular in the last 
years, and hence knowledge of the PCB characteristic modes will be proven ex-
traordinarily useful for this design perspective. Characteristic modes of a typical 
rectangular PCB used in mobile handsets will be first presented, and then the exci-
tation of the different modes will be investigated using a wide variety of feeding 
configurations. From these investigations, general design guidelines will be pro-
vided for this type of antennas. Finally, antennas for other devices, including 
PCMCIA cards and mobile terminals such a PDAs, based also on the use of a radi-
ating ground plane, will be studied, and different feeding mechanisms will be in-
vestigated. 
 
Finally, in chapter 7 conclusions of the work will be presented, and some guidelines 
for further work will be proposed.   
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Chapter 2. Vector wave functions in perfectly conducting bodies 

2.1. Introduction 
  
The field radiated or scattered by a perfectly conducting body can be expressed as 
a superposition of vector wave functions or modes. Traditionally these vector field 
modes have been used in radiation and scattering problems when canonical ge-
ometries are considered [9][10]. If a source-free, linear, homogeneous and iso-
tropic region is considered, all vectors characterizing the electromagnetic field 
(field vectors , ,E B D

G G G
 and H

G
) satisfy the same vector wave equation: 

 2 2 0C k C∇ + =
G G

 (2.1) 

where C
G

 denotes any such vector. Solutions of equation (2.1) are called vector 
wave functions. As these functions form a complete set, they are the building 
blocks for the modal expansion of electromagnetic fields [9][11]. 
 
An arbitrary electromagnetic field can be then resolved into partial fields, each of 
them derivable from a purely scalar function satisfying the wave equation. In this 
case, the problem is reduced to solve the scalar wave equation (Helmholtz equa-
tion), which is separable in eleven distinct coordinate systems [11], summarized in 
table 2.1. Thus, if scalar function ψ  is a solution of the scalar Helmholtz equation 

 2 2 0kψ ψ∇ + =  (2.2) 

“Philosophy is written in this grand book - I mean the Universe - which stands continually open to our 
gaze, but it cannot be understood unless one first learns to comprehend the language and interpret the 
characters in which it is written. It is written in the language of Mathematics, and its characters are 

triangles, circles and other geometrical figures, without which it is humanly impossible to understand a 
single word of it.” 

 
Galileo Galilei 

 

Chapter 2 

Vector wave functions in perfectly 
conducting bodies 
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it is possible to construct three independent vector solutions of (2.1) as follows: 

 ( ) 1ˆ, ,L M u N M
k

ψ ψ= ∇ = ∇× ⋅ = ∇×
G G G G

 (2.3) 

where û  is a constant unit vector such as x̂ , ŷ  and ẑ , or the position vector r̂ . 

Hence, if C
G

 is placed equal to L
G

, M
G

 or N
G

, equation (2.1) will be satisfied [11]. 
The vector functions L

G
, M
G

 and N
G

 have certain properties that follow from their 
definitions: 

 

0

0

0

L

M

N

∇× =

∇ ⋅ =

∇ ⋅ =

G
G
G

 (2.4) 

that is, L
G

 is an irrotational vector function, whereas M
G

 and N
G

 are solenoidal 
functions. To each solution nψ  of the scalar equation (2.2) there are three vector 

solutions nL
G

, nM
G

 and nN
G

 of the associated equation (2.1). Therefore, any arbi-

trary wave function can be represented as a linear combination of these vector 
wave functions. 
 
When considering a perfectly conducting object whose surface coincides with any 
of these eleven coordinate systems where the scalar wave function is separable, 
analytical expressions for the vector wave functions can be obtained. The field 
radiated or scattered by this body can thus be expressed as a superposition of 
those wave functions. Moreover, each field mode has an associated current distri-
bution over the surface of the conducting body, which is responsible for the modal 
field properties. The knowledge of the properties of the vector wave fields, as well 
as those of the associated surface current modes may be used to improve the 
radiating behavior of the conducting structure.  
 
It must be emphasized that these wave functions are independent of the excitation 
or source of the problem, as they have been calculated in source-free conditions. 
Although these modes have traditionally been used in radiation and scattering 
problems, this Thesis will mainly be focused on the surface current modes on the 
conducting object. The aim is using them as an initial step in an antenna design 
process, subsequently selecting the optimum feeding configuration to excite those 
modes with more interesting properties, in terms of either their bandwidth or their 
radiated field.  
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Coordinate 
System 
( )1 2 3, ,ξ ξ ξ  

Vector 
Wave 

Equation 
Separable?

 
Coordinate 

System 
( )1 2 3, ,ξ ξ ξ  

Vector 
Wave 

Equation  
Separable?

 

Rectangular 
(x,y,z) Yes 

 

Parabolic 
( ), ,u v θ  No 

 

Circular 
Cylinder 
( ), , zρ φ  

Yes 

 

Prolate 
Spheroidal 

( ), ,η ξ φ  
No 

 

Spherical 
( ), ,r φ θ  Yes 

 

Oblate 
Spheroidal 

( ), ,η ξ φ  
No 

 

Elliptic 
Cylinder 
( ), , zη ξ  

Yes 

 

Paraboloidal
( ), ,vλ µ  No 

 
Parabolic 
Cylinder 
( ), ,u v z  

 

Yes 

 

Ellipsoidal 
( ), ,ξ η ζ  No 

 

Conical 
( ), ,vλ µ  Yes 

 

   

Table 2.1. Characteristics of the eleven different separable three-dimensional coor-
dinates for the scalar wave equation [18]. 

In this chapter, vector wave functions for five different perfectly conducting bodies 
will be derived analytically. The study will extend from a simple well-known struc-
ture such as the perfectly conducting sphere to more complicated but much practi-
cal planar structures, such as the circular disk and the planar strip. The objective 
of this study is twofold: on the one hand, closed-form expressions for the current 
modes in the structures will be derived, which could be used in certain problems to 
accelerate the computation of impedance matrices; on the other hand, properties 
of these modes will be analyzed, in order to improve the design of planar antennas 
and provide some design guidelines. Additionally, the possibility of analyzing planar 
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structures by degeneration or deformation of three-dimensional bodies, whose 
surface coincides with any of the eleven coordinate systems, will be considered. 
 
Afterwards, the suitability of these vector wave functions for antenna design will be 
discussed. As discussed later, another type of modes (called characteristic modes, 
which were initially defined by Garbacz [13][14]), will be proven to be more suit-
able for design purposes, due to their real nature. In the next chapter, properties 
of characteristic modes will be discussed, emphasizing their similarities to those of 
the traditionally used vector wave functions. Connections between the vector wave 
functions of the structure analyzed in this chapter and their characteristic modes 
will be established in the following chapter. 
 

2.2. Modes in a perfectly conducting sphere 
 
The conducting sphere is a very well-known structure, whose modal properties 
have been widely analyzed in the literature [9]-[11]. In this section, a short review 
of the most interesting properties of the vector wave functions associated to this 
structure will be reviewed. 
 
Thus, let us consider a source-free, linear, homogeneous and isotropic region. If a 
perfectly conducting sphere of radius a  is considered, the wave equation associ-
ated to the fields radiated or scattered by the sphere is separable if a spherical 
coordinate system is used. Traditional definition of spherical coordinates can be 
found in Appendix A. In this case, a set of spherical wave functions or modes TM 
(Transverse Magnetic) and TE (Transverse Electric) to r  can be defined, in which 
the total field can be expanded. 
 
For the TM to r  case, the magnetic and electric vector wave functions can be 
expressed, respectively, by [9]: 
 

 ( ) ( ) ( ), (2) sin coscos cosˆ ˆ
cos sinsin

m m
n nTM e o

mn n

m mP P
H r h kr m

m m
φ φθ θ

θ φ
φ φθ θ

⎡ ⎤− ∂⎧ ⎫ ⎧ ⎫
= ⋅ ⋅ ⋅ ⋅ − ⋅ ⋅⎨ ⎬ ⎨ ⎬⎢ ⎥∂⎩ ⎭ ⎩ ⎭⎣ ⎦

G
(2.5) 
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( )

( )

( )

( ) ( )

, ,

(2)

(2)

1

coscos
sin

sin1ˆ
sin coscos

sinsin

sincos1 1 ˆ
cossin

ˆ

TM e o TM e o
mn mn

m
n

n m
n

m
n n

E H
j

mP
m

r r h kr
mP m
m

kr h kr mP
m

mj r r

kr

ωε

φθ
θ

φθ θ
θ φθ

φθ

φθ
φ

φωε θ

θ

= ∇× =

⎡ ⎤⎡ ⎤−∂ ⎧ ⎫∂
⋅ +⎢ ⎥⎨ ⎬⎢ ⎥∂ ∂ ⎩ ⎭⎢ ⎥⎣ ⎦⋅ ⋅ ⋅ ⋅ ⎢ ⎥⋅ ⎧ ⎫⎢ ⎥+ ⋅ ⎨ ⎬⎢ ⎥⎩ ⎭⎣ ⎦

⎡ ⎤∂ ⋅ −⎧ ⎫⎣ ⎦= ⋅ ⋅ ⋅ ⋅ ⋅ +⎨ ⎬∂ ⎩ ⎭

∂
+ ⋅

G G

( ) ( )(2) coscos
sin

m
n n

h kr mP
mr

φθ
φθ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎡ ⎤⋅ ∂ ⎧ ⎫⎢ ⎥⎣ ⎦ ⋅ ⋅ ⎨ ⎬⎢ ⎥∂ ∂ ⎩ ⎭⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 (2.6) 

where 1, 2,3,n = … ; 0,1, 2, ,m n= … , and subscript ,e o  denote even and odd 

modes associated to cos mφ  and sin mφ , respectively. Moreover, ( )cosm
nP θ  are 

the associated Legendre functions of the first kind, and ( )(2)
nh kr  are the spherical 

Hankel functions of the second kind, which represent outward traveling waves. 
 
In the dual case, the set of field modes TE to r  is given by: 

 ( ) ( )

( )

( )
,, (2)

coscosˆ
sin

ˆ
sincosˆ

cossin

m
n

e oTE e o
mn r nmn m

n

mP
m

E r F k h kr
mP

m
m

φθ
φ

φθ

φθ
θ

φθ

⎡ ⎤∂ ⎧ ⎫
⋅ ⋅ −⎨ ⎬⎢ ⎥∂ ⎩ ⎭⎢ ⎥= −∇× = ⋅ ⋅ ⎢ ⎥−⎧ ⎫⎢ ⎥− ⋅ ⋅ ⋅⎨ ⎬

⎢ ⎥⎩ ⎭⎣ ⎦

G  (2.7) 

 

 
( )

( )

( )

, ,

(2)

1

coscosˆ
sin1 1

sincosˆ
cossin

TE e o TE e o
mn mn

m
n

n

m
n

H E
j

mP
kr h kr m

j r r mP
m

m

ωµ

φθ
θ

φθ
ωµ φθ

φ
φθ

= − ∇× =

⎡ ⎤∂ ⎧ ⎫
⋅ ⋅ +⎨ ⎬⎢ ⎥⎡ ⎤∂ ⋅ ∂ ⎩ ⎭⎣ ⎦ ⎢ ⎥= − ⋅ ⋅ ⋅ ⎢ ⎥∂ −⎧ ⎫⎢ ⎥+ ⋅ ⋅ ⋅⎨ ⎬

⎢ ⎥⎩ ⎭⎣ ⎦

G G

 (2.8) 
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The set of TM plus TE modes is complete, and hence a summation of them can be 
used to represent an arbitrary field in a source-free region. Moreover, each mode 
can be characterized by a single radially directed wave impedance expressed by 
[9]: 

 ( )
( )

( )
( )

(2) (2)

(2) (2)

'
;           

'

TM TE
n nTM TE

n nTM TE
n n

h kr h krE EZ j Z j
H h kr H h kr

θ θ

φ φ

η η= = = = −  (2.9) 

The behavior of the spherical Hankel functions of the second kind 
( ) ( ) ( )(2)

n n nh kr j kr i n kr= − ⋅  shows that for arguments kr n< , the imaginary parts 

of spherical Hankel functions and their derivatives become large in magnitude. 
Hence, these wave impedances become predominantly reactive when kr n<  and 
predominantly resistive when kr n> . Figure 2.1 illustrates this behavior by show-
ing n nX R , where n n nZ R jX= + , for the first five TM and TE modes. Thereby the 

value kr n=  (independent of the mode number m ) may be considered as a point 
of frequency cut-off [9]. 
 

TM Case

kr
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TE Case

kr
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X n
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n
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n=2 
n=3 
n=4 

 

(a) (b) 

Figure 2.1 Ratios of wave reactance to wave resistance: (a) For the TM spherical 
modes; (b) For the TE spherical modes. 

In addition, an equivalent circuit for the TMmn and TEmn modes can be proposed 
[19], based on the recurrence relations of Bessel functions, which clearly shows 
that, for fixed r , the higher the mode number n , the lower the power transmitted 
by a spherical mode. Moreover, a quality factor nQ  for modes of order n  can be 

defined, which is a quantitative measure of its bandwidth. This quality factor is 
defined as [9]:  
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2    

2    

e
e m

rad
n

m
m e

rad

W W W
W

Q
W W W

W

ω

ω

⎧
>⎪

⎪= ⎨
⎪ >⎪⎩

 (2.10) 

where eW  and mW  are the average stored electric and magnetic energies of the 

mode, and radW is the radiated power. In the TM waves e mW W> , while in the TE 

waves m eW W> . However, due to the duality of TM and TE modes, their associated 

Q’s are equivalent [9]. 
 
Furthermore, associated to these TM and TE modal fields, a set of current modes 
in the surface of the conducting sphere of radius a  can be obtained as following: 

  
( ) ( ) ( )

, , ,
,

(2)

ˆ ˆ

sin coscos cosˆ ˆ
cos sinsin

TM e o TM e o TM e o
S mn mn mnr a r a

m m
n n

n

J n H r H

m mP P
ka h ka m

m m
φ φθ θ

φ θ
φ φθ θ

= =
= × = × =

⎡ ⎤− ∂⎧ ⎫ ⎧ ⎫
= ⋅ ⋅ ⋅ ⋅ + ⋅ ⋅⎨ ⎬ ⎨ ⎬⎢ ⎥∂⎩ ⎭ ⎩ ⎭⎣ ⎦

G G G

 (2.11) 

 

 
( )

( )

( )

, , ,
,

(2)

ˆ ˆ

sincosˆ
cossin1 1

coscosˆ
sin

TE e o TE e o TE e o
S mn mn mnr a r a

m
n

n

m
n

J n H r H

mP
m

kr h kr m
j a r mP

m

φθ
θ

φθ
ωµ φθ

φ
φθ

= =
= × = × =

⎡ ⎤−⎧ ⎫
⋅ ⋅ ⋅ −⎨ ⎬⎢ ⎥⎡ ⎤∂ ⋅ ⎩ ⎭⎣ ⎦ ⎢ ⎥= ⋅ ⋅ ⋅ ⎢ ⎥∂ ∂ ⎧ ⎫⎢ ⎥− ⋅ ⋅ ⎨ ⎬∂⎢ ⎥⎩ ⎭⎣ ⎦

G G G

 (2.12) 

 
where , ,

, ,,TM e o TE e o
S mn S mnJ J
G G

 represents the surface current modes on the sphere of radius 

a  for the TM and TE case, respectively. As observed, these current modes are 
complex, as a result of the complex nature of the spherical Hankel function of the 
second kind. 
 
In Figure 2.2, some of the normalized TM even vector current modes are depicted, 
for different values of m  and n . Colors in the figure represent absolute values of 
the modal current, whereas arrows represent its vector nature. Only the real part 
of the modal current has been represented for the vectors in the figure, since the 
distribution for imaginary vector currents is very similar. As observed in the figure, 
index m  is associated to the number of azimuthal variations, while index n  is 
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associated to the total number of variations (both in elevation and azimuth) of the 
current distribution. Thus, for instance, current mode with 1,  0n m= =  exhibits 
one variation in θ  and no variation in φ , while presenting only vector components 

in θ̂  direction, as shown in the figure. In consequence, the higher the index n  of 
the mode, the higher number of variations the mode will exhibit. 
 
These modal current distributions are therefore associated to the field modes of 
the same index m  and n , given by equations (2.5) and (2.6). 
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Figure 2.2 Normalized real part of the current distribution of even modes on the 
surface of a sphere of radius 0.16a λ= , associated to the set of field modes 

TM to r , for different values of m  and n . 

For the TE case, different current distributions are associated to the field modes, 
as observed in Figure 2.3 . The significance of indexes is the same as in the TM 
case. For instance, even current mode with 1,  0n m= =  exhibits also one variation 

in θ  and no variation in φ , but in this case it only has vector components in φ̂  
direction. 
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Figure 2.3 Normalized real part of the current distribution of even modes on the 
surface of a sphere of radius 0.16a λ= , associated to the set of field modes 

TE to r , for different values of m  and n . 

Knowledge of the modal current distributions or eigencurrents in the surface of a 
sphere, which are responsible of each modal field, is important in order to deter-
mine the most appropriate location of sources in the structure for exciting a spe-
cific mode. As already discussed, each mode is characterized by a modal imped-
ance and a quality factor, which determine its radiating behavior and bandwidth. A 
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detailed analysis of the properties of the modal currents on the sphere can be pro-
posed as a previous step to excite the structure, in order to improve the behavior 
of the antenna. 
 
Next sections will be focused on the analysis of modal properties in planar struc-
tures. Vector wave functions will be analyzed for a circular disk and a planar strip, 
as these are common geometries employed for wireless communication antennas. 
 

2.3. Modes of current in a circular disk 
 
In order to extract the modal current distribution of planar objects, such as a circu-
lar disk, an analytical approach can consist in analyzing the current modes of a 
more general structure, which degenerates to the planar structure in a limit case, 
as commented in [10]. This will be the adopted approach for the circular conduct-
ing disk: Firstly, vector wave functions of a perfectly conducting spheroid will be 
presented and modal current distributions will be computed. Then, the height of 
the spheroid will be progressively reduced, tending to the limit case in which the 
spheroid derives into a circular disk, and hence the modal currents for this planar 
structure will be obtained. 
 
In order to compute the modal currents of a perfectly conducting spheroid, the 
vector wave equation should be solved in spheroidal coordinates. Spheroidal coor-
dinates are formed by rotating the two dimensional elliptic coordinate system 
about the major or minor axes of the ellipses. In the former case, the prolate 
spheroidal coordinate system is derived, whereas in the latter case, the oblate 
spheroidal system is obtained. In any of both coordinate systems, a circular disk 
can be obtained in the limit case. Consequently, they are equally valid to analyze 
the proposed structure, but only one of them must be chosen to avoid unneces-
sary redundancy in this section. The oblate spheroidal system has finally been the 
choice, but the prolate spheroidal system could have been selected as well.  
 
In both spheroidal systems, any point of space is defined by three values ( ), ,ξ η φ , 

where 1 1η− ≤ ≤ , 0 ξ≤ < ∞ , 0 2φ π≤ ≤ , as shown in Figure 2.4. In Appendix A, 
section A2, a more detailed description of the oblate spheroidal coordinate system 
is provided.  
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Figure 2.4 Oblate spheroidal coordinate system [20]. 

In this coordinate system, the determination of spheroidal vector wave functions 
which solve the vector wave equation results more difficult than in the spherical 
case, since the wave equation is not separable in spheroidal coordinates [21]. As 
shown in Table 2.1, there are only six coordinate systems that support orthogonal 
vector wave solutions (rectangular, circular-cylinder, elliptic-cylinder, parabolic-
cylinder, spherical, and conical coordinate systems), but the spheroidal system is 
not included among them [18]. Nevertheless, since spheroidal coordinates are 
included in the eleven basic coordinate systems that support solutions to the scalar 
Helmholtz equation in three dimensions, wave functions can be obtained by ex-
pressing the quantities in equation (2.3) in spheroidal coordinates [20]. 
 
Solutions of the scalar Helmholtz equation in spheroidal coordinates can be ex-
pressed as: 

 ( ) ( ), ( ) cos
, ,

sin
e o i
mn mn mn

m
S ic R ic i

m
φ

ψ η ξ
φ

⎧ ⎫
= − ⋅ − ⋅ ⎨ ⎬

⎩ ⎭
 (2.13) 

where three independent functions are found: 
 

(1) the angular spheroidal function ( ),mnS ic η− ,  

(2) the radial spheroidal function ( )( ) ,i
mnR ic iξ− , 

(3) sine and cosine functions.  
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In general, the angular and radial functions in spheroidal coordinates are the gen-
eralization of Legendre functions and spherical Bessel functions, respectively, in 
spherical polar coordinates [20]. Appendix A contains a detailed description of 
these functions, including their expansion in series of Legendre and Bessel func-
tions.  
 
Computation of spheroidal radial or angular functions results computationally in-
tensive, since it requires an eigenvalue computation with forward and backward 
recursion formulations. In [22], an optimized Fortran code is provided to compute 
these special functions, whereas [23] provides tabulated results for the functions 
evaluated with different parameters, which have been proven very useful to test 
results.  
 
Moreover radial and angular functions also depend on the dimensionless parameter 
c , defined by: 

 
1
2

dc kd π
λ

= =  (2.14) 

where λ  is the wavelength corresponding to the wave number k , and d  is the 
focal distance (see Figure 2.4). Therefore, spheroidal functions also depend on 
geometrical parameters such as the focal distance. For the sake of illustration, 
spheroidal angular functions ( ),mnS ic η−  vs. η  have been plotted in Figure 2.5, 

for different values of parameter c . On the one hand, as 0c →  the angular func-
tions collapse to Legendre functions of the first kind, with the same m  and n  
values. Consequently, for a small value of the c  parameter, the spheroid can be 
approximated to a sphere, with a more than acceptable precision. 
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(c) (d) 

Figure 2.5 Spheroidal angular functions for oblate coordinates, for different val-
ues of parameter c : (a) ( )00 ,S ic η− ; (b) ( )01 ,S ic η− ; (c) ( )12 ,S ic η− ; (d) 

( )22 ,S ic η− . 

On the other hand, radial functions ( )( ) ,i
mnR ic iξ−  are usually expanded in a basis 

of spherical Bessel functions (see Appendix A). Plots of these functions can be 
found in [24]. 
 
As previously mentioned, once the scalar wave equation has been resolved in ob-
late spheroidal coordinates, vector wave functions can be obtained by using equa-
tion (2.3) and setting û  equal to the position vector r̂ , resulting in the following 
expression in spheroidal coordinates: 

  
2 2

2 2 2 2

1 1 1 1 ˆˆˆ
2 2

r d dη ξη η ξ ξ
ξ η ξ η

− +
= − ⋅ + ⋅

+ +
 (2.15) 

 
Therefore, the resulting spheroidal vector wave functions can be written as [20]: 
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 (2.17) 

where ,r e o
mnM
G

 and 
,r e o

mnN
JJG

 would correspond to the TM and TE wave functions with 

respect to the position vector rG , respectively [25], and the dependence of (4)
mnR  

and mnS  with respect to ( ); ,ic iη ξ−  has been omitted for brevity. By using these 

functions, any field can be expressed as: 
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 (2.18) 

These spheroidal vector wave functions have recently been used for the calculation 
of closed-form eigenfrequencies in spheroidal cavities [26], for the improvement of 



Chapter 2  

22 

near-field to far-field transformation in both linear and planar structures [27] and 
for the analysis of the input impedance of a prolate-spheroidal monopole antenna 
fed by a magnetic frill [28]. 
 
For the TM case, the vector current modes can be expressed, for instance, as: 
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G

 (2.19) 

where the dependence of (4)
mnR  and mnS  with respect to ( ); ,ic iη ξ−  has been omit-

ted for brevity. 
 
This set of modes has been computed for an spheroid of radius 1ξ = , a focal dis-
tance 6d =  and parameter 1c = . Some of the TM even modal current distributions 
are shown in Figure 2.6, for different values of m  and n . 
 

n=1; m=0 n=2; m=0 
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n=1; m=1 n=3; m=1 

 
n=2; m=2 n=3; m=3 

 

Figure 2.6 Normalized real part of the current distribution of even vector modes 
on the surface of an oblate spheroid of 1ξ = , focal distance 6d =  and 

1c = , associated to the set of field modes TM to r , for different values of 
m  and n . 

As in the conducting sphere, colors in the figure represent absolute values of the 
even modal current, whereas arrows represent its vectorial orientation. Only the 
real part of the vector modal current has been represented in the figure, but 
imaginary vector currents will present nonetheless a similar behavior. As observed, 
current modes have similar distributions to those of the spherical modes, for the 
same m  and n . 
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For the TE case, vector current modes present similar distributions to the spherical 
case. For brevity, these current modes have not been included here. 
 
Once vector wave functions for the current have been obtained for the conducting 
oblate spheroid, analytical expressions for the current modes in a planar circular 
disk can be extracted by deforming the spheroid and tending to the limit case 

0ξ = . As shown in Figure 2.7, when 0ξ →  the oblate spheroid degenerates in a 
circular disk. 
 

1ξ = 0.5ξ = 0ξ =1ξ = 0.5ξ = 0ξ =

 
Figure 2.7 Circular disk as a derivation of the oblate spheroid when 0ξ → . 

Therefore, modal currents TM to r  in the surface of the conducting disk can be 
then expressed as follows: 

 ( )
( )

( ) ( ) ( )
( )

2 (4)
,

,

0

1 cos,ˆ; , 0, ;
sin

mnTM e o
S mn mn

mR ic i
J c S ic

m
ξ

η φξ
η ξ φ η η

η ξ φ
=

− − ⎧ ⎫∂ − ⎪ ⎪= = ⋅ ⋅ − ⋅ ⋅ ⎨ ⎬∂ ⎪ ⎪⎩ ⎭

G
(2.20) 

 
Figure 2.8 shows these vector current modes for the TM case. 
 

m=0; n=0 m=0; n=2 
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m=1; n=1 m=1; n=2 

  
m=2; n=2 m=2; n=3 
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m=3; n=3 m=3; n=4 

  

Figure 2.8 Normalized real part of the current distribution of even vector modes 
on the surface of a circular disk, associated to the set of field modes TM to 

r , for different values of m  and n . 

For the TE case, current modes are shown in Figure 2.9. As observed, in this case 
the current describes loops in the surface of the circular disk. 
 

 

m=0; n=1 m=1; n=2 
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m=2; n=3 

 

Figure 2.9 Normalized real part of the current distribution of even vector modes 
on the surface of a circular disk, associated to the set of field modes TE to 

r , for different values of m  and n . 

2.4. Modes in an infinite planar strip 
 
In order to find the vector wave functions of an infinite planar strip, a similar ap-
proach to that of the previous section can be adopted. In this case, the infinite 
planar strip can be analyzed as one of the limit cases of an infinite elliptic cylinder. 
Therefore, vector wave functions of a perfectly conducting elliptic cylinder will be 
first computed. Afterwards, the elliptic cylinder will be deformed, tending to the 
limit case in which it derives into a planar strip. The modal currents for the result-
ing planar structure will hence be obtained. 
 
In order to find the vector wave functions of an infinite elliptic cylinder, a solution 
of the vector wave equation in elliptical-cylindrical coordinates must be obtained. 
The elliptical-cylindrical coordinate system (Figure 2.10) is very similar to the 
spheroidal system, although with the main difference that in this case coordinate 
z  replaces coordinate φ . Therefore, any point of space can be defined by three 

values ( ), , zξ η , with [ )0,ξ ∈ ∞ , [ )0, 2η π∈  and ( ),z ∈ −∞ ∞ . Detailed information 

about this coordinate system can be found in Appendix A, section A3. 
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Figure 2.10 Elliptic coordinate system [29]. 

Since the vector wave equation is separable in this coordinate system, orthogonal 
elliptical vector wave functions, which are solution of the vector wave equation, 
can be obtained straightforwardly in this case [21]. 
 
The scalar Helmholtz equation in elliptic coordinates can be solved by the method 
of separation of variables (see Appendix A), and hence the general solution can be 
expressed as: 

 ( )
( ) ( ) ( )
( ) ( ) ( )

,
; Re ; exp

, , ;
; ; exp

m m ze o
m

m m z

Se s s ik z
z s

So s Ro s ik z

η ξ
ψ ξ η

η ξ

⋅ ⋅ ±⎧ ⎫⎪ ⎪= ⎨ ⎬
⋅ ⋅ ±⎪ ⎪⎩ ⎭

 (2.21) 

where three independent functions, with very similar properties as those presented 
before for the spheroidal vector wave equation, are found [30]: 
 

(1) the angular Mathieu functions ( ) ( ); , ;m mSe s So sη η  

(2) the radial Mathieu functions ( ) ( )( ) ( )Re ; , ;i i
m ms Ro sξ ξ  

(3) the exponential function ( )exp zik z±  

 
Angular Mathieu functions ( );mSe sη  and ( );mSo sη  are real periodic functions 

which can be expressed by Fourier series, as shown in equations (A.3-13)-(A.3-16) 
of Appendix A. Functions ( );mSe sη  represent cosine-elliptic functions which are 
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even about 0η = , whereas ( );mSo sη  represent sine-elliptic functions, which are 

odd functions. 
 
Figure 2.11 graphically represents functions ( );mSe sη  and ( );mSo sη  with 1s =  

for different values of m . As portrayed by the figure, the number of oscillations of 
these functions increases with the value of m . Moreover, it is shown that angular 
functions ( );mSe sη  present symmetry about 90ºη =  for m  even, and antisym-

metry for m  odd. Besides, odd angular functions ( );mSo sη  are symmetric about 

90ºη =  for m  odd, and antisymmetric for m  even. 
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(a) (b) 

Figure 2.11 Plots of angular Mathieu functions for different values of m : (a) 
( ); 1mSe sη =  vs. η  (in degrees); (b) ( ); 1mSo sη =  vs. η  (in degrees). 

In addition, angular functions ( );mSe sη  and ( );mSo sη  also depend on the dimen-

sionless parameter s , which is related to the transverse propagation constant tk  

and the semifocal distance f  by 

 
2

2

4 t
fs k=  (2.22) 

Therefore, angular Mathieu functions also depend on geometrical parameters, such 
as the focal distance. This fact can be observed in Figure 2.12, where angular 
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Mathieu functions with 1m =  are depicted for different values of s . The curves 

with 0s =  reduce to the trigonometric functions ( )cos mη  and ( )sin mη . 
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(a) (b) 

Figure 2.12 Plots of angular Mathieu functions vs. η  (in degrees) for different 

values of s : (a) ( );mSe sη ; (b) ( );mSo sη  

Moreover, radial Mathieu functions ( )( )Re ;i
m sξ  and ( )( ) ;i

mRo sξ  play a similar role in 

elliptic coordinates as the Bessel functions in circular-cylindrical coordinates. In 
order to provide an overview of the complete family of Radial Mathieu functions, 
Table 2.2 shows a general classification of these functions. In addition, Appendix A 
provides a detailed definition of Radial Mathieu functions and their series expan-
sion in terms of Bessel functions [29]. 
 

First Kind: (1)Re ( ; )m sξ  (1) ( ; )mRo sξ  

Second Kind: (2)Re ( ; )m sξ  (2) ( ; )mRo sξ  s>0 

Mathieu- 
Hankel: 

(3),(4) (1) (2)Re Re Rem m mj= ± (3),(4) (1) (2)
m m mRo Ro jRo= ±  

First Kind: (1) ( ; )mIe sξ −  (1) ( ; )mIo sξ −  

Radial 
Mathieu 
Functions: 

s<0 
Second Kind: (1) ( ; )mKe sξ −  (1) ( ; )mKo sξ −  

Table 2.2. Classification of the Radial Mathieu functions [29]. 



Vector wave functions in perfectly conducting bodies 

 31 

Figure 2.13 shows the behavior of different Radial Mathieu Functions for several 
values of m . With these plots, it is possible to compare the even and odd versions 
of the first and second kind of Radial Mathieu Functions. It must be noted that the 
slope of even functions of the first kind always vanish at 0ξ ≠ , whereas the odd 
functions vanish at 0ξ = . In Figure 2.13 (c) and (d), it can be observed that Ra-
dial Mathieu Functions of the second kind are finite at the origin of coordinates. 
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(c) (d) 

Figure 2.13 Plots of radial Mathieu functions vs. ξ  for different values of m : 

(a) ( )(1)Re ;m sξ ; (b) ( )(1) ;mRo sξ ; (c) ( )(2)Re ;m sξ ; (d) ( )(2) ;mRo sξ  
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In Figure 2.14 the behavior of several Radial Mathieu Functions is shown for a 
variety of values of s . As observed, the higher the value of s , the higher the 
number of oscillations the Radial Mathieu Functions present. For smaller values of 
s , the initial values of (2)

1Re  and (2)
1Ro  become more negative. 
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(c) (d) 

Figure 2.14 Plots of radial Mathieu functions of first order vs. ξ  for different val-

ues of s : (a) ( )(1)
1Re ; sξ ; (b) ( )(1)

1 ;Ro sξ ; (c) ( )(2)
1Re ; sξ ; (d) ( )(2)

1 ;Ro sξ  

Once the scalar solutions of the Helmholtz equation have been obtained in elliptical 
coordinates, resolution of the vector wave equation is rather straightforward. As 
discussed before, solutions of the vector wave equation in elliptic-cylinder coordi-



Vector wave functions in perfectly conducting bodies 

 33 

nates can be obtained if terms of the transverse electric (TE) and transverse-
magnetic (TM) with respect to z  scalar parts. 
 
Therefore, a field TM to z can be obtained by letting 

  ˆA z ψ= ⋅
G

 (2.23) 

where A
G

 is the magnetic vector potential [9],ψ  is the solution of the scalar wave 
function given by equation (2.21), and the electric and magnetic fields are ex-

panded in terms of A
G

: 

 TMH A= ∇×
GG

 (2.24) 

 ( )1 1TM TME j A A H
j j

ωµ
ωε ωε

= − + ∇ ∇ ⋅ = ∇×
G GG G

 (2.25) 

 
In elliptic coordinates this expansion yields: 
 1 1E
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 2
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1
zE j

j z
ψωµψ

ωε
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= + ⋅
∂

 0zH =   

 

where 2 2cosh cosh f ξ η= − . 

 
Consequently, the vector current modes in the surface of an infinite elliptic cylinder 
of radius 0ξ ξ=  can be obtained as: 
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 (2.27) 
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where 
0

2 2
0cosh cosh fξ ξ ξ η= = −  and the prime in (4)'Rem  and (4)'

mRo  denotes the 

derivative of (4)Rem  and (4)
mRo  with respect to ξ . 

 
If an infinite elliptic cylinder with uniform current in z  direction is considered, TM 
vector current wave functions can be expressed as: 

 ( )
( ) ( )
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0 (4)'2 2
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; Re ;1ˆ
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m mTM e o
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Furthermore, in the limit case 0 0ξ ξ= → , the infinite elliptic cylinder degenerates 

into an infinite planar strip, as depicted in Figure 2.15. It must be emphasized that 
in this particular case the semifocal distance f  coincides with half of the strip 
width ( 2W ). 

ξ
-W/2 W/2

z z z z ξ = 0
ξ

-W/2 W/2

z z z z ξ = 0

 
Figure 2.15 Limit case where an infinite elliptic cylinder degenerates into an infi-

nite planar strip ( )0ξ → . 

Hence, analytical expressions for the vector current modes of an infinite planar 
strip can be obtained by particularizing equation (2.28) for the case 0 0ξ ξ= = : 
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In 0ξ = , ( )(1)'Re 0; 0m s = , and hence ( ) ( )(4)' (2)'Re 0; Re 0;m ms i s= − . Therefore: 
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As the current modes are uniform in z , the variation along the transversal coordi-
nate η  of even and odd modes on the surface of the strip has been represented in 
Figure 2.16 and Figure 2.17, respectively. In these plots, the coordinate η  varies 
from 0º to 360º, with the range from 0º to 180º corresponding to one side of the 
strip and the range from 180º to 360º relating to the opposite side. Edges of the 
strip are hence located at 0º /360ºη =  and 180ºη = , whereas the center of the 
strip is located at 90º /270ºη =  . For better understanding, a schematic of the strip 
and the current flow has also been depicted in the figures, with the side of the 
strip to which current is associated standing out. Note that these TM currents flow 
in ẑ  direction. 
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Figure 2.16 Variation along the transversal coordinate η  of the current distribu-
tion for the TM even vector current modes of an infinite planar strip of 

width=0.64λ. 
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Figure 2.17 Variation along the transversal coordinate η  of the current distribu-
tion for the TM odd vector current modes of an infinite planar strip of 

width=0.64λ. 

On the one hand, a singular behavior is observed for the even modes 

( ) ( )2; 1 cosmSe sη η− , at the two edges of the strip ( 0º /360ºη =  and 180ºη = ). 

Consequently, even modes represent currents flowing in the same direction in the 
front and back side of the strip, and hence they could be identified as antenna 
modes, making an analogy with the well-known modes of a folded dipole. On the 

other hand, odd modes ( ) ( )2; 1 cosmSo sη η−  flow in opposite direction in the 

front and back side of the planar strip, and hence they could be identified as 
transmission line modes. Obviously, the radiation behavior of antenna modes will 
be better than that of transmission line modes, since contributions to the radiating 
field on both sides of the strip do not cancel each other in the former case. 
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Moreover, fields associated to the TE to z  case can be obtained by letting the 
electric vector potential [9] be: 

  ˆF z ψ= ⋅
G

 (2.31) 

where ψ  is the solution of the scalar wave function, given by equation (2.21), and 

the electric and magnetic fields are expanded in terms of F
G

: 

 TEE F= −∇×
G G

 (2.32) 

 ( )1TEH j F F
j

ωε
ωµ

= − + ∇ ∇ ⋅
G G G

 (2.33) 

In elliptic coordinates this expansion yields: 
 1E

hξ
ψ
η

∂
= ⋅

∂
 

21 1H
j h zξ

ψ
ωµ ξ

∂
= ⋅ ⋅

∂ ∂
  

 1E
hη

ψ
ξ

∂
= − ⋅

∂
 

21 1H
j h zη

ψ
ωµ η

∂
= ⋅ ⋅

∂ ∂
 (2.34)

 
0zE =  

2

2

1
zH j

j z
ψωεψ

ωµ
∂

= + ⋅
∂

 

 

where 2 2cosh cosh f ξ η= − . 

 
As in the TM case, if an infinite elliptic cylinder of radius 0ξ ξ=  with uniform fields 

in z  is considered, the vector current modes in the surface of an infinite elliptic 
cylinder of radius 0ξ ξ=  can be derived as: 

 

( )

( ) ( )
( ) ( )

00

,
0

(4)
0

(4)
0

ˆ ˆ

; Re ;
ˆ

; ;

TETE e o
m m

m m

m m

J H j

Se s s
j

So s Ro s

ξ ξξ ξ
ξ ξ ξ η ωεψ

η ξ ξ
η ωε

η ξ ξ

==
= = × = − ⋅ =

⎧ ⎫⋅ =⎪ ⎪= − ⋅ ⎨ ⎬
⋅ =⎪ ⎪⎩ ⎭

G G

 (2.35) 

Therefore, for the case of the planar strip ( 0 0ξ ξ= = ) the current distribution will 

be: 
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 ( )
( ) ( )
( ) ( )

(4)
,

(4)

; Re 0;
ˆ0

; 0;
m mTE e o

m
m m

Se s s
J j

So s Ro s

η ξ
ξ η ωε

η ξ

⎧ ⎫⋅ =⎪ ⎪= = − ⋅ ⎨ ⎬
⋅ =⎪ ⎪⎩ ⎭

G
 (2.36) 

 
In 0ξ = , ( )(1) 0; 0mRo s =  (see Figure 2.13), and hence ( ) ( )(4) (2)0; Re 0;m mRo s i s= − . 

Then: 

 ( )
( ) ( ) ( )
( ) ( )

(1) (2)

,

(2)

; Re 0; Re 0;
ˆ0

; 0;

m m mTE e o
m

m m

Se s s j s
J j

So s jRo s

η
ξ η ωε

η

⎧ ⎫⎡ ⎤⋅ −⎪ ⎣ ⎦⎪= = − ⋅ ⎨ ⎬
⎡ ⎤⋅ −⎪ ⎪⎣ ⎦⎩ ⎭

G
 (2.37) 

 
The variation along the transversal coordinate η  of even and odd modes on the 
surface of the strip has been represented in Figure 2.18 and Figure 2.19, respec-
tively. On the one hand, even modes mSe  represent current modes flowing in 

opposite direction in the front and back side of the planar strip (transmission line 
modes). On the other hand, odd modes mSo flow in the same direction in the front 

and back side of the strip (antenna modes), presenting a null of current at the 
edges of the strip. It must be noted that TE current modes flow in the transversal 
direction η̂ . 
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Figure 2.18 Variation along coordinate η  of the current distribution for the TE 

even vector current modes of an infinite planar strip of width=0.64λ. 
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Figure 2.19 Variation along coordinate η  of the current distribution for the TE odd 

vector current modes of an infinite planar strip of width=0.64λ. 
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As in the spherical and spheroidal modes, each mode of the infinite strip can be 
characterized by a radially directed wave impedance, wich gives information about 
the reactive or resistive behavior of the mode. The wave impedance for the TM 
and TE cases can be expressed as: 

 

( )
( )
( )
( )

( )
( )
( )
( )

(4) (4)'

(4)' (4)

(4) (4)'

(4)' (4)
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; ;
; ;

m m
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m mTM TEz
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zm m

m m

s s
s sEEZ j h Z

H H h jRo s Ro s
Ro s Ro s

η

η

ξ ξ
ξ ξ

ωµ
ωεξ ξ

ξ ξ

⎧ ⎫ ⎧ ⎫
⎪ ⎪ ⎪ ⎪
⎪ ⎪ ⎪ ⎪= − = = = − ⋅ ⋅⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎪ ⎪
⎪ ⎪ ⎪ ⎪
⎩ ⎭ ⎩ ⎭

(2.38) 

Figure 2.20 shows the ratio m mX R  where m m mZ R jX= + , for the first six TM and 

TE even modes, as a function of the argument ξ  and for 0.01s = . For odd 
modes the behavior of the wave impedance is similar. In Figure 2.21, the ratio of 
wave reactance to wave resistance versus ξ  is plotted for different values of m  
and s . As observed, when parameter s  increases, the semifocal distance also 
increases and the resistive part of a given mode m  become large for the same 
argument ξ . 
 

TM Case (s=0.01)

ξ
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

X m
/R

m

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0
m=0
m=1
m=2
m=3
m=4
m=5

TE Case (s=0.01)

ξ
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

X m
/R

m

-4.0

-3.5

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

m=0
m=1
m=2
m=3
m=4
m=5

 
(a) (b) 

Figure 2.20 Ratios of wave reactance to wave resistance vs. ξ  : (a) For the TM 
even modes; (b) For the TE even modes. 
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Figure 2.21 Ratios of wave reactance to wave resistance vs. ξ , for different val-
ues of n  and s : (a) TM even case; (b) TE even case. 

These modes can be used to approximate the current in the surface of the planar 
strip, using the analytic expressions given in equations (2.30) and (2.37). More-
over, the knowledge of the modal current distributions provides an idea about the 
optimal location of each source to excite modes with a specific distribution, radia-
tion pattern and radiating bandwidth. 
 

2.5. Conclusions 
 
In the present chapter, vector wave functions for different structures have been 
revisited. Vector wave functions have traditionally been used to expand the total 
field radiated or scattered by a conducting body. It has been shown that each vec-
tor wave function or mode is characterized by a field distribution, produced by 
some current distribution over the surface of the conducting body. 
 
Moreover, it has been established that vector wave functions can be calculated in 
in eleven different basic coordinate systems. Although the vector wave equation is 
only separable in six of them, derivation of vector wave functions for the other five 
systems can also be obtained. Throughout the chapter, several planar structures 
have been analyzed as a limit case of a structure whose surface coincides with 
some of these coordinates systems. In this manner, a closed-form expression for 
the field and current modes can be obtained, which can in turn be used as a basis 
to improve the design. 
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Thus, closed-form expressions for the modal current in perfectly conducting bod-
ies, including a sphere, a circular disk and an infinite planar strip, have been ob-
tained. The conducting disk has been analyzed as a limit case of an oblate sphe-
roid, whereas the planar strip has been studied as a degeneration of an infinite 
cylinder with elliptical section. Analytic expressions of the current modes not only 
assist in a further numerical analysis of problems including these structures, but 
also provide physical insight into the behavior of the structures under an external 
excitation source.   
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Chapter 3. Internal and external resonances in perfect conductors 

3.1. Introduction  
 
In the previous chapter, vector wave functions of diverse conducting structures 
whose surface coincides with some of the curvilinear reference coordinate systems 
were revisited. Surface current distributions associated to these modes were also 
presented for some perfectly conducting bodies: a sphere, a circular disk and an 
infinite planar strip. Closed-form expressions for their current modes were estab-
lished, and the modes were represented graphically. Moreover, the possibility of 
using the modal current distribution associated to each mode and its properties 
was suggested as an initial step of the antenna design process.  
 
Vector wave functions can be used to study electromagnetic problems regarding 
the external and internal regions of the conductor. In closed conductors, the elec-
tromagnetic problem inside the structure has been addressed by several authors 
for many types of cavities [9][31]. In contrast, the study of the electromagnetic 
problem in the external region has been treated as a radiation or scattering prob-
lem [9][11]. Moreover, radiation in open conductors can be considered as a par-
ticular case of the external radiation of a closed conducting structure, where di-
mensions of the internal region tend to zero. This is the approach followed in the 
previous chapter. In addition to the previous discussions, in the beginning of this 
chapter, some important definitions associated to internal and external resonances 
will be reviewed. 
 

 

Chapter 3 

Internal and external resonances in 
perfect conductors 

“Man is the interpreter of nature, science the right interpretation” 
 

William Whewell 
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Furthermore, the current modes obtained in the previous chapter are complex 
functions, what introduces a higher degree of complication for their use in the 
antenna design process. The Theory of Characteristic Modes, however, provides 
real current modes, which can be more easily treated and numerically computed. 
In the present chapter, a brief review of this theory and physical interpretation of 
the most important parameters will be presented. 
 
Finally, characteristic modes for some of the structures analyzed in the previous 
chapter will be computed. Thus, similarities between vector wave functions and 
characteristic modes will be illustrated for the cases of a metallic sphere and an 
infinite planar strip. 
 

3.2. Internal resonances in closed conducting structures 
 
The theory of internal resonances in closed structures or cavities has been investi-
gated for many years. This section intends to revisit some interesting concepts of 
resonances in cavities, which will be connected with the theory of resonances in 
open structures. 
 
In the loss-free case, electromagnetic fields can exist within a source-free region 
enclosed by a perfect conductor [9]. These fields must satisfy the vector wave 
equation (2.1), together with the boundary conditions imposed by the cavity, i.e. 
tangential components of the electric field must be zero over its walls. These fields 
can exist only at specific frequencies, which are called resonant frequencies, and 
which comprise a discrete set of values. When losses are present, a source must 
exist to sustain oscillations. 
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Figure 3.1 (a)Rectangular; (b) circular and (c) spherical cavity. 

Table 3.1, summarizes elementary wave functions, from which all the possible 
solutions or modes for the rectangular, circular and spherical cavity (shown in 
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Figure 3.1) can be derived [9]. Therefore, solutions of electric and magnetic field 
modes can be derived, both for the TM and TE cases. In the table, solutions are 
for 0,1, 2,m = … ; 0,1, 2,n = … ; 1, 2,3,p = … ; except for 0m n= = , in the 

rectangular cavity; for 0,1, 2,n = … ; 1, 2,3,p = …  and 1, 2,3,q = … , in the cir-

cular cavity, where npx  and 'npx  are the zeros of Bessel functions ( )nJ x  and 

( )' 'nJ x , respectively; and for 0,1, 2,m = … ; 0,1, 2,n = … ; 1, 2,3,p = …  in the 

spherical cavity, where npu  and 'npu  are zeros of the spherical Bessel function 

( )ˆ
nJ u  and ( )ˆ ' 'nJ u  [9]. 

 
 TM case TE case 

Rectangular 
cavity sin sin cosTM

mnp
m x n y p z

a b c
π π πψ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠
 cos cos sinTE

mnp
m x n y p z

a b c
π π πψ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠
 

Circular 
cavity 

sin
cos

cos
npTM

npq n

x n qJ z
na h

ρ ϕ πψ
ϕ

⎛ ⎞ ⎧ ⎫ ⎛ ⎞= ⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠⎩ ⎭⎝ ⎠

 ' sin
sin

cos
npTE

npq n

x n qJ z
na h

ρ ϕ πψ
ϕ

⎛ ⎞ ⎧ ⎫ ⎛ ⎞= ⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠⎩ ⎭⎝ ⎠

 

Spherical 
cavity ( )

cosˆ ' cos
sin

TM m
mnp n np n

mrJ u P
ma

ϕ
ψ θ

ϕ
⎧ ⎫⎛ ⎞= ⎨ ⎬⎜ ⎟

⎝ ⎠ ⎩ ⎭

 ( )
cosˆ cos
sin

TE m
mnp n np n

mrJ u P
ma

ϕ
ψ θ

ϕ
⎧ ⎫⎛ ⎞= ⎨ ⎬⎜ ⎟

⎝ ⎠ ⎩ ⎭

 

Table 3.1. Elementary wave functions for the derivation of electromagnetic field 
solutions inside the cavity, both for the TM and TE case. 
 
As observed, all modes in the cavities are standing waves, since their phase is 
independent of z in the rectangular and circular cavity, and independent of φ in the 
spherical case. The resonant frequency rf  of these modes is given in table 3.2. 

Moreover, each mode has associated a field pattern (field lines) inside the cavity.  
 

 TM case TE case 

Rectangular 
cavity ( )

2 2 21
2r mnp

m n pf
a b cεµ

⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 ( )
2 2 21

2r mnp

m n pf
a b cεµ

⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

Circular 
cavity ( )

2
21

2
TM

r npnpq

q af x
ha
π

π εµ
⎛ ⎞= + ⎜ ⎟
⎝ ⎠

 ( )
2

21 '
2

TM
r npnpq

q af x
ha
π

π εµ
⎛ ⎞= + ⎜ ⎟
⎝ ⎠

 

Spherical 
cavity ( )

'
2

TM np
r mnp

u
f

aπ εµ
=

 ( )
2

TE np
r mnp

u
f

aπ εµ
=

 

Table 3.2. Resonant frequency for electromagnetic modes inside the cavity, both 
for the TM and TE case. 
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3.3. External resonances in conducting structures 
 
In closed conducting or dielectric bodies, external resonant modes also exist, which 
are defined as those field patterns that can exist in the absence of sources [32]. 
For a perfectly conducting sphere of radius a , for instance, the external reso-
nances for a TE mode occur when the condition 

 ( )(2) 0nh ka =  (3.1) 

is satisfied, since it makes the tangential TE field given by equation (2.7) to meet 
the boundary conditions over the surface of the sphere.  Equally, for the TM case, 
the following condition must be fulfilled, as derived from equation (2.6): 

 
( )(2)

0n

r a

rh kr
r

=

⎡ ⎤∂ ⎣ ⎦ =
∂

 (3.2) 

Due to the behavior of Hankel functions of second kind, these conditions can only 
be satisfied for complex values of k . Thus, for instance, the 1n =  mode of the 
conducting sphere presents a resonance at 0.86 0.5ka j= ± +  [32]. A complex 

value of ka  leads to a time factor j te ω  of the form t j te eα β , where α  must be 
negative in order to take radiation losses into account. 
 
These complex natural resonances are characteristic of the shape and composition 
of the body. When an incident wave over the conducting object is swept in fre-
quency, the various modes of the body resonate successively, producing – for in-
stance – peaks in the radar cross section that may serve to identify the nature of 
the object. These complex natural resonances have been analyzed numerically and 
measured for a number of conducting and dielectric bodies [33]-[35], thereby ob-
taining complex natural resonance signatures for each of them [36]. 
 
A sophisticated method to extract these complex resonances is the Singularity 
Expansion Method (SEM), proposed in 1971 by Baum [12]. This method estab-
lishes that the late-time scattered or radiated fields can be represented in time-
domain by a series of damped sinusoidal oscillations, whose frequencies depend 
only on the geometry and material of the scatterer, and not on the nature of the 
incident fields. Each damped sinusoid corresponds to a complex pole in the Laplace 
domain ( s  plane), and hence the basic concept behind the method is to express 
the solution in the complex frequency plane in terms of its singularities or poles. 
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To locate the resonances of objects with arbitrary shape, numerical techniques 
such as the Method of Moments [37] in the Laplace domain can be used. Thereby 
the following matrix system is obtained: 

 ( ) ( ) ( )Z s I s V s⋅ =  (3.3) 

where the various modes are characterized by vectors nM
G

 satisfying: 

 ( ) ( ) ( ) ( ) 0n n n nZ s I s Z s M s⋅ = ⋅ =
G

 (3.4) 

and where the complex resonances ns  are obtained by solving 

 ( ){ }det  0nZ s =  (3.5) 

Therefore, the SEM approximation of the current over the conducting object takes 
the form: 

 ( ) ( )
1

n n
e

n n

MI s F s
s s

η∞

=

⋅
= +

−∑  (3.6) 

where nη  are the mode amplitudes or coupling coefficients and ( )eF s  is an entire 

domain function. 
 
Although SEM was mathematically formulated forty years ago, the method has 
become very popular in the last decade, as numerical techniques have improved 
very much their computational efficiency. Among other applications, SEM has been 
successfully applied to the determination of natural poles in order to characterize 
and identify conducting targets [38], to the analysis of resonance and quality fac-
tor of antenna and scattering systems [39][40] and to antenna modeling in the 
frequency and time domains [41]. Moreover, some papers have dealt with compu-
tation of the natural surface current modes on perfectly conducting objects [42]-
[44]. However, information about the distribution of the natural current modes and 
their properties has not been employed for antenna design so far, due to the 
added difficulty of dealing with modes of complex nature. 
 
Nevertheless, an alternative modal theory which defines a complete set of real 
resonant modes for a conducting body was defined by Garbacz in 1968 [13][14]. 
He showed that similar modes to those defined in chapter 2 can be defined for 
conducting bodies of arbitrary shape, and he addressed this problem by diagonaliz-
ing the scattering matrix. This led him to the conclusions that these mode currents 
are real and that the tangential electric mode field exhibits a constant phase over 
the surface of the body. However, a general method for the determination of these 
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real modes was not available until 1971, when Harrington and Mautz approached 
this problem by diagonalizing the operator which relates the current to the tangen-
tial electric field on the conducting body [15][16]. 
 
With the determination of the characteristic modes of a conducting body and its 
properties, valuable information for antenna design can be obtained. Since these 
modes are real, information about their current distribution can be more easily 
handled. In the next section, a review of the mathematical foundations of the The-
ory of Characteristic Modes and the definition of some interesting parameters will 
be carried out. Numerical analysis and physical interpretation of characteristic 
modes in several structures has been performed in [17], yet short examples will be 
shown here for better understanding. Finally, in a further step these modes will be 
connected with the general vector wave functions defined in chapter 2, through 
the analytical extraction of the characteristic modes of both the sphere and the 
infinite planar strip. 
 

3.4. Review of the Theory of Characteristic Modes 

3.4.1. Mathematical formulation 
 
Let us consider one or more conducting bodies, defined by the surface S , and an 
impressed electric field iE

G
. An operator equation for the current J

G
 on S  is [37] 

 ( )
tan

0iL J E⎡ ⎤− =⎣ ⎦
G G

 (3.7) 

where the subscript denotes the tangential components on S . The operator de-
fined in equation (3.7) is defined by 

 ( ) ( ) ( )L J j A J Jω= + ∇Φ
GG G G

 (3.8) 

 ( ) ( ) ( )' , ' '
S

A J J r r r dSµ ψ= ∫∫
G G G

w  (3.9) 

 ( ) ( ) ( )1 ' ' , ' '
S

J J r r r dS
j

ψ
ωε
−

Φ = ∇ ⋅∫∫
G G

w  (3.10) 
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 ( )
'

, '
4 '

jk r rer r
r r

ψ
π

− −

=
−

 (3.11) 

where r  is a field point, 'r  a source point, and ,ε µ  and k  the permittivity, per-

meability and wavenumber, respectively, of free space. Physically, ( )L J−
G

 gives 

the electric intensity at any point of space due to the current J
G

 on S . Therefore, 
the operator L  has the dimensions of impedance: 

 ( ) ( )
tan

Z J L J⎡ ⎤= ⎣ ⎦
G G

 (3.12) 

This impedance operator Z R jX= +  is a symmetric but not Hermitian operator, 

but since Z  is symmetric, its Hermitian parts R  and X  are real symmetric op-
erators. 
 
Then, considering the following weighted eigenvalue equation [15]: 

 ( ) ( )n n nZ J R Jυ=
G G

 (3.13) 

where nυ  are eigenvalues and nJ
G

 are eigenfunctions, we have that R  is a weight 

operator which diagonalize Z  and gives orthogonality of the radiation patterns. 
From equation (3.13) it can be written 

 ( )( ) ( )n n nR jX J R Jυ+ =
G G

 (3.14) 

and letting 

 1n njυ λ= +  (3.15) 

the common term in (3.14) can be cancelled to obtain 

 ( ) ( )n n nX J R Jλ=
G G

 (3.16) 

Since R  and X  are real symmetric operators, all eigenvalues nλ  and eigenfunc-

tions nJ
G

 are real. Moreover, the eigenvectors nJ
G

 satisfy the following orthogonality 

conditions: 
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( ) ( )
( ) ( )
( ) ( )

*

*

*

, , 0

, , 0

, , 0

m n m n

m n m n

m n m n

J R J J R J

J X J J X J

J Z J J Z J

= =

= =

= =

 (3.17) 

when m n≠ .The choice of { }nJ  as basis functions simultaneously leads to diago-

nal matrix representations of R , X  , and Z . These real functions nJ  are there-

fore the characteristic currents or eigencurrents on the surface of the con-
ducting body defined by S , which only depend on its shape and size, and are 
independent of any specific source or excitation. 
 
Moreover, each eigencurrent nJ  is normalized to radiate unit power: 

 ( )*, 1n nJ R J =  (3.18) 

As these eigencurrents are associated to external resonances, they can be so nor-
malized for radiation problems. Therefore, when normalizing according to (3.18), 
the orthogonality relationships (3.17) can be combined with (3.18) to yield 

 

( ) ( )
( ) ( )
( ) ( ) ( )

*

*

*

, ,

, ,

, , 1

m n m n mn

m n m n n mn

m n m n n mn

J R J J R J

J X J J X J

J Z J J Z J j

δ

λ δ

λ δ

= =

= =

= = +

 (3.19) 

where mnδ is the Kronecker delta. 

 
To numerically compute the characteristic modes of an arbitrary conducting body, 
equation (3.16) needs to be reduced to matrix form, by means of the Method of 
Moments and the Galerkin formulation [16] 

 [ ] [ ]n n nX J R Jλ=
G G

  (3.20) 

Afterwards, eigenvectors nJ
G

 and eigenvalues nλ  of the object can be obtained by 

solving the generalized eigenproblem of (3.20) with standard algorithms. 
 
Characteristic modes form a complete set of solutions, and hence the total current 
on the surface of a conducting body can be expressed as a linear superposition of 
these mode currents: 
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 n n
n

J b J= ∑
G G

  (3.21) 

where nb  are the coefficients of the expansion. If characteristic modes are used as 

both expansion and testing functions of the Method of Moments and since they 
diagonalize the generalized impedance matrix Z , it is straightforward to derive the 
expansion coefficients nb : 

 
,

1 1 1

i
i n i

n S n
n

n n n

J E dSJ E Vb
j j jλ λ λ

⋅ ⋅
= = =

+ + +

∫∫
G GG G w

 (3.22) 

where i
nV  is called the modal excitation coefficient [15], as it indicates the 

degree of coupling between the excitation and the characteristic mode. 
Therefore, the modal solution for the current on S  is: 

 
1

i
n

n
n n

VJ J
jλ

=
+∑

G G
 (3.23) 

Moreover, each characteristic current nJ
G

 produces an electric field, which is called 

characteristic field or eigenfield [15]. From equation (3.7), characteristic fields 
can be derived and expressed as: 

 ( ) ( ) ( ) ( ) ( )(1 )n n n n n n nE J Z J R J jX J R J jλ= = + = +
G G G G G

 (3.24) 

Then, it is clear from (3.24) that characteristic electric fields are equiphasal. If the 
body S  is of finite extent, and if 'S  is chosen to be the sphere at infinity ( )S∞ , 

equation (3.27) provides the orthogonality relationships for radiation patterns and 
fields: 

 *

'

1
m n mn

S

E E dS δ
η

⋅ =∫∫
G G

w  (3.25) 

On S∞  the characteristic fields are of the form of outward travelling waves, with 

the form 

 ( ),
4

jkr

n n
eE j F

r
ωµ θ φ

π

−

= −
G G

 (3.26) 
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where ( ),θ φ  are the angular coordinates of position on S∞ , and nF
G

 is called the 

characteristic pattern or eigenpattern, corresponding to the eigencurrent nJ
G

. 

 
Furthermore, orthogonality relationships for characteristic electric fields can be 
reached from characteristic currents by means of the complex Poynting theorem 
[9], as follows: 

 

( )

( )
( )

* * *

* * *

' '

, , , ,

1

m n m n m n m n

m n m n m n
S

n mn

P J J J ZJ J RJ j J XJ

E H ds j H H E E d

j
τ

ω µ ε τ

λ δ

= = +

= × + ⋅ − ⋅

= +

∫∫ ∫∫∫
G G G G G G

w  (3.27) 

 

3.4.2. Physical significance of characteristic modes 
 
From the mathematical formulation it is clear that the characteristic modes of any 
arbitrarily shaped conducting body can be extracted through application of equa-
tion (3.20). Thereby a complete set of real eigenvectors nJ

G
 or characteristic modes 

are obtained, which are the real currents on the surface of the conducting body 
that depend only on its shape and size, and are independent of any specific source 
or excitation. Associated to the eigencurrents, a set of real eigenvalues nλ  is also 

obtained, which provides information about the physical behavior of characteristic 
modes and determine the relative dominance of each mode. 
 
For the sake of illustration, let us compute the characteristic modes of a perfectly 
conducting circular plate with 40 mm of diameter and infinitesimal thickness, in 
free space, and then establish the physical interpretation of the associated eigen-
values. A much more comprehensive analysis and interpretation of characteristic 
modes for several structures can be found in [17], covering from simple wire struc-
tures to three dimensional conducting objects. 
 
Figure 3.2 shows the normalized current distribution of the lower order characteris-
tic modes of the circular plate at 6 GHz, which is the resonant frequency of the 
first characteristic mode. 
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 J4  J4’  

 

Figure 3.2 Normalized current distribution at 6 GHz of the characteristic currents 
of a circular plate in free space. 

As observed, each characteristic mode presents a particular current distribution 
over the surface of the plate. Thus, mode J01 presents a current distribution that 
forms a loop in the structure, while modes J02 and J03 present two loops. Moreover, 
modes J1 and J1’ exhibit vertical and horizontal current distributions, respectively. 
These two modes are degenerated modes, since they present the same resonant 
frequency, as discussed later. Throughout this Thesis, modes denoted with a single 
quotation mark refer to degenerated modes.  
  
Finally, higher order modes J2, J2’, J4 and J4’  present an increasing number of nulls 
in the edge of the circular plate, whereas mode J3  presents no variation in the 
angular dimension of the plate, with all vector currents being directed towards the 
centre of the plate, where a null is located. Although these current distributions are 
altered if the geometry is changed, the general pattern of the eigencurrents is 
preserved for any shape of the plate [45]. 
 
As it can be seen, the current distribution associated to the characteristic modes of 
the circular plate is very similar to that of the vector wave functions shown in 
chapter 2 for the circular disk. In Table 3.3, the correspondence between the vec-
tor wave functions and the characteristic modes with the same current distribution 
is depicted. The degenerated characteristic modes have not been plotted, but they 
correspond to the same m and n of the vector wave function, though using the 
alternate trigonometric function (see equation 2.20 in chapter 2). As observed, 
modes which forms loops on the structure are associated to TE fields. 
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 Current      
Distribution 

Circular disk 
vector wave 

function 

Charact. 
Mode 

Current     
Distribution 

Circular disk 
vector wave 

function 

Charact. 
Mode 

 

TE 

(m =0; n=1)
J01 

 

TE 

(m=1; n=2) 
J02 

 

TM 

(m=1; n=1)
J1’ 

TM 

(m=2; n=2) 
J2 

 

TM 

(m=0; n=0)
J3 

TM 

(m=3; n=3) 
J4’ 

Table 3.3. Comparison of the characteristic modes and the vector wave functions 
of a circular disk. 

As commented in [17], the easiest way to understand how the magnitude of ei-
genvalues is related to the radiation of modes is analyzing the complex power bal-
ance yielded by equation (3.27). From this equation it is observed that, as com-
mented, the power radiated by modes is normalized to unit value, whereas reac-
tive power is proportional to the magnitude of the eigenvalues. 
 
The eigenvalues nλ  range from −∞  to +∞ . When the eigenvalue is 0nλ = , the 

mode resonates, being called an externally resonant mode. Hence, those modes 
with smallest eigenvalues (in absolute value) are the most important for radiation 
and scattering problems, when excited. Additionally, the sign of the eigenvalue 
determines whether the mode contributes to store magnetic energy ( )0nλ >  or 

electric energy ( )0nλ < . The modes corresponding to the internal cavity reso-

nances for the conducting surface would have nλ = ∞ , and do not enter into 

radiation and scattering problems. 
 
Figure 3.3 shows the variation with frequency of the eigenvalues nλ  associated to 

the characteristic modes shown before. Therein it is observed that eigenvalues for 
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modes J01, J02 and J03 are positive for all frequencies, and never reach the reso-
nance condition 0nλ = . Thus, these modes whose current distribution forms loops 

in the structure are special non-resonant modes, and they always exhibit an induc-
tive behavior. The rest of the modes start however being capacitive ( )0nλ <  at 

lower frequencies, then they resonate ( )0nλ =  at a certain frequency and after-

wards they keep a small positive value. Hence, for instance, modes J1 and J1’  (de-
generated modes) resonate at 6 GHz; modes J2 and J2’  resonate at 9 GHz and the 
rest of the modes achieve the resonance condition at higher frequencies. 
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Figure 3.3 Variation in frequency of the eigenvalues nλ  associated to the charac-

teristic modes plotted in Figure 3.2. 

Here, it is important to note that the real nature of eigenvalues allows for an easier 
determination of the resonant frequencies of the modes, simply by analyzing their 
variation with frequency. In this case then is not necessary to search the complex 
frequency plane for roots of the determinant of the Z  matrix.  
 
In practice, another representation is preferred for the eigenvalues, so as to de-
termine the resonant frequency of the modes and their natural behaviour. This 
representation is based on the definition of a characteristic angle associated to 
each mode. This parameter is defined as: 

 ( )1180º tann nα λ−= −  (3.28) 

and it physically describes the phase difference between the eigencurrent nJ  and 

its associated characteristic field nE . 

J01
J02
J03
J1
J1'
J2
J2'
J3
J4
J4'
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Figure 3.4 represents the variation with frequency of the characteristic angle asso-
ciated to the characteristic currents of the circular plate. In this case, the reso-
nance of the mode occurs when the characteristic angle is equal to 180º, as in this 
case 0nλ = . Therefore, when the characteristic angle is close to 180º (near reso-

nance) the mode will be a good radiator, whereas the mode is mainly storing en-
ergy when its characteristic angle is near 90º or 270º. Thus, the variation of the 
characteristic angle with frequency provides qualitative information about the ra-
diation bandwidth of the mode. 

Frequency (GHz)
1 2 3 4 5 6 7 8 9 10

C
ha

ra
ct

er
is

tic
 A

ng
le

 (α
n)

(in
 d

eg
re

es
)

90

120

150

180

210

240

270

J01
J02
J03
J1
J1'
J2
J2'
J3
J4
J4'

 
Figure 3.4 Variation in frequency of the characteristic angles nα  (in degrees) 

associated to the characteristic modes plotted in Figure 3.2. 

Furthermore, it has been established that each characteristic current produces a 
characteristic field, which describes a specific radiation pattern. For the circular 
disk, the characteristic pattern associated to each one of the previous modes is 
depicted in Figure 3.5. 

J01 J02 J03 

-20 -10 0 10 20
0

30

60
90

120

150

80

210

240
270

300

330

-20 -10 0 10 20
0

30

60
90

120

150

80

210

240
270

300

330

-20 -10 0 10 20
0

30

60
90

120

150

80

210

240
270

300

330

 



Chapter 3 

58 
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Figure 3.5 Radiation patterns associated to the modes depicted in Figure 3.2. 
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3.5. Relation between characteristic modes and vector wave 
functions 

 
In chapter 2, natural vector current modes were analytically extracted for some 
structures, in which the wave equation was separable. These vector wave func-
tions and the associated currents were of complex nature, what made them more 
difficult to handle for design and optimization of the conducting structures. Then, 
in the present chapter, another kind of current modes has been introduced, which 
are numerically computed for any arbitrary structure by the application of the The-
ory of Characteristic Modes. 
 
Now, this section tries to establish the relationship between these two types of 
modal functions, since despite the benefits provided by characteristic modes, tradi-
tional vector wave functions are generally more widely known and usual in elec-
tromagnetic books. Therefore, characteristic modes for the sphere and the infinite 
planar strip will be derived, and connection between the analytical expressions of 
both types of functions will be established. 
 

3.5.1. Analytic characteristic modes of the conducting sphere 
 
In [14], Garbacz extracted the analytical expression for the characteristic modes of 
a conducting sphere of radius a , both for the TM and for the TE case. These ex-
pressions read as follows: 

 ( ) ( )
( )
( )

( ) ( )

,
2

0

!1 1 2 1
4 1 !'

sin coscos cosˆ ˆ
cos sinsin

TM e o m
mn

n

m m
n n

n mnJ
n n n ma ka j kak Z

m mP P
m

m m

ε
π

φ φθ θ
φ θ

φ φθ θ

−+
= ⋅ ⋅ ⋅

+ +⋅⎡ ⎤⎣ ⎦
⎡ ⎤− ∂⎧ ⎫ ⎧ ⎫

⋅ ⋅ ⋅ ⋅ + ⋅ ⋅⎨ ⎬ ⎨ ⎬⎢ ⎥∂⎩ ⎭ ⎩ ⎭⎣ ⎦

G

 (3.29) 

 

 ( ) ( )
( )
( )

( ) ( )

,
2

0

!1 1 2 1
4 1 !

sin coscos cosˆ ˆ
cos sinsin

TE e o m
mn

n

m m
n n

n mnJ
a j ka n n n mk Z

m mP P
m

m m

ε
π

φ φθ θ
θ φ

φ φθ θ

−+
= ⋅ ⋅ ⋅

+ +

⎡ ⎤− ∂⎧ ⎫ ⎧ ⎫
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 (3.30) 
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where 1n ≥  and m n≤ , subscript ,e o  denote even and odd modes associated to 

cos mφ  and sin mφ , respectively, and mε  is 1mε =  for 0m = , and 2mε =  for 

0m ≠ . 
 
As observed, the analytic expressions for characteristic modes in the sphere are 
very similar to those of equations (2.11) and (2.12). In fact, the variation with 

( ),φ θ  of the current modes in the surface of the sphere is exactly the same, both 

for the TM and for the TE case. This fact was also appreciated when comparing the 
vector wave functions of the circular disk and the characteristic modes of the circu-
lar plate. 
 
The only difference between both modal functions is the amplitude term that mul-
tiplies the real term containing the vector variation in ( ),φ θ . In fact, this ampli-

tude term includes the complex behaviour in the vector wave functions (as it is the 
only complex term appearing in the expression of these functions), whereas it is 
real for the characteristic modes, as it accounts for the equiphasal radiated fields. 
Moreover the amplitude term in the characteristic modes includes a normalization 
term, forcing each mode to radiate unit power, as established when defining the 
characteristic modes. 
 
Associated to each characteristic current of the conducting sphere, a set of TM and 
TE eigenvalues exist, which reads as follows [14]: 

 
( )
( )

nTM r a
n

n r a

r kr n kr

r kr j kr
λ =

=

∂ ∂ ⋅⎡ ⎤⎣ ⎦= −
∂ ∂ ⋅⎡ ⎤⎣ ⎦

 (3.31) 

 ( )
( )

nTE
mn

n

n ka
j ka

λ = −  (3.32) 

These eigenvalues make the modal fields in the surface of the sphere to be the 
same in both sets of modes. For instance, for the TM case, the tangential field in 
the surface of the conducting sphere of radius a   produced by characteristic 
modes will be expressed as: 

 ( )
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( )

( )

(2)
,
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As observed, equation (3.33) is practically the same as the tangential field particu-
larized in r a=  produced by the vector wave functions in equation (2.6). 
 
Figure 3.6 shows the characteristic angle variation with frequency associated to the 
first three characteristic modes of a conducting sphere of radius 0.1a m= . As ob-
served, due to the oscillatory behavior of spherical Bessel functions of first and 
second kind and their derivatives, the characteristic angle takes periodical values 
between 90º and 270º with frequency. These curves represent the phase of the 
tangential electric field associated to the different eigenmodes on the surface of 
the sphere. As commented before, resonances occur at frequencies when the 
characteristic angles are equal to zero. In such case, the tangential field produced 
by the mode on the sphere is of real nature (radiating field). 
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Figure 3.6 Variation in frequency of the characteristic angles associated to the 
first three characteristic modes of a conducting sphere of radius 0.1a m= : 

(a) For the TM case; (b) For the TE case. 

3.5.2. Closed-form characteristic modes of an infinite metallic 
strip 

 
Some references have been found in the literature, which express the interest of 
computing characteristic modes for an infinite slot in a conducting plane [46]-[48], 
since these modes can be used as basis functions for more complex, non-
separable geometries as well as for the investigation of slot-line discontinuities. In 
[46] and [47] the problem is numerically approached for both the TE and the TM 
case, and approximate analytical expressions are obtained only for the narrow strip 
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case. In this particular case, expansion of characteristic modes in terms of a few 
Chebyshev polynomials is proposed. 
 
Nevertheless, exact analytical expressions for the characteristic modes of the infi-
nite slot can be extracted, if the problem is addressed from the perspective used in 
chapter 2, section 2.4. By means of the Babinet principle, the problem of the slot 
in the conducting plane can be considered as equivalent to the problem of an infi-
nite strip in free space. Therefore, as proposed in section 2.4, it is possible to cope 
with this problem by studying the particular case of a conducting elliptic cylinder 
that degenerates in the limit ( )0ξ →  into a planar strip. 

 
In [49], characteristic modes for a conducting elliptic cylinder were analytically 
derived, but only for the TM case. In this case, the two-dimensional Green’s func-
tion can be expressed in terms of elliptic harmonics as follows [18]: 
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where R  is the distance between the observation point ( , )η ξ  and the source 

point ( ', ')η ξ , and 
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If the Galerkin Method of Moments is applied, the following elements qnZ  in the 

generalized impedance matrix are obtained for the TM case: 
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Herein, it can be easily observed that if the following functions are chosen as ex-
pansion and testing functions: 
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diagonalization of the impedance matrix Z  of the conducting elliptic cylinder is 
obtained. Therefore, in the planar strip ( )0ξ →  the characteristic modes for the 

TM case will read as: 
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 (3.38) 

As in the case of the sphere, it can be seen that these characteristic modes pre-
sent the same variation as that of equation (2.30) in chapter 2, for the TM vector 
current wave functions, although for real modal currents in this case. 
 
Moreover, when ' 0ξ ξ= = , radiation of odd modes in equation (3.38) is zero, since 

( )(1) ' 0; 0mRo sξ = =  in equation (3.36). Therefore, in the case of the conducting 
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strip of zero thickness, characteristic modes will only appear in even modes 
( )

2

;

2 1 cos
nSe s

W

η

η⋅ −
 for the TM case.  

 
Thus, Figure 3.7 represents some of the characteristic modes of a conducting strip 
of width W λ=  versus /x λ  (being 2cosx W η= ), for the TM case (TE case in 
the slot), computed using [50]. These waveforms coincide with those numerically 
calculated for the TE case of a slot in a conducting plane, provided in [46]. 
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Figure 3.7 Characteristic modes in the TM case of a conducting strip of width 
W λ= . 

Moreover, by means of the application of equation (3.16) closed-form expressions 
for the TM eigenvalues associated to the conducting strip of zero thickness can be 
derived: 
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For the TE case, no closed-form expressions have been found in the literature for 
the characteristic modes, since in this case the elements of the impedance matrix 
of a perfectly conducting elliptic cylinder become more complicated: 
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Nevertheless, by analyzing the scattering problem instead of the radiation problem, 
it is easier to find the solutions for the characteristic modes. Therefore, for the TE 
case, the characteristic modes of the infinite strip ( )' 0ξ ξ= =  will be given by: 

  ( ) ( )ˆ ;TE
n nJ So sη η η= ⋅
G

 (3.41) 

These modes are depicted in Figure 3.8 for a conducting strip of width W λ=  
versus /x λ , for the TE case (or for the TM case in the slot, as a result of the 
duality of these two problems). These waveforms coincide with those calculated 
numerically for the TM case of a slot in a conducting plane, provided in [47]. 
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Figure 3.8 Characteristic modes in the TE case of a conducting strip of width 
W λ= . 

Moreover, the eigenvalues for the TE case will be as follows: 
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=
 (3.42)  

Table 3.4 shows the eigenvalues obtained with equations (3.39) and (3.42) for an 
infinite slot of width W λ=  in a conducting plane. These values agree almost 
perfectly with those provided in [51], which were computed numerically. The char-
acteristic angles associated to eigenvalues of equation (3.42) have been plotted in 
Figure 3.9, according to the definition provided by equation (3.28). In this figure, a 
strip of width 0.1W m=  has been considered, plotting then the characteristic 
angle variation versus frequency. As observed, for the infinite slot, characteristic 
angles associated to TE modes are positive, (i.e. they are capacitive modes), 
whereas angles associated to TM modes are negative (i.e. they are inductive). 
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Mode ( )TM
n sλ ( )TE

n sλ  

1 0.021288 -0.022393 

2 0.304117 -0.5165278 

3 1.464597 -7.963271 

4 9.593173 -161.079222 

5 163.759022 -5199.742994 

6 5202.224245 -251476.151297 

Table 3.4. Eigenvalues associated to the characteristic modes of a conducting strip 
of width W λ= , both for the TM and the TE case. 
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Figure 3.9 Characteristic angle vs. frequency associated to the characteristic 
modes of an infinite slot of width 0.1W m= , both for the TE and TM 

cases. 

In Figure 3.7 and Figure 3.8, it can be observed that these characteristic modes 
resemble very much the entire domain basis functions traditionally used to expand 
the current in a microstrip patch or a rectangular plate/slot. In these cases, the 
longitudinal current zJ  is usually expanded in terms of Chebyshev polynomials of 

the first kind, with a singularity to account for the edge condition, whereas the 
transversal current xJ  is expanded in terms of Chebyshev polynomials of the sec-

ond kind, and a function that accounts for nulls at the edges [23][52], as follows: 
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 ( )24( ) (2 / ) 1 2 /x
p pJ x j U x W x W

Wπ
= ⋅ ⋅ ⋅ −  (3.44) 

where ( )qT ⋅  and ( )pU ⋅  denotes the Chebyshev polynomials of the first and the 

second kind, respectively, and ( )z
qJ x  and ( )x

pJ x  represent the entire domain 

basis functions for the expansion of the current zJ  and xJ , respectively.  

 
Characteristic modes given by equations (3.37) and (3.41) are actually a generali-
zation of those functions shown in equations (3.43) and (3.44). If the expansion of 
the angular Mathieu functions in terms of trigonometric functions is considered, as 
shown in Appendix A, it is possible to write: 

 ( ) ( ); cosn
n p

p
Se s A pη η= ∑  (3.45) 

 ( ) ( ); sinn
n p

p
So s B pη η= ∑  (3.46) 

and taking into account that Chebyshev polynomials of the first kind and the sec-
ond kind are defined through the following identities [23]: 

 ( ) ( )cos cosnT nθ θ=  (3.47) 

 ( ) ( )sin 1
cos

sinn

n
U

θ
θ

θ
+⎡ ⎤⎣ ⎦=  (3.48) 

equations (3.45) and (3.46) can be written, respectively, as 

 ( ) ( ); cosn
n p p

p
Se s A Tη η= ⋅∑  (3.49) 

 ( ) ( ) ( )1; cos sinn
n p p

p
So s B Uη η η−= ⋅∑  (3.50) 

If the following relation between Cartesian and elliptical coordinates is considered: 
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2

Wx η=  (3.51) 

then characteristic modes for the TM and TE cases can be written, respectively, as: 
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 (3.53) 

As observed, characteristic modes can hence be considered a general case of the 
approximation of the current by Chebyshev polynomials. The provided closed-
forms of characteristic modes may therefore be used as frequency dependent basis 
functions in geometries where rectangular contours are included, similarly to those 
proposed in [53].    
 

3.6. Conclusions 
 
In the present chapter, the Theory of Characteristic Modes has been revisited, as it 
provides real modes of current, which are easier to deal with in a design problem. 
Properties of these modes have been reviewed, and the physical interpretation of 
the information provided by the characteristic angle associated to each mode has 
been summarized. It has been seen that each mode, except loop modes, resonates 
at a certain frequency, where the associated eigenvalue takes a zero value. These 
resonances correspond to external resonances of the structure. Moreover, the 
variation of the eigenvalue or the characteristic angle versus frequency provides 
very interesting information about the radiating behavior of the mode. 
 
The information about resonance and radiating bandwidth provided by characteris-
tic modes can be used as an initial step in an antenna design process, where the 
geometry of the radiating structure can be optimized. As characteristic modes are 
obtained in absence of sources, the next step may consist in selecting an optimum 
feeding configuration to excite those modes with more appealing properties. The 
real current distribution associated to each mode will assist in selecting the opti-
mum feeding location. This will be discussed in next chapter. 
 
Furthermore, a connection between characteristic modes and traditional vector 
wave functions, obtained in the previous chapter, has been established. It has 
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been shown that both types of modes present very similar properties, except for 
the real nature of characteristic modes. Besides, closed-form expressions for the 
characteristic modes of an infinite planar strip have been presented for the first 
time, both for the TM and TE case. The provided characteristic functions could be 
used as entire-domain basis functions in problems including rectangular surfaces, 
since it has been demonstrated that they are a generalization of the traditionally 
used Chebyshev polynomials. Moreover, as the proposed functions are frequency 
dependent, they can be used to accelerate the convergence to the solution of 
these problems when a broad frequency range is considered.       
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Chapter 4. Excitation of Characteristic Modes 

4.1. Introduction 
 
In the previous chapter, characteristic modes of a conducting body were intro-
duced as the real currents on the surface of the conducting structure depending 
only on its shape and size, which are independent of any specific source or excita-
tion. Due to their real nature, it was concluded that these modal currents are the 
most suitable vector functions to deal with in order to address an antenna design 
problem from a modal perspective. 
 
Associated to the characteristic currents, a set of real eigenvalues nλ  is also ob-

tained, which provides valuable information about the physical behavior of the 
structure. By analyzing the variation of the eigenvalues with frequency, the reso-
nant frequency and the radiating bandwidth of each mode can be determined. 
Consequently, the initial step in an antenna design process involves analyzing the 
characteristic modes of a specific radiating structure and identifying their proper-
ties. As these modes are calculated in the absence of excitation, the next step 
consists in selecting the optimum feed configuration in order to excite those modes 
with more appealing properties [54]. 
 
Excitation of current modes in open structures or antennas is very similar to the 
well-known problem of excitation of cavities in microwave networks. Thus, it is 
known that in the cavity shown in Figure 4.1, a complete set of orthogonal modes 
can be defined, which satisfy the field equations and boundary conditions in the 
cavity, in absence of sources . When electric sources are applied to the cavity, the 
total field E

G
 can be then expressed as [9]: 
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“Research is to see what everybody else has seen, and to think what 
nobody else has thought” 

 
Albert Szent-Györgi 
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where nE
G

 is a field mode vector, nω  is the resonant frequency (eigenvalue) asso-

ciated to the mode, J
G
 is the electric source applied and V  is the volume contain-

ing the cavity. As observed, this expression is very similar to the expansion of the 
total current in the surface of the conducting body in terms of characteristic 
modes, which was given by equation (3.23). In both expressions, the significance 
of each mode is determined by the coupling between the source and the mode, as 
well as the associated eigenvalue. Therefore, an interesting analogy exists be-
tween the excitation of modes in microwave cavities and in antennas. 
 

J
V

JJ
V

 
Figure 4.1 A cavity containing electric sources. 

In the present chapter the problem of the excitation of characteristic modes in 
radiating structures will be addressed for different cases. Initially, modal excitation 
will be analyzed in a very simple structure, such a wire loop antenna, and different 
feeding configurations will be studied in order to illustrate their impact on the an-
tenna performance. Afterwards, modal excitation will be investigated for more 
complex structures, such as planar antennas, and innovative designs of wideband 
antennas based on the use of multiple feeding points will be presented. 
 

4.2. Excitation of modes in a circular wire loop antenna 
 
Let us begin with the analysis of the excitation of characteristic modes in a simple 
structure, such as a circular wire loop antenna with radius a=114.5 mm. The ge-
ometry of the loop, which is placed in the XY plane, is shown in Figure 4.2. The 
wire is assumed to be a loss-free conductor. 
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Figure 4.2 Wire circular loop of radius a=114.5 mm and wire diameter d=1 mm. 

Characteristic modes of this structure have already been computed in [17], where 
their properties have also been analyzed. This section will be focused mainly on 
the analysis of the excitation of these modes. However, for the sake of under-
standing, the waveforms of these modes and their properties will be concisely re-
viewed in advance. 
 

4.2.1. Characteristic modes of a circular wire loop antenna 
 
As shown in [17], the characteristic modes of a circular loop are simple sinusoidal 
functions given by: 

 ( ), cosˆ
sin

e o
n

n
J

n
φ

φ φ
φ

⎧ ⎫
= ⋅ ⎨ ⎬

⎩ ⎭

G
 (4.54) 

for = …0,1,2,n . Figure 4.3 shows the waveforms for the first six characteristic 
modes of the loop in free space, whose current distribution has been represented 
schematically in Figure 4.4. In this figure, black circles represent the location of the 
nulls of current along the structure. As expected, the first two modes, J1 and J2 
exhibit two current nulls at φ=±90º and at φ=(0º;180º), respectively. Modes J3 
and J4 are higher order modes with four current nulls. Nulls of mode J3 are at 
φ=(±45º;±135º), whereas nulls of mode J4 are at φ=(0º;90º;180º;270º). Mode J5 
and successive higher order modes exhibit an increasing number of nulls. There 
also exists mode J0 that presents uniform current distribution along the loop. 
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Figure 4.3 Normalized current distribution over the wire loop antenna for the first 

six characteristic modes, at first resonance (f= 440 MHz) 

φ
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φφ

0J 1J 2J 3J 4J 5J

 
Figure 4.4 Diagrams of the modal current distributions in the wire loop antenna 

at first resonance (black dots refer to nulls of current). 

Additionally, the characteristic angle associated to each eigenmode has been rep-
resented in Figure 4.5. As commented in chapter 3, characteristic modes which 
forms loops in the structure, like the mode J0, are special modes that do not reso-
nate and present pure inductive behavior. This fact can be observed in Figure 4.5, 
where it is patent that mode J0 never achieves the resonance condi-
tion ( )α = 180ºn , since the characteristic angle remains in the inductive region at all 

frequencies. Due to the symmetry of revolution of the structure, the rest of the 
modes resonate in pairs. In the frequency range under study, there are two pairs 
of degenerated modes with identical resonant frequency, J1-J2 and J3-J4. The first 
pair of degenerated modes resonates at 440 MHz, when the perimeter of the loop 
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is approximately λ , whereas the second pair resonates at 860 MHz, when the 
perimeter of the loop is 2λ . At the remaining frequencies, degenerated modes 
present the same characteristic angle curve, as shown in Figure 4.5.  
 
Furthermore, in Figure 4.3 and Figure 4.4 it is observed that degenerated modes 
present exactly the same current distribution, although with a 90º or 45º phase 
difference for the case of modes J1 and J2 and modes J3 and J4, respectively. These 
differences are also patent in the radiation patterns associated to the eigenfields, 
which are depicted in Figure 4.6. According to the figure, only mode J0 exhibits an 
omnidirecctional radiation pattern in the XY plane. 
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Figure 4.5 Variation with frequency of the characteristic angle associated to the 

eigenmodes shown in Figure 4.3. 

Moreover, as discussed in chapter 3, information about the radiation bandwidth of 
the modes can be extracted from the curves plotted in Figure 4.5. Thus, the nearer 
to 180º the characteristic angle is over the frequency range, the wider bandwidth 
the mode presents. In this case, it is observed that modes do not present very 
wideband radiating properties, as expected for a wire structure, and hence the 
excitation of modes in this structure would only make sense for narrowband appli-
cations. In [17], the quality factor for each mode is provided, confirming their nar-
rowband behavior. 
 



Chapter 4  

76 

Mode J0

-40 -30 -20 -10 0 10
0

30

60
90

120

150

80

210

240
270

300

330

     

Mode J1

-40 -30 -20 -10 0 10
0

30

60
90

120

150

80

210

240
270

300

330

 
 

Mode J2

-40 -30 -20 -10 0 10
0

30

60
90

120

150

80

210

240
270

300

330

      

Mode J3

-40 -30 -20 -10 0 10
0

30

60
90

120

150

80

210

240
270

300

330

 
 

Mode J4

-40 -30 -20 -10 0 10
0

30

60
90

120

150

80

210

240
270

300

330

       

Mode J5

-40 -30 -20 -10 0 10
0

30

60
90

120

150

80

210

240
270

300

330

 
 

Figure 4.6 Radiation patterns in dB in XY plane (θ=90º) associated to the eigen-
modes shown in Figure 4.3. 
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4.2.2. Excitation of characteristic modes 
 
Once the current distribution exhibited by the characteristic modes of a circular 
loop has been reviewed, we will proceed with the excitation of these modes. 
 
As commented in chapter 3, the total current distribution in the surface of the con-
ducting structure can be expressed as a superposition of the characteristic modes 
by means of equation (3.23), where the contribution of each mode to the total 
current depends on:  

• the magnitude of the eigenvalue nλ  associated to the characteristic cur-

rent, being more significant those modes with lower eigenvalue; 
 

• the degree of coupling between the source and the characteristic mode, 
which is given by the modal excitation coefficient defined by equation 
(3.22). 

 
Therefore, the location of the source within the loop is crucial to obtain a proper 
coupling and hence excite the desired modes within the structure. In next sections, 
the impact of the location of the source on the antenna behaviour will be analyzed, 
and different feeding configurations will be studied. 
 
In order to quantify the contribution of each mode, the input admittance Yin of the 
antenna will be computed. For a voltage excitation of 1 V, the input admittance of 
the antenna can be easily calculated, as it is the total current given by equation 
(3.23) sampled at the feeding point P [17]: 

 
( ) ( )
1 1

i
n

in n
n n

J P VY J P
jλ

= =
+∑  (4.55) 

This input admittance can be expressed in terms of the complex admittances of 
each mode ( )nY , as follows [17]: 

 
( ) ( )

2 21 1
λ

λ λ
⎛ ⎞⋅ ⋅ ⋅

= = + = −⎜ ⎟
+ +⎝ ⎠

∑ ∑ ∑
i i

n n n n n
in n n n

n n n n n

V J P V J P
Y Y G jB j  (4.56) 

Therefore, it is possible to analyze the contribution of each mode by means of its 
modal admittance, as discussed later. 
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4.2.2.1. Excitation of the wire loop with a single source 
 
Let us investigate the excitation of the characteristic modes over the structure, 
when locating a single source at different points along the geometry.  
 
When a voltage gap source is placed at φ=0º, the modal admittances versus fre-
quency depicted in Figure 4.7 are obtained, both for the real and imaginary parts. 
The total admittance calculated at the input port (Yin) has been also represented in 
the figure, so as to facilitate the identification of the contribution of each mode to 
the total input admittance. As expected, the location of the source enhances the 
coupling to those modes whose amplitude is significant at the feed point (modes 
J0, J1 and J3, in this case), while modes that present nulls of current in that point 
will not be excited (modes J2 and J4). 
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Figure 4.7 Contribution of the modal admittances Yn to the input admittance Yin, 
when a voltage source is located at φ=0º. (a) Real part; (b) Imaginary part. 

Legend is common to both plots. 

In Figure 4.7  the inductive behaviour of mode J0 can also be noticed, since its 
contribution is only appreciated in the imaginary part of the input admittance. 
Moreover, as the different modes present narrow bandwidth, contribution of each 
one is only significant in the proximity of its resonant frequency. The contribution 
of the different modes is also patent in the radiation pattern of the structure. 
Figure 4.8 depicts the radiation pattern in the XY plane at three different frequen-
cies within the analyzed range. By comparing with the eigenpatterns shown in 
Figure 4.6, it can be seen that the radiation pattern at 175 MHz is mainly due to 
mode J0, and the amplitude is small because this mode has not resonated. At 425 
MHz the amplitude of the radiated field increases, since mode J1 is near its reso-
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nant frequency and the radiation pattern is hence due to this mode. Finally, near 
the second resonance of the structure, the radiation pattern corresponds to that 
exhibited by mode J3. 
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(a) (b) (c) 

Figure 4.8 Eφ  radiation pattern in the XY plane, for the wire circular loop an-

tenna with a voltage source located at φ=0º, at three different frequencies: 
(a) 175 MHz; (b) 425 MHz; (c) 875 MHz. 

Alternatively, if the voltage gap source is located at φ=90º, modes having no nulls 
of current at this position will be excited, i.e. modes J0, J2 and J3. This fact can be 
observed clearly in Figure 4.9, where the modal admittances as well as the total 
input admittance have been represented. 
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Figure 4.9 Contribution of the modal admittances Yn to the input admittance Yin, 
when a voltage source is located at φ=90º. (a) Real part; (b) Imaginary 

part. Legend is common to both plots. 
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Although in this case mode J2 is excited instead of mode J1, it can be observed in 
Figure 4.7 and Figure 4.9 that the total input admittance has not changed at all. 
This is due to the fact that modes J1 and J2 are degenerated modes, and they pre-
sent the same radiating behavior, as portrayed by their characteristic angle curves 
in Figure 4.5. The excitation of one mode or the other affects mainly the total cur-
rent distribution over the loop in the proximity of their resonant frequency (f=440 
MHz), and hence the radiation pattern, which is represented in Figure 4.10 for 
three different frequencies. By comparing with the previous case, when exciting 
mode J1 or mode J2 two different and orthogonal radiation patterns will be ob-
tained near the resonant frequency of the mode (440 MHz). 
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(a) (b) (c) 

Figure 4.10 Eφ radiation pattern in the XY plane, for the wire circular loop antenna 

with a voltage source located at φ=90º, at three different frequencies: (a) 
175 MHz; (b) 425 MHz; (c) 875 MHz. 

Finally, if it is desired to avoid mode J3 and excite mode J4, the voltage gap source 
should be placed in a point where a low current level of mode J3 is present. In this 
case, φ=45º would be a good location for the feeding point, as derived from the 
modal current distributions shown in Figure 4.3. Figure 4.11 shows once again the 
contribution of each mode to the total input admittance when φ=45º is selected as 
the feeding point. As desired, mode J3 is now prevented from excitation, while 
modes J0, J1, J2 and J4 are excited. It is also noticed in Figure 4.11 that degener-
ated modes J1 and J2 are equally excited at their resonant frequency, implying that 
the radiated power is divided between these two orthogonal modes at 440 MHz. 
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Figure 4.11 Contribution of the modal admittances Yn to the input admittance Yin, 
when a voltage source is located at φ=45º. (a) Real part; (b) Imaginary 

part. Legend is common to both plots. 
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Figure 4.12 Eφ  radiation pattern in the XY plane, for the wire circular loop an-

tenna with a voltage source located at φ=45º, at three different frequencies: 
(a) 175 MHz; (b) 425 MHz; (c) 875 MHz. 

Moreover, the radiation patterns for this case are shown in Figure 4.12, for three 
different frequencies. As observed, at 425 MHz the radiation pattern is due to the 
combination of the modes J1 and J2, whereas at 875 MHz the radiation pattern is 
that of mode J4, as expected. 
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It has been observed that for the three feeding cases (φ=0º, φ=90º and φ=45º), 
the input admittance is the same, whichever the modes excited. This is due to the 
fact that in every case, excited modes belong to a degenerated pair. Figure 4.13 
shows the resulting input impedance for the circular loop with one feeding source. 
In the figure, it is possible to identify the resonances and anti-resonances of the 
structure defined according to [55], which -as shown- are linked to the excitation 
of characteristic modes. As observed, resonances of the structure are those associ-
ated to the modes (f=440 MHz for the first mode, and f=860 MHz for the second 
mode), whereas anti-resonances are caused by the transition from a mode that 
has already resonated to the next one that will start resonating when the fre-
quency increases. Therefore, if the transition from one mode to the next resonant 
mode is abrupt, strong anti-resonances appear, which lead to high values of resis-
tance, thereby decreasing the impedance bandwidth of the structure. This fact can 
be observed in the zoom plot of the input impedance in Figure 4.13b, where two 
strong anti-resonances occur at 170 MHz and 880 MHz. 
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(a) (b) 

Figure 4.13 (a) Total input impedance for the wire circular loop antenna, excited 
at φ=0º, φ=90º or φ=45º; (b) Zoom of the input impedance curve. Legend 

is common to both plots. 

Therefore, the examples provided in this section clearly point out the importance 
of the feeding position for the excitation of characteristic modes. The coupling 
between the voltage source and the modal current at the feeding location strongly 
determines the significance of the mode on the radiating behavior of the antenna. 
 
So far the effect of the placement of one single source within the structure has 
been analyzed. However, by taking into account the symmetry properties exhibited 
by the wire loop modes (Figure 4.4), it may be assumed that a more precise con-
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trol on the excitation of characteristic modes could be gained if more than one 
excitation port was properly located in the structure. Next section is aimed at in-
vestigating this aspect. 
 

4.2.2.2. Excitation of the wire loop with multiple sources 
 
In previous section, it has been observed that when locating a single source any-
where along the wire structure, excitation of multiple modes is forced, when a 
wide frequency range is considered. Moreover, due to the current distribution ex-
hibited by mode J0, its presence is unavoidable if only one source is used to excite 
the antenna. Hence its inductive behavior is always present in the input imped-
ance.  
 
The use of multiple sources in the antenna allows though to prevent the excitation 
of higher order modes in the structure, as well as the excitation of mode J0, if a 
proper arrangement of the feeding sources is carried out. When multiple sources 
are used to excite the structure, different phases can be applied to these sources 
in order to gain control of the modal excitation, by means of the application of 
symmetry conditions over the structure that excited modes have to meet. 
 
Thus, if two voltage gap sources are placed at φ=0º and φ=180º with the same 
amplitude and phase, excitation of odd modes with respect to the y-axis will be 
imposed. Figure 4.14 shows the contribution of each mode to the total admittance, 
computed at each port. 
 
As observed, by means of the symmetry conditions imposed in the structure by the 
arrangement of the sources, only mode J1 is excited in the frequency range con-
sidered. Excitation of modes J0 and J3, which appeared formerly when using a sin-
gle port at either 0º or 90º, is now prevented. Additionally, the radiation pattern in 
the XY plane is depicted in Figure 4.15, for three different frequencies. In contrast 
to the previous cases, the radiation pattern of mode J1 is present in a wider fre-
quency range. However, the next higher order mode starts to appear at 875 MHz, 
as portrayed by the figure. 
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(a) (b) 

Figure 4.14 Contribution of the modal admittances Yn to the input admittance Yin, 
when two voltage sources with the same phase are located at φ=(0º;180º): 

(a) Real part; (b) Imaginary part. Legend is common to both plots. 
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(a) (b) (c) 

Figure 4.15 Eφ radiation pattern in the XY plane, for the wire circular loop antenna 

with two voltage sources located at φ=0º andφ=180º, at three different fre-
quencies: (a) 175 MHz; (b) 425 MHz; (c) 875 MHz. 

The excitation of a single mode over a wide frequency range in the structure is 
especially interesting when dealing with modes having higher radiating bandwidth, 
since the presence of a second mode can provoke a strong anti-resonance that can 
degrade the bandwidth of the excited structure. In the present case, as the modes 
are narrowband, slight improvement of the matching bandwidth is observed. This 
will be shown later. 
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In case the two feeding sources are located at the same position as in the previous 
case, but fed with an opposite phase, the result obtained is shown Figure 4.16. In 
this case, even symmetry with respect to y-axis is imposed over the structure, and 
hence modes J0 and J4 are now excited within the frequency range considered. 
Again, the radiation pattern in the XY plane at three different frequencies is shown 
in Figure 4.17, where it is clearly visible that the eigenpattern of mode J0 remains 
as the dominant contribution at lower frequencies. 
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(a) (b) 

Figure 4.16 Contribution of the modal admittances Yn to the input admittance Yin, 
when two voltage sources are located at φ=(0º;180º) with opposite phases: 

(a) Real part; (b) Imaginary part. Legend is common to both plots. 
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Figure 4.17 Eφ radiation pattern in the XY plane, for the wire circular loop antenna 

with two voltage sources located at φ=0º and φ=180º, at three different 
frequencies: (a) 175 MHz; (b) 425 MHz; (c) 875 MHz. 
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As commented previously, the excitation of a single mode over a wide frequency 
range in the structure can improve the impedance bandwidth obtained. This fact is 
especially interesting when dealing with modes having higher bandwidth. In the 
present case, where narrowband modes exist, only a slight improvement in the 
impedance bandwidth is obtained. This can be observed in Figure 4.18, where the 
return loss of the circular loop antenna is represented for a single feed (at φ=0º, 
φ=90º or φ=45º), for two feeds with the same phase and for two feeds with oppo-
site phase. 
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Figure 4.18 Return loss for the circular loop antenna shown in Figure 4.2, when 

using a single feed and two feeds with the same or opposite phases. 

As observed, the impedance bandwidth is improved when exciting only a single 
mode, since the impedance matching is mainly degraded by the abruptness of 
anti-resonances occurring during the transitions from an inductive mode, which 
has already resonated, to a capacitive mode, which is the next to resonate. In 
general, the distance between two consecutive resonances is critical for good 
matching, as it determines the location of the anti-resonance that results from the 
transition from one mode to the next one. 
 
Figure 4.19 plots the input impedance for the case of a single feed and two feeds 
with the same amplitude and phase. Here it can clearly be seen that for the case 
with two sources feeding, the input impedance near the resonant frequency of 
mode J1 stays more stable than in the case of a single feed.  In this latter case, the 
transition from mode J1 to mode J3 creates a strong anti-resonance that enor-
mously increases the impedance level and degrades the impedance bandwidth. 
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(a) (b) 

Figure 4.19 (a) Input impedance for the circular loop with one single feed located 
at φ=0º and with two feeds located at φ=(0º, 180º) with the same ampli-
tude and phase; (b) Zoom of the input impedance. Legend is common to 

both plots. 

Finally, even more control on the modal excitation can be gained, by increasing the 
number of feeding points and selecting different phases for the ports. For instance, 
if four feeding points are located at φ=(0º,90º,180º,270º) in the circular loop, as 
depicted in Figure 4.20, it is possible to impose different symmetry conditions by 
controlling the phases of the sources. Table 4.1 summarizes the different modes 
excited in the loop depending on the phases imposed, as well as the polarization 
obtained. For the sake of brevity, the table reflects the cases where at least two 
sources have amplitude equal to one. Some of the previously analyzed configura-
tions are also reflected in Table 4.1. 

y

x
P1

+

+

+

+

P3

P2

P4

z

y

x
P1

+

+

+

+

P3

P2

P4

x
P1

+

+

+

+

P3

P2

P4

z

 
Figure 4.20 Wire circular loop with four feeding ports located at 

φ=(0º,90º,180º,270º). 
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Table 4.1. Modes excited in the circular loop antenna shown in Figure 4.20, when 
different phases are imposed at the input ports ( z  is considered the direction of 

propagation). 
 
Therefore, by adequately adjusting the phases of the feeding sources, different 
modes will be excited in the wire loop antenna. As discussed previously, the result-
ing radiation patterns will change depending on the excited modes. Consequently, 
and due to the orthogonality of the radiation patterns of characteristic modes, this 
multimode antenna could be a good candidate to be employed in Multiple-Input 
Multiple-Output (MIMO) applications. It is well known that MIMO systems offer 
high spectral efficiencies through space time coding and spatial multiplexing tech-
niques, which permit these systems to obtain higher capacity rates compared to 
conventional systems [56]. Generally, MIMO systems employ multiple antennas at 
both ends of a wireless link, what requires an extra volume and could be trouble-
some for modern compact handsets. Therefore, more compact solutions based on 
the use of a multimode antenna (as the one shown here) are an attractive alterna-
tive [57][58]. 
 

4.2.3. Reactive loading to control characteristic modes 
 
In [59] and [60], Harrington proposes the use of reactive loading, together with 
the Theory of Characteristic Modes, to control the radiation and scattering of con-
ducting bodies. Thus, any desired characteristic mode can be resonated by reactive 
loads to make it the dominant mode current of the body at a certain frequency, 

P1 P2 P3 P4 Excited Modes Polarization 

0º1(  0º1(  0º1(  0º1(  J1, J2 Linear 

0º1(  0º1(  180º1( 180º1( J1, J2 Linear 

0º1(  180º1(  0º1(  180º1( J3 Linear 

0º1(  180º1(  180º1( 0º1(  J0 Linear 

0º1(  0º1(  0 0 J1, J5 Linear 

0 0 0º1(  0º1(  J2, J6 Linear 

0º1(  180º1(  0 0 J0, J3 Linear 

0 0 0º1(  180º1( J0, J3 Linear 

0º1(  0º1(  90º1(  90º1(  J1, J2 RHCP 

90º1(  90º1(  0º1(  0º1(  J1, J2 LHCP 
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and therefore, if no other mode is near resonance, the radiation pattern becomes 
nearly the same as that of the resonated current [59]. Therefore, control over the 
resonance of the characteristic modes can easily be gained by reactive loading the 
conducting structure. 
 
As stated in [17], the use of reactive loads in the structure does not alter the 
mathematical properties of characteristic modes, i.e., eigencurrents and eigenval-
ues remain real and orthogonality relationships of characteristic modes also remain 
unchanged. 
 
Consequently, by properly using discrete loads over the structure, the resonant 
frequency of specific modes can be changed, while minimizing the effect over the 
rest of the modes. For the sake of illustration, let us insert two discrete loads of 
value Z=j450 Ω over the wire circular loop studied in the previous sections. The 
loads will be placed symmetrically at φ=±90º in order to preserve the symmetry of 
the structure, and a single feeding will be used at φ=0º, as depicted in Figure 4.21. 
 

x

yLoad

x

yLoad

 
Figure 4.21 Wire circular loop antenna with two loads located at φ=±90º. 

Similarly as for excitation, the placement of loads over the structure will not affect 
those modes whose amplitude is low at the location of the loads. Therefore, if the 
two loads are placed at φ=±90º, they will only affect the resonant frequency of 
modes J2 and J3, within the range of frequencies previously considered. This can 
be observed in Figure 4.22, where the characteristic angle variation with frequency 
for the characteristic modes of the loaded structure is shown. As seen in the fig-
ure, the insertion of loads at φ=±90º shifts down the resonant frequency of modes 
J2 and J3, while slightly reducing their bandwidth, whereas the rest of modes re-
main unmodified. 
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Figure 4.22 Variation with frequency of the characteristic angle associated to the 

eigenmodes of the structure shown in Figure 4.21. 

As the resonant frequency of mode J2 decreases, reactive loading can be used as a 
technique to compact the antenna, as proposed in [61]. Moreover, this can also be 
used to increase the impedance bandwidth of the structure, by locating the reso-
nant frequency of one mode close to the resonant frequency of another one. This 
happens in the present case with modes J1 and J3, whose resonant frequencies are 
very close to each other, as shown in Figure 4.22. The impedance bandwidth of 
the structure can hence be increased by combining the resonances of these two 
modes, as carried out also in [62]. Additionally, circular polarization can be pro-
vided by using reactive loading and a single source, if one mode of a degenerated 
pair is properly shifted to achieve a 90º phase difference with the other one, and 
both are excited with the same amplitude. The procedure is explained in detail in 
[17], and extensive use of this technique for obtaining circular polarization has 
recently been applied to annular slot antennas [63][64]. 
 
In the last decades, other applications have also benefited from the use of reactive 
loading [65]-[67]. In next chapter, however, a new application will be proposed 
which is based on the use of reactive loading to control the resonant mode of a 
slot embedded in a wideband structure. This will allow to vastly increase the func-
tionality of the antenna, especially in case electronic control is provided. 
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4.3. Modal excitation in planar antennas 
 
In this section, modal excitation in more complex structures, such as planar anten-
nas, will be investigated, and novel designs based on the use of multiple feeding 
configurations will be presented, in order to obtain antennas with both wideband 
behavior and polarization agility. 
 
Planar antennas, such as microstrip, printed antennas or planar monopoles have 
attracted much interest during the last decade, due to their attractive features of 
low profile, small size, ease of fabrication and conformability to mounting hosts 
[2]. Moreover, due to the rapid growth of wireless communications, compact and 
broadband design techniques for planar antennas have focused much attention 
from antenna researchers in recent years. 
 
Planar structures in free space exhibit much wider radiation bandwidth than wire 
antennas [68]. Therefore, with an efficient excitation of the radiating modes asso-
ciated to the planar structure, wideband behavior can be obtained. The present 
section is focused on modal excitation for a specific type of planar antennas: the 
planar monopoles. In chapter 6, investigations concerning the excitation of modes 
in other planar structures will be performed. 
 
Planar monopoles are well-known antennas that have long been used in mobile 
communications, due to their wide impedance bandwidth, omnidirectional radiation 
pattern, compact and simple structure, low cost and ease of construction. Several 
planar monopole geometries providing wide impedance bandwidth, such as circu-
lar, elliptical, square, rectangular, hexagonal and pentagonal, have been proposed 
by different authors [69]-[75]. Some of these geometries are shown in Figure 
4.23. 
 

 
 

Figure 4.23 Different geometries for planar monopole antennas. 
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Among all of these configurations, the circular monopole and the elliptical mono-
pole fed along the major axis were reported to yield maximum bandwidth [72]. 
However, in [70] it has been shown that, although the square monopole provides 
smaller bandwidth than the circular monopole, its radiation pattern suffers less 
degradation within the impedance bandwidth. Diverse slight modifications of the 
geometry of the square planar monopole antenna have been proposed in the lit-
erature, in order to increase its impedance bandwidth. They consist mainly in add-
ing a shorting pin, using an off-centered feeding or employing diverse bevel angles 
on one or both sides of the base [76]-[78]. 
 
Although experimental results are widely provided in the references, an in-depth 
analysis explaining the behavior of such antennas can not be found in the litera-
ture. An analysis based on the Theory of Characteristic Modes provides deep 
physical insight into the behavior of this kind of antennas. Moreover, using these 
modes it can be demonstrated that with a proper feeding configuration, the im-
pedance bandwidth of the square monopole can be hugely increased, being com-
parable to that provided by the circular monopole, while also improving polariza-
tion purity. 
 
In the following section, characteristic modes associated to a rectangular plate in 
free space will be revisited [17], in order to identify the modes with more interest-
ing properties to be excited when considering a square planar monopole.  Subse-
quently, different experiments regarding the feeding will be carried out. 
 

4.3.1. Characteristic modes in a rectangular conducting plate 
 
In [17], the characteristic modes of a rectangular conducting plate of width W=40 
mm and length L= 60 mm, in free space, were presented. Figure 4.24 illustrates 
the current distribution of the first six characteristic modes at the first resonance 
(f=2.3 GHz), where all currents have been normalized to its maximum value in 
order to facilitate comparison. For a better understanding, Figure 4.25 additionally 
yields the current schematics for these six current modes. As observed, eigenvec-
tor J0 forms a closed loop over the plate and it can be identified as one of the non-
resonating modes, of inductive nature. Eigenvectors J1 and J2, which are character-
ized by horizontal and vertical currents respectively, are the most frequently used 
modes in patch antenna applications, while the rest of eigenvectors, J3, J4 and J5, 
are higher order modes that might be taken into consideration only at higher fre-
quencies. Radiation patterns associated to each mode are provided in Figure 4.26. 
 
Observe that these modes exhibit current distributions similar to those presented 
in chapter 3 for a conducting strip, i.e. singularities at the longer sides of the plate 
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for the longitudinal mode J1 and nulls of current for the transversal mode J2, with 
nulls appearing for higher order modes. Nevertheless, since the strip has finite 
length in this case, longitudinal and transversal currents are coupled and they are 
not exactly the same as those of the infinite strip. Nonetheless, the higher the 
aspect ratio (L/W) of the rectangular plate, the closer current distributions will be 
to those presented in chapter 3 for the infinite metallic strip. 
 

J0 J1 J2 

J3 J4 J5 

X

YL

W

 
Figure 4.24 Normalized current distribution at first resonance (f =2.3 GHz) of the 

eigenvectors Jn of a rectangular plate of width W=40 mm and length L= 60 
mm. 

 

J3 J4 J5 

J0 J1 J2 

 
Figure 4.25 Current diagrams of the six characteristic modes shown in Figure 4.24 

(black dots refer to nulls of current). 
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Figure 4.26 Radiation pattern in the XY plane of the modal electric fields ,nEφ  at 4 

GHz, produced by the characteristic modes Jn depicted in Figure 4.24. 

It is worth noting that eigenvectors presented in Figure 4.24 have been computed 
in free space. The presence of a ground plane below the plate would not signifi-
cantly alter their current distribution, but it would affect their resonance and radi-
ating bandwidth [79]. It must also be noted that due to dependency of eigenvec-
tors upon frequency, if a structure is to be analyzed in a different frequency range, 
modes need to be recalculated at every frequency [80]. 
 
Figure 4.27 presents the variation with frequency of the characteristic angle nα  

associated to the six current modes of the rectangular plate presented before. Ta-
ble 4.2 shows the resonant frequency corresponding to each mode, which is ob-
tained when the characteristic angle is 180ºnα = . The special nature of the non-

resonant inductive mode J0 can be appreciated in the figure. 
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 Mode J1 Mode J2 Mode J3 Mode J4 Mode J5 

rf  (GHz) 2.3 4.9 4.1 5.6 9.9 

Table 4.2. Resonant frequency ( )rf  for each of the characteristic modes of the 

rectangular plate, in free space. 
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Figure 4.27 Characteristic angle variation with frequency for the current modes of 

a rectangular plate of width W=40 mm and length L= 60 mm, in free space. 

As stated before, all modes exhibit broad radiating bandwidth, since their charac-
teristic angle curves are close to 180º in a wide frequency range after resonance, 
in contrast with the wire loop antenna, where the characteristic modes exhibited 
narrowband behaviour. In this case, the impedance bandwidth of the antenna at 
the input port will depend not only on the wideband behaviour of each mode, but 
also on the transition from one mode to the other. Note that when a frequency 
sweep is carried out, excited modes resonate successively, so a feeding mecha-
nism that properly combines the excitation of the modes and the transition from 
one mode to another is necessary for wideband matching. 
 
In the next section, the excitation of a square planar monopole antenna will be 
analyzed for diverse feeding configurations. 
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4.3.2. Excitation of a square planar monopole antenna 
   
Let us consider a square planar monopole analyzed from an image theory point of 
view. As shown in Figure 4.28(a) the monopole can be modeled as a planar plate 
with two narrow slits that account for the feeding gap. In this case, the geometry 
of the antenna is not exactly the same as that of a rectangular plate, whose char-
acteristic modes have been shown to exhibit wideband radiating properties. In-
deed, these slits at the center of the rectangular plate force the current to mean-
der around them, leading to a decrease of the resonant frequency, but the strong 
horizontal component of the current degrades the polarization and bandwidth of 
the antenna. This effect is well-known from microstrip antenna design, where cur-
rent meandering is a technique widely used to obtain compact antennas [3]. 
 
This assessment is verified by Figure 4.28, which illustrates the current distribution 
of the vertical current mode at resonance for a rectangular plate of dimensions 85 
mm x 40 mm, with and without slits. The vertical current mode of the slitted struc-
ture resonates at 1.3 GHz, and presents horizontal current flow near the slits, while 
the vertical current mode of the complete rectangular plate resonates at a higher 
frequency, 1.6 GHz, and displays pure vertical currents. Moreover, currents in the 
rectangular plate are noticeably more intense than in the slitted version, for the 
same color scale. 

 

(b) f = 1.6 GHz  (a) f =1.3 GHz 

8.5 cm 

4 cm

 
Figure 4.28 Normalized current distribution at resonance of the vertical current 

mode of a rectangular plate of dimensions 8.5 cm x 4 cm: (a) With slits, (b) 
Without slits. 

In Figure 4.29 the plots of the characteristic angle versus frequency for each struc-
ture are represented. These curves demonstrate that the vertical current mode of 
the rectangular plate offers broader radiating bandwidth than in the slitted plate, 
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since its associated characteristic angle stands near 180º in a wider frequency 
range. Moreover, these results imply that the bandwidth performance of the 
square monopole would improve if a feeding configuration capable of enforcing 
intense vertical currents in the structure while diminishing horizontal currents in 
the base of the monopole is applied. 
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Figure 4.29 Characteristic angle versus frequency curves obtained for the rectan-

gular plates presented in Figure 4.28. 

Therefore, in order to reinforce the excitation of the vertical current mode J1 in the 
structure, two excitation points (instead of a single one) can be placed symmetri-
cally in the base of the monopole, as depicted in Figure 4.30(a). Once again, the 
geometry of the structure is modified, but since it is closely similar to the rectangu-
lar plate, the characteristic angle associated to the vertical current mode exhibits 
improved behavior compared to the slitted rectangular plate. This can be observed 
in Figure 4.30(b), where the characteristic angle vs. frequency of the vertical mode 
J1 is represented for all three structures. In contrast, the properties of horizontal 
mode J2 will be the same in the three structures, since its current distribution is not 
disturbed by the insertion of the slits [81]. However, the grade of excitation of this 
mode will differ depending on the feeding configuration employed, as it will be 
seen next. 
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(a) (b) 

Figure 4.30 (a) Geometry of the square planar monopole with two strips at its 
base that account for the ports (L=40 mm; h0=2.5 mm); (b) Comparison of 
the characteristic angle vs. frequency of the vertical mode J1 for the three 

structures. 

Figure 4.31 shows a comparison of the absolute value of the total current in the 
surface of the planar monopole at 2 GHz, when a double feeding and a single 
feeding configuration are used, for cuts at y=h0+2 mm and y=h0+4.5 mm. These 
current distributions have been obtained with the electromagnetic simulation soft-
ware CST Microwave StudioTM. As observed, the horizontal component of the total 
current (Jx) is diminished when a double feed configuration is used, especially at 
the central part of the monopole, where a null is forced. As long as the current 
flows far enough from the excitation points (y=h0+4.5 mm), it can be observed 
that the horizontal component (Jx) has significantly decreased at the centre of the 
monopole, whereas the vertical component (Jy) shows a much uniform distribution 
over the surface of the monopole, as desired for the vertical mode excitation. A 
similar behaviour is obtained for other frequencies. 
 
In the figure, the singularity of the current at the excitation points can also be 
noticed. It is observed that component Jy presents a peak of current at the position 
of the feeding points, that decreases rapidly when coordinate y increases, due to 
the fact that evanescent modes created at the feeding point discontinuity almost 
disappear after a small distance from the excitation points. 
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(a) (b) 

Figure 4.31 Comparison of the absolute value of the total current distribution vec-
tors on the surface of the square planar monopole antenna, excited at one 
and two points of its base, for cuts at (a) y=h0+2 mm; (b) y=h0+4.5 mm. 

Frequency is 2 GHz. 

Furthermore, the current distribution of the first four characteristic modes of this 
structure is also represented at first resonance (f=1.3 GHz) in Figure 4.32. As ex-
pected, the modal current distributions in the square planar monopole with two 
feeding ports are very similar to those of the rectangular plate previously shown.  
 
Moreover, Figure 4.33 shows the contribution of the modal admittances to the total 
input admittance, for the square planar monopole antenna excited at two points 
symmetrically distributed in its base. As it can be noticed in the figure, through the 
use of the two feeding points, vertical current mode J1 is strongly excited over the 
structure for a wide frequency range, what does not occur in other square planar 
monopoles such as the ones with a single feed, with an off-centred feed or with a 
shorting pin. A detailed modal excitation study of this kind of monopoles can be 
found in [17] and [82]. At 3.7 GHz, mode J3 resonates and also contributes to 
radiation in the structure, whereas modes J0 and J2 are not excited at all within the 
whole frequency range. 
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Figure 4.32 Normalized current distribution at first resonance (f =1.3 GHz) of the 

first four eigenvectors Jn of the square planar monopole shown in Figure 
4.30(a). 
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Figure 4.33 Contribution of the modal admittances Yn to the input admittance Yin, 
for the double-fed square planar monopole. Legend is common to both 

plots. 
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These modal admittances have been obtained at each port of the structure. Due to 
the symmetrical distribution and equal phase of the two ports, the same admit-
tances are obtained at each one, i.e Yin1=Yin2. Furthermore, the input impedance 
vs. frequency computed at each input port is depicted in Figure 4.34(a). It can be 
noticed that input impedance values do not suffer strong variations within the con-
sidered frequency range, hence leading to a very high impedance bandwidth. In 
Figure 4.34(b) the return loss calculated for two different reference values of char-
acteristic impedance is plotted. It can be seen that the impedance at the input 
ports is better matched for a value of 100 Ω than for 50 Ω, hence yielding a high 
impedance bandwidth. Therefore, if a 50 Ω cable is used to feed the antenna, a 
wideband matching network should be implemented to obtain high impedance 
bandwidth and to take the most of the characteristic modes performance.  
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Figure 4.34 (a) Input impedance at each port of the double-fed square planar 
monopole antenna; (b) Return loss obtained for different values of reference 

impedance. 

Since planar monopole antennas are usually fed by means of a single port, a feed-
ing network has to be implemented in order to properly excite the antenna at the 
two ports, implementing also a wideband matching for the 100 Ω impedance of 
each input port. 
  

4.3.2.1. Practical implementation of the double feed mechanism 
 
In order to excite the structure with a single port, a feeding network has to be 
implemented, which must properly excite the monopole at the two symmetrical 
points at its base. Moreover, the feeding network must provide wideband imped-



Chapter 4  

102 

ance matching to the 100 Ω impedance presented by the structure at both excita-
tion points, in order to provide wideband behavior. 
   
Therefore, a simple microstrip power divider can be used to feed the planar mono-
pole. As the divider network is aimed at supplying power at two points of the same 
antenna, it is only necessary to take into account the bandwidth of the S11 and 
S12/S13 parameters of the structure. Moreover, the characteristic impedance of the 
output ports is 100 Ω, as required by the antenna. Figure 4.35 shows the geome-
try of the proposed feeding network, which is located at 0.76 mm over a 100x100 
mm2 ground plane. Its S-parameters, simulated with electromagnetic simulation 
package Zeland IE3DTM, are shown in Figure 4.36. As observed, S11 remains below 
-10 dB for a wide frequency range, whereas S12/S13 is also approximately -3 dB 
within a high bandwidth, as desired. Therefore, taking into account these parame-
ters, wideband behavior can be considered for the proposed feeding network. 
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Figure 4.35 Geometry of the proposed feeding network. 
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Figure 4.36 Simulated S-parameters of the feeding network. 



Excitation of Characteristic Modes 

 103 

4.3.2.2. Results for the proposed antenna 
 
Afterwards, a prototype of the antenna with the proposed feeding network has 
been fabricated and measured [83]. Figure 4.37(a) shows the prototype of the 
square planar monopole antenna with double feed, and Figure 4.37(b) depicts its 
simulated and measured return loss, showing a good agreement between them. As 
desired, very large bandwidth behavior is obtained with the proposed antenna.  
 
Figure 4.38 compares the measured voltage standing wave ratio (VSWR) of the 
double-fed square monopole with that of a single-fed square monopole of the 
same dimensions. As it was expected from the previous discussion, when using a 
double-feed configuration the impedance bandwidth of the square monopole is 
notably improved. 
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Figure 4.37 (a) Prototype of the square monopole with double feed; (b) Compari-
son of simulated and measured results for the return loss referred to 50 Ω, 

of the antenna prototype. 
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Figure 4.38 Comparison of the VSWR referred to 50 Ω of a double-fed square 

monopole and a single-fed square monopole of the same dimension. 

Moreover, for the sake of comparison, Figure 4.39 illustrates the radiation patterns 
in the XY plane for the square planar monopole antenna with double feed (SPMDF) 
and for a circular planar monopole (CM) with the same area and a feed gap of 1 
mm, at three different frequencies. The feed gap chosen for the circular monopole 
was found to yield the maximum impedance bandwidth for these dimensions. It 
can be observed that, owing to the use of the double symmetrical feeding in the 
square planar monopole antenna, the cross-polar component (horizontal compo-
nent) of the radiation pattern decreases when compared to that of the circular 
monopole antenna, for all frequencies. This is due to the fact that the symmetrical 
feeding configuration used causes the excitation of the vertical current mode of the 
structure, while preventing other modes (e.g. horizontal and asymmetrical current 
modes) from being excited. 
 
Furthermore, other techniques, such as the insertion of bevels at the base of the 
monopole [76], can be combined with the use of the double feed in order to fur-
ther increase the impedance bandwidth of the antenna. The addition of bevels on 
the lower corners of the square planar monopole reduces even further the horizon-
tal current at the base of the monopole, and hence increased bandwidth can be 
obtained. Figure 4.40(a) shows the geometry of the antenna when applying the 
beveling technique. As observed in Figure 4.40(b) the bandwidth achieved with the 
combination of both techniques is highly increased. 
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(a) (b) (c) 

Figure 4.39 Radiation patterns in XY plane for the double feed square planar 
monopole and circular monopole antennas at (a) 2 GHz; (b) 4 GHz and (c) 6 

GHz. 
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(a) (b) 
Figure 4.40 (a) Geometry of the square monopole with double feed and bevels 

(L=40 mm); (b) Comparison of measured VSWR referred to 50 Ω  for the 
antenna with a single feed, double feed and double feed with bevels. 

Consequently, all the results presented in this section demonstrate the advantage 
of using the multiple feeding technique in square planar monopole antennas. The 
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use of this technique has been carefully reasoned, by means of the analysis of the 
characteristic modes of a rectangular plate. Other techniques for bandwidth en-
hancement proposed in the literature for this kind of antennas rarely justify the 
physical basis, being limited to the presentation of diverse experiments, and hence 
hindering the establishment of general design guidelines. The multiple feeding 
technique, proposed for the first time for this type of antennas, has been published 
in [83], and many authors have taken into account these design guidelines for the 
design of planar antennas [84]-[104]. 
 
Moreover, the multiple feeding technique can be used in other types of planar 
antennas, for instance to obtain polarization diversity or antennas for MIMO appli-
cations. This will be discussed in next sections.  
 

4.3.3. Application of a double feed planar monopole antenna to 
MIMO systems 

 
Deriving from the double feed planar monopole antenna presented in the previous 
section, a compact antenna for Multiple-Input Multiple-Output (MIMO) applications 
can be proposed. 
 
As commented in section 4.2.2.2, the problem in modern compact handsets is that 
the volume required by multiple antennas usually needed in MIMO systems is often 
too large for this kind of terminals. To solve this problem, compact solutions are 
required, which can consist in the use of multimode antennas that have been 
shown to provide a channel capacity comparable to that of an array [57][58]. A 
different approach to reduce the overall size resides in using compact integrated 
diversity antennas, similar to the one described in [105]. This antenna effectively 
incorporates two antennas into one, and uses two isolated feed ports to provide 
diversity signals. 
 
Based on this latter technique, a compact MIMO antenna can be derived from the 
double feed square planar monopole presented in the previous section [106][107]. 
However, since both feeding ports are desired to work independently, good isola-
tion between ports and low envelope cross correlation are required. Figure 4.41 
shows the geometry of the proposed MIMO antenna. As observed, it is very similar 
to the geometry of the antenna presented in the previous section, but in this case, 
the feeding network has been eliminated since the two ports are now fed inde-
pendently. Moreover, a slit has been inserted between both ports of the antenna, 
in order to reduce the coupling between them. The dimensions of the antenna 
have been optimized to operate at 2.45 GHz, and the location and size of both 
ports have been adjusted to match the typical 50 Ω impedance. 
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Figure 4.41 Geometry of the compact MIMO square planar monopole with two 

independent feeds.  

Subsequently, a prototype of the antenna was fabricated and the S-parameters 
measured. Comparison of simulated and measured S-parameters is depicted in 
Figure 4.42, showing a very good agreement. As observed, the structure is 
matched in a range of frequencies of about 1 GHz, while the parameter S12 stays 
under -20 dB in most of this frequency range, reaching a minimum value under -35 
dB at the design frequency. Therefore, isolation between ports is achieved. 
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Figure 4.42 Geometry of the compact MIMO square monopole with two feeds.  

Moreover, the envelope correlation was calculated by means of S-parameters, as 
described in [108]. Figure 4.43 shows that the prototype provides correlation val-
ues that remain below 0.02 within the whole band of interest. 
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Figure 4.43 Correlation values obtained from the prototype.  

To verify the suitability of this new MIMO design, the antenna was measured from 
2 GHz to 3 GHz at the Technical University of Cartagena. A MIMO channel sounder 
based on a multiport network analyzer and a fast switch was used in order to 
measure the frequency response in an indoor environment [109]. A SIMO (Single-
Input Multiple-Output) system was implemented, using a Cisco Aironet omnidirec-
tional mast mount antenna (AIR-ANT2506) with 5 dBi gain as the transmitter, and 
the proposed two port planar monopole antenna as the receiver. The distance 
between the transmitter and the receiver was fixed to 3 m. Measurements were 
taken for a total of 1601 frequencies, with an intermediate frequency of 1 KHz. 
During the measurements, the lab was empty except for the system under meas-
urement. Consequently, the channel has been supposed quasi-static.  
 
The performance of different SIMO systems, with two vertical Cisco Aironet mono-
poles at reception using different spacing was studied. Figure 4.44 shows the rela-
tive power measured by each receiving antenna (two in this case), for the two port 
monopole, and for the two Cisco monopoles with different spacing. As observed, in 
every SIMO system, the received power by each antenna is similar. Obviously, as 
the Cisco monopoles present higher gain than the planar monopole, they receive 
higher power. It can also be noted that a higher power is received at the WiFi 
band (around 2.45 GHz) as the monopoles are tuned at those frequencies. 
 
Figure 4.45 shows the correlation for the two antennas at reception for this envi-
ronment. In general, the correlation decreases when the distance between the two 
receiving antennas increases. As observed, the behavior of the planar monopole 
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resembles that of the two Cisco monopoles at λ/2. Thus, the two port planar 
monopole could be considered approximately equivalent to the two vertical Cisco 
monopoles separated λ/2. 
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Figure 4.44 Power measured by each receiving antenna, for the two port planar 

monopole, and for the two vertical Cisco monopoles with different spacing.  
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Figure 4.45 Correlation for the two antennas at reception, for the two port planar 

monopole, and for the two vertical Cisco monopoles with different spacing.  
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4.3.4. Wideband antennas with polarization diversity 
 
The use of multiple feeding points to improve the polarization properties of an 
antenna can also be extended to other geometries. Therefore, the use of multiple 
excitations enables not only the improvement of the impedance bandwidth, but 
also the design of antennas with diverse polarizations, as far as the proper modes 
are coupled. 
 
Thus, a four port antenna consisting of four circular plates and four feeding points 
can be proposed as a wideband multi-polarized antenna. The geometry of the 
structure is shown in Figure 4.46. By properly combining the amplitude and phases 
of the voltage generators at each port, different polarizations can be obtained for 
the antenna. The idea was already presented in section 4.2.2.2 for a wire loop 
antenna, where results for the excited modes and the polarization obtained for 
different amplitude and phase combinations of the sources were summarized in 
Table 4.1. Different combinations lead to diverse polarizations for the planar struc-
ture, obtaining a higher bandwidth than in the wire loop. 
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Figure 4.46 (a) Four circular plate antenna with dual polarization (R=22.568 mm); 

(b) VSWR referred to 50 Ω.  

Therefore, if symmetrical voltages V1 and V2 are applied in Figure 4.46, a vertical 
current distribution is generated (as shown in Figure 4.47a, where the total current 
distribution is depicted) and an electrical field with linear vertical polarization is 
radiated. In the same manner, when voltages V3 and V4 are applied, horizontal 
polarization operation is obtained (see Figure 4.47b). Finally, when the same am-
plitude and phase is applied to all the voltage sources in the antenna, a linear po-
larization of 45º is obtained, as a combination of the vertical and the horizontal 
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current modes excited (Figure 4.47c). Moreover, left-handed or right-handed circu-
lar polarization can be achieved if a phase difference of +90º or -90º is produced 
between sources V1 (V2) and V3 (V4), respectively, as shown in Table 4.1. There-
fore, by adequately activating the four feedings, polarization agility can be ob-
tained for the antenna. 
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Figure 4.47 (a) Current distribution obtained with IE3D for different feeding con-
figurations, at 2 GHz: (a) vertical polarization; (b) horizontal polarization; (c) 

45º polarization. 
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The voltage standing wave ratio (VSWR) referred to 50 Ω for the antenna excited 
with parallel voltages V1-V2 or V3-V4 and computed with commercial software Ze-
land IE3DTM is shown in Figure 4.46(b). As observed, an impedance bandwidth 
ratio higher than 4.6:1 is provided by this antenna. In Figure 4.48, the radiation 
pattern computed with IE3D at different frequencies for the antenna with vertical 
linear polarization is represented. The figure shows that some degradation in the 
radiation pattern occurs at higher frequencies (5 GHz approximately), due to the 
excitation of higher order modes. 
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Figure 4.48 Radiation pattern at different frequencies within the operating band-
width for vertical polarization in the (a) XZ plane; (b) YZ plane and (c) XY 

plane.  
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A comprehensive study of characteristic modes associated to the structure shown 
in Figure 4.46 is provided in [17]. From this study, it can be inferred that charac-
teristic modes of the structure composed by four circular plates can easily be ob-
tained as the different combinations of the characteristic modes of a single circular 
plate, what highly facilitates the computation of modes in identical coupled struc-
tures. 
 
Other shapes for the planar structure can be proposed to decrease the lowest fre-
quency of the operating band. For instance, a petal-shaped geometry with four 
feeding points can be used [110], as depicted in Figure 4.49(a). By means of the 
feeding configuration employed (a detail of the feeding is illustrated in the figure), 
the same performance as that of the double circular dipole previously discussed 
can be obtained. As observed in Figure 4.49(b), an impedance bandwidth from 800 
MHz up to 6.8 GHz is achieved for a VSWR<2. Radiation patterns similar to that of 
the four circular plates are obtained. 
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Figure 4.49 (a) Petal-shaped antenna with dual polarization (L=110.31 mm); (b) 
VSWR referred to 50 Ω.  

Therefore, it can be concluded that multiple feedings can also be used to gain 
control over the polarization of the antenna. By properly combining the amplitude 
and phase of the sources, a wideband antenna with diverse polarizations can be 
obtained. Information about a possible practical implementation of the feeding 
mechanism can be found in [111][112]. 
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4.4. Conclusions 
 
In the present chapter the excitation of characteristic modes in radiating structures 
has been investigated. Once the characteristic modes of a conducting structure 
have been analyzed, the next step in the design process should consist in deciding 
the location and configuration of the feeding mechanism, in order to properly ex-
cite those modes with more appealing properties. 
 
Therefore, the modal excitation in a simple wire antenna has initially been investi-
gated. It has been shown that the location of the source is critical to determine the 
significance of each mode in the radiating behaviour of the excited structure. 
Moreover, it has been demonstrated that by means of multiple sources, a more 
precise control over the modal excitation can be gained, as different mode symme-
tries over the structure can be imposed by the sources. 
 
Afterwards, modal excitation in more complex structures, such as planar antennas, 
has been studied. It has been established that for a square planar monopole an-
tenna usage of a double feeding mechanism can extremely improve the antenna 
performance, since the excitation of the wideband vertical current mode is rein-
forced. Later, a practical implementation of the feeding mechanism has been pro-
posed and a prototype fabricated. Measurements for the proposed antenna con-
firm the improved impedance bandwidth and radiation properties. The use of a 
multiple feeding mechanism in this kind of antennas and the physical explanation 
of their behaviour by means of characteristic modes has been taken as a reference 
by other authors [84]-[104]. 
 
Finally, multiple feeding mechanisms are also useful to provide diverse polariza-
tions in a radiating structure. When combined with a planar structure, wideband 
behaviour is obtained in addition to this ability. 
 
Therefore, in the present chapter it has been demonstrated that the information 
provided by characteristic modes about resonance frequency and radiating band-
width of a conducting structure is immensely useful for the antenna design. These 
modes provide a very clear physical insight into the behaviour of the radiating 
structure, hence facilitating the design process. The current distribution exhibited 
by the different modes provides very useful information regarding the optimal loca-
tion and configuration of the feeding points. 
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Chapter 5. Modal analysis and design of wideband antennas with coupled resonators 

5.1. Introduction 
 
In the previous chapter, the excitation of characteristic modes in wire and planar 
antennas was investigated, and novel designs for wideband and multi-polarized 
antennas were proposed. In this chapter, the Theory of Characteristic Modes will 
be applied for the analysis and design of wideband planar antennas with a narrow-
band resonator embedded into the planar geometry. In this case, the coupling of 
the narrowband resonator produces some effect in the behaviour of the wideband 
structure, which will be investigated in the present chapter from a modal perspec-
tive. 
 
Antennas with coupled resonators have been extensively used in the last decades 
for a great variety of applications. In particular, wireless communication terminals 
have long made use of antennas with coupled resonators to achieve multiple oper-
ating bands with a single compact antenna, to obtain circular polarization or to 
increase the impedance bandwidth of the antenna [2][3].  
 
Figure 5.1 shows some examples of coupled resonators used in microstrip anten-
nas. As it can be seen, coupled resonators can consist in a slot embedded into the 
planar surface of a patch antenna, in order to generate an additional resonance 
and obtain a dual-band antenna (Figure 5.1a) [113][114]. Moreover, a slit with 
some specific shape can be inserted into the planar structure, so as to generate 
two or more connected resonators of different size, creating multiple operating 
bands (Figure 5.1b) [115]-[117]. In addition, gap-coupled parasitic patches can be 
used to enhance the bandwidth of microstrip antennas, as shown in Figure 5.1c 

“If you can't explain it simply, you don't understand it well enough” 
 

Albert Einstein 
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[118]. In this case, the patches are designed to have slightly different resonant 
lengths. As a result, their resonances occur at frequencies close to each other and 
hence the operating frequency band is increased. It is possible to use not only 
parasitic patches, but also other driven patches, which can be coupled to increase 
the bandwidth, as shown in Figure 5.1d [119][120]. Furthermore, diverse coupled 
resonators can be combined within the same structure, as shown in Figure 5.1e, 
where two stacked patches with embedded slots are used to increase the number 
of operating bands [121]. 
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Figure 5.1 Traditional microstrip antennas with coupled resonators. 

In consequence, it can be stated that the use of coupled resonators in narrowband 
antennas, such as microstrip antennas, has been extensively investigated. A com-
prehensive review of microstrip antennas with coupled resonators can be found in 
[2],[3] and [122]. 
 
In recent years, however, the use of narrowband resonators embedded in wide-
band antennas has been significantly extended. More precisely, resonant slots 
embedded in wideband planar monopole antennas have focused much attention 
recently, due to the fact that the insertion of the narrowband slot has been proven 
to produce a frequency-notch feature in the antenna response [123]-[129]. 
 
This feature is especially interesting in planar monopole antennas used for Ultra-
Wideband (UWB) systems. Planar monopole antennas have been found to be ex-
cellent candidates to operate in UWB systems, since they can cover the system’s 
required frequency range (from 3.1 to 10.6 GHz) while presenting a low-cost and 
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very compact structure [130]. Moreover, this kind of antennas satisfactorily com-
plies with the time-domain requirements of UWB systems. However, as observed in 
Figure 1.1 of chapter 1, several frequency bands for narrowband technologies have 
been allocated within the UWB frequency range, such as wireless LAN at the 5.2 
GHz (5150 GHz-5350 MHz) and 5.8 GHz (5725–5825 MHz) bands, which might 
interfere with the UWB system. Hence, the possibility of providing a frequency-
notched characteristic in the antenna itself to mitigate the unwanted interference 
from wireless LAN systems results extraordinarily attractive. 
 
Several authors have recently proposed numerous designs of UWB antennas in-
cluding this feature [123]-[129], which is usually accomplished by inserting an 
inverted-U-shaped resonant slot in the antenna planar geometry, and by properly 
adjusting its length in order to make it resonant at the desired filtering frequency, 
as discussed later. However, all the proposed designs provide only pure experi-
mental results, with no detailed explanation about the coupling phenomena be-
tween the wideband and narrowband structure. 
 
In order to physically explain the behaviour of these antennas and to provide some 
design guidelines, the present chapter is devoted to investigate this type of struc-
tures by means of the Theory of Characteristic Modes. The understanding of the 
behaviour of wideband antennas with narrowband embedded resonators will allow 
to propose novel designs based on controlling the excitation of the narrowband 
structure resonance. Therefore, a further step in the design of UWB antennas with 
band-notched characteristic may consist in using active devices to control these 
resonances. Part of this work was developed at IMST GmbH., whose experience in 
the use of miniaturized active devices was immensely valuable to initiate the pro-
posals of planar monopoles with active devices.   
 
In the next section, characteristic modes of a common planar monopole antenna 
with a narrowband resonator will be computed and analyzed. In addition, the mo-
dal excitation will be investigated, when exciting the structure with a single port. 
Based on the conclusions obtained from the modal analysis, a new slot shape and 
an electronic control of its excitation will be proposed to be used in an UWB an-
tenna. A prototype of the antenna will be fabricated and measured to demonstrate 
the feasibility of the proposal. Finally, reactive loading will be proposed to control 
the coupled narrowband resonance. Not only frequency-domain but also time-
domain measurements will be provided, in order to fully demonstrate the conven-
ience of the proposed antenna for UWB applications. 
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5.2. Modal analysis of wideband planar monopole antennas 
with embedded resonators 

 
In this section, the characteristic modes of a planar monopole antenna with a cou-
pled resonator will be analyzed. For the analysis, a square planar monopole ele-
ment is chosen due to its simple geometry, which is useful for a generalized modal 
study of this kind of antennas.  
 
The geometry of the antenna is shown in Figure 5.2. As observed, a thin slot with 
an inverted-U shape is etched in the interior of the radiating element in order to 
generate an additional resonance in the structure. Dimensions of the antenna have 
been taken from [129], where a complete parametric study of the radiating ele-
ment is provided. The response of the antenna has been calculated by means of 
an electromagnetic simulation tool based on the Method of Moments, which has 
been developed and implemented by the Electromagnetic Radiation Group of the 
UPV [17]. The computed return loss is depicted in Figure 5.3, where it is possible 
to observe that a rejected band is generated within the operating bandwidth of the 
antenna, due to the resonance of the embedded slot. Thus, the center frequency 
of the notched band is determined by the dimensions of the slot, as follows [129]: 

 
( )1 24 2notch

cf
l l t

=
+ −

 

where c  is the speed of light. Therefore, by adjusting the dimensions of the slot 
the notched band can be shifted to the desired frequency. 

 
L

L

t

l1

l2

hs h0

L

L

t

l1

l2

hs h0

L 71 mm 
l1 43 mm 
l2 33 mm 
t 2 mm 
hs 11 mm 
h0 4.5 mm  

Figure 5.2 Geometry of the square planar monopole loaded with a resonant slot. 
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Figure 5.3 Return loss of the antenna shown in Figure 5.2, where the band 

notched behavior can be observed. 

In existing literature, there exists a lack of rigorous analysis to investigate the ef-
fect of the slot embedded in the planar surface. However, the Theory of Character-
istic Modes can provide an innovative approach to analyze this type of problems, 
and hence it has been applied to the structure shown in Figure 5.2. Thus, the ob-
jective is to obtain an in-depth physical insight into the behavior of the antenna, 
with the aim of improving its performance and functionality. 
 
Figure 5.4 shows the normalized current distribution for the first five characteristic 
modes of the square planar monopole with a narrowband coupled resonator. In 
Figure 5.5, diagrams representing schematically the current distribution of these 
modes are depicted for better understanding. According to this figure, modes J0, 
J1, J2 and J3 present a current distribution very similar to that exhibited by the 
modes associated to the traditional square planar monopole antenna. For the sake 
of comparison, the first four modes of this latter structure are represented in 
Figure 5.6.  
 
For the slotted antenna, the location of the slot has been optimized to minimize 
disturbance on the modal current distributions. Nevertheless, the presence of the 
slot produces an additional resonant mode in the structure, called slot mode, which 
is responsible for the degradation of the input impedance of the antenna at a cer-
tain frequencies, i.e. within the notched frequency band. 
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Mode 0J  (1 GHz) Mode 1J  (1 GHz) Mode 2J  (1 GHz) 

   

Mode 3J  (1.6 GHz) Slot Mode (1.3 GHz) 

   
Figure 5.4 Normalized current distribution for the first five characteristic modes 

of the square planar monopole antenna loaded with a thin inverted-U shape 
slot, at a frequency near the resonance of each mode. 

Mode J0Mode J0 Mode J1Mode J1 Mode J2Mode J2

 
Mode J3Mode J3 Slot ModeSlot Mode

 
Figure 5.5 Diagrams of the modal current distributions in the square planar 

monopole antenna loaded with a thin inverted-U shape slot. 
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Figure 5.6 Normalized current distribution for the first four characteristic modes 

of the square planar monopole antenna without slots, at a frequency near 
the resonance of each mode. 

In Figure 5.7, the characteristic angle variation with frequency for the first charac-
teristic modes is represented, both for the slot-free and the slotted monopole. As 
observed, mode J1 exhibits similar radiating behavior and resonant frequency in 
both monopoles. The same occurs for mode J3. From the current distribution of 
these modes in the two structures, it is possible to deduce that this is caused by 
the optimal location of the slot in a position within the structure, where the current 
is not significantly altered. The height of the slot, measured from the ground 
plane, is critical to avoid disturbing the current distribution of modes J1 and J3 ex-
cessively [131]. These modes present a very intense current at the base of the 
monopole, whose value decreases sharply as it flows away. In consequence, these 
modes are intensely affected by presence of the slot near the base of the mono-
pole, and hence the effect of the notched band becomes stronger as seen in the 
parametric study carried out in [129].  
 
Furthermore, as mode J0 does not present a very intense current distribution at the 
central part of the planar surface, its behavior is not affected by the insertion of 
the slot. Nevertheless, the insertion of the slot affects the characteristic angle as-
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sociated to mode J2. As observed in the figure, the resonant frequency of mode J2 
in the slotted structure decreases, due to the current meandering produced by the 
slot. In addition, this current meandering decreases moderately the radiating 
bandwidth of this mode. 
 
Finally, the presence of the slot mode can clearly be noticed in the figure for the 
slotted structure. The curve of the characteristic angle associated to this mode 
presents a very steep slope, which confirms its narrowband behavior. Moreover, it 
can be also noted that its resonant frequency coincides with the center of the re-
jected band. Within the range of frequencies analyzed, only the first resonant 
mode of the slot appears. However, there exist higher order slot modes produced 
by the successive higher order resonances of the slot, which lie beyond this fre-
quency range. 
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Figure 5.7 Characteristic angle variation with frequency for the first characteristic 
modes of the square planar monopole antenna, with and without slot. 

Moreover, when the slotted monopole is fed at the center of its base by means of 
a voltage gap source, the modal admittances shown in Figure 5.8 are obtained. 
The total admittance calculated at the input port has also been represented in the 
figure, so as to facilitate the identification of the contribution of each mode to the 
total input admittance. As it can be seen, both in the real and imaginary parts of 
the admittances, mode J1 dominates at lower frequencies, up to 1.2 GHz. Sud-
denly, at 1.3 GHz, the slot mode appears and provokes an abrupt anti-resonance, 
due to the strong inductive behavior exhibited by this mode after its resonance. As 
observed, since the slot mode presents a narrow band, its influence on the total 
admittance is reduced to a short range of frequencies. Finally, after the resonance 
of the slot mode, mode J3 is excited. 
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Figure 5.8 Contribution of the modal admittances Yn to the input admittance Yin, 
for the square planar monopole antenna with two feeding ports. Legend is 

common to both plots. 

Therefore, the sudden appearance of the narrowband slot mode provokes a strong 
perturbation in the curve of the input admittance, which leads to a mismatching in 
a frequency range near the resonant frequency of the slot mode. In Figure 5.9 a 
comparison of the input impedance of the antenna with and without slot has been 
depicted, clearly showing the effect of the slot mode. As observed, the resonance 
of the slot causes the resistance at the input port to suddenly decrease, due to the 
increment of current intensity produced by the slot resonance, and provokes a 
mismatching in the input impedance. 
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Figure 5.9 Comparison of the input admittance of the square planar monopole 
antenna with and without band-notched behavior. 
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5.3. Control of the slot mode excitation 
 
As previously considered, the resonance of the slot embedded within the planar 
antenna is the responsible of its band-notched behavior. Usually, the slot takes an 
inverted-U shape, allowing this compact structure to achieve the rejection of lower 
frequencies within the operating band of the antenna. 
 
In Figure 5.10(a), an alternative shape for the slot can be proposed, with the pur-
pose of being able to control the excitation of the slot mode.  In this case, the slot 
consists of a square ring with the dimensions shown in the figure (in mm). As por-
trayed in the figure, a strip has been inserted in the upper part of the slot ring, and 
thus the slot can be fed by allowing the pass of the current to the internal part of 
the slot. The VSWR (referred to 50 Ω) obtained when the slot is fed is shown in 
Figure 5.10(b). This result has been simulated with CST Microwave StudioTM, and a 
notched-band is obtained, as expected. In this case, the slot dimensions have been 
adjusted to introduce a band-notch around 5.5 GHz. 
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Figure 5.10 (a) Geometry of the beveled square planar monopole antenna with a 

quasi-square slot ring embedded in its planar surface. Dimensions are given 
in mm. (b) Simulated VSWR referred to 50 Ω. 

Nevertheless, if the strip accounting for the excitation of the slot is eliminated, the 
slot resonance is prevented, and hence no band-notched feature is produced. 
Figure 5.11 shows the geometry of the antenna for this case, together with the 
simulated VSWR. As it can be seen in the figure, the antenna presents a very high 
bandwidth for VSWR≤2, and since the slot mode resonance is prevented, no fre-
quency band is rejected. Therefore, the excitation of the slot mode and conse-
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quently its effect on the behavior of the wideband antenna can be controlled 
through the proposed technique. 
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Figure 5.11 (a) Geometry of the beveled square planar monopole antenna with a 
square slot ring embedded in its planar surface. Dimensions are in given in 

mm. (b) Simulated VSWR referred to 50 Ω. 

Figure 5.12 shows the normalized current distribution obtained with CST Micro-
wave StudioTM, at 5.5 GHz, for the cases when the slot mode is fed and when it is 
not. As observed in Figure 5.12(b), when the strip is not inserted, the slot reso-
nance, and hence the excitation of the slot mode, are prevented, and the normal 
surface current distribution of the planar monopole is practically not disturbed. On 
the other hand, when exciting the slot mode (Figure 5.12a), a strong resonance is 
provoked at 5.5 GHz, which alters the current distribution within the planar surface 
of the monopole, what in turn translates into a degradation of the input imped-
ance. 

 
  

 (a) (b) 

Figure 5.12 Normalized current distribution at 5.5 GHz obtained with CST Micro-
wave StudioTM, for a beveled square planar monopole antenna loaded with a 

square slot ring, where: (a) slot mode is fed; (b) slot mode is not fed. 
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It must also be noted that only the first resonance of the slot occurs, when the 
length of its external perimeter is λ/2 approximately. Nevertheless, higher order 
resonances of the slot are not coupled in the structure due to the symmetry im-
posed by the excitation of the planar monopole antenna. As the frequency in-
creases, mode J3 and successive higher order modes are excited in the monopole, 
but the current distribution of these modes prevents the coupling of higher order 
slot modes. 
 

5.3.1. Insertion of active devices to control the slot mode excita-
tion 

 
Based on the previous analysis, it is clear that the functionality of wideband planar 
monopole antennas with band-notched behavior can be significantly improved if 
the excitation of the slot mode is electronically controlled. 
 
Electronic control of the slot mode resonance can be accomplished, by means of 
an RF switching device that controls the flow of current to the inner part of the 
slot. Therefore, the antenna filtering capability can be further improved by making 
this band-notched behaviour switchable [131][132]. Since the existence of interfer-
ing systems depends on the antenna environment, the filtering function exhibited 
by planar monopoles with fixed band-notched behaviour might not be necessary in 
some cases. In this case, depending on whether interference from other systems is 
present or not, the antenna filtering feature can be activated at will. 
 
The structure of the proposed antenna is shown in Figure 5.13(a), where the 
switching device has been inserted in the upper part of the slot, so as to minimize 
the effect over the antenna performance. On the one hand, when the switch is in 
ON state, and assuming an ideal shunt for this switching state, the antenna behav-
ior is the same as that observed in Figure 5.10, where the slot mode is excited and 
a rejected band is generated (see Figure 5.13b). On the other hand, when the 
switch is in OFF state, the antenna is equivalent to that shown in Figure 5.11, and 
the band rejection is consequently prevented. 
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Figure 5.13 (a) Geometry of the beveled square planar monopole antenna with a 
square slot ring embedded in its planar surface, loaded with a switching de-

vice;  (b) Simulated VSWR for both states of the switch. 

5.3.1.1. Implementation of the switch by means of a PIN diode 
 
In principle, the implementation of the RF switch can be carried out by means of a 
Micro-Electro-Mechanical System (MEMS) or a high frequency PIN diode. MEMS 
switches are becoming increasingly applied to antenna design [133]-[135], and 
constitute an appealing alternative, since they offer very low power consumption 
and very low ohmic losses [136]. However, their commercial cost is still prohibitive 
nowadays, so their use in this case is not an attractive option, if we consider their 
application in a very low cost antenna, such as a planar monopole. Therefore, the 
use of PIN diodes seems to be the best alternative for the application under study, 
due to their low-cost, reliability, compact size, and small resistance and capaci-
tance in both the ON and OFF states. Several recent reconfigurable antennas 
based on the use of PIN diodes can be found in the literature, mainly dealing with 
slot antennas [137][138] and microstrip antennas [139][140]. 
 
Since PIN diodes require a DC bias current for polarization, the RF and DC signals 
must be isolated in the design. Figure 5.14 schematically shows the required setup 
for the switch connection and biasing. In the proposed configuration, the DC signal 
travels from the DC source to the anode of the diode through a resistance of 1 kΩ, 
which limits the current applied to the diode. Besides, the return of the DC signal 
to ground is provided by means of an inductance. A bias-T could alternatively be 
used to polarize the diode as in [141][142], but the proposed setup seems more 
general for its application in a real device. Considering the planar structure of the 
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antenna, which is etched on a substrate, a low-pass microstrip filter can be located 
on the opposite side of the substrate, in order to isolate the RF and DC signals. 
The structure of the RF-DC isolation circuit is depicted in Figure 5.15(a). Scattering 
parameters corresponding to this structure have been optimized with the Micro-
wave OfficeTM simulation software and are represented in Figure 5.15(b). The 
structure is symmetric and, as observed, good isolation is obtained between RF 
and DC ports at 5.5 GHz. 
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Figure 5.14 Setup diagram for the activation of the PIN diode switch. 
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Figure 5.15 (a) Geometry of the RF-DC isolation microstrip circuit. 
(b) S-parameters simulated with Microwave OfficeTM (the structure is sym-

metric). 

Therefore, the final geometry of the antenna with the RF-DC isolation network 
etched on the back side of the substrate is shown in Figure 5.16 (gray color corre-
sponds to the back side of the antenna). The whole geometry has been simulated 
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with CST Microwave StudioTM in order to take into account possible coupling effects 
between the isolation network and the slotted planar monopole antenna. The di-
mensions of the slot have been adjusted to cause a band rejection at 5.5 GHz. 
Both sides of the substrate are connected by a metallic via located at the RF port 
shown in Figure 5.15. 
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Figure 5.16 Geometry of the wideband planar monopole antenna with a rectangu-
lar slot ring loaded with a PIN diode, and the RF-DC isolation network (L=19 
mm, h0=0.2 mm, α=23º, Ls=10.2 mm, Ws=9.2 mm, ls=3.5 mm, l1=5.1 mm, 

l2=0.3mm). Gray color corresponds to the back side of the antenna. 

5.3.2. Results for the reconfigurable antenna prototype 
 
A prototype for the proposed wideband planar monopole antenna with switchable 
band-notched behavior was fabricated and is shown in Figure 5.17. In the front 
side view, the PIN diode in the upper part of the slot ring can be distinguished, as 
well as the 1 kΩ resistance for limiting the current through the diode. A high fre-
quency silicon PIN diode from Infineon Technologies (BAR50-02V) has been se-
lected for the prototype. The compact size of the selected PIN diode simplifies its 
placement on the planar monopole surface, and the small resistance and capaci-
tance in the ON and OFF states exhibited by the diode, together with its operative 
frequency range, have been essential parameters to consider for the diode selec-
tion. 
 
In the back side view (Figure 5.17b), the RF-DC isolation circuit described in the 
previous section is observed, including the required wiring for the polarization of 
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the switch. As commented, both sides of the substrate are connected by a metallic 
via located at the center of the planar monopole. 

  

(a) (b) 

Figure 5.17 Fabricated prototype: (a) Front-side view; (b) Back-side view. 

Figure 5.18 shows the return loss measured for different bias voltages applied to 
the PIN diode. As expected, filtering around 5.5 GHz only occurs when the diode is 
polarized forward (VBIAS≥0.95 V); otherwise, the effect of the slot is practically neg-
ligible. However, the small resistance (around 3 Ω) exhibited by the diode in the 
ON state considerably affects the intensity of the band rejection. As presented in  
[137] (Figure 8), the ON state resistance of the PIN diode notably influences the 
slot resonance and hence the filtering effect. It has been experimentally observed 
that the slot width can be increased to counteract the ON state resistance effect, 
leading to a better frequency rejection. The final prototype presented has been 
already optimized to avoid this effect. In the reverse state, the PIN diode exhibits a 
small capacitance (0.15 pF typically), which does not significantly affect the an-
tenna response. 
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Figure 5.18 Measured return loss for different bias voltages and comparison with 

CST simulation. 
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Moreover, comparison with simulated results shows a rather good agreement. It 
can also be observed in the results that the notched band is rather mitigated than 
rejected, since active devices provide a rejection that is not as good as the one 
produced by a perfect shunt. This effect can be again attributed to the finite small 
resistance exhibited by the PIN diode in ON state. Usage of MEMS switches is ex-
pected to improve this behavior. 
 
The measured radiation patterns at 4, 8 and 11 GHz for the XY and YZ planes are 
shown in Figure 5.19. As desired, nearly omnidirectional radiation patterns are 
obtained in the azimuth plane. Therefore, the insertion of the printed RF-DC isola-
tion network on the back side of the antenna does not significantly alter the radia-
tion patterns of the planar monopole antenna. 
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Figure 5.19 Measured radiation patterns in the XY and ZY plane for the proposed 
antenna, (a) at 4 GHz; (b) at 8 GHz and (c) at 11 GHz. 

The provided results clearly show that electronically controlling the activation of 
the slot mode can notably increase the functionality of this kind of antennas. No 
design of this type applied to wideband planar monopole antennas has been found 
in the literature, except in [143], where a similar idea was developed in parallel to 
the present design. However, in this reference another concept is applied, based 
on the usage of a PIN diode not to feed the slot, but to change its length and gen-
erate a resonance outside the operating band. In this proposal, the normal behav-
ior of the antenna is to produce a band rejection, which can be avoided when the 
diode is switched on. For practical applications, the opposite behavior would 
probably be more interesting, since interferences are more rarely to occur than 
otherwise. This is, in contrast, the behavior offered by the design proposed in this 
section. 
 

5.4. Reactive loading to control the slot mode resonance 
 
As discussed in chapter 4, reactive loading can be used to control the resonant 
frequency of characteristic modes. When discrete loads are strategically placed on 
the structure, the resonant frequency of some modes can be modified, while 
minimizing the effect over the rest of characteristic modes. 
 
Accordingly, the resonant frequency of the slot mode can be adjusted by loading 
the slot with a reactance [61], while the rest of the modes of the planar monopole 
structure will not be modified significantly. Moreover, if a variable reactance is 
used, a much more precise control of the resonant frequency of the slot can be 
gained, and the rejected band can hence be tuned electronically. Consequently, 
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the functionality of the antenna can be notably increased, as in the design pre-
sented in the previous section. 
 
Figure 5.20 shows the geometry of the previous antenna, although with the slot 
loaded in the upper part with a lumped capacitor. Figure 5.21 depicts the response 
of the antenna computed with CST Microwave StudioTM for different values of the 
capacitance (from 0.5 to 2.1 pF). Depending on the selected values, the resonant 
frequency of the embedded slot changes, allowing for adjustment of the band-
rejection within the UWB frequency range. In order to control the capacitance 
value electronically, a varactor diode can be used [144][145]. 
 

 
 

Figure 5.20 Geometry of the band-notched planar monopole antenna with a slot 
loaded with a variable capacitor. 
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Figure 5.21 Simulated return loss with CST Microwave Studio for the proposed 

UWB antenna. 
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Therefore, a similar configuration to the one presented in the previous section can 
be used to obtain an UWB antenna with tuneable band-notched behaviour [146]. 
In this case, the PIN diode must be substituted by a varactor diode, and the ap-
plied reverse DC voltage is used to control the capacitance value. Figure 5.22 
shows the geometry of the final design, which is very similar to the previous one. A 
prototype of the antenna has been fabricated, using a high quality varactor diode 
with a tuning range of 0.5 to 2.1 pF for 20 V≥VDC≥0 V (model MA46H200 from 
Tyco Electronics). The back-side printed circuit allows to achieve RF-DC isolation 
for a wide frequency range (see Figure 5.15b), as it is needed for the tuning fre-
quency range of the antenna. 
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Figure 5.22 Geometry of the proposed UWB antenna (L=19 mm, h0=0.2 mm, 
α=23º, Ls=10.2 mm, Ws=9.2 mm, ls=3.5 mm, l1=5.1 mm, l2=0.3mm). Gray 

color corresponds to the back side of the antenna. 

5.4.1. Results for the UWB tunable antenna prototype 
 
The return loss of the prototype measured for different bias voltages is depicted in 
Figure 5.23. As observed, the filtering frequency can electronically be tuned by 
adjusting the reverse bias voltage applied to the varactor. By increasing the DC 
bias voltage from 0 to 20 V, the capacitance value decreases and the notch band is 
shifted up from 4.6 GHz to 6.2 GHz. The tuning range for the rejected frequency 
obtained is thus rather large, and it is even broader than expected from the simu-
lated results. 
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Radiation patterns have also been measured, at different frequencies and for dif-
ferent bias voltages. Similar patterns to those depicted in Figure 5.19 have been 
obtained, for different control voltages. In particular, the radiation patterns meas-
ured for a tuned rejected band centered at 5.8 GHz can be found in [146]. Nearly 
omnidirecctional radiation patterns in the XY plane are obtained within the whole 
frequency range. 
 
Measurements of the antenna gain in the entire operating band have also been 
performed. Figure 5.24 shows the result obtained for a notched band tuned around 
5.8 GHz. As observed, a sharp gain decrease is obtained at the tuned frequency, 
as desired. 
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Figure 5.23 Measured return loss of the proposed antenna for different bias volt-

ages. 
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Figure 5.24 Measured gain (dBi) vs. frequency, for a notched band tuned to 5.8 

GHz. 
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Finally, in order to guarantee the suitability of the antenna for UWB systems, time 
domain measurements have been carried out. Specifically, measurement of the 
group delay has been performed, since this parameter indicates the linearity of the 
far-field and provides information about the pulse distortion [127].  
 
Therefore, in order to measure phase linearity, an experimental setup consisting of 
two identical antennas separated 100 mm has been used. Figure 5.25 shows the 
measurement setup, where the transmitted signal has been measured over a large 
range of frequencies by means of an HP8510C network analyzer. 
 
 

Network Analyser
HP‐8510C

Port 1

Port 2

100 mm

Network Analyser
HP‐8510C

Port 1

Port 2

100 mm

 
 

Figure 5.25 Measurement setup for the group delay measurement in the UWB 
antenna with tunable band-notched behavior prototype. 

The measured phase of the transmitted signal when the rejected frequency is 
tuned to 5.8 GHz is depicted in Figure 5.26(a). As observed, the phase is linear 
within the whole operating band except at the notched frequency, where a non-
linearity is found. The same behavior can be noticed in the group delay measure-
ment, which is shown in Figure 5.26(b). The antenna exhibits a nearly constant 
group delay in the whole band except at the notched frequency. However, this 
result is as expected, and since the UWB antenna does not work at the rejected 
frequency, phase linearity in the rest of UWB frequencies is achieved. With these 
results, the suitability of the proposed antenna for UWB wireless communications is 
thus fully demonstrated [127]. 
 
Consequently, the use of an active device in a planar monopole antenna can be 
used to increase its functionality in UWB systems. In the proposed design, by 
means of a control signal, the notch band can easily be tuned within a wide range 
of frequencies, while maintaining good radiation performance. The phase linearity 
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of the radiated field is preserved, what guarantees the suitability of the antenna 
for UWB systems. Moreover, the idea of loading the slot with an active device to 
control the frequency rejection can be straightforwardly extended to those mono-
poles whose structure is coplanar to the ground plane and are hence more com-
pact. 
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Figure 5.26 (a) Measured S21 phase (degrees) vs. frequency; (b) Measured group 
delay (ns) vs. frequency. 

5.5. Conclusions 
 
In the present chapter, characteristic modes have been used to analyze the behav-
ior of a wideband antenna with a narrowband slot embedded in its planar geome-
try. In contrast to the pure experimental results provided by the references, a 
physical explanation of the effect of the slot resonance coupled to the antenna 
modes has been provided, by means of modal analysis and the study of the excita-
tion of the different modes. 
 
Next, the physical understanding of the effect of the coupled resonance has been 
used to propose a new type of slot, in which the excitation of its resonant mode 
can be controlled. By electronically controlling the excitation of the slot mode in 
the planar antenna, the functionality of the wideband antenna with band-notched 
behavior can be hugely increased. 
 
Moreover, it has also been demonstrated that reactive loading can be used in the 
slot to control its resonant frequency. If a variable capacitor is inserted in the slot, 
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its resonant mode can be electronically controlled, in turn increasing the function-
ality of the antenna. 
 
Thus, two novel antenna designs have been proposed for UWB applications. In the 
first case, a switching device has been used to implement an UWB antenna with 
switchable band-notched behavior. Depending on the presence or absence of inter-
fering signals in the antenna operating environment, the filtering function in the 
antenna can be enabled or disabled electronically. In the second case, a varactor 
diode has been inserted in the slot, so as to electronically control the value of the 
reactive loading, and hence implementing an UWB antenna with tunable band 
notched behavior. In case of inaccuracies during the fabrication process of the 
antenna or in case of unexpected interferences, the band-notched filter integrated 
in the antenna can be tuned to the desired frequency. 
 
Prototypes of the two antennas have been fabricated and measured, obtaining 
excellent results. Indeed, as the antenna is devoted to UWB systems, time domain 
measurements have been reported for the first time for UWB antennas with active 
devices. Time-domain measurements confirm the feasibility of using active devices 
for this application.   
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Chapter 6. Design of antennas for mobile terminals using the PCB resonant modes 

6.1. Introduction 
 
In chapter 4, the excitation of characteristic modes in planar structures was inves-
tigated. The study was focused on planar monopole antennas, since this kind of 
antennas have attracted increasing interest during the last years. Due to their ca-
pability to fulfill the sometimes stringent requirements of current wireless stan-
dards, planar monopole antennas have been analyzed by means of the Theory of 
Characteristic Modes. Moreover, novel feeding configurations have been proposed 
in order to optimize the behavior of the antenna by properly exciting certain 
modes. 
 
Following with the analysis of planar monopole antennas, chapter 5 has dealt with 
the study of this kind of antennas when a narrowband resonant structure is cou-
pled to them. Characteristic modes of planar monopole antennas with coupled 
resonators have been computed and their properties analyzed. Novel designs of 
reconfigurable antennas have been proposed by combining the information pro-
vided by the modal analysis with the use of active devices, therefore vastly in-
creasing the functionality of this kind of antennas. 
 
In the present chapter, however, modal analysis will be applied to mobile terminal 
antennas, since the design of this kind of antennas has been a very active research 
topic in recent years. Due to the development of electronics in the last decade, 
mobile terminals are becoming smaller and smaller, forcing the antennas employed 
in mobile terminals to have their dimensions reduced accordingly to meet minia-
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“The most exciting phrase to hear in science, the one that heralds 
new discoveries, is not 'Eureka!' (I found it!) but 'That's funny...’” 

 
Isaac Asimov 
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turization requirements. Unfortunately, when the size of the antenna is decreased, 
its gain, bandwidth and/or efficiency usually degrade [147]. Additionally, as wire-
less communications evolve, demanding for increased handset functionality, it is 
required to simultaneously cover several frequency bands corresponding to the 
different worldwide wireless standards. Therefore, small dimensions and wideband 
or multi-band behavior are the main goals to achieve in antenna design for mobile 
terminals nowadays. Consequently, the design of this type of antennas has cur-
rently become extremely demanding. 
 
Extensive research has been carried out in the last two decades to find mecha-
nisms to reduce the size of resonant antennas, in order to make them fit within a 
given volume inside a handset [148]. This implies that either the antenna has to be 
electrically small or conformed to a certain shape adapted to the small volume 
available [149]. As known, the performance of compact antennas is limited by the 
well-known fundamental limits for small antennas [150][151]. Thus, a great variety 
of wire and planar antennas, such as IFAs (Inverted-F Antennas), PIFAs (Planar 
Inverted-F Antennas), monopoles, fractal antennas and slotted patch antennas, 
among others, have been proposed as broadband or multiband antennas with 
small dimensions [2]. However, in all these cases the achievable bandwidth is lim-
ited by the maximum dimension of the electrically small antenna. 
 
Recently, a new design strategy that shifts away from traditional antenna design 
philosophies has been proposed for mobile terminals [152]. This new technique is 
based on considering the Printed Circuit Board (PCB) or chassis of the mobile ter-
minal as part of the antenna. Thereby, the maximum dimension of the radiating 
structure increases and hence the achievable bandwidth. In [152], the perform-
ance of the antenna-PCB combination in mobile phone handsets was analyzed by 
means of an intuitive decomposition of the structure into two resonant wave-
modes: the antenna-element wavemode and the chassis wavemode. Figure 6.1 
shows the circuit model of the handset proposed in [152], where the coupling be-
tween these two modes is represented. The effect of the mobile chassis on the 
antenna performance has been investigated, and for the first time it was shown 
that the bandwidth of the antenna-PCB combination has an important dependency 
on the PCB resonant wavemode and on the coupling between those modes. 
Thereby, it was proved that the PCB of the mobile terminal radiates energy at 
some frequencies, and therefore dimensions of the coupling element could be re-
duced and radiating properties of the whole structure could improve, if the PCB 
was properly excited by the coupling element. 
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Antenna PCBAntenna PCBAntenna PCB  
Figure 6.1 Circuit model of the combination of a single-resonant antenna and the 

mobile terminal PCB [152]. 

However, as we know from the modal analysis performed in chapter 4, the rectan-
gular plate which shapes the handset PCB does not present a single resonant 
mode but several ones, which can be computed by means of the Theory of Char-
acteristic Modes. As each resonant mode presents a different resonant frequency 
and distinct bandwidth properties, the information provided by each mode can be 
very helpful in the design process [153][154]. 
 
In this chapter, characteristic modes of a typical rectangular PCB will be analyzed. 
Based on the information provided by these modes, their excitation will be investi-
gated, through usage of different topologies of planar elements coupled to the 
PCB. The suitability of different feeding configurations will also be analyzed, and 
some designs based on coupling element-PCB combinations will be proposed. The 
study will be focused not only in the design of handset antennas, but also in an-
tennas for other kinds of devices, such as PDAs or PCMCIA cards for laptops, which 
can also be based on the use of the PCB or chassis to radiate. To conclude, a gen-
eral design procedure will be sketched, which summarizes some important design 
considerations. 
 
Some part of the work presented here was developed at the Department of Anten-
nas & EM Modeling of IMST GmbH., a German research company very experienced 
in the design and development of antennas for mobile terminals. The aim of this 
collaboration was to connect research in the field of antenna design for mobile 
terminals with more practical aspects, in order to provide design methodologies 
and results according to market requirements. Moreover, the IMST professionals’ 
wide experience in manufacturing and measurement techniques was very valuable 
to improve the fabrication method and measurement of different prototypes of 
mobile terminal antennas. Also the use of the FDTD-based commercial electro-
magnetic 3D simulator EMPIRETM, developed by IMST, was very useful to compare 
results with those obtained by means of other CAD tools. 
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6.2. Characteristic modes of a mobile handset rectangular PCB 
 
Usually, the PCB of a mobile handset consists of a rectangular plate of some di-
mensions, typically 100x40 mm2. In chapter 4, the characteristic modes of a differ-
ently sized rectangular plate were computed, and the normalized current distribu-
tions of the first six modes were depicted in Figure 4.24. Also the associated char-
acteristic angle was plotted in Figure 4.27. 
 
If we consider a rectangular plate with different dimensions to those used in chap-
ter 4, for example a PCB with the aforementioned typical dimensions of 100x40 
mm2, similar current distributions are obtained for the characteristic modes, as 
discussed in [154]. Modal properties are also very similar, except for the resonant 
frequencies, which are obviously modified when dimensions change. 
 
Figure 6.2 shows the characteristic angle associated to the eigenmodes of a rec-
tangular PCB of 100x40 mm2 in free space, where the modes have been numbered 
according to the same numbering scheme of chapter 4. Thus, mode J0 corresponds 
to the first special non-resonant mode, which forms a loop on the PCB surface; 
mode J1 presents a full horizontal current distribution along the PCB, while mode J2 
presents a vertical current distribution along the shorter dimension of the PCB. 
Finally, mode J3 presents horizontal and vertical current distribution with a null of 
current at the center of the PCB, while mode J4 exhibits a horizontal current distri-
bution with a null at the center of the chassis. As the length of the PCB is larger 
than that of the rectangular plate considered in chapter 4, the resonances of char-
acteristic modes are consequently shifted down to lower frequencies. As it can be 
observed in the figure, horizontal current modes J1 and J4 have the lowest reso-
nant frequency and exhibit very wide bandwidth, since their characteristic angle 
remains very close to 180° for a wide frequency range. On the other hand, modes 
J2 and J3 resonate at higher frequencies, whereas mode J0  does not resonate.  
 
Therefore, from the analysis of characteristic modes on the rectangular chassis it 
can be concluded that, due to the appealing behavior exhibited by the horizontal 
current modes, these will be in principle more suitable to be excited in the PCB in 
order to obtain optimum radiation behavior. 
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Figure 6.2 Characteristic angle variation with frequency for the current modes of 

a rectangular plate of 100x40mm2 in free space. 

Once the resonant modes of the handset PCB are extracted and its properties iden-
tified, the selection of an appropriate feeding or coupling mechanism to excite 
those modes having more interesting properties is crucial. This will be investigated 
in the following sections, where different experiments will be performed with co-
planar and non-coplanar coupled elements in order to analyze the excitation of 
modes in the handset PCB. As a result, some design guidelines for the feeding of 
wideband antennas based on the use of the PCB resonances will be established. 
 

6.3. Investigations in the excitation of the PCB characteristic 
modes 

6.3.1. Experiments with coplanar resonant elements  
 
Let us investigate the effect of the insertion of coplanar elements on the excitation 
of the PCB characteristic modes. As concluded in the previous section, horizontal 
current wavemodes are the best candidates to be excited in the PCB. Conse-
quently, in order to excite these current modes, different types of coplanar struc-
tures may be coupled to the PCB. Depending on the arrangement of these coupling 
structures, different modes will be excited. 
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6.3.1.1. Insertion of two IFAs at the longer edges of the PCB  
 
In the first case, two resonant Inverted-F Antennas (IFAs) will be placed at the 
longer edges of the PCB, in order to excite horizontal current modes in the ground 
plane [153]. The configuration is shown in Figure 6.3, where two resonant ele-
ments are used instead of a single one, so as to keep the symmetry of the struc-
ture with respect to the x-axis. 
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Figure 6.3 PCB with two coplanar IFAs designed to couple horizontal modes in 

the PCB (L=100 mm; W=40mm; Lc=30mm; Wc=4.8mm; s=3.2 mm). 

As discussed in chapter 5, the insertion of coupled resonators may somehow mod-
ify the properties of some of the isolated PCB characteristic modes [17][153]. Es-
sentially, the location of the resonant IFAs will affect the properties of those modes 
whose current distribution is disturbed by the presence of the coupled structures. 
A comparative of the characteristic angle for the modes of the rectangular PCB 
with and without coupled IFAs is shown in Figure 6.4. As observed, modes J0, J3 
and J6 (which exhibits a horizontal current distribution with two nulls of current 
along the PCB) remain mostly unaffected by the insertion of the coupling elements, 
whereas mode J1 resonance is slightly shifted up in frequency and its radiating 
behavior degrades from 2.5 GHz on. Mode J2 is slightly affected at lower frequen-
cies, with a reduction in smoothness of the characteristic angle slope, but with no 
alteration of its resonant frequency. Finally, modes J4 and J5 are the most affected 
ones by the insertion of the coupling elements, since its resonant frequency is 
shifted down, due to the coupling of the IFAs and the proximity of their resonance, 
which manifests itself in the existence of an additional IFA mode. As seen, dimen-
sions of the IFAs are designed to achieve resonance at 2.75 GHz (Lc≈λ/4). 
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Figure 6.4 Characteristic angle variation with frequency for the current modes of 
the PCB with and without two coupled resonant IFAs, in free space. 

Once the modal analysis has been performed, the next step is to analyze the exci-
tation of the modes by means of the voltage probes inserted at the IFAs, as shown 
in Figure 6.3.  
 
In Figure 6.5 the input impedance and the input admittance computed with Zeland 
IE3DTM at each of the IFA antennas are represented graphically. For each port, the 
input impedance has been computed by means of the simulated Z-parameters as: 

 11 12inZ Z Z= +  

From the information presented in chapter 4, the input impedance or admittance 
plots, together with the total surface current distribution graphs at different fre-
quencies, are very useful tools for the identification of the modes excited in the 
structure. For that purpose, the power radiated by each mode at every frequency 
can also be studied, alternatively to the modal admittances, as it allows for an 
easier identification of several contributions from different modes to the total cur-
rent at any given frequency. 
 
In Figure 6.6, the contribution of each mode to the total radiated power of the 
antenna has been computed. As observed, mode J1 is excited from 1 GHz on, al-
though its main contribution is around 3.4 GHz, due to the best coupling to the 
feeding probes there. Between 2 GHz and 2.6 GHz, mode J4 is dominant, whereas 
mode J5 dominantes around 3.5 GHz. Therefore, as observed in the input admit-
tance graph of Figure 6.5, mode J4 and mode J5 are combined with mode J1 be-
tween 2 and 3.5 GHz, where good matching is achieved. After the resonance of 
mode J5, a higher order mode (mode J7) –which exhibits horizontal current distri-
bution with three nulls– starts to appear. Coupling of the IFA Mode is not ob-
served. 
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Figure 6.7 depicts the total current distribution computed with IE3D in the surface 
of the structure, at six different frequencies. Arrows have been plotted in order to 
facilitate the identification of current distribution. As observed, the current distribu-
tion in the PCB at 1 GHz resembles that of mode J1, though the mode is not highly 
coupled at this frequency, as it does not resonate but presents an inductive behav-
ior at the excitation port. At 2 GHz an anti-resonance occurs, and mode J4 starts to 
appear, which couples immediately with mode J5. At 3.5 GHz the dominant mode 
in the PCB is the mode J5 combined with mode J1. Above this frequency range, a 
higher order mode (mode J7) presenting three nulls in the horizontal direction 
starts to appear, as observed in the current distribution at 4.4 GHz.  
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Figure 6.5 (a) Input impedance computed with IE3D at each of the IFA ports; 
(b) Input admittance with the contribution of each mode. 
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Figure 6.6 Contribution of the different modes to the total power radiated by the 
structure shown in Figure 6.3. 
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2.2 GHz 3.5 GHz 4.4 GHz 

 

Figure 6.7 Total current distribution computed with IE3D in the structure shown 
in Figure 6.3, at different frequencies. 

As observed in the input impedance plot, by means of the combination of PCB 
modes J4, J5 and J7 with mode J1, the impedance bandwidth of the isolated reso-
nant IFA antenna can be increased. Figure 6.8 represents the return loss obtained 
at each of the IFA ports, taking a reference impedance value of 50 Ω. From the 
figure, it can be seen that a very wide impedance bandwidth of 53% is obtained, 
considering a maximum value for return loss of -6 dB, as usual for handset anten-
nas. For the sake of comparison, the return loss obtained when the PIFA resonates 
at lower frequencies (Lc=36 mm) is depicted as well in the figure. 
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Figure 6.8 Return loss vs. frequency at each of the IFA ports, for an impedance 

reference value of 50 Ω. 

Therefore, it has been seen that due to the location of the coupled resonant struc-
tures, only modes J1, J4, J5 and J7 are excited in the PCB. These modes are com-
bined satisfactorily obtaining good impedance matching around 3 GHz. However, 
due to the feeding configuration and location, the horizontal mode J1 is not cou-
pled appropiately in the PCB at lower frequencies. As observed in Figure 6.5(a), 
the impedance of this mode at lower frequencies is always inductive at the input 
ports, hence not resonating. Moreover, because of the symmetry of the feeding 
configuration, excitation of mode J0 , mode J2 and mode J6 is prevented. 
 
 

6.3.1.2. Insertion of a coplanar plate at the shorter edge of the 
PCB  

 
In the previous case, excitation of mode J1 was not achieved at lower frequencies, 
since the location of the feeding ports was not optimal to match the impedance of 
this mode at these frequencies. As seen in chapter 4, Figure 4.24, mode J1 pre-
sents a very intense current at the longer edges of the PCB, what entails a very 
low level of impedance there. Therefore, although the feeding arrangement based 
on the use of two resonant IFA structures was suitable to force the current distri-
bution of mode J1 (see Figure 6.6), the real part of the input impedance at this 
point was too low, and no appropriate mode coupling was obtained. 
 
In order to obtain a proper coupling to horizontal mode J1, another configuration 
based on a metallic plate placed in one of the shorter edges of the PCB has been 
investigated. The geometry of the structure is shown in Figure 6.9, where the 
overall structure is fed by means of a voltage gap generator between the PCB and 
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the plate. In contrast to the previous case, a metallic plate is used instead of an 
IFA antenna, in order to avoid the excitation of mode J2 (vertical mode) in the PCB. 
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Figure 6.9 PCB with a coplanar metallic plate designed to couple horizontal 

modes in the PCB (L=100 mm; W=Lc=40mm; Wc=4.8mm; s=2 mm). 

As in the previous case, the insertion of the metallic plate may modify some prop-
erties of the characteristic modes corresponding to the isolated PCB. In Figure 
6.10, a comparative of the characteristic angle associated to the modes of the 
rectangular PCB with and without a coupled plate is shown. As observed, modes 
J0, J2, J3 and J5 are barely affected by the insertion of the conducting plate, 
whereas mode J1 resonance is slightly shifted down in frequency and its bandwidth 
behavior degrades from 2.5 GHz on. Mode J4 is affected to a large extent by the 
insertion of the coplanar plate, since its resonant frequency is considerably shifted 
down, and the same happens to mode J6, which exhibits a horizontal current dis-
tribution with two nulls of current along the PCB. This means that the coplanar 
plate acts similarly to a load for these modes, hence shifting their resonant fre-
quency. Nevertheless, their radiating bandwidth remains wide, as observed in the 
figure. Finally, since the metallic plate resonates around 3.75 GHz (Lc≈λ/2), an 
additional mode associated to the resonance of the plate appears, which is called 
Plate Mode. 
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Figure 6.10 Characteristic angle variation with frequency for the current modes of 
the PCB with and without a coupled metallic plate, in free space. 

In Figure 6.11, the input impedance and the input admittance computed with Ze-
land IE3DTM are represented graphically, in order to identify the modes excited in 
the structure. For this purpose, the information provided by the power radiated by 
each mode and the total radiated power at different frequencies, shown in Figure 
6.12, is also used. As observed, mode J1 is dominant in the structure up to 1.5 
GHz, where mode J4 starts to appear. A resonance is observed at 2.4 GHz, which is 
due to mode J4 as observed in the plot associated to the radiated power and also 
in the current distribution graphs shown in Figure 6.13. Then mode J6, which ex-
hibits two nulls of current along the PCB, is excited, whereas coupling of the Plate 
Mode is not observed. As shown in Figure 6.12, contribution of mode J1 is impor-
tant at 3.75 GHz, since at this frequency the coupling of the feeding probe to this 
mode is optimum. 
 
The input impedance plot in Figure 6.11(a) shows that a constant level of resis-
tance around 25 Ω appears above 0.9 GHz, due to absence of strong anti-
resonances. However, the reactance takes several values within a wide range, 
what prevents obtaining a good impedance matching within a wide range of fre-
quencies. Figure 6.14 represents the return loss obtained for a reference value of 
50 Ω, showing a quite reduced bandwidth (below 1 GHz) for a reference value 
of -6dB. 
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Figure 6.11 Results computed with IE3D: (a) Input impedance; (b) Input 
admittance, with the contribution of each mode. 
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Figure 6.12 Contribution of the different modes to the total power radiated by the 
structure shown in Figure 6.9. 
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Figure 6.13 Total current distribution computed with IE3D in the structure shown 
in Figure 6.9, at different frequencies. 
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Figure 6.14 Return loss vs. frequency at the input port of the PCB with a coupled 

metallic plate, for an impedance reference value of 50 Ω. 
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Therefore, although horizontal mode J1 is fully excited with this structure and is 
better coupled in the PCB than in the previous case (obtaining higher resistance 
values when this mode is excited), optimal matching is not achieved for this mode 
at lower frequencies. As observed in the input impedance plot, mode J1 presents 
capacitive behavior for its reactance at these lower frequencies. 
 
In order to increase the excitation of mode J1, one possible solution would be using 
a pair of coplanar plates fed in opposite phase, as shown in Figure 6.15. Thereby, 
a strong excitation of horizontal current modes is forced in the PCB. This can be 
observed in the normalized total current distribution shown in Figure 6.16, where 
current associated to mode J1 at lower frequencies is much intense than in the 
previous case. Moreover, it is observed that due to symmetrical excitation, only 
horizontal modes presenting even symmetry with respect to the y-axis are excited 
in the PCB. 
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Figure 6.15 PCB with two coplanar metallic plates (L=100 mm; W=Lc=40mm; 

Wc=4.8mm; s=2 mm). 

The input impedance at each of the input ports, computed as Z=Z11+Z12, is de-
picted in Figure 6.17, and it is compared with the input impedance obtained for the 
case of using a single plate coplanar to the PCB. Excitation of different modes can 
be appreciated in the input impedance plot as a series of peaks on the resistance 
curve. In conclusion, by means of the use of two plates, excitation of horizontal 
modes J1 and J6 increases, as higher values of resistance are obtained around their 
resonant frequency. Moreover, it is observed that excitation of odd mode J4 is 
avoided when using two coplanar plates, because of the symmetry imposed by the 
feeding configuration. 
 
Nevertheless, due to the fact that the feeding configuration type (voltage gap gen-
erators) and location has not changed, reactance values are very similar when 
using one or two coplanar plates. Although in both cases horizontal modes are 
excited in the PCB (as commented, more intensively with two plates), mode cou-
pling is not optimal, since no good matching can be obtained, due mainly to the 
reactance values obtained at the input ports. Figure 6.18 shows the return loss 
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referred to 50 Ω obtained for the structure with two coplanar plates, where the 
two bands provided by the excitation of mode J1 and mode J6 are distinguished. 
However, matching at the input ports is not enough to achieve an acceptable value 
for the return loss. 
 

1 GHz 1.5 GHz 

  

 

2.1 GHz 3.7 GHz 

  

Figure 6.16 Normalized total current distribution computed with IE3D in the 
structure shown in Figure 6.15, at different frequencies. 
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Figure 6.17 Input impedance at each of the input ports of the structure shown in 

Figure 6.15, with the contribution of each mode. 
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Figure 6.18 Return loss referred to 50 Ω obtained for the structure shown in 

Figure 6.15. 

As a conclusion of this section, it has been demonstrated that the placement and 
type of the coupling elements and the feeding configuration fully determines the 
excitation of the PCB characteristic modes. However, it has been observed that 
although the feeding arrangement forces the excitation of the desired modes, the 
impedance level obtained at the input ports is not always optimal, especially for 
reactance values. Therefore, together with the use of an optimal arrangement of 
coupling elements to force the excitation of desired modes, some additional 
mechanism to match impedance levels should be provided. 

 

6.3.2. Experiments with non-coplanar coupling elements 
 
In the present section, experiments concerning the use of non-coplanar coupled 
elements will be presented. The objective of using non-coplanar elements instead 
of coplanar elements is to provide a mechanism for adjusting the input impedance 
value of the antenna, so as to match the traditional 50 Ω characteristic impedance 
of the feeding cable. 
 

6.3.2.1. Use of a coupled plate at the shorter edge of the PCB 
 
Let us insert a coupled plate at a certain height from the PCB, as depicted in Figure 
6.19. The plate is located near the shorter edge of the PCB and its shape has been 
modified so as to efficiently couple to horizontal current modes, which present a 
maximum of current at the longer edges of the PCB. Only one coupling element 
has been used instead of two, since this is preferred for a practical implementation 
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of a mobile terminal antenna. Furthermore, the feeding mechanism has been im-
plemented in this case by means of a strip connected to a voltage gap generator. 
As observed, the length of the strip (Lfeed) can be modified conveniently to achieve 
optimal impedance levels. 
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Figure 6.19 Perspective and top views of the PCB with a coupled plate (L=100 

mm; W=40 mm; h=5 mm; Lc1=53.6 mm; Lc2=9.6 mm; Wc=4.8 mm; 
Lfeed=21 mm). 

The input impedance computed with IE3D for the structure shown in the previous 
figure is represented in Figure 6.20. As observed, in this case the strip length 
(Lfeed) has been adjusted to obtain good impedance matching for mode J1, obtain-
ing a resonance around 1 GHz. The return loss is plotted in Figure 6.21, where it 
can be seen that an operating band around the resonance of mode J1 is obtained. 
The normalized total current distribution is depicted in Figure 6.22 for different 
frequencies. At 1.1 GHz, it is possible to appreciate the excitation of mode J1 in the 
PCB, which presents very intense current because it is at resonance. At 1.5 GHz, 
mode J4 starts to appear, which dominates until mode J6, which exhibits two nulls 
of current along the PCB, appears at 2.7 GHz. As observed in the input impedance, 
a strong anti-resonance occurs between the transition from mode J4 to mode J6, 
what degrades the impedance bandwidth. Resonance of mode J6 takes place 
around 4 GHz, and above this frequency, a higher order horizontal mode (J7) pre-
senting three nulls of current starts to appear in the PCB, producing a notable anti-
resonance at 4.6 GHz, which degrades once again the bandwidth performance. 
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Figure 6.20 (a)Input impedance computed with IE3D, for the structure shown in 
Figure 6.19; (b) Zoom of the input impedance. 
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Figure 6.21 Return loss referred to 50 Ω obtained for the structure shown in 

Figure 6.19. 
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Figure 6.22 Normalized total current distribution computed with IE3D for the 
structure shown in Figure 6.19, at different frequencies. 
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Therefore, by means of a feeding mechanism that allows adjusting an appropriate 
input impedance level, optimal coupling to certain modes can be obtained. In 
Figure 6.23, the return loss vs. frequency computed for different values of Lfeed is 
depicted. By varying this parameter, the impedance level at the input port 
changes, according to the variation of the modal current distributions. Note that 
modal currents are not uniform within the PCB. Thus, by adjusting parameter Lfeed, 
good matching for different modes can be obtained, as observed in the figure. 
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Figure 6.23 Return loss referred to 50 Ω obtained for the structure shown in 
Figure 6.19, for different values of Lfeed. 

Consequently, not only the location of the coupling structures and the feeding 
symmetry is crucial to properly excite characteristic modes in the PCB, but also an 
appropriate input impedance matching is necessary to couple desired radiating 
modes, and take the most of the input power provided by the excitation source. 
 
This is in accordance with the investigations carried out by Helsinki University of 
Technology (HUT) in [155]-[157], which propose the use of compact non-resonant 
coupling elements to optimally couple energy to the PCB modes, as a basis for the 
design of a circuit for matching the impedance of the coupling element-PCB com-
bination at resonance. The knowledge of the current distribution of the PCB char-
acteristic modes is crucial to determine the optimum location and shape of the 
coupling structures. Once the energy is efficiently coupled to the PCB mode(s), a 
matching circuit can be designed to match the input impedance at the desired 
frequency.  If multiple bands must be covered, multiple matching circuits may be 
designed. 
 
Nevertheless, it has been observed that some of the characteristic modes present 
very wideband radiating properties. It is expected that with the use of matching 
circuitry it would be difficult to achieve very wideband behavior, unless the circuit 
complexity is considerably increased. In the next section, strategies for increment-
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ing the bandwidth of the PCB will be investigated, and other possible feeding tech-
niques will be analyzed. 
 

6.3.2.2. Use of a folded-PCB structure 
 
In order to excite horizontal current wavemodes in the PCB, a radiating structure 
consisting of a folded PCB can be proposed. The geometry of the structure, re-
sembling a PIFA with a shorting wall, is depicted in Figure 6.24. As observed in the 
side view of the structure, a probe-fed connecting the lower and upper plates is 
used to excite the structure. 
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Figure 6.24 Perspective and side views of the folded PCB antenna (L=100 mm; 

W=40 mm; Lc=49.15 mm; h=10 mm). 

In this case, folding the chassis implies modifying the geometry of the antenna and 
hence the properties of the characteristic modes of the PCB will be slightly modi-
fied, compared to those of the isolated chassis. Although the modal current distri-
butions of the folded chassis are similar to those of the isolated chassis, the char-
acteristic angle associated to the modes changes, especially for the first longitudi-
nal mode, due to the capacitive effect generated by the folded section. 
 
After folding the PCB, eigenmodes have been newly computed for this structure 
[17]. The resulting normalized current distribution at first resonance (1.1 GHz) for 
the first six characteristic modes is represented in Figure 6.25. Characteristic cur-
rents have been represented with arrows for a better understanding of the current 
flow. As depicted in the figure, modal current distributions are very similar to those 
of the isolated rectangular chassis analyzed in chapter 4. There are two modes, J01 
and J02, with currents forming closed loops, which are special non-resonant modes. 
Other modes, such as J1, J3 and J4, exhibit longitudinal currents along the struc-
ture. Mode J1 is again the fundamental mode, and it flows uninterrupted between 
the open ends on the upper and bottom plates. This fundamental mode resonates 
when the current path is approximately half a wavelength. Modes J3 and J4, are 
higher order longitudinal modes presenting one and two current nulls along the 
structure, respectively. Finally, mode J2 is the only one that presents transverse 
currents. 
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Figure 6.25 Normalized current distribution at first resonance (f =1.1 GHz) of the 

first six characteristic modes Jn of a radiating folded PCB. 

Figure 6.26 plots the characteristic angles associated to the current modes de-
picted in the previous figure as a function of frequency. As shown in the figure, the 
properties of characteristic angles change when compared to those of the isolated 
chassis shown in Figure 6.2. As in the rectangular chassis, modes J01 and J02 do 
not resonate and present inductive contribution at every frequency. Longitudinal 
current modes, J1, J3 and J4 resonate at 1.1 GHz, 1.7 GHz and 3.25 GHz, respec-
tively, while the transverse mode J2 resonates at 3.5 GHz. Note that modes J1 and 
J3 resonate at a lower frequency than in the isolated chassis, due to the effect of 
the capacitive coupling when the chassis is folded. Wide bandwidth is still obtained 
for mode J3, in contrast to mode J1, whose radiating behavior has become poorer, 
since it exhibits a characteristic angle curve with steep slope near 180º. Modes J2 
and J4 are also good radiators and they resonate at higher frequencies. For modes 
J1 and J3, currents in the parallel plate region flow with opposite phase at the lower 
and upper plates. This means that there exists some cancellation between these 
currents flowing similarly as in a transmission line. Conversely, the longitudinal 
current mode J4 presents the broadest radiating bandwidth because its currents 
flow in phase in the parallel plate region, thereby reinforcing its radiation [17]. 
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Figure 6.26 Characteristic angle variation with frequency for the first six 
characteristic modes of the radiating folded PCB. 

Therefore, the main effect of folding the PCB is the decrease of the radiating 
bandwidth of mode J1. Figure 6.27 and Figure 6.28 show the input impedance, 
input admittance and the return loss computed with IE3D for the folded PCB 
shown in Figure 6.24. The total current distribution at different frequencies is also 
depicted in Figure 6.29, so as to facilitate the identification of the modes excited at 
different frequencies. These currents have been computed with electromagnetic 
simulator Zeland IE3DTM. 
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Figure 6.27 Results computed with IE3D for the folded PCB shown in Figure 6.24: 
(a) Input impedance (b) Input admittance. 
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Figure 6.28 Return loss referred to 50 Ω computed with IE3D for the folded PCB 

shown in Figure 6.24. 
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Figure 6.29 Total current distribution computed with IE3D for the structure shown 

in Figure 6.24, at different frequencies. 
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Figure 6.27 and Figure 6.29 show how mode J1 is excited up to 1.2 GHz, which is 
the frequency where mode J3 starts to appear, according to plots of the input ad-
mittance and total current distribution. Note that transitions between modes in the 
input impedance graph are barely noticeable in this case, hence rendering the 
input admittance plot enormously useful, since little changes can easily be appreci-
ated there. As observed, mode J1 is coupled to the PCB and although it does not 
resonate due to the inductive behavior produced by the feeding probe, high values 
of resistance are obtained in the transition to next excited mode J3 (in the anti-
resonance). This mode presents a resonance at 1.6 GHz, whereas mode J4 be-
comes dominant at higher frequencies. 
 
Through the use of a probe to excite the structure, moderate impedance band-
width is obtained for the folded PCB antenna, as shown in Figure 6.28. The feeding 
arrangement couples modes J1 and J3 satisfactorily, and a good transition from 
mode J1 to mode J3 is obtained. Nevertheless, resistance values are too high for a 
good matching to reference value of 50 Ω, whereas reactance values are also posi-
tive and relatively high, due to the inductive behavior of the probe-fed mechanism. 
Impedance bandwidth at lower frequencies can be improved if matching to other 
reference values of real impedance. Figure 6.30 plots the return loss computed for 
several values of impedance, showing different gains in impedance bandwidth 
when matching to other impedance values. In case more bandwidth is needed, an 
impedance matching network can be inserted to match these values to the stan-
dard 50 Ω. Notice however that although impedance bandwidth is increased when 
matching to other impedance values, the operating bandwidth is shifted down in 
frequency. 
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Figure 6.30 Return loss computed for different values of reference real 

impedance. 
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6.4. Wideband feeding of the mobile handset PCB 
 

In order to excite the longitudinal current wavemodes in the PCB, a radiating struc-
ture consisting of a folded PCB has been proposed [154]. The loop effect of the 
geometry and the selected dimensions facilitate the excitation of longitudinal 
modes in the structure, as far as an adequate feeding configuration is selected. 
 
In previous section, a common probe was used to feed the antenna. This feeding 
arrangement creates a voltage gap difference between the upper and lower plates 
of the PCB, which forces the excitation of horizontal modes that present wideband 
radiating behavior. With this design, moderate bandwidth is obtained, as the cou-
pling of horizontal modes and their proper matching only occurs in a certain band 
at lower frequencies. As observed in Figure 6.27(a), above 2 GHz the inductive 
behavior at the input port increases with frequency, and consequently the imped-
ance matching and coupling of higher order modes to the probe-feed is not satis-
factory. Thereby, it can be concluded that the probe exhibits narrowband behavior 
and is not optimum to satisfactorily couple higher order horizontal modes, hence 
limiting the possibility to obtain a larger bandwidth. 
 
Therefore, an optimum feeding configuration should produce a voltage difference 
in the structure so as to favor the appearance of the current distribution associated 
to longitudinal modes, and it should also present wide matching bandwidth in or-
der to make the most of the behavior of mode J1 and especially of the wideband 
modes J3 and J4. Gradual transition to the successive resonant modes should be 
provided as well. Some references can be found in the literature, which propose 
the use of alternative feeding mechanisms for planar structures to increase the 
impedance bandwidth [158]-[161]. They consist basically in planar plates with 
different shapes, whose dimensions can be adjusted for wideband matching. These 
structures can therefore be considered as wideband feeding mechanisms. Figure 
6.31 shows some examples of wideband feeding mechanisms for planar antennas. 

  
 

Figure 6.31 Different types of wideband feeding mechanism. The bottom lines 
represent ground plane connections. 



Chapter 6  

166 

In conclusion, use of a conventional coaxial probe feeding should be discarded for 
the folded PCB, since it yields narrowband matching and also degrades the current 
distribution of longitudinal modes through the increase of the transverse current 
component. In contrast, a wideband feeding mechanism, such as any of the ones 
shown in Figure 6.31, should be employed. Figure 6.32 shows the folded PCB pro-
posed in the previous section fed by means of a planar square plate [154]. A detail 
of the wideband feeding, which consists of a square plate, is provided in the figure. 

 
Figure 6.32 Geometry of the proposed folded PCB antenna, excited with a square 

planar plate. (L=100 mm; W=40 mm; Lsup=49.15 mm; h=10 mm; Lfeed=72.5 
mm; h0=0.5 mm and Wshort=35 mm and Wfeed=25 mm). A detail of the 

feeding plate is provided. 

The dimensions of the feeding square plate have been optimized to achieve opti-
mum performance using the electromagnetic software Zeland IE3DTM and EM-
PIRETM. Afterwards, a prototype of the antenna was constructed in order to vali-
date simulations with real measurements. The prototype is shown in Figure 6.33. 
 

 
 

Figure 6.33 Fabricated prototype for the antenna shown in Figure 6.32. 
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Simulated and measured return losses of the antenna are plotted in Figure 6.34, 
showing a good agreement between them. By means of this optimized wideband 
feeding a much wider impedance bandwidth can be achieved for the folded PCB, 
ranging from 1 to 6 GHz, if a reference value of -6 dB is considered. Thus, the 
proposed antenna is capable of working simultaneously with several wireless stan-
dards, such as DCS1800, PCS, UMTS, IEEE 802.11b/g, IEEE 802.11a, and Blue-
tooth. 
 
The square plate provides a sort of distributed voltage over the upper part of the 
folded chassis, which reinforces the excitation of longitudinal modes and avoids 
transversal modes that can degrade the response of the antenna, as happens in 
the probe-fed structure. Moreover, the square plate provides a kind of wideband 
matching mechanism to match the input impedance of horizontal modes. The input 
impedance of the folded PCB is depicted in Figure 6.35, where it is possible to 
clearly appreciate the wideband behavior of the feeding mechanism, which is ca-
pable to couple to the successive horizontal modes, providing at the same time a 
smooth transition from one mode to the next one. Consequently, strong anti-
resonances that degrade the impedance bandwidth are avoided. 
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Figure 6.34 Simulated and measured return loss referred to 50 Ω, for the folded 

PCB antenna. 
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Figure 6.35 IE3D simulated input impedance for the folded PCB antenna. 
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Figure 6.36 Total current distribution computed with IE3D for the structure shown 

in Figure 6.24, at different frequencies. 
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Figure 6.36 depicts the normalized total current distribution computed with IE3D 
for the folded-PCB structure, at different frequencies. According to the previous 
discussion, the information provided by the input impedance plot, together with 
the total current distribution, facilitates the identification of excited modes. Thus, 
at lower frequencies (0.9 GHz), mode J1 is dominant, until 1.3 GHz, when mode J3 
starts to appear in the structure. Then, at 3.3 GHz mode J4 appears and resonates 
around 4 GHz, coupling immediately to the next resonant higher order mode. This 
latter mode presents three nulls of current along the PCB structure, as shown in 
Figure 6.36. As it can be appreciated in the input impedance plot, the feeding loca-
tion and type is optimum to couple satisfactorily to the different resonant modes of 
the structure, without producing strong anti-resonances in the transitions between 
them. 
 
As the whole PCB is employed to radiate, very high radiation efficiency and good 
gain levels are obtained for this antenna. Figure 6.37 shows measurements for 
both the radiation efficiency and the antenna gain, performed at the IMST GmbH 
facilities at Kamp-Linfort, Germany. These values may be very difficult to achieve 
with traditional resonant small antennas. Moreover, Figure 6.38 illustrates the ra-
diation patterns measured at the IMST anechoic chamber at three different fre-
quencies within the impedance bandwidth. As observed, a satisfactory omnidirec-
tional radiation behavior is obtained at all frequencies, as it is desirable in handset 
antennas. 
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Figure 6.37 Gain (dBi) and efficiency (%) vs. frequency. 
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Figure 6.38 Measured radiation patterns in the ZY and XY planes for the proposed 

folded PCB antenna at 1.2, 2.4, and 5.1 GHz. 
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Moreover, in order to further improve the impedance matching level, some authors 
have proposed the insertion of slots in the PCB [162]-[163], as shown in Figure 
6.39. This slot not only produce a meandering effect that contributes to reduce the 
resonant frequency of horizontal modes, but it also changes the current distribu-
tion of these modes near the excitation point, favoring the coupling between them 
and the feeding source. In Figure 6.40 the return loss obtained for the structure 
with and without slot is plotted. As observed, improved matching is obtained when 
inserting the slot in the lower plate. In [17] and [164], characteristic modes for the 
slotted structure were computed and their properties analyzed. Moreover, a proto-
type of the proposed antenna was fabricated and measured [17], obtaining very 
good agreement with the results presented in Figure 6.40.   
 

 
Figure 6.39 Geometry of a folded slotted PCB antenna, excited with a square 

planar plate. 
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Figure 6.40 Return loss of the folded PCB antenna excited with a square planar 

plate, with and without the slot in the PCB. 
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6.5. Double folded PCB antenna 
 
According to section 6.2, the lowest resonant frequency of the PCB is determined 
by its total length, when the way covered by the horizontal current mode J1 is 
equal to half of a wavelength approximately.  
 
Thus, if a mobile terminal must cover the GSM900 band, the total length of the 
PCB should be increased. Therefore, in order to cover the 900 MHz band and ex-
cite horizontal current modes in the structure, which provide wideband radiating 
properties, a modified structure consisting in a double folded PCB can be proposed. 
Its geometry is depicted in Figure 6.41, where dimensions have been optimized for 
good performance. The PCB considered is narrower than in the previous case, so 
as to prevent the excitation of transversal modes which could degrade the band-
width of the antenna, when excited by a wire-probe feed. 
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Figure 6.41 Perspective and side view of the double folded PCB antenna (L=90 
mm; W=20 mm; Lc=39.8 mm; h=8 mm; Lf=14.3 mm). 

Due to the modification of the PCB geometry, characteristic modes have been 
newly computed for this structure, in order to determine the effect on the modal 
behavior of the capacitance produced by the double folding. The current distribu-
tion of the first non-resonant mode (Mode J0) and the first three horizontal current 
modes (modes J1, J3 and J4) are depicted in Figure 6.42, showing some similarities 
to the modal current distribution of the folded and isolated PCB. 
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Mode J0 Mode J1

Mode J3 Mode J4

 
 

Figure 6.42 Normalized current distribution at first resonance (f =1.1 GHz) of the 
first six characteristic modes Jn of a radiating double-folded PCB. 

Nevertheless, the characteristic angle associated to these double-folded PCB 
modes, whose curves are plotted in Figure 6.43, presents some changes compared 
to those of the one side folded PCB. In the latter, the folding in one side of the 
rectangular PCB diminishes the radiation bandwidth of the full-horizontal current 
mode J1, as previously discussed. This is due to the fact that in the folded part, 
current flows in opposite directions in the upper and lower plates, producing a 
cancellation effect that contributes to decrease the overall radiation. In the double-
folded PCB case, not only mode J1 but also mode J3 decrease their radiation band-
widths, as observed in Figure 6.43. When folding the other edge of the PCB and 
due to the location of a null of current in the center of the double-folded PCB, a 
cancellation of radiation in both folded parts of the structure is produced for mode 
J3. In contrast, mode J4 still keeps a good radiation bandwidth, since the location 
of its two nulls of current below the folded plates reduces the current cancellation 
and consequently the drop in the radiated field. Nevertheless, due to the proximity 
of the resonant frequency of modes J3 and J4, if a good transition between both 
modes is achieved, good impedance bandwidth can still be obtained by means of a 
proper feeding mechanism. 
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Figure 6.43 Characteristic angle variation with frequency for the previous four 
characteristic modes of the radiating double-folded PCB. 

As observed in Figure 6.41, in order to excite horizontal modes two vertical strips 
that account for the probe feeds have been used to produce a voltage gap differ-
ence between the upper and lower plates. Moreover, the feeds will be in opposite 
phase so as to excite horizontal currents in the structure. In Figure 6.44 the input 
impedance and the return loss referred to 50 Ω and computed with IE3D are rep-
resented. As it can be seen, neither the GSM900 band is covered nor a wide im-
pedance bandwidth is obtained. Again, the inductive behavior of the feeding 
mechanism produces high values of positive reactance, as observed in the input 
impedance plot shown in Figure 6.44(a). A capacitive mechanism should hence be 
used to compensate the inductive behavior of the feeding probes [165]. 
 
Therefore, an alternative feeding mechanism based on the use of capacitive plates, 
which compensates the inductive behavior of the probes, has been used, leading 
to the structure shown in Figure 6.45. In this structure, two small horizontal plates 
are located at the end of the vertical probes, so as to compensate its inductive 
behavior. Furthermore, for the sake of a more practical implementation of the exci-
tation mechanism, a balanced feeding is employed, placing the input port at the 
center of the PCB. Dimensions have been again optimized for an optimum behav-
ior. 
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Figure 6.44 Results computed with IE3D for the double folded PCB shown in 
Figure 6.41: (a) Input impedance; (b) Return loss referred to 50 Ω. 
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Figure 6.45 Double folded PCB antenna with a balanced feeding (L=90 mm; 

W=20 mm; Lc=39.8 mm; h=8 mm; Lp=28 mm; hf=6.8 mm; Lf1=15.9mm; 
Lf2=4.6 mm; hs=1.5 mm; ws=1.78mm; Ls=34 mm): (a) Perspective view; 

(b) Top view (each color represents a different height); (c) Side view. 

Input impedance and return loss for this alternative feeding configuration are 
shown in Figure 6.46. Taking a level of -6 dB as an acceptable return loss limit for 
wireless communication terminals, two operating bands are derived now from the 
proposed antenna. These bands cover the communication standards GSM900, 
DCS1800, PCS, UMTS and IEEE 802.11b with a relatively compact structure. As 
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observed, by means of the capacitive plates a good coupling to PCB mode J1 
(around 900 MHz) and mode J4 (between 1.3 GHz and 2.5 GHz) is obtained, as 
implied by the total current distribution at different frequencies depicted in Figure 
6.47. These currents have been obtained with electromagnetic simulator Zeland 
IE3DTM. Since mode J1 does not exhibit very wide radiating bandwidth, a narrow-
band behavior is obtained when exciting this mode. As observed in Figure 6.47, 
the use of a balanced feeding prevents the excitation of mode J3, due to the sym-
metry imposed. However, mode J4 provides enough bandwidth to obtain a wide-
band matching between 1.23 and 2.49 GHz. 
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Figure 6.46 Results computed with IE3D for the double folded PCB shown in 
Figure 6.45: (a) Input impedance; (b) Return loss referred to 50 Ω. 
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Figure 6.47 Total current distribution computed with IE3D for the structure shown 
in Figure 6.45, at different frequencies. 

 
Finally, radiation patterns simulated for the proposed structure are plotted in 
Figure 6.48, for both the XZ and YZ planes, at 900 MHz, 1800 MHz and 2.4 GHz. 
As desired for wireless terminal antennas, an omnidirectional radiation pattern is 
obtained in the YZ plane, at all frequencies. 
 
Therefore, it has been proved in the preceding sections that the analysis of the 
characteristic modes of the PCB is very useful as an initial step in the design of 
antennas for mobile handsets. Once the properties of the different PCB modes 
have been analyzed and those modes with more interesting properties identified, 
an appropriate feeding mechanism should be provided to excite these modes. It 
has been seen that location, shape, symmetry and impedance matching behavior 
are important parameters to consider for the selection of the feeding configuration. 
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Figure 6.48 Measured radiation patterns in the XZ and YZ planes for the proposed 

double-folded PCB antenna, at 900, 1800, and 2400 MHz. 
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6.6. Notched radiating ground plane 
 
The concept of using the ground plane or PCB as a radiating element can be ex-
tended to other types of mobile terminal antennas, and not only to handset anten-
nas. For instance, antennas for PCMCIA cards or PDA terminals can also be de-
signed using this philosophy. In this section, a radiating structure based on the use 
of a double-notched ground plane will be designed, starting from the information 
provided by characteristic modes. 
 
Relatively large notch antennas have long been used in VHF and UHF applications 
[166], but when fabricated with microstrip technology, notch antennas can be 
implemented as very compact structures that can be effectively used for wireless 
communications [167]. Ideally, typical notch antennas consist in a quarter wave-
length slot cut on the edge of a semi-infinite ground plane. They are commonly fed 
by a coaxial cable without the need of any balancing system. However, when a 
notch is cut on a finite ground plane of resonant dimension, the shape and size of 
the ground plane significantly affect the performance of the notch antenna [17]. 
Indeed, the insertion of notches in planar microstrip antennas can be used to in-
crease their bandwidth [3], due to the additional resonances produced by the 
notch. Among this type of antennas, special attention has been given to the wide-
band E-shaped patch antenna [167]-[171], which consists of a rectangular patch 
with two parallel notches inserted in its surface. The geometry is shown in Figure 
6.49. Usually the microstrip E-shaped antenna is designed for IEEE 802.11 a/b/g 
WLAN applications, and a coaxial probe is usually employed to feed the antenna. 
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Figure 6.49 Geometry of the E-shaped antenna. 
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In this section, the E-shaped antenna will be used as a radiating ground plane for 
a PDA terminal, instead of a microstrip antenna, so as to increase the radiating 
efficiency and bandwidth. In [17] and [172], characteristic modes of an E-shaped 
radiating ground plane were analyzed. Based on the information provided by these 
modes, an alternative feeding mechanism for this type of antennas can be pro-
posed. In next section, a review of the characteristic modes of an E-shaped plate 
in free space will be made, in order to further discuss the possible feeding mecha-
nisms suitable to excite the desired modes. 

 

6.6.1. Characteristic modes of a double-notched radiating 
ground plane 

 
This section is aimed to review the properties of the characteristic modes of an E-
shaped radiating ground plane, which were already analyzed in [17]. Afterwards, 
the information provided will be employed to select the optimum feeding mecha-
nism for the antenna. 
 
For the analysis, the ground plane considered is that of a typical PDA (in Figure 
6.49: L=105 mm and W=65 mm) and dimensions of the notches are Ws=47 mm, 
L1=2 mm and L2=6.5 mm. Figure 6.50 shows the normalized current distribution at 
1.1 GHz for the first six characteristic modes of the E-shaped radiating ground 
plane. 
 
According to the figure, modes J0, J1, J3 and J4 present intense currents flowing 
around the notches. Unfortunately, these intense currents do not contribute to 
radiation as they are in opposite phase, like in a transmission line, and they cancel 
each other out along the notch. In contrast, in modes J2 and J5 the current flows in 
phase in the upper and lower notch, and hence these modes can be considered 
radiating modes or antenna modes. 
 
Figure 6.51 plots the variation with frequency of the characteristic angle associated 
to the modes of Figure 6.50. Mode J0 is one of the special non-resonant inductive 
modes, whose characteristic angle stays below 180º at every frequency. Mode J4 
exhibits the narrowest radiating bandwidth, while the rest of modes are all quite 
efficient radiators as their characteristic angles keep close to 180º in a wide range 
of frequencies. Regarding the resonant frequency, mode J1 resonates at 1.1 GHz, 
mode J2 at 2.85 GHz, mode J3 at 2.45 GHz, mode J4 at 2.42 GHz and mode J5 at 
3.9 GHz. 
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Figure 6.50 Normalized current distribution at 1.1 GHz for the first six modes of a 
double-notched radiating ground plane. 
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Figure 6.51 Characteristic angle vs. frequency associated to the current modes of 
Figure 6.50. 
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6.6.2. Modal excitation of a double-notched radiating ground 
plane 

 
Once the properties of the characteristic modes of the double notched radiating 
ground plane have been analyzed, discussion on the feeding mechanism should be 
carried out. 
 
As stated before, E-shaped microstrip antennas are usually fed by a coaxial probe 
at its centre [166], thereby exciting mainly mode J2 and obtaining broad imped-
ance bandwidth, even when using microstrip technology. 
 
When using an E-shaped plate to radiate, if a voltage difference is created at each 
notch, thereby preserving the symmetry of the antenna, it will favour the appear-
ance of transmission line currents flowing around the notches. As a result, modes 
presenting this type of currents, such as modes J0, J1, and J3, will couple to the 
excitation and will be excited. The contribution to radiation of mode J0 will not be 
very important, since mode J0 is a special non-resonant mode with inductive be-
haviour at every frequency. However, modes J1 and J3, which resonate at 1.1 GHz 
and 2.45 GHz, respectively, present wideband radiating properties, as they radiate 
very efficiently in a broad range of frequencies. 
 
In order to excite the wideband radiating modes J1 and J3, a symmetrical (bal-
anced) voltage can be used, thereby avoiding distorting modes that need non-
symmetrical voltages (unbalanced). Thus, a dual port balanced feeding configura-
tion as that shown in Figure 6.52(a) can be used to excite the structure, by placing 
two voltage gap generators at a distance Lfeed=38 mm from the shorted end of the 
notches. In Figure 6.52(b), the input impedance at each of the input ports is plot-
ted, showing that resistance and reactance remain constant in a wide range of 
frequencies. As commented in previous section, the input impedance plot, together 
with the normalized total current distribution, are very useful to identify the modes 
excited in the radiating ground plane.  
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Figure 6.52 (a) Balanced feeding configuration employed to excite the double 
notched radiating ground plane; (b) Simulated input impedance at each of 

the input ports. 

Figure 6.53 shows the resultant total current computed with IE3D at 0.4 GHz, 1 
GHz, 2 GHz and 3 GHz, using this double excitation. At lower frequencies (0.4 
GHz), it is observed that the current distribution is dominated by a non-resonant 
mode, since the current forms a loop in the surface of the planar structure. The 
presence of the non-resonant mode manifests itself in the inductive behaviour of 
the input impedance at lower frequencies. At 1 GHz, mode J1 starts to appear, 
provoking a strong anti-resonance in the transition from the loop mode to mode J1. 
Due to the feed symmetry, at 1 GHz the current flowing through the centre of the 
plane is very weak. Moreover, because of the proximity of the two notches, current 
cancellation between them occurs. Then, at 2 GHz and 3 GHz there is an intense 
current flow on the feeding strips, favoring currents flowing on vertical direction, 
whereas transmission line currents are minimized. As observed in the input imped-
ance plot, the transition from mode J1 to mode J3 is smooth, what improves the 
impedance bandwidth. Finally, mode J5 starts to appear at higher frequencies. 
Radiation patterns produced by these currents over the structure are depicted in 
Figure 6.54, where it is observed the influence of each mode at the different fre-
quencies. Omnidirectional patterns are obtained at the YZ plane for all frequencies. 
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Figure 6.53 Total current distribution computed with IE3D for the structure shown 
in Figure 6.52, at different frequencies. 

Consequently, using two balanced feed points the desired modes are excited, ob-
taining a good transition between the different excited modes and leading to a 
matching improvement. Figure 6.55 illustrates the return loss obtained with this 
balanced feeding for different reference values of characteristic impedance, show-
ing a much better matching for an impedance value of 100 Ω than of 50 Ω. Thus, 
considering 100 Ω as the reference value and an acceptable return loss value 
lower than -6 dB, an operating bandwidth ranging from 0.85 to 3.8 GHz is ob-
tained for the proposed antenna. A wideband matching network is therefore 
needed to efficiently couple to the traditional 50 Ω feeding cable. In next sections, 
the problem of physically implementing the feeding mechanism will be addressed.  
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Figure 6.54 Radiation patterns for the structure shown in Figure 6.52(a), at 
different frequencies. 
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Figure 6.55 Return loss obtained for the structure shown in Figure 6.52(a). 

 

6.6.2.1. Practical implementation of the feeding mechanism by 
means of transmission lines 

 
A possible practical implementation of the feeding mechanism could consist of a 
power splitting network based on microstrip lines, which couples the energy effi-
ciently to the notches at the feeding points [172]. The geometry of the proposed 
antenna with the feeding network is presented in Figure 6.56, where the power 
divider is printed in the back side of a substrate. The substrate employed has a 
height of h=0.76 mm and a permitivity of εr=3.2. The length of the microstip lines 
must be designed to ensure that both notches are fed in phase. As explained in 
chapter 4, the required bandwidth is provided by the microstrip power divider, 
since only the input reflection coefficient is considered. Moreover, the characteristic 
impedance of the output transmission lines is 100 Ω, what is necessary for obtain-
ing wide impedance matching, as discussed in the previous section.  
 
A prototype of the proposed antenna was fabricated and is shown in Figure 6.57. 
Figure 6.58 represents the return loss for both simulation with IE3D and real 
measurements, with an acceptable agreement existing between them. Conse-
quently, the antenna presents a matched bandwidth covering from 1.6 GHz to 
more than 5 GHz, when a return loss lower than -6 dB is considered. However, 
there are some differences with the results obtained in the previous section, when 
using two voltage gap generators, especially at lower frequencies. This is due to 
the fact that, although the feeding network excites both notches simultaneously, it 
is not completely equivalent to the feeding configuration previously used in Figure 
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6.52. The behavior of the feeding network within the impedance bandwidth is ob-
viously different in both cases, affecting to the coupling of the different modes. 
Anyway, a very wide bandwidth is still obtained for this structure using the new 
feeding configuration, although the operating band is shifted up to higher frequen-
cies. In next section, an alternative feeding mechanism based on the use of active 
devices is also proposed. 
 

 
Figure 6.56 Double-notched radiating ground plane fed by means of a microstrip 

power divider. Each color corresponds to one of the sides of the substrate. 

 

  

(a) (b) 

Figure 6.57 Prototype of the double-notched radiating ground plane fed by means 
of a microstrip power divider: (a) Front side; (b) Back side. 
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Figure 6.58 Simulated and measured return loss for the antenna prototype shown 

in Figure 6.57. 

6.6.2.2. Practical implementation of the feeding mechanism by 
means of an active balance feeding 

 
Another alternative to practically implement the double balanced feeding is to take 
advantage of the differential electronic configurations to directly produce balanced 
voltages, using appropriate symmetrically connected active devices, as illustrated 
in Figure 6.59. The implementation of this feeding mechanism has been possible 
as a result of a collaboration with the Technical University of Catalonia (UPC) 
[173], who are very experienced with the development and application of this 
feeding technique.  
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 Vin 
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 Vin 

 
Figure 6.59 Active antenna feeding. 
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Conventional common-source transistors, which exhibit complex input impedance, 
can be used to implement the balanced feeding. To fit the previous double-
notched radiating ground plane with the active balanced source and to get maxi-
mum power transference between both, it is necessary to fulfill the conjugate im-
pedance matching condition [174]: 

 
*
actdevant ZZ =  

where antZ  is the impedance of the antenna at the feeding point and actdevZ  the 

input impedance of the active device. 
 
A FET device presenting an input impedance value around 20 100actdevZ j= − Ω  

within the operating bandwidth of interest has been chosen for the feeding imple-
mentation. The FET device response can be more precisely modelled by a simpli-
fied circuit consisting of a combination of a resistance in series with a parallel RC 
circuit [173]. In order to fulfill the conjugate impedance matching condition, the 
feeding point on the antenna must be optimized consequently.  
 
The input impedance of the double-notched ground plane changes with the posi-
tion of the feeding along the notch (parameter Lfeed), whereas the modes excited in 
the structure remain the same. Therefore, in order to find the optimum location for 
input impedance matching to the active feed, a parametric study has been per-
formed, varying the input impedance of the antenna according to the different 
positions from the short circuit of the notch (parameter Lfeed). Results are depicted 
in Figure 6.60. Optimum resistance values of input impedance should be around 
20 Ω, whereas the reactance should present an inductive behavior at the input 
port, around 100 Ω. When approaching the short circuit, the real part decreases, 
being more appropriate for matching the active device. With respect to the imagi-
nary part, it is usually inductive, what makes the device suitable for its connection 
to the capacitive reactance of the active device. In consequence, it seems possible 
to find proper locations of the feeding point to connect the active device directly to 
the antenna port, approaching the optimum matching condition and hence reduc-
ing system complexity, size and losses. 
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(a) (b) 

Figure 6.60 Input impedance of the radiating ground plane (Zant) for different 
values of Lfeed : (a) Real part; (b) Imaginary part. 

As complex impedances are currently being handled, the power transfer is esti-
mated by the matching coefficient (Ca), which is defined as the relation between 
the actual power transferred (PL) to the antenna and the maximum power avail-
able at the amplifier output (PLmax), as follows [174]: 

 max .L LP P Ca=  

 
2

2 2

4
1

( ) ( )
ant amplifier

ant amplifier ant amplifier

R R
Ca

R R X X
ρ

⋅ ⋅
= − =

+ + +
 

 
The matching coefficient obtained by fabricating and measuring the stand-alone 
radiating ground plane and the differential amplifier is depicted in Figure 6.61, 
where it has been verified that the power transferred from 800 MHz to 3.2 GHz is 
higher than 70% of the maximum.  
 
The differential amplifier was integrated within the double-notched radiating 
ground plane geometry, obtaining the prototype depicted in Figure 6.62, fabricated 
by the UPC AntennaLab. The reflection coefficient at the input port was measured 
and it is shown in Figure 6.63(a). As observed, a wide bandwidth is obtained for a 
matching criteria of S11<-6dB, which extends from 0.8 GHz to 2.9 GHz. This im-
pedance bandwidth is far more similar to that obtained for the antenna with two 
voltage gap generators (Figure 6.55), being in turn more suitable for feeding the 
antenna than the transmission line feeding network used in previous section. 
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Figure 6.61 Simulated Ca for FET feeding. 

 

 

 

 

(a) (b) 

Figure 6.62 Prototype of the wideband E-shaped antenna; (a) Front side view; (b) 
Back side view, with detail of the differential amplifier. 

Finally, the gain has also been measured in the anechoic chamber at the UPC facili-
ties, and it is compared with that of a reference dipole in Figure 6.63(b). As por-
trayed by the figure, a global gain 10 dB higher than the reference dipole is ob-
tained within the operating bandwidth. However, at higher frequencies the gain 
deteriorates, due to the unavoidable narrower bandwidth when the input is 
matched at certain frequencies. Radiation patterns have also been measured, ob-
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taining the desired omnidirectional pattern in the XZ plane and also good polariza-
tion purity [175]. 
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Figure 6.63 (a) Measured reflection coefficient at the input; (b) Measured active 
antenna gain compared to a reference dipole. 

6.7. Conclusions 
 

The present chapter has demonstrated the usefulness of characteristic modes to 
design mobile terminal antennas based on the use of the PCB or ground plane 
resonances. Once the characteristic modes of the PCB and their properties are 
known, different strategies to excite the most interesting eigencurrents in the PCB 
or ground plane of different mobile terminals have been investigated. Moreover, 
some practical designs of mobile terminal antennas based on this philosophy have 
been proposed. 
 
From the different experiments carried out throughout the chapter, it can be con-
cluded that the excitation of the PCB characteristic modes can be performed by 
means of one or more coupling elements, whose shape and location determine the 
type of current –and hence the modes- excited in the PCB. When using two or 
more coupling elements, certain symmetries for the current distribution can be 
imposed in the PCB, what can be employed to prevent the excitation of some 
modes. Moreover, either a resonant or a non-resonant coupling element can be 
used to excite modes in the PCB. 
 
However, although the location, shape and symmetries imposed by the coupling 
element determine the modes excited in the PCB, the maximum energy is not al-
ways transferred from the feeding cable to the desired mode. If some mismatching 
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occurs at the excitation point near the resonant frequency of a specific desired 
mode, this mode would not be sufficiently excited in the PCB. Therefore, as ex-
posed in section 6.3.2.1, some kind of impedance matching mechanism should be 
provided to match the modal impedance to the traditional 50 Ω of the input cable. 
This design method is summarized graphically in Figure 6.64. Some authors pro-
pose to implement the impedance matching mechanism by means of miniaturized 
electronic circuits, so that very compact antennas can be designed, also for multi-
band operation [156]. 
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Figure 6.64 Excitation mechanism of the PCB characteristic modes. 

The impedance matching mechanism and the coupling element can be joined into 
the same structure, as shown in sections 6.4, 6.5 and 6.6. Some wideband cou-
pling structures that provide a wideband impedance matching mechanism within a 
unique planar element have been proposed. The location and geometry of the 
wideband feeding can be optimized to provide a good coupling to successive wide-
band resonant modes of the PCB. Impedance bandwidth never achieved before for 
this type of structures can be obtained. Other types of feeding mechanisms, based 
on transmission lines and active devices, have been presented to accomplish opti-
mum coupling to the PCB modes within a wide range of frequencies. It has been 
demonstrated that the input impedance can be optimized to match other types of 
impedance, for instance, complex impedances required by active devices. Adjust-
ing the excitation point on the antenna, the power transferred from the active 
device to the antenna can be optimized. 
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Chapter 7. Conclusions and further work 

7.1. Conclusions 
 
The main objective of this Thesis has been to provide a general method for the 
design of antennas for wireless communications systems, based on the modal 
analysis of open conducting structures. The utility of the proposed method has 
been fully demonstrated, providing several antenna designs that cover different 
applications.  
 
The proposed design procedure should start by performing a computation of the 
surface modal currents on the radiating structure. Once the properties of these 
modes have been analyzed, an appropriate feeding mechanism must be provided 
for a suitable excitation of modes and for a proper matching to the traditional 50 Ω 
feeding line. 
 
In the first chapters, different modal techniques applicable to the analysis of con-
ducting structures were discussed. It was shown that either complex current vector 
wave functions or real characteristic modes can be defined over the surface of the 
conducting body and computed. Both types of modes have been proven to present 
similar properties, except for the real nature of characteristic modes, what makes 
them more suitable for being used in design problems. 
 
Moreover, in the initial chapters, an analytical method for the extraction of vector 
wave functions and characteristic modes of planar structures has been presented, 
which is based on the interpretation of the planar structure as a deformation of 
three-dimensional structures whose surfaces coincide with one of the eleven basic 
curvilinear coordinate systems. Thus, closed-form expressions for vector wave 
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“What appears to be the end may really be a new beginning.” 
 

Anonymous 
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functions and characteristic modes of an infinite planar strip were presented for 
the first time, both for the TM and TE case. The provided characteristic functions 
could be used as entire-domain basis functions in problems including rectangular 
surfaces, since it has been demonstrated that they are a generalization of the tra-
ditionally used Chebyshev polynomials. Moreover, as the proposed functions are 
frequency dependent, they can be used to accelerate the convergence to the solu-
tion of these problems when a broad frequency range is considered. 
 
Real characteristic modes can be numerically computed for bodies of arbitrary 
shape, as explained in the literature. Therefore, the first step in the design of the 
antenna should be performing a computation of the real eigencurrents or charac-
teristic modes of the structure.  After obtaining these modes, characteristic values 
associated to the different eigencurrents provide valuable information about the 
resonant frequency and radiating bandwidth of each mode. Furthermore, due to 
the small size required for wireless communications antennas, only few modes will 
contribute to the radiation of the antenna. 
 
Once the modes with more interesting properties have been identified, the next 
step is selecting the location and configuration of the feeding mechanism. This 
feeding mechanism is crucial to obtain an optimum behavior of the antenna, since 
the excitation of the modes depends mainly on the coupling between the source 
and the modal current. 
 
Excitation of modes in the conducting structure can be analyzed by means of the 
modal admittance parameter. Thus, the total admittance at each input port of the 
antenna can be expressed as a superposition of the modal admittances corre-
sponding to the different modes. Concepts of resonance and anti-resonance have 
also been revisited and connected with the excitation of characteristic modes. 
Starting from the observation of the total input admittance and the total current 
distribution on the surface of the antenna, it has been proven that a straightfor-
ward identification of the excited modes can be carried out in most cases. 
 
Different excitation mechanisms have been investigated throughout the Thesis. It 
has been demonstrated that the excitation of a specific mode depends on the 
magnitude of its current at the location of the source, and that the use of multiple 
sources increases the control over the excitation of modes, since different symme-
try conditions can be imposed. Additionally, multiple feeding points can also be 
used to reinforce the excitation of specific modes in the structure, for instance in 
the case of the square planar monopole antenna, where a double feeding mecha-
nism has been proven to considerably increase the impedance bandwidth. The 
analysis presented for this type of antennas, based on the properties of the char-
acteristic modes and their excitation, has attracted a lot of interest by many au-
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thors. Some similar designs based on the ideas presented for the square planar 
monopole antenna can be found in the literature, as commented in chapter 4.  
 
Moreover, combining the phases of multiple sources, antennas with polarization 
agility can be provided. A further enhancement of this concept enables the design 
of MIMO antennas by using multiple feeding points, due to the orthogonality of the 
radiation patterns produced by the eigencurrents.  
 
Furthermore, it has been emphasized that although the source configuration and 
its location determine the excitation of the modes, this does not necessarily imply 
to achieve impedance matching to the traditional 50 Ω feeding line. If the mode 
has a high radiating bandwidth, it will be near resonance in a wide frequency 
range. Thus, the input impedance would be real, but not necessarily 50 Ω. There-
fore, some kind of wideband impedance matching mechanism is sometimes re-
quired to take the most of the excited modes, and to compensate the influence of 
the excitation source. 
 
Usage of reactive loads in the structure has been also presented as a method to 
control the resonance of the modes. To some extent, the feeding mechanism could 
also include a reactance matching, so as to force modes to resonate at any desired 
frequency. This is especially interesting for narrowband applications. 
 
Afterwards, modal analysis has also been applied for the first time to wideband 
antennas with an embedded narrowband resonator. The effect of this element 
over the antenna behavior has been explained by means of characteristic modes, 
which provide a very clear physical insight. Once the effect of the interaction be-
tween the resonances of the narrowband and wideband resonators has been clari-
fied, new configurations for the narrowband slots can be proposed. As a result, a 
novel structure that allows to control the excitation of the slot resonance, and con-
sequently its effect over the wideband antenna, has been proposed. Moreover, it 
has been demonstrated that the excitation of this resonance can be electronically 
controlled by means of active devices, thereby notably incrementing the functional-
ity of the antenna. Furthermore, if the slot is reactively loaded with a variable ca-
pacitance, electronic tuning of the resonance of the slot can be obtained. 
 
Prototypes for UWB antennas with a switchable and tunable band-notched behav-
ior have thus been presented, together with real measurements that confirm the 
desired behavior. Moreover, not only frequency domain but also time domain re-
sults have been provided, confirming the suitability of active devices for UWB ap-
plications. 
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Then, the design method has been applied to the design of antennas for mobile 
terminals, based on the use of the PCB or ground plane of the terminal to radiate. 
Different feeding mechanisms have been investigated for the excitation of charac-
teristic modes in the PCB and similar conclusions to that commented previously can 
be extracted for a general design of this kind of structures. Additionally, wideband 
feeding mechanisms have been proposed, which basically consist of a planar plate 
with a specific shape. Thereby, very good coupling to different modes can be 
achieved for a broad bandwidth, since strong anti-resonances are avoided. This 
novel proposal of applying characteristic modes to the analysis of the PCB reso-
nances has attracted a lot of interest from other authors and even from some mo-
bile phone manufacturers, as it provides important details about the best location 
and type of the feeding mechanisms. 
 
In addition, other types of feeding configurations based on transmission lines and 
active devices have been presented to achieve an optimum coupling to the PCB 
modes, within a wide range of frequencies. It has been demonstrated that the 
input impedance can be optimized to match any other desired impedance, for in-
stance, the complex impedances required by active devices. By adjusting the exci-
tation point on the antenna, the power transferred from the active device to the 
antenna can be optimized. This has allowed for the design of antennas not only for 
mobile handsets but also for other devices, including mobile terminals such as 
PDAs and PCMCIA cards. 
 
Therefore, it can be concluded that the use of modal techniques for antenna de-
sign may greatly assist in the design of antennas for wireless communications sys-
tems, as it provides a clear physical insight into the radiation phenomena taking 
place in the antenna. Some guidelines regarding the location, number and type of 
excitation mechanisms has been provided, which will be helpful to design the an-
tenna. The proposed design method and guidelines have been successfully applied 
to antennas for different applications: generic wideband antennas as well as an-
tennas for handheld devices and more specific systems, including both UWB and 
Multiple-Input Multiple-Output (MIMO) systems. Prototypes for the antennas have 
been provided and measured, yielding satisfactory results in all cases. Therefore, 
this proves the suitability of the design procedure to accomplish a final design with 
the required performance.  
 

7.2. Further work 
 
The design procedure presented has demonstrated its effectiveness for the design 
of small antennas for wireless communication systems, as it provides a clearer 
physical insight into the antenna performance. Some important guidelines to be 
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considered in the feeding configuration to excite the desired modes in the radiating 
structure have been presented, which may help the design process. Nevertheless, 
the final optimization of the feeding structure in conjunction with the radiating 
structure must be done in most cases manually.  
 
As a consequence, one further working line would be the implementation of an 
automatic optimization tool capable of interacting with the code that computes 
characteristic modes, in order to improve the feeding mechanism and the coupling 
to the modes, avoiding an excessive degradation of the radiating properties of the 
modes. It must be noted that modifications in the geometry of the antenna some-
times produce important modifications into the radiating behavior of characteristic 
modes, what should be avoided when integrating the feeding mechanism. 
 
Moreover, it has been shown that the use of reactive loading can be used to con-
trol the resonances of modes. This can be combined with the use of multiple 
sources to implement a multimode MIMO antenna. By properly combining the 
phases of the sources, different orthogonal modes can be excited, as previously 
discussed, whose resonances can be further adjusted by means of reactive loads, 
so as to force them to operate at the same frequency. When modes presenting a 
high radiating bandwidth are selected, even a broadband MIMO antenna may be 
designed. 
 
The use of multiple feeding sources has been presented as an effective technique 
to control the excitation of modes in any structure. Practical implementation of this 
feeding configuration must be addressed in further work, as it increases the com-
plexity of the antenna. 
 
In chapter 6, the excitation of different radiating modes over the PCB of a mobile 
terminal has been investigated from a modal perspective. Different experiments 
with coupling elements have been performed, in order to show the dependence of 
the PCB modes with the coupling element/s location. Consequently, it would be 
very interesting to extend this investigation to comprehensively analyze the field 
radiated by the PCB eigencurrents and study their excitation, investigating the 
optimum shape and location of the coupling element by means of the field cou-
pling. 
 
Additionally to the applications presented, design of antennas for other systems 
can also be accomplished through application of the proposed guidelines. Thus, 
design of compact antennas for emergent DVB-H (Digital Video Broadcast-
Handheld) standards may constitute an interesting new line of research, as well as 
antennas for sensor networks. 
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In the first part of the Thesis, diverse planar structures where analyzed using vec-
tor wave functions, yielding closed-form expressions for the modal surface currents 
over the conducting object. In fact, complex analytical functions for the modal 
currents over an infinite planar strip have been provided. Similarly to cavity cou-
pling in microwave networks, these entire-domain functions may be used to ana-
lyze discontinuities in planar surfaces, from a modal point of view. Therefore, these 
modes will provide more physical insight into the radiation and coupling phenom-
ena between lines at the two sides of the discontinuity, what may significantly 
assist in systematically designing radiating structures with discontinuities embed-
ded within the planar surface. This may in turn open the possibility to design an-
tennas with a beforehand determined response.  
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Appendix A Coordinate Systems 

 

A.1. Spherical coordinate system 
 
Spherical coordinates are a system of curvilinear coordinates that are natural for 
describing positions on a sphere. Any point of space is described in spherical coor-
dinates by three values ( ), , rφ θ , where φ  is the azimuthal angle in the xy -plane 

defined from the x -axis with 0 2φ π≤ ≤ , θ  is the polar angle defined from the z -
axis with 0 θ π≤ ≤ , and r  is the distance (radius) from the point to the origin. 
Figure A.1 shows the commonly used spherical coordinate system.  

 
Figure A.1 Spherical coordinate system. 

 

A.2. Oblate spheroidal coordinate system 
 
Prolate and oblate spheroidal coordinate systems are formed by rotating the two-
dimensional elliptic coordinate system, consisting of confocal ellipses and hyperbo-
las, about the major and minor axes of the ellipses, respectively. 

 

Appendix A 

Coordinate Systems 
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Figure A.2 Oblate spheroidal coordinate system 

The oblate spheroidal coordinates shown in Figure A.2 are related to the rectangu-
lar coordinates by the following transformations:  
 

 

( )( )

( )( )

2 2

2 2

1 1 cos
2

1 1 sin
2

2

dx

dx

dz

η ξ φ

η ξ φ

ηξ

= − +

= − +

=

 (A.2.1) 

where  

 1 1η− ≤ ≤ , 0 ξ≤ < ∞ , 0 2φ π≤ ≤  (A.2.2) 

In an oblate spheroidal system, the surface at ξ =constant >0 forms a flattened 

ellipsoid of revolution with a major axis of length 2 1d ξ +  and minor axis of 

length dξ . The degenerated surface at 0ξ =  is a circular disk of radius 
2
da =  

which lies in the XY plane and is centered at the origin. The surface at 
η =constant<1 is a hyperboloid of revolution of one sheet with an asymptotic 

cone whose generating line passes through the origin and is inclined at the angle 
1cosθ η−=  to the z  axis. The degenerate surface at 1η =  is the z  axis. The 
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surface at φ =constant is a plane through the z axis forming the angle φ  with re-
spect to the XZ plane. 
 
The oblate spheroidal coordinate system is also a curvilinear orthogonal system. Its 
metric coefficients are given by 

 

( )( )

2 2

2

2 2

2

2 2

2 1

2 1

1 1
2

dh

dh

dh

η

ξ

φ

ξ η
η

ξ η
ξ

η ξ

+
=

−

+
=

+

= − +

 (A.2.3) 

The coordinates ( ), ,η ξ φ  form a right-handed system. In the limit where the inter-

focal distance d  becomes zero or the ξ  approaches infinity (while η = constant), 
the oblate spheroidal coordinate system reduce to the ordinary spherical system. 
 

A.2.1.  Spheroidal scalar wave functions 
 
With the use of the expression for the Laplacian 2∇  in orthogonal curvilinear coor-
dinates, the scalar wave equation 

 2 2 0kψ ψ∇ + =  (A.2.4) 

is expressed in the oblate spheroidal coordinate system as 

 ( ) ( ) ( )( )
( )

2 2 2
2 2

22 2

2 2 2

1 1
1 1

0c

ξ ηη ξ ψ
η η ξ ξ φξ η

ξ η ψ

⎡ ⎤∂ ∂ ∂ ∂ + ∂
⎢ ⎥− + + + +
∂ ∂ ∂ ∂ ∂+ −⎢ ⎥⎣ ⎦

+ + =

 (A.2.5) 

where 
1
2

c kd= . 

 
The prolate and oblate systems are two of the eleven coordinate systems in which 
the scalar wave equations are separable. By the usual procedure of the separation 
of variables, eigenfunctions of the solutions of equation (A.2.5) may be obtained in 
the form of the Lamé products: 
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 ( ) ( )( ) cos
, ,

sin
i

mn mn mn

m
S ic R ic i

m
φ

ψ η ξ
φ

⎧ ⎫
= − ⋅ − ⋅⎨ ⎬

⎩ ⎭
 (A.2.6) 

for oblate spheroidal coordinates. 
 
The functions ( ),mnS ic η−  and ( )( ) ,i

mnR ic iξ−  satisfy the following ordinary differ-

ential equations respectively: 
 

 ( ) ( ) ( )
2

2 2 2
21 , , 0

1mn mn mn
mS ic c S icη η λ η η

η η η
⎡ ⎤⎡ ⎤∂ ∂

− − + + − − =⎢ ⎥⎢ ⎥∂ ∂ −⎣ ⎦ ⎣ ⎦
 (A.2.7) 

 ( ) ( ) ( )
2

2 ( ) 2 2 ( )
21 , , 0

1
i i

mn mn mn
mR ic i c R ic iξ ξ λ ξ ξ

ξ ξ ξ
⎡ ⎤⎡ ⎤∂ ∂

+ − − + − − =⎢ ⎥⎢ ⎥∂ ∂ +⎣ ⎦ ⎣ ⎦
 (A.2.8) 

 
The separation constants mnλ  and m , known as eigenvalues, are the same in 

these equations. These values can be determined by five different methods [20]. 
 
The spheroidal angular functions ( ),mnS ic η−  can be represented as a series of 

associated Legendre functions of different orders. The relations between angular 
spheroidal functions of the first and second kinds and associated Legendre func-
tions of different orders are given for the prolate spheroidal coordinate as follows: 
 

• for the first kind: 

 ( ) ( ) ( )(1) '

0,1

, mn m
mn r m r

r

S ic d ic Pη η
∞

+
=

− = −∑  (A.2.9) 

• for the second kind: 

 ( ) ( ) ( )(2) ', mn m
mn r m r

r

S ic d ic Qη η
∞

+
=−∞

− = −∑  (A.2.10) 

 
In equations (A.2.9) and (A.2.10), ( )m

nP x  is the associated Legendre function of 

the first kind (range within 1 1x− < < ), and ( )m
nQ x  is the associated Legendre 

function of the second kind (range within 1x ≥ ), and the prime over the summa-

tion sign indicates that the summation is over only even values of r  when n m−  is 
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even, and over only odd values of r  when n m−  is odd. Also power series repre-
sentation of angular spheroidal functions can be obtained [20]. 
 
The intermediate parameter ( )mn

rd ic−  is an important quantity used frequently in 

the formulation of the oblate angular (or radial) spheroidal harmonics of various 
kinds.  
 
The radial spheroidal functions of the first to fourth kinds can be expressed by 
 

 

/22
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2
'
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0,1
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!
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!

mn

m
i

mn
r

r

r m n mn i
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m ri d jc z c
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∞
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∞
+ −

+
=

⎛ ⎞+
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⋅ −

∑

∑

 (A.2.11) 

where ( ) ( )i
nz x  is the i th kind of spherical Bessel functions of order n  (i.e., 

(1) ( ) ( )n nz x j x= ,  (2) ( ) ( )n nz x n x= , (3) (1)( ) ( )n nz x h x=  and (4) (2)( ) ( )n nz x h x= , respectively). 

Since (1) ( ) ( ) ( )n n nh x j x in x= +  and (1) ( ) ( ) ( )n n nh x j x in x= − , thus 

 

 (3) (1) (2)( , ) ( , ) ( , )
mn mn mn

R ic R ic iR icξ ξ ξ− = − + −  (A.2.12) 

 (4) (1) (2)( , ) ( , ) ( , )
mn mn mn

R ic R ic iR icξ ξ ξ− = − − −  (A.2.13) 

 
 
 

A.3. Elliptical-cylindrical coordinate system 
 
Let us consider an ellipse in the plane ( ),x y  whose equation reads 

( ) ( )2 2/ / 1x a y b+ = , where a b> . The semifocal distance f  is given by 
2 2 2f a b= − , and the eccentricity e  is e f a= , [ ]0,1e∈ . The ellipse is defined by 

any pair of parameters selected from { }, , ,a b f e . 
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Figure A.3 Elliptical-cylinder coordinate system [29]. 

The elliptic coordinates ( ), , zξ η  are defined according to the equivalence:  

 
cosh cos
sinh sin

x f
y f
z z

ξ η
ξ η

= ⋅ ⋅
= ⋅ ⋅
=

 (A.3.1) 

where ξ  works as a radial coordinate and takes the values [ )0,ξ ∈ ∞ , the coordi-

nate η  is an angular coordinate taking the range [ )0, 2η π∈ , and ( ),z ∈ −∞ ∞ . 

The surface 0ξ ξ=  reduces to the elliptic cylinder with semi-major axis 

0cosha f ξ= ⋅ , and semi-minor axis 0sinhb f ξ= ⋅ . The surface 0η η=  reduces to 

an hyperbolic cylinder that crosses the x-axis at 0cosf η± ⋅  and has asymptotes 

( )0tany xη= ± . 

 
The two families of conics are confocal, intersect orthogonally, and each intersec-
tion ( ),ξ η  corresponds to a point in the plane ( ),x y  defined by equation (A.3.1). 

Observe in Figure A.3 that for 0η =  the hyperbola degenerates to the line seg-
ment 0y = , x f≥ . For η π=  the hyperbola degenerates to the line segment 

0y = , x f≤ − . For / 2η π= , the hyperbola becomes the positive y-axis, whereas 
3 / 2η π=  becomes the negative y-axis. 
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In Figure A.3 we appreciate that confocal ellipses collapse to a segment of straight 
line joining the two foci when 0ξ = . The focal points ( ) ( ), ,0x y f= ±  are located 

in the elliptic plane on ( ) ( ), 0,0ξ η =  and ( )0,π . Finally the origin of the coordi-

nate system can be specified with ( ) ( ), 0, 2ξ η π=  or ( )0,3 2π . 

 
The description of the elliptic coordinate system is not complete without introduc-
ing the corresponding scale factors: 

 
2 2cosh cos

1z

h h h f

h
ξ η ξ η≡ = = −

=
 (A.3.2) 

Scale factors are necessary to write the gradient, divergence and curl in elliptic 
coordinates, as follows: 
 

• Gradient: 

 1 1ˆ ˆ ˆf f ff z
h h zξ η

ξ η
ξ η

∂ ∂ ∂
∇ = ⋅ ⋅ + ⋅ ⋅ + ⋅

∂ ∂ ∂
 (A.3.3) 

 
• Divergence: 

 ( ) ( ) ( )1
zA A h A h A h h

h h zξ η η ξ ξ η
η ξ ξ η

⎡ ⎤∂ ∂ ∂
∇ ⋅ = ⋅ + +⎢ ⎥∂ ∂ ∂⎣ ⎦

G
 (A.3.4) 

• Curl: 

 

ˆ ˆ ˆ
1

z

h h z

A
h h z

h A h A A

ξ η

η ξ

ξ ξ η η

ξ η

ξ η
∂ ∂ ∂

∇× = ⋅
∂ ∂ ∂

G  (A.3.5) 

 

A.3.1.  Helmholtz equation in elliptic coordinates 
 
With the elliptic coordinates introduced in last section, we can express the scalar-
wave equation 
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 2 2 ( ) 0k rψ⎡ ⎤∇ + ⋅ =⎣ ⎦
G  (A.3.6) 

 
in elliptic coordinates and apply the Method of Separation of Variables (SoV) to 
divide it into three ordinary differential equations. In general, for cylindrical sys-
tems the Laplacian operator takes the form 2 2 2 2

t z∇ = ∇ + ∂ ∂ , then assuming a 

spatial solution ( )( ) ( )t tr U r Z zψ = ⋅
G G  we can separate equation (A.3.6) into: 

 
2

2
2 ( ) 0z

d k Z z
dz

⎡ ⎤
+ =⎢ ⎥

⎣ ⎦
 (A.3.7) 

 2 2 ( ) 0t t t tk U r⎡ ⎤∇ + ⋅ =⎣ ⎦
G  (A.3.8) 

where 2
zk  is the constant of separation and 2 2 2

t zk k k= − . Equation (A.3.7) is the 

Harmonic equation whose solutions are ( ) ( )exp zZ z ik z= ± , whereas equation 

(A.3.8) is the two-dimensional Helmholtz equation. In elliptic coordinates this 
equation reads as: 

 ( ) ( )
2 22 2

2 2 cosh 2 cos 2 , 0
2

t
t

f k Uξ η ξ η
ξ η

⎡ ⎤∂ ∂
+ + − ⋅ =⎢ ⎥∂ ∂⎣ ⎦

 (A.3.9) 

 
Applying again the technique of SoV we assume a solution of the form 

( ) ( ) ( ),tU Rξ η ξ η= ⋅Θ . Substitution of tU into equation (A.3.9) yields 

 ( )
2

2 2 cosh 2 ( ) 0d a s R
d

ξ ξ
ξ

⎡ ⎤
− − =⎢ ⎥

⎣ ⎦
 (A.3.10) 

 ( )
2

2 2 cos 2 ( ) 0d a s
d

η η
η

⎡ ⎤
+ − Θ =⎢ ⎥

⎣ ⎦
 (A.3.11) 

 
where a  is the constant of separation, and s  is a dimensionless parameter related 
to the transverse propagation constant tk  by 

 
2

2

4 t
fs k=  (A.3.12) 
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Observe that equation (A.3.11) transforms into equation (A.3.10), and vice versa, 
if η  is replaced by iξ± . Equations (A.3.10) and (A.3.11) are known as the Radial 
Mathieu Equation (RME), and the Angular Mathieu Equation (AME) respectively. 
Their solutions are the Radial Mathieu Functions (RMFs) and the Angular Mathieu 
Functions (AMFs). They are also referred to in Mathematics as Modified and Ordi-
nary Mathieu Equations, respectively, but we will use the Radial and Angular ter-
minology by virtue of its physical meaning in relation with wave propagation. 
 
 
Angular Mathieu Equation 
 
In order to solve AME, physical considerations are usually such that AME equation 
(A.3.11) has periodic solutions with period π  or 2π . The values of a  which satisfy 
this condition are known as characteristic values (eigenvalues), and they generate 
an infinite set of real values which have the property 0 1 2 ...a a a< < < . When the 

solutions ( )ηΘ  are even with respect to 0η = , the characteristic values are de-

noted as { }( ) : 0,1, 2,...ma s m∈  , whereas for odd solutions they are represented as 

{ }( ) : 1, 2,3,...mb s m∈ . The characteristic values play an important role since they 

define the stability of the solutions. When the eigenvalues a  belong to a discrete 
set, the solutions are called of integral order; otherwise they are of fractional or-
der. The functions of integral order are always stable, but those of fractional order 
can be stable or unstable. 
 
Since AME (A.3.11) is a second-order differential equation, there are two families 
of independent solutions:  
 

- First kind solutions, which are periodic: 
• ( ; )mSe sη , cosine-elliptic type 

• ( ; )mSo sη , sine-elliptic type 

 
- Second kind solutions, which are non periodic: 

• ( ; )mfe v s  

• ( ; )mge v s  

 
Because of their periodicity, only first kind solutions are usually of importance in 
real applications. 
 
As we mentioned above, the constant a  in equation (A.3.11) is not given a priori, 
and we have to consider how it is to be determined. In most of the physical prob-
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lems, equation (A.3.11) describes the angular dependence of a physical quantity 
(e.g. electric or magnetic field), and therefore its solutions must be periodic with 
period 2π . These periodic solutions can be expressed by using the Fourier series, 
and they fall into four classes, according to their symmetry or antisymmetry, about 

0η =  and 2η π= : 

Class I:  ( ) ( )2 2 2
0

; ( ) cos 2 ,                                 : ( )n j n
j

Se s A s j aη η
∞

=

= ⋅∑  (A.3.13) 

Class II: ( ) ( )2 1 2 1 2 1
0

; ( ) cos 2 1 ,                    : ( )n j n
j

Se s A s j aη η
∞

+ + +
=

= ⋅ +⎡ ⎤⎣ ⎦∑  (A.3.14) 

Class III: ( ) ( )2 2 2 2 2 2
0

; ( ) sin 2 2 ,                    : ( )n j n
j

So s B s j bη η
∞

+ + +
=

= ⋅ +⎡ ⎤⎣ ⎦∑  (A.3.15) 

Class IV: ( ) ( )2 1 2 1 2 1
0

; ( ) sin 2 1 ,                     : ( )n j n
j

So s B s j bη η
∞

+ + +
=

= ⋅ +⎡ ⎤⎣ ⎦∑  (A.3.16) 

where { }0,1, 2,...n ∈ , and the symbols in the right column denote the correspond-

ing characteristic values. The Fourier coefficients A  and B  depends on the pa-
rameter s , and can be obtained by recurrence relations, which are exposed in 
[29]. Also in this reference, the procedure for the calculation of the characteristic 
values ma  and mb  is provided.   

 
Functions mSe  and 1mSo +  are orthogonal, due to the orthogonality property of the 

sine and cosine series. According to the McLachlan normalization [30], the Angular 
Mathieu functions satisfy the following relations: 

 
2 2

0 0

,      if 
( ; ) ( ; ) ( ; ) ( ; )

0,       if m p m p

m p
Se s Se s d So s So s d

m p

π π π
η η η η η η

=⎧
⋅ ⋅ = ⋅ ⋅ = ⎨ ≠⎩

∫ ∫  (A.3.17) 

 
We can also obtain the following normalization relations for the Fourier coeffi-
cients, 

 ( ) ( ) ( ) ( )2 2 2 22
0 2 2 1 2 2 2 1

1 0 0 0

2 1j j j j
j j j j

A A A B B
∞ ∞ ∞ ∞

+ + +
= = = =

+ = = = =∑ ∑ ∑ ∑  (A.3.18) 
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This equation assures that all coefficients are bounded such that 1jA ≤  and 

1jB ≤ . 

 
Finally, if 0s <  the ordinary solutions of AME can be found by using the properties 
of symmetry of the angular Mathieu solutions, namely: 

 

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

2 2

2 1 2 1

2 2 2 2

2 1 2 1

; 1 2 ;

; 1 2 ;

; 1 2 ;

; 1 2 ;

n
n n

n
n n

n
n n

n
n n

Se s Se s

Se s So s

So s So s

So s Se s

η π η

η π η

η π η

η π η

+ +

+ +

+ +

− = − −

− = − −

− = − −

− = − −

 (A.3.19) 

 
Radial Mathieu Equation 
 
The Radial Mathieu equation (A.3.10) plays in elliptic coordinates a similar role as 
the Bessel equation in circular coordinates. In this sense, for each Bessel function 
[ ], , ,J N I K  there exists a Radial Mathieu function, however the presence of even 

and odd versions in the elliptic case leads to eight RMFs. The Mathieu solutions 
with 0s >  are related to the solutions of the Ordinary Bessel equation [ ],J N , 

whereas Mathieu solutions with 0s <  are connected with the solutions of the 
Modified Bessel equation [ ],I K . 

 
Since AME (A.3.11) is transformed into RME (A.3.10) by writing η  for iξ , we can 
derive a set of solutions of the RME by applying this transformation to equations 
(A.3.13)-(A.3.16), namely 

Class I:  ( )(1)
2 2 2

0

Re ( ; ) ( ; ) ( ) cosh 2n n j
j

s Se i s A s jξ ξ ξ
∞

=

= = ⋅∑  (A.3.20) 

Class II: ( )(1)
2 1 2 1 2 1

0

Re ( ; ) ( ; ) ( ) cosh 2 1n n j
j

s Se i s A s jξ ξ ξ
∞

+ + +
=

= = ⋅ +⎡ ⎤⎣ ⎦∑  (A.3.21) 

Class III: ( )(1)
2 2 2 2 2 2

0
( ; ) ( ; ) ( ) sinh 2 2n n j

j
Ro s i So i s B s jξ ξ ξ

∞

+ + +
=

= − ⋅ = ⋅ +⎡ ⎤⎣ ⎦∑  (A.3.22) 
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Class IV: ( )(1)
2 1 2 1 2 1

0
( ; ) ( ; ) ( ) sinh 2 1n n j

j
Ro s i So i s B s jξ ξ ξ

∞

+ + +
=

= − ⋅ = ⋅ +⎡ ⎤⎣ ⎦∑  (A.3.23) 

Numerically speaking, the rate of convergence of these hyperbolic series decreases 
rapidly with increasing ξ , and they are consequently inconvenient for computa-
tion. Fortunately, these series can be expressed in terms of summations of Bessel 
functions, or summations of product of Bessel functions, which do not have these 
defects. The series involving Bessel functions converge absolutely and uniformly 
for all finite values of ξ . The rate of convergence of those involving products of 
Bessel function increases with increasing ξ . 
 
If we first define 

 ( )1 expv s ξ≡ −  and ( )2 expv s ξ≡ , (A.3.24) 

 ( )2 1 2 sinhu v v s ξ≡ − =  and ( )1 2 2 coshw v v s ξ≡ + =  (A.3.25) 

 
the first kind RMF can be written as 

 ( )(1) 2
2 2 2

00

(0; )Re ( ; ) ( )n
n j j

j

Se ss A s J u
A

ξ
∞

=

= ⋅∑  (A.3.26) 

 ( ) ( ) ( )(1) 2 1
2 1 2 1 2 1

01

(0; )Re ( ; ) coth 2 1 ( )n
n j j

j

Se ss j A s J u
s A

ξ ξ
∞

+
+ + +

=

= + ⋅∑  (A.3.27) 

 ( ) ( ) ( )
'

(1) 2 2
2 2 2 2 2 2

02

(0; )( ; ) coth 2 2 ( )n
n j j

j

So sRo s j B s J u
sB

ξ ξ
∞

+
+ + +

=

= + ⋅∑  (A.3.28) 

 ( )
'

(1) 2 1
2 1 2 1 2 1

01

(0; )( ; ) ( )n
n j j

j

So sRo s B s J u
sB

ξ
∞

+
+ + +

=

= ⋅∑  (A.3.29) 

 
where the prime denotes the derivative with respect to ξ . 
 
Furthermore, the second kind of RMF solutions can be obtained by taking advan-
tage of the fact that J  and N  Bessel functions satisfy the same differential equa-
tion and recurrence formulae [9]. We can take the Bessel series representation for 
the functions (1)Re  and (1)Ro  in equations (A.3.26)-(A.3.29), replace therein J  by 
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N , and transform to Bessel functions product expansions [30]. The results are 
given by: 

 ( ) ( ) ( )(2) 2
2 2 1 22

00

Re ( ; ) 1 ( )jn
n j j j

j

ps A s J v N v
A

ξ
∞

=

= − ⋅ ⋅∑  (A.3.30) 

( ) ( ) ( ) ( ) ( )(2) 2 1
2 1 2 1 1 1 2 1 1 22

01

Re ( ; ) 1 ( )jn
n j j j j j

j

ps A s J v N v J v N v
sA

ξ
∞

+
+ + + +

=

⎡ ⎤= − − ⋅ ⋅ + ⋅⎣ ⎦∑  (A.3.31) 

( ) ( ) ( ) ( ) ( )(2) 2 2
2 2 2 2 1 2 2 2 1 22

02

( ; ) 1 ( )jn
n j j j j j

j

sRo s B s J v N v J v N v
sB

ξ
∞

+
+ + + +

=

⎡ ⎤= − − ⋅ ⋅ − ⋅⎣ ⎦∑  (A.3.32) 

( ) ( ) ( ) ( ) ( )(2) 2 1
2 1 2 1 1 1 2 1 1 22

01

( ; ) 1 ( )jn
n j j j j j

j

sRo s B s J v N v J v N v
sA

ξ
∞

+
+ + + +

=

⎡ ⎤= − ⋅ ⋅ − ⋅⎣ ⎦∑  (A.3.33) 

 
where the coefficients read as 

 
2 2 2(0; ) ;

2n n np Se s So sπ⎛ ⎞≡ ⋅ ⎜ ⎟
⎝ ⎠

 (A.3.34) 

 '
2 1 2 1 2 1(0; ) ;

2n n np Se s Se sπ
+ + +

⎛ ⎞≡ ⋅ ⎜ ⎟
⎝ ⎠

 (A.3.35) 

 ' '
2 2 2 2 2 2(0; ) ;

2n n ns So s So sπ
+ + +

⎛ ⎞≡ ⋅ ⎜ ⎟
⎝ ⎠

 (A.3.36) 

 '
2 1 2 1 2 1(0; ) ;

2n n ns So s So sπ
+ + +

⎛ ⎞≡ ⋅ ⎜ ⎟
⎝ ⎠

 (A.3.37) 

where the prime in 'Se  and  'So  denotes the derivative of Se  and So  with re-
spect to ξ . 
 
Similar expressions for the first and second RMF for 0s <  ( , ,Ie Io Ke  and Ko ) can 
be easily obtained and they can be found in [29]. 
 
Finally, the complete solution of integral order for the RME for 0s >  will read as: 
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 ( ) ( )
(1) (2)

(1) (1)
0 0 1 1 1 1 1

( ; ) ( ; ),

( ; ) ( ; ),
m m m m m

m
m m m m m m m

A Re s B Re s a a
R R

C Ro s D Ro s a b

ξ ξ
ξ ξ

ξ ξ

∞ ∞

= = + + + + +

⎧ + ∈⎪= = ⎨
+ ∈⎪⎩

∑ ∑  (A.3.38) 

where , , ,m m m mA B C D  are arbitrary constants. 

 
For 0s <  the complete solution of integral order for the RME will be written as: 

 ( ) ( )
0 0 1 1 1 1 1

( ; ) ( ; ),
( ; ) ( ; ),

m m m m m
m

m m m m m m m

A Ie s B Ke s a a
R R

C Io s D Ko s a b
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ξ ξ
ξ ξ

∞ ∞

= = + + + + +

− + − ∈⎧
= = ⎨ − + − ∈⎩

∑ ∑  (A.3.39) 

 
Analogous to Hankel functions (1),(2)

mH occurring in Bessel equations and circular 

cylinder coordinates, also exist the Mathieu-Hankel functions of the first and sec-
ond kind: 

 

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

(3) (1) (2)
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1
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; ; ; ,
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m m m m

m m m m

m m m m

m m m m
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ξ ξ ξ

ξ ξ ξ

ξ ξ ξ

ξ ξ ξ
+

+

= + ∈

= − ∈

= + ∈

= − ∈

 (A.3.40) 

 
As it occurs in circular cylinder coordinates, the Mathieu-Hankel functions are used 
to represent incoming and outgoing waves. 
 
Finally, the general solution of the scalar wave equation in elliptic coordinates will 
be written as: 

 ( ) ( ) ( ) ( ), , exp zz R ik zψ ξ η ξ η= ⋅Θ ⋅ ±  (A.3.41) 
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