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RESUMEN

El presente trabajo estd dedicado al andlisis de una clase particular de operadores
(lineales y continuos) entre espacios de Banach de funciones. El objetivo es avanzar en
la teoria de los llamados operadores factorizables a la p-potencia analizando todos los
aspectos de la dualidad. Esta clase de operadores ha demostrado ser de utilidad tanto en
la teoria de factorizacién de operadores sobre espacios de Banach de funciones (teoria de
Maurey-Rosenthal) como en el Anélisis Arménico (dominios 6ptimos de la transformada
de Fourier y operadores de convolucién). A fin de desarrollar esta teoria de dualidad y
sus aplicaciones, se define y estudia una nueva clase de operadores con propiedades de
extension que involucran al operador y a su adjunto. Esta es la familia de operadores fac-
torizables ala (p, g)-potencia, 1 < p, g < oo, y pueden caracterizarse mediante un esquema
de factorizacién a través del espacio de p-potencias del dominio y el dual del espacio de
g-potencias del dual del codominio. También se obtiene una equivalencia mediante un
diagrama de factorizacion a través de espacios L” (m) y L7(n)’, donde m y n son medidas
vectoriales adecuadas y ésta serd nuestra principal herramienta (Capitulo 3 y Capitulo 4).
Para esta construccion resultan necesarios algunos resultados preliminares relativos a las
p-potencias de los espacios de Banach de funciones que intervienen (Capitulo 2).

Con estos ttiles se dan algunos resultados para caracterizar el rango 6ptimo —el menor
espacio de Banach de funciones en el que puede tomar valores el operador— para opera-
dores que van de un espacio de Banach a un espacio de Banach de funciones (Capitulo
3). Ademdés, se desarrolla y presenta formalmente la idea de factorizacién é6ptima de un
operador que optimiza una factorizacién previa, en términos del diagrama que debe sat-
isfacer un operador factorizable a su (p, q)-potencia (Capitulo 4). Todos estos resultados
extienden los actuales calculos del dominio 6ptimo mediante medidas vectoriales para
operadores sobre espacios de Banach de funciones. Dichos célculos han dado resultados
relevantes en diversas dreas del andlisis matemdtico mediante una descripcién del mayor
espacio de Banach de funciones al cual, operadores relevantes —como la transformada de
Fourier o el operador de Hardy— se pueden extender.

La teoria se aplica para encontrar nuevos resultados en determinados campos: como
la teoria de interpolacién de operadores entre espacios de Banach de funciones, los ope-
radores de ntcleo (Capitulo 5) y en particular, la transformada de Laplace (Capitulo 6).






RESUM

El present treball es dedica a ’analisi d'una classe concreta d’operadors (lineals i con-
tinus) entre espais de Banach de funcions. Lobjectiu és avancar en la teoria dels anom-
enats operadors factoritzables a la p-poténcia analitzant tots els aspectes de la dualitat.
Aquesta classe d’operadors ha demostrat ser ttil tant a la teoria de factoritzaci6é d’operadors
sobre espais de Banach de funcions (teoria de Maurey-Rosenthal) com en I’Analisi Har-
monic (dominis optims de la transformada de Fourier i d’operadors de convoluci6). Per
tal de desenvolupar la corresponent teoria de dualitatiles aplicacions, es defineixen i estu-
dien una nova classe d’operadors amb propietats d’extensié que involucren a I’operador
i al seu adjunt. Aquesta és la familia d’operadors factoritzables a la (p, q)-poténcia, 1 <
p,q < oo, els quals es poden caracteritzar mitjancant un diagrama de factoritzacié per
I'espai de p-poténcies del domini i el dual de I’espai de p-poténcies del dual del codo-
mini. També s’obté una equivaléncia per mig d’'un diagrama de factoritzacié a través de
LP(m) i L9(n) per a unes mesures vectorials m i n convenients, i que sera la nostra princi-
pal eina (Capitol 3 i Capitol 4). Per dur a terme aquesta tasca es necessiten alguns resultats
preliminars en relacié amb els espais de p-potencia dels espais de Banach de funcions que
actuen (Capitol 2).

Amb estes eines es donen alguns resultats per caracteritzar el rang optim —el menor
espai de Banach de funcions al que pot prendre valors 'operador— per a operadors que
van des d'un espai de Banach fins un espai de Banach de funcions (Capitol 3). A més a
més, es presenta i desenvolupa la idea de factoritzacié optima d'un operador que optim-
itza una factoritzaci6 prévia en termes del diagrama de factorizacié que satisfa un ope-
rador factoritzable a la (p, q)-poténcia (Capitol 4). Tots aquests resultats extenen els actu-
als calculs del domini 0ptim mitjangcant mesures vectorials per a operadors sobre espais
de Banach de funcions. Aquests calculs han donat resultats rellevants en diverses arees
de I'analisi matematic mitjancant una descripcié del major espai de Banach de funcions
al qual, operadors relevants —com la transformada de Fourier o 'operador de Hardy— es
poden extendre.

La teoria s’aplica per trobar nous resultats en alguns camps concrets: como ara la
teoria d’interpolacié d’operadors entre espais de Banach de funcions, els operadors de
nucli (Capitol 5) i en particular, la transformada de Laplace (Capitol 6).
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ABSTRACT

The present work is devoted to the analysis of a particular class of (linear and continu-
ous) operators between Banach function spaces. The aim is to advance in the theory of the
so-called p-th power factorable operators by analyzing all the aspects of the duality. This
class of operators has proved to be useful both in the factorization theory of operators on
Banach function spaces (Maurey-Rosenthal theory) and in Harmonic Analysis (optimal
domains for the Fourier transform and convolution operators). In order to develop the
corresponding duality theory and some applications, a new class of operators with exten-
sion properties involving both the operator and its adjoint is defined and studied. This is
the family of the (p, g)-th power factorable operators, for 1 < p, g < oo, that can be char-
acterized by means of a canonical factorization scheme through the p-th power space of
the domain space and the dual of the g-th power space of the dual of the codomain space.
An equivalent diagram factoring such an operator through L” (m) and L7 (n)’ for suitable
vector measures m and n is also obtained, and this becomes the main tool (Chapter 3 and
Chapter 4). Some other preliminary results concerning p-th powers of Banach function
spaces are also necessary for constructing the above mentioned ones (Chapter 2).

Using these tools, some results characterizing the optimal range —the smallest Ba-
nach function space in which the operator can take values— for operators from a Banach
space into a Banach function space are given (Chapter 3). Also, the idea of optimal factor-
ization of an operator optimizing a previous one is developed and formally presented in
terms of the diagram that a (p, g)-th power factorable operator must satisfy (Chapter 4).
All these results extend the nowadays well known computation of the optimal domain for
operators on Banach function spaces by means of vector measures. These computations
have provided relevant results in several fields of the mathematical analysis by means of a
description of the biggest Banach function spaces to which some special relevant opera-
tors —for instance, the Fourier transform and the Hardy operator— can be extended.

The theory is applied for finding new results in some concrete fields: as interpolation
theory for operators between Banach function spaces, kernel operators (Chapter 5) and in
particular, to the Laplace transform (Chapter 6).
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INTRODUCTION

The aim of the present work is to provide a duality theory for the so called p-th power
factorable operators, that have been recently defined and used for the general study of the
optimal domain of operators between Banach function spaces and Banach spaces, find-
ing applications in Functional and Fourier Analysis. The idea is to define and show the
applications of the class of (p, g)-th power factorable operators between Banach function
spaces, that are defined in a way that concerns the p-th power factorability of the orig-
inal operator and the g-th power factorability of its dual map. We will find applications
to some classical topics of the operator theory and spaces of integrable functions, such
as interpolation theory and kernel operators, bringing new light to the problem of find-
ing the optimal domain and the optimal range of some classical operators as the Laplace
transform.

Let us introduce some basic definitions. Given a Banach function space X (u) over a
finite measure y —i.e. a Banach ideal of classes of measurable functions in Lo(u)— and
p > 0, we can define its p-th power space (also called 1/p-convexification) as the quasi-
Banach function space of y-measurable functions such that the 1/p power of its modulus
belongs to X (u) itself. This space was explicitly introduced in [42, Defn. 1.9] and [23, p.
156] (see also [71]), and fruitfully applied in [79, Ch. 5] and [17, 28, 29] to the theory of
Optimal Domains, to find representation theorems for Banach lattices in [15, 27, 38, 53]
and for extending the Maurey-Rosenthal Theorems and its applications in Fourier Analysis
in [79, Ch. 6,7].

Spaces of integrable functions with respect to a vector measure constitute a funda-
mental tool in our work. In fact, there is a direct association between vector measures and
operators, and also between spaces of integrable functions with respect to a vector mea-
sure and order continuous Banach functions spaces over a finite measure. Given a Banach
space valued operator T from such a space X (u) over the finite measure space (2, Z, ), the
expression mr(A) := T(y4), A € Z, defines a vector measure under some mild conditions
on T and X (u).

The class of p-th power factorable operators was developed in 2008 by Okada, Ricker
and Sanchez Pérez in [79, Ch. 5]. This is the family of Banach space valued (linear and con-
tinuous) operators from a Banach function space X (u) over a finite measure p that can be
extended to the p-th power space X (u),; on X (). More precisely, if E is a Banach space,

ix



X INTRODUCTION

1< p<ooandT: X(u) — Eisan operator, there is a continuous operator Tj,: X Wy — E
such that T' = Typ o i), where ijp) is the natural inclusion map ifp; : X (1) — X(p) (). Thisis
equivalent to the optimality of the extension of the map through the space of p-integrable
functions with respect to mr, the associated vector measure with T.

This main idea extends the basic fact that is known in this setting for continuous oper-
ators: the optimal domain for 7: X(u) — E —i.e. the maximal space to which the operator
can be extended— is the space of mr-integrable functions L! (mr). If we consider an oper-
ator that can be extended to X (), for 1 < p < oo, then its optimal domain preserving the
same property, is L? (m7). This provides direct information about both the operator and
the corresponding space of integrable functions L? (m7) (see (79, Th. 5.7]). More relevant
properties of this class of operators is that they are always weakly compact, and p-convex
when the operator is positive, since L (mr) is p-convex (see e.g. [66, Th. 1.d.9]).

Duality applied to factorization diagrams for operators is a well known technique for
analyzing operators between Banach spaces and Banach lattices (see for instance [23, 24,
87, 88]). Regarding p-th power factorable operators, this is the main motivation of this
work. Given a p-th power factorable operator T: X (u) — E, there is no reason to think
that its dual map is also p-th power factorable. However, to know if there is any factorabil-
ity property for the dual map opens the door to a more detailed analysis of the properties
of the operator. This leads us to the definition of a more general class of operators that
we will call (p, q)-th power factorable operators and are defined as those operators be-
tween Banach function spaces X(u) and Y (v) which factor as T = S o R through a Banach
space E and satisfy that R: X(u) — E is p-th power factorable and S': Y (v)' — E* is g-th
power factorable, where S’ is the restriction of the adjoint operator T*: Y (v)* — E* to the
Kothe adjoint Y (v)’ of Y (v). The definition of this class is natural and in a sense similar to
the Kwapieni decomposition for (p, q)-factorable operators and to the definition of (p, g)-
dominated operators due to Pietsch, and finds also some analogies in other contexts, as
the Nakano duality theory for Riesz spaces ([73, Sect. 1.4]). A special mention must be
done here to the so called Maurey-Rosenthal Theorems for factorization of operators be-
tween Banach function spaces through an operator T: LP(u) — L9(v) for two particular
positive (scalar) measures (see [23, 25]) under certain convexity/concavity requirements.
As we will show in this work, our class of operators can be characterized by a sort of vector
measure version of this factorization.

Among other things, the results are applied to get more information on some partic-
ular topics of the theory of Banach function spaces. These spaces are ideals of (u-almost
everywhere equal) measurable functions, and two alternative ways of defining them are
available in the mathematical literature. The first one can be found in [66, 107], where
a direct definition as a normed sublattice (ideal) of L'(u) is given. The second one is
given in [8, 73, 98, 108], where the definition by means of a so called function norm is
presented. Both definitions are equivalent when we restrict our attention to the case of
Banach spaces, whenever the order continuity and the Fatou properties are considered as
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separated properties not implicitly assumed in the definition (see for example [8, Ch. 1
Defn. 1.1]). In the presentation of our results, we have chosen the first option in the ver-
sion that can be found in [79, Rem. 2.3(ii)], where the quasi-Banach case is included. This
is useful for us, since in general the p-th power of a Banach function space is not a Banach
but a quasi-Banach space, and so we will need this case very often.

The reason for considering mainly Banach function spaces over a finite measure space
is the same. In this case, such a Banach function space is always continuously contained
in its (quasi-Banach) p-th power space. Moreover, the spaces of vector measure integrable
functions appearing in a natural way in our results are Banach function spaces over a Ry-
bakov measure for the corresponding vector measure.

The possibility of extending operators defined on a Banach function space to some
sort of maximal or optimal domain —but, keeping the codomain space fixed— has been
studied in various contexts within the general theory of kernel operators or differential
operators; see for example [6, 17, 65, 77, 100, 101] and the references therein. See also
(4, 10, 11, 85, 99, 103] for Hardy integral inequalities. In more recent years this idea has
also turned out to be fruitful in the investigation of other large classes of operators (in
addition to kernel and differential operators), such as convolutions, the Fourier transform
and the Sobolev embedding; see [18, 20, 21, 34, 75, 80, 81, 86].

The contents of this memoir are organized as follows. After some introductory results
that are presented in Chapter 1, in Chapter 2 we develop the theory of what we call the
Kothe p-dual X (u)? of a Banach function space X(u). This is the space of multipliers from
X () to LP(u), and we introduce and study it because it is a useful substitute of the ordi-
nary Kothe dual space when the dual of the p-th power X(u),, is required. In Chapter
3 we analyze the problem of finding the best range of an operator T: E — X(u), i.e. the
smallest Banach function space in which the range of an operator lies. In order to do this,
we construct the duality of the well known theory of optimal domains and their character-
ization by means of spaces of integrable functions with respect to a vector measure ([79,
Ch. 4]). Although some applications of these results are already given, we use this case
as an introduction to the setting of (p, g)-th power factorable operators that is analyzed in
Chapter 4.

Thus, in Chapter 4 we develop the theory of (p, q)-th power factorable operators and
we show that they can be associated to the optimality of the spaces between which the
operator is defined. Let X, Y, Z, W be Banach spaces, and let T: X — Y be an operator
belonging to a class of operators €. Roughly speaking, an operator T: Z — W in € gives
an optimal factorization for T, if X € Z and W c Y, and Z is the biggest space (fixing W)
and W is the smallest space (fixing Z) such that T can be factored in this way with a fac-
torization map belonging to 6. This, in our case, can be translated in the following terms:
if ZcGand T: Z — W can be extended to G with an operator ? € €, then Z = G, and the
same must happen with the adjoint T* and W*. In case that the spacesinvolved X, Y, Z, W
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are Banach function spaces with adequate properties, we will show that the optimal fac-
torization for the class of the (p, g)-th power factorable operators can be constructed in a
systematic way through a space L” (mp) of p-integrable functions with respect to a vector
measure and the dual of a space L7(mg+) of g-integrable functions with respect to other
vector measure, where T = So R is a given factorization for T.

The final part of the thesis is devoted to show applications of the results obtained in
the previous ones. Chapter 5 contains two parts. The first one deals with some applica-
tions in the setting of the interpolation theory for Banach function spaces, that has been
recently developed specifically for the case of the spaces of p-integrable functions with re-
spect to a vector measure (see [26, 36, 37, 40]). In particular, we show that the properties
of p-th and (p, g)-th power factorability are inherited by Calder6n complex interpolation.
The second part provides an analysis of the theory of kernel operators (Hille-Tamarkin)
from the point of view of their factorization properties, and some optimality results are
given. We provide also examples of how to apply these results to the study of some rel-
evant kernel operators as convolution, Volterra, Hardy and Hartley operators. Finally, in
Chapter 6 we center our attention in the problem of the optimal domain, optimal range
and optimal factorizations for the Laplace transform, in order to show some concrete new
results that are obtained by using our technique.



CHAPTER 1

PRELIMINARIES AND NOTATION

In this chapter we establish the concepts used throughout the memoir on Banach lat-
tices and specially Banach function spaces. We also collect useful results on factorization
of operators and briefly recall the theory of integration of real functions with respect to
vector measures defined on og-algebras. All along in this memoir all the operators are con-
sidered linear and continuous.

1.1. Measures and spaces

We begin with some quite standard terminology and notations. A o-algebra X is a
collection of subsets of a set Q2 containing Q which is closed for the difference and the
numerable union, a pair (Q, X) is a measurable space and an element of X is a measurable
element of the o-algebra. The variation of a scalar measure p is defined by

[ul(A) = sup{ Y |u(B)|: m < X partition of A, card (7) < oo}, AeX.
Ben
Given a scalar (positive) measure p and a measurable space the triad (Q, Z, u) is a measure
space. We say that A € X is u-null if |u|(A) = 0. Let A5 (p) denote the set of all p-null sets.
We say that a measure u is complete if every subset of every null set is measurable. We say
that u is a positive scalar measure if 0 < u(A) < oo for every A € Z. If p is a positive scalar
measure, then p = |u|.

1.1.1. Vector measures. For a real Banach space E a vector measure is a o-additive
(countably additive) mapping from X taking values in E, m: £ — E. The variation of a
vector measure m is defined as

|m|(A) := sup{ Z [ (B)|l g : m c X partition of A, card(r) < oo}, AeX.

Ben

It is said that m has finite variation if |m|(Q) < oo, and o-finite variation if there exists a
sequence of subsets {A;};en € X such that Q = UjenA; and [m|(A;) < oo for every i e N.

By semivariation of m we mean the set function ||m|: £ — [0,00) defined by

(1.1) I mll(A) :=sup{[{m, x*)(A): |x*lg» <1} A€X.

1



2 1. PRELIMINARIES AND NOTATION

The null sets of m are those A € X such that || m||(A) = 0, these sets are briefly called m-null
sets. Recall that a Rybakov measure is a scalar measure defined as (m, x*)(A) = (m(A), x*),
where x* € E* and A € ¥ and it is such that || m| < [{m, x*)|. Such a measure always exists
(see [31, Th. IX.2.2]).

A simple function is a function that takes a finite number of values and it can be writ-
tenas s =Y a;ya where {ai}!, =R and {A;}]_, € X is a partition of Q. #(X) will
be the set of all simple functions. Recall that the Borel sets of a topological space are the
members of the o-algebra generated by the open sets. We will assume, without explicit
mention, that the measure spaces considered are complete. In this way, a scalar function
is Borel measurable (the preimage of every Borel subset of scalars is measurable) if and
only if equals almost everywhere to the limit of a sequence of simple functions. Following
the notation of [56] or [69, Defn. 23.1 and Ex. 23.3(iv)] we denote by L°(u) the space of
classes of real-valued measurable functions modulo equality p-almost everywhere, which
is a complete, metrizable and not normable topological vector space (see e.g. [79, Lem.
2.1]). If m is a vector measure, consider the space L%(m) of equivalence classes of mea-
surable functions which differ only in a m-null set. If [(m, x*)| is a Rybakov measure,
then L%(m) = L°(|¢m, x*)|). When we consider a measurable space (Q,X) and measures
Az = — [0,00] such that A < pitis defined the map [i]: L°(w) — L°(A) by [i1([f1,) := [f1a,
where [-], and -], denote the respective classes modulo equal ¢ and A-almost everywhere,
respectively. Let us denote this inclusion by “—;;”. This map is called inclusion/quotient
map and is well defined (see e.g. [13, p. 90]). These notions with their theoretic develop-
ments can be found e.g. in [31, 32, 45, 79]).

1.1.2. Banach lattices and Banach function spaces. A (real) Banach latticeis a (real)
Banach space endowed with an order (i.e. a reflexive, antisymmetric and transitive binary

“_»

relation) denoted by “<” or “<”, that is compatible with the sum and the multiplication by

“y,»

anon-negative scalar. Given a Banach lattice, the least upper bound is denoted by “v” and
the greatest lower bound is denoted by “A”. If X is a Banach lattice and x € X, the absolute
value of x is defined as | x| := x v (—x), the positive part of x as x* := x v 0 and the negative
partas x~ := —(xA0). Observe that |x| = x* + x~ and that x = x™ —x~. Let us define X* the
positive cone as the set of all positive parts, and X~ the negative cone the set of all negative
parts of the elements of X. An advantage property of Banach lattices versus Banach spaces
is that an equality or inequality involving a finite number of elements holds if and only if

it is valid for real numbers. We refer to [2, 66, 73, 108] for the concepts on Banach lattices.

Let (Q, %, 1) be a o-finite measure space that we assume complete. A Banach function
space over p (or over (Q,%, 1)), denoted by X (u), is a Banach space of classes modulo -
almost every where of functions locally p-integrable such that

() a measurable function f € X(u), whenever there exists g € X(u) such that | f| <
|g| u-almost everywhere, in that case ||f||X(u) < ||g||X(u), and
(ID) xa € X(w for all A€ X such that u(A) < oco.
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All along this memoir, unless otherwise stated, we assume that the Banach function spaces
are based over a finite measure. In this way X (u) is a Banach lattice with the pointwise or-
der u-almost everywhere. If the measure p is clear in the context we simply write X instead
of X (w). This definition can be found in [66, Defn. 1.b.17], for o-finite measures. The ap-
proach by means of function norms can be found in [107, Sect. 30] or in [69, Ch. 1 §9]
and the equivalence with our definition in [79, Rem. 2.3(ii)]. We can find some properties
in [79, Prop. 2.2], for example L*° < X —since p is finite—, X < 10 continuously with the
topology of convergence in measure and yq is a weak order unit, i.e. f A nyq — f point-
wise for every f € X*. In [98, Defn. 13.1] and [69, Ch.1 Sect. 9] there are other equivalent
definitions.

We denote by X’ the Kéthe dual space of X, i.e. the Banach function space of all in-
tegral functionals in X* —the (topological) dual space—, so X' € X* and we denote by
x: X' — X* the isometric inclusion. The duality between a Banach function space X and
its dual space X* = £ (X,R) is denoted by (f,&), where f € X and ¢ € X*. If X is a Banach
function space, X* is a Banach lattice and X’ is a Banach function space (see e.g. [79, Lem.
2.8(i) and Prop. 2.16]). Notice that every function f in a Banach function space X is locally
integrable by definition, thus X < L!, since X' is a Banach function space and we may ap-
ply Hoélder-Rogers inequality to fyq. If E is a Banach space and X is a Banach function
space and T: E — X is an operator, i.e. a linear and norm continuous map, we write T*
for its adjoint operator and T’ for its Kothe adjoint operator, i.e. for the restriction of T*
to the Kéthe dual X’. A quasi-norm is likewise a norm which do not satisfies the triangu-
lar inequality, which is replaced by [|x+ y|| < C(llx]| + | y]) for x,y € X and some C = 1. A
quasi-Banach function space is defined as in the case of a Banach function space by re-
placing the norm by a quasi-norm. The same definitions that we use for Banach function
spaces make sense. Sometimes, we will need to consider quasi-Banach function spaces,
which are complete vector lattices of measurable functions whose topology is given by
means of a quasi-norm instead of a norm.

Let X be a Banach function space. We say that X is order continuous if for every se-
quence (f,),, € X* such that f,, | 0 we have that the sequence of the norms also converges
to zero, i.e. || f |l | 0. Often it is said order continuous when the limit is defined by nets and
o-order continuous when it is defined by sequences. Thanks to [79, Rem. 2.5], both con-
cepts coincide for Banach function spaces, hence the definition above makes sense. We
say that X has the Fatou property or simply that it is Fatou if for all sequences (f};,),, < X*
such that f,, 1 f, f is measurable and sup,, || f;|l < oo, then f € X and lim, || fIl = | fIl. In
[66, p.29-30] we can find the following characterizations: X is order continuous if and only
if X' = X* and X is Fatou if and only if X" = X. In this last case we say that X is a perfect
space. Observe that in case that X is order continuous, then .#(Z) is dense in X ([79, Rem.
2.6]). An operator T: X — Y between Banach function spaces is order continuous if for
each sequence (f},),, of positive functions such that f,, — 0 pointwise almost everywhere,
we have that T f;; — 0 in norm. Observe that a Banach function space is order continuous
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if the identity operator of X is order continuous. More useful facts on order continuity can
be found, for example, in [66, p.32], [3, §1.4], [98].

Consider a pair X and Y of quasi-Banach function spaces and 1 < p < co. An operator
T: X — Y is p-convex if there exists K, < oo such that for all » € Nand for all {f1,..., fu}
X,

[(Sirs)”| <k L us2)"™" . itpeinon
j=1 j=1

or

.....

For 1 < g < oo, an operator T: X — Y is g-concave if there exists K9 < oo such that for all
neNandforall {fj,..., fu} X,

(Zrrt) " <xrl (51 e itaeioo.
j= j=

A quasi-Banach function space X is p-convex (respectively g-concave) if the identity map
on X is p-convex (respectively g-concave). Every operator and every Banach function
space is 1-convex.

The following definitions can be found in [66, Defn. 1.e.12] and also in [24, Sect. 7.7].
The Rademacher functions ry are defined for t € [0,1] by ri() := sign(sin2¥7 1), thus in
each subinterval we have

i j+1
J ]—) j=0,...,2F~1,k=1,2,3,....

= (=1’ £
n0=D7,  re |y

Let E be a Banach space. We say that E has fype p € [1,2] if there exists C = 0 such that for
every xi,...,xp € E

(1.2) (f01| kf rk(t)xkuzdt)llzsC(ki ||xk||§)”p.
=1 =1

It is said that E has cotype g € [2, 0] if there exists C = 0 such that for every xi,...,x, € E

13) (kzl ||xk||g)”"sc(f01)

n

kzz:l rk(t)xk“Zdt)llz.

Every Banach space has cotype oo and type 1 [66, p. 73].

1.1.3. LP(m) spaces and optimal domains. Let us now regard vector measures and
consider the space L”(m) of p-integrable functions with respect to a vector measure m.
If 1 < p < oo, we will write p’ for the extended real number satisfying 1/p+1/p’ = 1. An
element f € L°(m) is weakly integrable with respect to m if it is integrable with respect to
each scalar measure |[(m, x*)| for x* € E*. If moreover for each A € X there is a unique
vector denoted by [, fdm € E such that

(1.4) Lfd(m,x*):<Lfdm,x*>,
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for each x* € E* —sometimes called the barycentric equality—, we say that f is integrable
with respect to m (m-integrable). The space of all m-integrable functions is denoted by
L'(m), which is a Banach lattice when we consider the m-almost everywhere pointwise
order. Such a function f € L°(m) is p-integrable with respect to m if | f|” is integrable with
respect to m, 1 < p < oco. The expression

" 1/p
(1.5) W hipon = sup ([ 1917 dicm,x1) ™,
X*€Bgx “JQ

that is well defined for each measurable function f, defines in fact a function norm on
L%(m). It is equivalent to the expression

1/p
1.6) Wl i=sup | [ 177 dm] *.
AeZ A E

The space (LP(m), || - | .»(m)) is @ p-convex order continuous Banach function space over
each Rybakov measure for m. The integration map f € L'(m) ~ [ fdm € E is always
continuous.

Let X be a quasi-Banach function space over a finite measure, let E be a Banach space
and T: X — E an order continuous operator. Then we define the vector measure associated
with T, mr: £ — E,is mr(A) := T(y ) for every A € Z. Note that if X is order continuous
and T is norm continuous, then T is order continuous. Assuming that X is based on p,
then A () <€ Ao(mr). We say that T is p-determined if mr and p have the same null sets.
Let us show some results related to such spaces. Here we have some useful properties for
the measure associated with an operator.

Proposition 1.1 ([79, Prop. 4.4]). Let X be an order continuous quasi-Banach function
space on a finite measure . Let E be a Banach space and let T: X — E be an operator. Then
the following statements hold for the associated vector measure mr: X — E:

(1) IffeX, then f € LY(mr) and [, f dmr = T(fx4).

(2) The vector measure mr < i, so the inclusion/quotient map [i]: X — L'(mr7) is
well defined, linear continuous and ||[illl = | T

(3) In case that mr = u (i.e. they have the same null sets) the space L' (m7) is a Ba-
nach function space based on p that embeds X by means of the map [il, and the
integration map I, : L'(mr) — E is the unique extension of T to its optimal do-
main.

Theorem 1.2 ([79, Th. 4.14]). Let X be a order continuous quasi-Banach function space
over a finite measure space (Q, 2, ). Let T: X — E be a Banach space valued operator. Sup-
pose that T is u-determined. Then the order continuous Banach function space L' (mr) is
the optimal domain among all quasi-Banach function spaces with order continuous quasi-
norm (based on (Q,Z, )).

1.1.4. The p-th power space. Let X and Y be two quasi-Banach function spaces over
. Given g e LY, if fg € X for every f € X the map Mg (f) = fg € Y is well defined for all
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f € X, itis said that M is a multiplier operator from X to Y, which is always continuous.
Following the notation of [71] and [12], the space of multipliers from X to Y is denoted as

XV:.=(gel®:g.-Xcv}.

We can define || g|l xv := SUPfepy llg flly that is a complete norm in this space, since X has
weak order unit by definition and comments above, so X Y is a Banach space. Let us note
that X' = XL'. Observe that this definition makes sense also if ¥ is a Banach function
space over another measure v, such that v < . Let 1 <r < p < oo and g = 1 be such
that + = % + %, then L9 = (LP)"" (see [71, Prop. 3]), despite it can be the trivial space (e.g.
(L)Y = {0} for r < s). In [97, Th. 1.8] we can find the following condition: if X and Y
are Banach function spaces based on a non-atomic measure and the following inequality
holds

1.7 inf{p =1: X is p-concave} <sup{p=1:Y is p-convex},

then XY = {0}. For more information, including sufficient conditions to ensure that the
space of multipliers between Banach lattices is a Banach function space can be found in
[13], [71] and [79, Ch.2].

There are several results involving factorization through multiplier operators, for ex-
ample the so-called Maurey-Rosenthal’s Theorems.

Theorem 1.3 (Maurey-Rosenthal, see [23, Cor. 2]). Forl<r <oo let T be an r-convex lin-
ear operator from a quasi-Banach space E into an r -concave quasi-Banach function space
Y. Then T factors through L” as follows:

where S is an operator and0 < g € nHt.

Theorem 1.4 (Maurey-Rosenthal, see [23, Cor. 5]). Let1 < r < oo let T be an r-concave
operator from an r-convex and order continuous quasi-Banach function space X into a
quasi-Banach space E. Then T factors through L” as follows:

where R is an operator and0 < f € X*".

For 0 < p < oo, the p-th power space X|p) of X is defined as

Xip={feLl’:|fI"PeX}.
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This space is a quasi-Banach function space over y when it is endowed with the quasi-
norm || fllx,, := Il |f|1/p||§7( ([79, Prop. 2.22]). Observe that if X is a Banach lattice, then the
quasi-norm defined for X, for1 < p <ocoisa 1/p-norm, i.e.

1/p 1/p 1/p
< € .
If+8ly, <Iflx, +18lx, [ 8€Xp

It is not always true that a quasi-norm is continuous for the associated topology. If a quasi-
norm | - || is r-subadditive for some r = 0, i.e. |x+ ylI” < ||x|I" + |yl for some r > 0, then it
is continuous, i.e. if (x;;) — x then | x,|| — | x||. Aoki-Rolewicz’s Theorem [92] asserts that
every quasi-norm has an r-subadditive quasi-norm for some r > 0 that defines the same
topology. The main basic properties of this space can be found in [79, Ch. 2 Sect. 2].

Proposition 1.5. Let X be a quasi-Banach function space over a finite measure [i.

(1) Let0O< p,q <oo. Then X[P][q] = X[pq]~
(2) Let0< p<oo. IfY is a quasi-Banach function space over L we have that X € Y if
and only if X(p) € Yp].
(3) Letq,r,s>0besuchthatq=r+s. Then IIfgIIX[q] < CIIfIIX[r] IIgIIX[S] forall f € X
and g € Xiq).
(4) Ler0< p <oo. Then Xp) is a quasi-Banach function space.
(5) Let0 < p <oo. Then X is order continuous if and only if X|p) is order continuous.
(6) If0 < p = q < oo we have that X[p) S X|q), in particular X = X[1) € Xp) for all
l=sp<ocoand Xy € X forall0<p<1.
(7) Ler0< p < 1. IfX is a Banach function space, so is X[p).
(8) Lerl < p <oo. If X is a p-convex Banach function space, then Xy is a Banach
function space.
(9) The following statements are equivalent
(@) X=L*™.
(b) X = Xp) for some p # 1. In that case it holds for all p € (0,00).
(c) X is an algebra of functions with the (1i-almost everywhere) pointwise mul-
tiplication.
10) (X¥)(p = Xp) ¥ for p € (0,00).
A1) Xip))' = (X)) for p € (0,00).

All along this research will be important to find a representation formula for the dual
of the space X{p), so the property (11) above plays an important role. For a proof of this last
statement see e.g. [79, Prop. 2.29], [71, Sect. 2(g)] or [97, Th. 3.2]. We note that, since xt
is p-convex with constant 1 (see [12, Th. 5.1] or [97, Prop. 3.1]), then (XLp)[p] is a Banach
function space (see in [79, Prop. 2.23(iii)]). However, if X is not p-convex we cannot assure
that X, is again a Banach function space, in consequence it may happens that (Xj,))’ =
{0}. It does not necessarily imply that (X)) # (X[p])’, for instance, LP[0,1] lq) = LP'10,1]
has trivial dual when p < g, in this case (L”[0,1])7 = {0} and so its g-th power space is also
trivial. In conclusion, in virtue of these arguments and (1.7), in order to work with non
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trivial spaces, usually we will assume that X is p-convex, since often the measures that we
will use are non-atomic.

1.2. Operators

The following fact was shown for a more general case in [79, Lem 2.21]. Let1 < p < oo,

let X be a Banach function space and let f € X. Let us define g := ; f|| and h:= W
(p-1
By the Young inequality we have
B U i P (1 1 /) P 1/(p-1)
Ighllx;, = g7 QhP P [ < [ g+ P ix) ( || 1) =

Therefore ||f||leJ =lfxa IIX[pJ < IIQmIIX[p_ll I fllx. Soif ifp: X — X{p) denotes the inclusion

. -1
map, then [|ijp |l < ||7(Q||§ .

1.2.1. The p-th power factorable operators. The following definition was introduced
in [79, Defn. 5.1].

Definition 1.6. Let 1 < p < oo and X be an order continuous Banach function space based
on a finite measure, and let E be a Banach space. An operator T: X — E is p-th power
Jfactorable, if there exists an operator Tjp) : X|p] — E, such that Tjp,|, = T. In other words, if
i|p) denotes the natural inclusion and Tjp the extension of T to its p-th power space, then
T = Tip) o ifp), i.e. the following diagram commutes

DIAGRAM 1.1. Definition of p-th power factorable operator

We observe that this extension Tj,) must be unique, since i[p) is continuous and has
dense range. The main characterization for this definition follows from the density of X in
Xp) for p = 1, since the base measure is finite and X is assumed to be order continuous,
i.e. thereis a constant C >0 such that | T f| z < C]|| |f|1/p||§ = CIIfIIX[p], forevery f € X (see
Theorem 1.7 below).

One of the aims of our research is to find factorization schemes. In this sense we
will greatly use factorization theorems as the followings. The main factorization that we
investigate is the optimal domain factorization, from the point of view of the p-th power
factorability.
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Theorem 1.7 ([79, Th. 5.7]). Givenarel < p < oo, an order continuous quasi-Banach func-
tion space X based on a finite measure space (0, Z, 1), and a Banach space E. The following
assertions for a u-determined operator T: X — E are equivalent.

(1) T is p-th power factorable.
(2) Thereis a constant C > 0 such that

ITfIg=<Clflx, =CIAY I, feX<cXy.

3) X< LP(my).
@) Xip L' (my).
(5) Foreveryx* € E*, d(mr,x*)/dpe (X))

Let us illustrate how the indexes work for a p-th power factorable operator T: X — E
with respect to the p-integrability. Let 1 < g < p < co. Under the requirements of the
theorem above, we have two different factorization schemes

i[q][\w TT[p] < [i](m[w ]Ify‘,’;
Xig——= Xp) LP(mp)_o Li(mry).

DIAGRAM 1.2. p-th power factorization versus factorization through op-
timal domains

If X is an order continuous Banach function space based on a finite measure y and
T: X — E is a Banach space-valued operator, we know that m7(A) := T(y4) is a vector
measure. For the case of p-th power factorable operators, if T is y-determined, the in-
clusion/quotient map [i]: X — LP (m7) is injective. Since |m7| < u we always can con-
sider f € X as a function in L'(m7), this can be deduced from the density of the simple
functions and the Dominated Convergence Theorem. Moreover fQ fdmg =T(f), let us
rewrite this with the equivalence classes, i.e. T([f],) = Jao (1, dmr = fQ[i]([f]p) dmr =
Iy oli)([f1,). If pris not absolutely continuous with respect to mr, the inclusion/quotient
map cannot be injective. Without the injectivity assumption, taking into account that 1-th
power factorability coincides with continuity, the map [i] is still well defined and con-
tinuous, and we always have that [i](X) < LY(m7) continuously (since [|m7| < p), i.e.
X =1 L'(m7). In the case that we can assure that in fact [i](X) is included in the sub-
space L? (mr) of L' (m7) for any p > 1, we will also write X —;; LP (mr). The proof of the
next result follows the ideas of [13].

Proposition 1.8. Let1 < p < oo, and let X be an order continuous Banach function space.
Consider a Banach space E. The following assertions for an operator T: X — E are equiva-
lent.
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(1) T is p-th power factorable.
(2) X =) LP(my).

PROOF. Assume (1). Obviously the extension Ty : X|p — E of T to X|p) is unique
since X is dense in X[, and T is continuous. Note that mr, = mr. By the comments
above we can assure that X[, —j Ll(mT[p]) = LY(my). Finally for f € X we have that
|17 € X{p) =i L' (m7), hence

||f||LP(mT) =] anntr ”LP(mT) = “|f|p“i/1fmﬂ = Kl/p|||f|p||§(/[f] =K"P|I flx.

So we have that X —;; LP (mr). For the converse suppose that X —;; L” (mr). Then the
calculation above shows that X, — ;) L' (m7). In consequence, T = I, o [i]oi[p) (see [79,
Prop. 4.4(1)]. Thus, for f € X, we have that

ITfllg = 1Umg ol o i) fll g < IMmg o LN fllx,, -
This finishes the proof. O

Theorem 1.9 ([39, Th. 5]). Let X and Y be Banach lattices. Letn: X — X and m: T — Y
be positive vector measures, and let p,q > 1. For an operator T: LP(n) — (L9(m))’, the
following statements are equivalent:

(1) There is a constant K > 0 such that, for every finite set of functions fi,..., [N €
LP(n)

N 1/p
(X 17507)

(2) The operator T factors as follows:

o

(L9 (m))’ LP(n)

LP(n) — L~ (L9 (m)y’

[i]J T[i]*

LP((n, x3)) —— LP((m, )

DIAGRAM 1.3. Factorizaton through LP-spaces for T: L”(n) — (L9(m))’

where 0 < x; € By+, 0 < y; € By, [i] is the inclusion/quotient operator, [i]* is the
adjoint of the inclusion/quotient map and T is an extension of T.

Theorem 1.10 (Nikishin, see e.g. [106, Th. III.H.6] and [43, Cor. VI-2.7]). Let X be a Ba-
nach space of type p and (), Z, u) a o -finite measure space. Then every sublinear operator
T: X — L%(u) factors through LP>°(u). In other words, for a suitable operator H and suit-
able f € X" we have
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p QI

" A

LP> ()

DIAGRAM 1.4. Nikishin’s Theorem

Remark 1.11. The factorization of the Nikishin’s Theorem above can be written in the par-
ticular case of an operator T: LP — Y (u) defined on the LP-space of a scalar measure as
follows

LP T Lo(ﬂ)

|

L9

where g = min{2, p} and i: Y (1) — L°(u) denotes the natural inclusion.

1.2.2. Kernel operators. Finally, we give the notation for the study of kernel opera-
tors. Let (1,1, ¢1) and (Qy, X, t2) be two finite measure spaces. A kernel function is a
non-negative function K € L' (u; ® up). Consider a pair of Banach function spaces X (uy)
and Y (u;), and assume that the formula

(TKf)(wl)::fQ K(w1,w2) f(w2) duz (w2), feXuy),
2

defines a continuous map Tx: X(uz) — Y (u1). Then we say that Tk is the kernel opera-
tor associated with K. Let w; € Q; and w, € Q,, we define the functions K(-,w,)(@;) :=
K(®1,wy) for @1 € Q1 and K(w1,-)(@2) := K(w1,®2) for @, € Q,. Notice that K(w;,-) €
(X (u2))*, since K € L' (u; ® o).

In general, the duality defines the adjoint kernel operator beyond of a set of func-
tions, that is for functionals that not necessarily have an integral representation. In [52,
Prop. 2.1] there is an attempt to save this handicap. However, if we restrict our attention
to integrable functions we save this problem. For the aim of simplicity we assume that
functionals have an integral representation, or in other words we will work with the Kothe
adjoint operator defined on the Kéthe dual space. For all f € X (uy) and for all g € (Y (u1))’,
we know that (Tx f, 8 = (f, T &), where Tj: (Y (1)) — (X (u2))’. Applying Fubini's Theo-
rem we obtain that

(T,’<g)(wz):fQ K, w)gw)dm ), geY(m) .
1

Therefore it is sufficient that K(-,w) be u,-integrable for almost every w» € Q,. Let us de-
fine K'(x, y) := K(y, x), which is the kernel function for the adjoint operator. So, Fubini’s
Theorem implies that K’ € L! (u ® u1), hence the requirement K € L' (u; ® u») makes sense.
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In fact this assumption implies that both Tx and T are Carleman operators (see e.g. [94]
for the definition of this type of operators). The theory of kernel operators is widely stud-
ied, here we refer the reader to [1, Ch. 5], [46], [60, §15 and §16], [73, Sect. 3.3], [76], [108,
Ch. 13] and the references therein.

In the present memoir we work with Banach function spaces X and Y, which are
based on the same measure space (Q,%, u) or in Banach function spaces based on the
Lebesgue measure. Also, in general, the kernel functions that we consider are positive. So
in each case we will adapt the notation above to the context.

Often, we will need to compute the double norm of K or of K’. In order to decide,
in the usual situation, over which of the two variables we compute first the norm, let us
introduce the following notation. Let (Q, %, ) be a measure space and let K € L' (u® u) be
a positive kernel. Let w, € Q and let Z be a quasi-Banach function space, we denote by
Kl z,0, the norm in Z of the function K(-,w) € Z, i.e. (1Kl z,»,) (@2) := | K(-,w2)ll z, where
w2 € Q. By K|z, we denote the norm for the second coordinate, i.e. (|K|lzw,) (1) :=
K (w1,)llz, where w; € Q. Again it is assumed that K(w1,+) € Z. Thus, if Y is a quasi-
Banach function space, in what follows the notations that we use for the double norms
are ||IKll z,u, ||y and ||[IKll 7,0, ||y Observe that || 1Kl 2,y = |IIK"l 2w, ||y and also that

KN zw, |y = 11K z.0, || -

For the aim of simplicity, when Z = LY we will write | K| g0, and | K|l 4o, . For example

/ 1/
11Kl g, = ( fQ ( fQ K102l dpen)” duon) "

The compactness property has an important role in the theory of kernel operators. In [94,
Th. 2.3] we can find equivalent conditions for a kernel operator to be a Hille-Tamarkin
operator, that is a kernel operator Tx: X — Y such that || 1Kl x7 o, || y <oo.

We also will use the Minkowski’s integral inequality. Let 0 < p < g < oo. Let (Q1,2; 1)
and (Q, X, 12) be two measure spaces and let F: Q; x Qy — R be a Z; ® X,-measurable
function. Then

Fono)lP dmw)’ duz@s)
Qo W

(1.8) 1p

<([ ([ 1Fononn duan) " )
1 2

If F is a kernel function, so is F', thus by using the notation with norms given above we
have

19) L e [T N [T B T T

See [49] for more information or [95, Th. 2.3] for a generalization.

Finally, we refer to [110] for the standard formulas that we use in some examples all
along this memoir.



CHAPTER 2

GENERALIZED KOTHE DUAL SPACE

In this chapter we study the representation for the Kothe dual space of the p-th power
of a Banach function space. To do this we introduce the definition of the Kéthe p-dual
space, which will play a central role in the following chapters. We also define the Kéthe p-
adjoint operator, which is always p-th power factorable. Then we study the properties of
these two concepts and provide some applications as a characterization of Hilbert spaces
or a factorization through Lorentz spaces.

2.1. The Kothe p-dual space

We start by showing that for general Banach function spaces over a finite non atomic
measure and p € (0,00) \ {1}, we have the following inequality

(X p # Xipp)'
Let X be a Banach function space over a non atomic finite measure. Assume that (X');, =
(Xip))', then if 1 < p < co we have X' < (X)) = (X[p))’ € X" and if 0 < p < 1 we have
X' < (X;p))' = (X")p € X'. Thanks to [79, Prop. 2.26], X' = (X)) = L*, thus X = L'. For
p > 1 we have that X' = (X)) = (LY'P) = {0} (see [107, Ch. 15]), which is a contradiction.
If p < 1 we have that

L= L5 = (X ) = (Xgp) = LIP = 10D

then p = 1, which is a contradiction.

Nevertheless, we have that (X))’ = (XLP)[,,] for every p € (0,00) (Proposition 1.5(11)).
This motivates the introduction of the space X? that plays the role of the Kéthe dual but
satisfying this equality.

Definition 2.1. Let0 < p < co. Let X be a quasi-Banach function space, we define its Kothe
p-dual space X” as

XP:={gel’:gfelLl forevery fe X} =X,

Notice that X?P may be trivial, for example if X := L'[0,1] we have that X? = {0} for
every 1 < p <oco. We will see that this space is useful for representing the Kéthe dual space
(X;p))'. In what follows we set some properties of this space in terms of the space X”.

13
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The papers of reference are [71] and [12]. In the following lemma we reproduce some of
these results in the context of finite measure. Observe also that X” has weak order unit,
whenever XP < L” and [12, Rem. 2.3] (by the below Lemma 2.5(1) this is always true in
our case), but in general we cannot affirm that X? has weak order unit, it depends on the
election of X.

2.1.1. Computation rules for the Kéthe p-dual space. In [12],[59, Sect. 2] and [71,
Sect. 2, Cor. 1] we can find several properties involving general spaces of multipliers. Let us
now prove some properties for our setting of Kéthe p-dual and p-th power spaces. Recall
that all spaces are based on the same finite measure p.

Lemma 2.2. Let X and Y be Banach function spaces over the same finite measure. The
following statements hold:

(1) If0<p<g=oo, then X9 XP.

(2) If 1< p<oo, thenXP < (XP)p X'

3) If 0= p=q<oo, then (Xp)9 = (XP9) ) and (X)) = (X)) 7'P.
4) If0<p<ocoandX<Y thenYP < XP.

(5) If0< p<q<oo, then (XP)9 < (X7)P.

6) If 1< p<q=oo, then (X9 < XP.

(7) If ssr<standl<p<q<oo then

Xig)" < Xig)" € Xip))" € Xip)®.

(8) If rgq<tpandl<p=<q<oo, then (Xp)' < (Xiq)'.

PROOE. (1) Let f € X9. Then L9 < L” implies that for some C >0
Ifllxp = sup [ fgll,<C sup lIfglly=Clflxa-
8€Bx 8€Bx

(2) By Proposition 1.5(6), X” < (X?)[,) and X € X|). Now, by Proposition 1.5(11), we have
that XP < (Xp)[p] = (X[p]), c X'

(3) It follows from the definitions and the properties (1) and (10) of Proposition 1.5
1 1 Ll rq
(X[p])q — (X[p])m _ (X[p])L[Uq] — (X[p])L[p/pq] — (X[p])( [Unq])[p] _ (X[p])L[”] — (qu)[p] .
Thus (X)) = (XPP)yp = (X)) 1P

(4)Since X <Y, lIfllxr = SUPgepy ||fg||p < CsupgeBY ||fg||p = Cllfllyq, for some C >0,
which implies the statement.

(5) Applying twice (4) and once (1), since X9 € X?, we have (XP)9 < (XP)? < (X9)P.

(6) Since 1 < p < g, L9 < L? and by Proposition 1.5(6) X < X{p). Let f € (X|,)9. Then
fgeL9c P forall g € Xjp), in particular for all g € X and so f € X”.
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(7) Since 1 < p < ¢, it holds X[, € X|4 and X9 < XP. Thus,ifs<r<t,
(Xig)' € Xig)" € Xip)" € Xip))®.

(8) Using the given conditions: (Xj,))" = (X)) € (X)) (p) S (X7 ) (g1 = X)) O

Example 2.3. Let LP (m) denote, for 1 < p < oo, the space of p-integrable real-valued func-
tions with respect to the vector measure m. Assume that the Banach function space LY(m)
has the Fatou property (see [19, Prop. 3.38] for equivalences with this requirement). By
Lemma 2.2(3) we have

1 1 " 1 / P P
L7 (m) = (L m)p = (L1 0m) )y = (1 0m) ) y)" = (L7 0m)7)
Applying [12, Prop. 5.3] we obtain that L (m) is Fatou and p-convex with constant one.
These facts can be verified directly. O
Let us now deduce some other consequences.

Proposition 2.4. Let X and Y be Banach function spaces over the same finite measure. The
following statements hold:

(1) Let 0< p,q < oo, then XP = ((X[l/q])mi)[q]. In particular X' = ((X;1/4)9)
(2) Let 1< p<oo, then XP < (X;p)' € X'.
(3) Let 0< p<oo, thenY < XP ifand only if X < YP.

lq1"

PROOE. (1) We proceed directly using the definition of Kéthe p-dual. LP = (L), pls
then we apply the properties (1) and (11) of Proposition 1.5

1
XP = (XP) i) = (Xinrg) M9 1g) = ((XaygnE w0 ) = (Xsg)P) g1

(2) Apply Proposition 1.5(6) and Lemma 2.2(4). It also can be proved directly with
Lemma 2.2(2).

(3) Assume that Y < X”. By this hypothesis and Proposition 1.5(11) we have that Y; pl S
(XP)py = (Xp))'s hence Xip) € (Xip))" € (Y}p)'. Let g € X. Then, for some C > 0, it holds

_ p l/p _ p I/p p llp _
Igllyr =181l yp), =18l II(Y[p]), = Clliglly, =Cliglx-
The converse is analogous, just changing the roles of X and Y. g

The following lemma is the best approximation to the Kothe p-dual space that we
have reached in terms of LP-spaces.

Lemma2.5. Letl < p <oo. Let X be a Banach function space over a positive finite measure.
Then

(1) XPcLP.

(2) Letq<r,p < oo besuch thatoll =%+%. IfFX<S L', then LP < X4,
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PROOE. Let us prove (1). In order to obtain a bound for the norm of the inclusion
map, let us adapt the proof of Holder-Rogers inequality as given in [8, Ch. 1 Th. 2.4]. Let
be f € X?, since yq € X then f = fyq € L”. In order to prove the continuity we consider
the following

g
171, = I fxal, = Ixal <lxalx sup [f—S—
=W xaly =lralx| i ] =Welx b 1/ ik
= lxallx sup Ifgl, = lxalxlflx-
8€Bx

So XP < LP. For the assertion (2), we use Holder-Rogers inequality

I fllxa=sup Igfll, = sup gl Ifll,=sup lgxal Ifl,=IlxalxIfl,
geBy g€Bx 8€Bx

hence L” < X7, which completes the proof. O

As we have seen, the Kdthe p-dual space of a Banach function space is quite similar
to the L” space.

Corollary 2.6. Let X be a Banach function space over a finite measure. Let1 < p < oco. Then
XP =1LP ifand only if X = L*°.

PROOFE. We only need to show that X” = LP implies that X = L. It follows from
Proposition 2.4(3), since L? < X? implies that X < (LP)” = L*°. Then X = L. |

2.1.2. The Kothe p-adjoint operator. Let us now study operators defined on Kothe
p-dual spaces. They provide a natural p-th power factorization, for 1 < p < oo, as the next
diagram shows

xpC oy K oy T e
k[p][ JA
XP)p) = Xpp)'

DIAGRAM 2.1. Koéthe p-adjoint operator

Definition 2.7. Let 1 < p <oo. Let X be a quasi-Banach function space, E a Banach space
and T: E — X an operator. It is defined the operator T”: XP — E* as TP := T*|xp, that
we will call Kdéthe p-adjoint operator. For p = 1, this operator coincides with the Kéthe
adjoint operator T".

The following proposition gives examples of p-th power factorable operators. We also
provide an expression for the extension map, which will be useful in the sequel.

Proposition 2.8. Let1 < p <oco. Let E be a Banach space, and let X be an order continuous
Banach function space over a finite measure such that X” is order continuous. LetT: E — X
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be an operator. Then the Kiothe p-adjoint operator TP is p-th power factorable, and the
extension operator is (TP)(p) := (ijpjo T)* =T* o (i[p])’.

PROOE. The first assertion is immediate from Diagram 2.1. Let us formalize this fact.
Let fe XPc X'=X"*,and T? = T*|x», hence

ITP(Allgx = 1T (Hllgx = sup Kg, T* () = sup KT(g), /I
geBr geBg

Since p is finite, X < X{p), and by Proposition 1.5(11), (X{p)' = (X?),,, thus

[p)’

sup KT'(g), NI =<ITll sup Kk, HI=CITI sup KKh, /I

gGBE heBx hEBX[p]

< CITI  xgyy = CUTIN  Nxry

for some C > 0. Since X? is order continuous by hypothesis, we apply Proposition 1.8
(picking X? instead of X) and we obtain that TP: X” — E* is p-th power factorable.

For the second assertion, by definition of Kéthe p-adjoint we have T? = (T?)p) o k(p),
where ki) : X? — (XP)p is the canonic inclusion and (T”)) is the unique extension. On
the other hand i) : X — X is canonic and so is (ijp))*: (X(p))* = (X[p)) = (XP)p — X*.
Since X is order continuous by Proposition 1.5(5), so is X|p). Then, by uniqueness of the

. Gp)' ., T*
extension, we have that (T7)p: (Xp))’ L x* S B |

Remark 2.9. Let us analyze the factorization of T?: X? — E*. Under the requirements of
Proposition 2.8 we have that T2 = (T?)(3 0 i[z). On the other hand by [97, Prop. 3.1] X? is 2-
convex. If X is 4-convex, then X[y is 2-convex, and so (X?)[2; = (X[2))’ is 2-concave (see e.g.
[23, Lem. 2]). Therefore if: X212 (Xz)[z] (see [66, Cor. 1.£.15(iii)]). In consequence
T? factors through a Hilbert space.

From [71, Th. 4] and [12, Rem. 6.8] we deduce the following example (see also [68]).

Example 2.10. See [60, 90] for theory and applications of Orlicz spaces. Let (R, X, u) be a
finite measure space. Let ¢ be an Orlicz function, i.e. a convex, continuous, increasing
and unbounded function defined on [0, 00), so that ¢(0) = 0. The Orliz space is defined by

L= {feLO:inf{)t>o:fR<p(|f(w)|/;L) du(w) < 1} <oo},

where ¢ is an Orlicz function that satisfies the A,-condition, i.e. there exists k > 0 and
up = 0 such that ¢(2u) < k¢(u) for every u = uy. Assume that %u) is increasing and

li Yo Yoo
uglolosup(p(u)—uuj})sup =0

Let us define ¢g(u) := sup {2uv —¢(v)} for u > 0. Then (L?)' = L0 ([12, Rem. 6.8]).
v>0
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Let us consider the 4-convex space X, := ((L‘f’)4)4. The one-dimensional Riesz trans-
form R: LY — L%, defined by

(RA(x) —cf —f(y) k),

where ¢ := r7(111522), is continuous (see [58, Th. 3.11]). Let i: LY — X,, be the inclusion map,
thuswe can define T := ioR: LY — Xy, which is a Riesz transform. In this case the operator
T has Kothe 2-adjoint operator T?: (X(p)2 — L%, and T2 is still the Riesz transform. In

virtue of the remark above, it factors through a Hilbert space. O

Remark 2.11. In order to summarize the relations and spaces that we have considered
in this chapter we present the following diagram, for 1 = g < p <ooand u,v > 1. X is
a Banach function space over a finite measure, E is a Banach space and T: E — X is an

operator.
*/

B = — X’”% X4 —Ta—> - E

(Tp)[p] kip) kiq)

"ip) (T,) (X”)[m% (Xq)[q] (Ty)

(Xip))* =——(Xp))'€ (Xig))' —— (X))

Kp Kqg

Xip)" = (Xig)"”

DIAGRAM 2.2. Context diagram for the Kothe p-dual space and Kothe
p-adjoint operator

2.2. Some geometrical aspects

The geometric structure of the space of multipliers is strongly connected with the no-
tions of concavity and convexity (see e.g. [66, Sect. 1.c, 1.d and 1.e] or in a more general
context [35, Ch. 9, 10 and 11]). Now we are going to study the p-convexity and g-concavity,
type and coptype of the Kothe r-dual spaces. In general for a given Banach space E,
these notions describe the local behavior (understanding local as finite-dimensional) of
the spaces ¢?(E,), where E,, is an n-dimensional linear subspace of E.
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Let us recall Kwapieri’s characterization of Hilbert spaces [64], X is isomorphic to a
Hilbert space if and only if has type 2 and cotype 2. See [88, Ch. 3] for more details and
applications.

2.2.1. Convexity and concavity. Let us state a first corollary.

Corollary 2.12. Let1 < p <oo. Let E be a p'-convex Banach lattice and X an order contin-
uous Banach function space. Let T: E — X be an operator. If TP : XP — E* is positive, then
TP factors through LP.

PROOF. Since E is p’-convex, E* is p-concave ([66, Prop. 1.d.4(iii)]), then T? is p-
concave too, since TP is positive ([66, Prop. 1.d.9]). On the other hand thanks to [12, Lem.
5.1] we have that X? is p-convex, thus Maurey-Rosenthal’s Theorem 1.4 ensure us that T”
factors through LP. |

In particular for p = 1 we have the following. If T: E = L — X, T’ is positive and
T'(X') € L', then T’ factors through L” for every 1 < p < oo.

Let p € [1,00], it is well known that X” is p-convex with constant 1. (see e.g. [97, Prop
3.1]). However, this result does not hold for the p-concavity. For instance (LP)” = L,
which is not p-concave for any p < co. The following theorem sheds some light on the p-
concave case. In fact it is a generalization of [66, Prop. 1.d.4](iii), see also [62]. The proof
is adapted from [83, Lem. 2.2] (see also [41, Lem. 4.2]).

Theorem 2.13. Let1 <1 < p < oo and let X and Y be two Banach function spaces over
the same measure, such that Y is r-concave and X is p-convex. Then X" is q-concave for
1_1_1

q 1 p’

PROOF. We assume without loss of generality that the involved concavity and convex-
ity constants are equal to 1. Letus take n €N, fi,..., f, € XY and gi,..., gn € Bx. Thanks to
[71, Prop. 3] it is clear that £9 = (¢P)", so for an element (1;); € ¢4

@.1) 1ol = () = sup (L)

(Ai)i€Bpp ~ i

Since X is p-convex with constant 1, if (1;); € Byp, (note that 1; g; € X) we have

22 (S]] = (S nat)"” = (L nnsat) = (X ) <1,

i=1
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n
hence (Z IAigil”)l/p € By. So, applying (2.1), that Y is r-concave and (2.2), we obtain
i=1

(2.3)

n 1/q n 1/r n 1/r
(L urelf) = sup (X aifigly) = suwp (X Ingifilly)
i=1 (Ai)i€Byp “i=1 (Ai)i€Byp “i=1

= s |(Snagnr)], = s (i) (Sie) ",

(A1)i€Bgp " “i=1 (A1);€Byp " i=1
n

= s o (500", =15

8€Byx i=1 i=1

Given € > 0 we can select {g1,...,gn} € Bx such that || il xr = I figilly + e/ (n'%) for each
i=1,...,n. Then applying (2.3)

noo¢ )1/61

(L) = (L smr e i) = (S0ss10)) "+ (L)
(Z If:gily)")” +f<“(z'f"q) N

Xy+€,

for every £ > 0, which yields us that XY is g-concave. ]

The conclusion of this theorem may fail without the requirement on the p-convexity
of X.

Example 2.14. Let1<r < p<ooandr < g <oobesuch that 1 = % % Let us take X := L°
for r < s < p. Then X is not p-convex and X" = L', where lr = % - % Taking YV := L" in
the previous theorem and taking into account that l = % - % = % + - - l, we have that
1-1-1_1—<0sinces< p, therefore g < t, and so X’ L’ cannot be g-concave. |

t q p

Remark 2.15. For the case of Lebesgue spaces we have (L9)P = {0} for 1 < g < p < co.
However, it is not in general true that (X NP = {0} for every X and every 1 < g < p < oo.
Take 1 < g < randchooseszlsothatizé—%. Then, for g < p < sand X := L, we
conclude that X7 = L* and so (X9)” = L' # {0}, where { = — {.

The following corollary provides conditions on the indexes p and g that implies (X7)” =
{0} when g < p.

Corollary 2.16. Letl < g<p<ooandletr > 1 such that% < é — %. Let X be an r-convex
Banach function space over a non-atomic finite measure. Then (X7)” = {0}.

PROOE. By the previous theorem X7 is s-concave for s = 1 such that % = % + % Since

Lo % -1 =1 we have that s < p. Now, since L is p-convex, by (1.7) we obtain that

p
(XN = {0}. O



2.2. SOME GEOMETRICAL ASPECTS 21

2.2.2. Type and cotype. To finish the chapter we will use the 2-Kéthe dual space in
order to find a simple characterization for Hilbert spaces. The proof of the following the-
orem uses the type and cotype inequalities for L” spaces, which has type min{2, p} and
cotype max{2, p} (see [24, Prop. 8.6] or [66, p. 73]). Recall that an AM-space F is a Banach
lattice such that satisfies [|x v y| z = max{l|x|| g, | yll z} for 0 < x, y € F. If the Banach lattice
is a Banach function space X, then (fv g) (w) := max{f (w), g(w)} for f, g € X. We show that
we can provide a direct proof by using this abstract axiomatic definition, instead of writing
the direct result for the case X = L*°, in such case XP = LP. This fact can be deduced also
from Theorem 2.13, which implies that X” is p-concave when X is an AM-space, thus X”
is an LP-space ([66, Cor. 1.d.12]), since X? is p-convex, but we do not use the Kakutani’s
representation. We will see in Corollary 2.18 that in fact, the AM-space involved is L*.

Theorem 2.17. Let1 < p < co. Let X be a Banach function space over a finite measure,
which is an AM-space. Then XP has type min{2, p} and cotype max{2, p}.

PROOF. We consider separately type and cotype.
Type. Recall that the norm in X7 is || fll y» = sup{llfgllp :g€Bx}. If fi,..., fn€ XP and
€ >0 we claim that there exists g € Bx such that

2.4) j

n n

Zrk(t)ka ngZrk(t)ka +e2, telo,1],

k=1 Xp k=1 p

where the election of g € By does not depends on ¢ € [0,1]. Let us define y,: [0,1] — X7
n

Yn(t):= Y re(0) fe.
k=1

By definition of the Rademacher functions, ¥, has at most 2" values, since ry,...,r, are
j j+1 j j+1
2n g o) or

constant in each interval [ ) for j =0,...,2" — 1. Let us select t[j €

i o j+1
J=0,...,2" =1, (e.g. 1 := £). Then y,(1) = yu(t;) for t € Zj—n ]2" | By definition, for
each j €{0,...,2" — 1} there exists gj € Bx such that ||y, (£)] xp < IIgjwn(t)II’7 + &2 for every
e[ L1
2n° 2n

Let us define g :=|go| v --- V|gon_1]. Since, X is an AM-space we have that

lglly = max{lgillx,....Ign-1l x} < 1.

On the other hand |g;| < |gl, thus |g;w,(¢;)| < 18y, (£))] for all j = 0,...,2" —1. Then
J f;l)

Igjwn @Ol <Igyn(Oland ligjya (D, < lgyn(®ll, forevery j =0,...,2" -1, r€ IR

Let £ € [0,1], then there exists j such that y, () = y,(¢;). Therefore (2.4) holds.
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If 1 < p < 2 since L” has type p we have

(f"l‘k: ”;’ s f| H dt)1/2+(f152dl‘)1/2

n Ip Ip n 1/p
=c(YIghtl) +e<C(Z sup g felly) " +e=C(Y fill)  +e.
k=1 k=1

k=18€Bx

Since € > 0 is arbitrary, we obtain that X” has type p. The case p > 2 follows analogously
applying that, in this case, L? has type 2.

Cotype. Let fi,..., fn € XP. For each k € {1,..., n}, choose 0 < gy € Bx such that || fyll xp <
||gkfk||p + nlL,p. Let us define gy := g1 V--- vV g,. Since X is an AM-space, go € Bx, g < 8o
and |g; fil <180 fil, hence ||g,-f,-||p < ||gof,-||p for i = 1,..., n. Therefore, for p = 2 applying
that L? has cotype p we have that

(S 0ke) ™ = (X susiny 1)) (L nausinp) e

k=1

n 2 \1/2
C(f ”gOZrk(t)fk” dt) +e
k=1 p

IA

1/2
| e

(fo ;;g; “gkérk(t)fk“idt

2 1/2
H dt) +€,
XP

The case p < 2 follows analogously applying that, in this case, LP has cotype 2, which
proves that X” has cotype min{2, p}. ]

Corollary 2.18. Let H be a Banach function space over a finite measure. Then H is isomor-
phic to a Hilbert space if and only if there exists a Banach function AM-space X such that
H=X

PROOE. Assume that H is isomorphic to a Hilbert space, hence H = H*. On one hand,
let us prove that H? is an AM-space. By Proposition 2.4(3) taking X := H? and Y := H, we
have trivially that H (H2)2. Thus, by Lemma 2.2(2), Lemma 2.2(4) and Lemma 2.5(1) we
have that

2.5) Hc (HY) <12,
hence Lemma 2.5(2) (taking X = H, g =1 and p = r = 2), implies that
(2.6) I’cH cH*=H.

Then, H = L2, thus H? = (L2)* = L*°, which is an AM-space. On the other hand, inclusions
(2.5) and (2.6) state that H = (H?)". So choose X := HZ.

For the converse, by the previous Theorem 2.17, we have that X? has type 2 and cotype
2. Applying Kwapieni’s Theorem we obtain the result. ]
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The Nikishin’s Theorem provides the last application in the chapter. For this, let us
present the Lorentz spaces. Let (Q, Z, u) be a o-finite measure space and let f € 19 (W). See
[8] for the following concepts: the distribution function £ 10,00) = [0,00] of a function
f € L) is defined by pp(A) := p({x € Q: |f(x)| > A}) and its decreasing rearrangement
f*:10,00) — [0,00] is defined by

Fr@®):=inf{d=0:prA) <1t}.

Let 0 < p, q < oo, the Lorentz space LP'9(u) is the class of functions in L°(u) such that the
function norm || | pg <O where it is defined by

oo(t””f*(lf))qﬂ)l/q, if0<p<oo,0<g<oo
: ) )
£ g = sup,o VP (1), if0< p<oo, g=o00,
1l if p=00, g=00.

Corollary 2.19. Let X and Y be two Banach function spaces over a finite measure i, such
that X is order continuous. Let T: X — Y be a i-determined p-th power factorable operator.
If L*(m7) is q-concave for some q < oo, then the (range) extension X Ly L LY factors
through L>*°(u) where s = min{2, p}.

PROOE. We can assume that 1 < p < 2 since every p-th power factorable operator is r-
th power factorable for every 1 < r < p. It can be easily verified that L” (mr) is pg-concave
since L' (m7) is g-concave (see e.g [79, Prop. 2.75(i)]). Applying [66, Prop. 1.f.3(ii)] we
have that LP (m7) has type p. Then we can assert that LP (m7) has type min{2, p}. Finally,
we apply Nikishin’s Theorem 1.10, in order to obtain that ioT, %’; factors through the Lorentz

space L>*°(u) where s = min{2, p}, hence so does io T. O






CHAPTER 3

OPTIMAL RANGE THEOREM

In Section 3.2 we will obtain a theorem that will allow us to define an embedding from
a q'-concave and Fatou Banach function space into (L9 (m7))’ by an isometric map, where
mqv is the measure associated with the adjoint of a g-th power factorable operator 7. In
a sense, as we will see, the space (L9(my))’ plays the role of optimal range, as the smaller
q’-concave Banach function space with the Fatou property, where the operator T can take
values. From this result we obtain several consequences, e.g. conditions for a map defined
on L™ to take necessarily values in L*°, and assuming some additional requirements, a
characterization for (L” (my+))’ to be an almost LP -space. Section 3.1 is devoted to analyze
the duality relation between the spaces L” (m7) and LP (m ).

3.1. The adjoint and Kéthe adjoint operators

Let us start by fixing the context that we need in order to define correctly the p-th
power factorability of the Kéthe adjoint operator of T: E — X where E is a Banach space
and X is a quasi-Banach function space over a o-finite measure space (Q, X, i), with non-
trivial and order continuous Kéthe dual space.

(I) Let us compute the measure my associated with 7.

T X' — E*

T'g): E — R
& x o~ <T(x),g>=ngT(x)du=(IqugoT)(x).

We thus get m7/: £ — E* defined by mp (A) = T'(y 4), i.e.
3.1 (mp(A))x) = (T (xa)(x) :[AT(x) du, xe€E.

or in other words my/(A) = Iyo My, o T.

(II) About the u-determination of T'. If yq € T(E), then there exists xy € E such that
T(x0) = xa € X. So we claim that Ag(mp) € Ap(u). Assume that A € X is mp/-null, this
implies that m 7/ (B) = T'(yp) = 0 for all B € 24 N =. Hence, by (3.1), Jg T(x)dp =0 for every
x € E and every B € 24N X. So for every B € 24 n X we have

0=f T(xo)du=f7mdu=fdeIu:u(B).
B B Q

25
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Therefore Ag(mr) € A ().

Recall that the requirement on the p-determination for the operator T is imposed in
order to obtain that its domain space will be injectively included in its optimal domain
e (mr) (see [79, Prop. 4.4(iii)]). However, it is not necessary for obtaining a factorization
of T through this space.

The following lemma will allow us to obtain a representation of the adjoint operator
of the integration map associated with a vector measure, as a Radon-Nikodym derivative.

Lemma3.1. Let X andY be two order continuous Banach function spaces over i, such that
X" and Y' are also order continuous. Let T: X — Y be an operator such that there exist a
Banach space E and operators R: X — Eand S: E— Y suchthatT = SoR. Then

d{mg, dmg
fgme,: (mg, Jo g dms)
Q

, ! /).
du geL (mg)

PROOE. Thanks to the order continuity assumptions, the given factorization for 7 and
T' are

X—T>Y y’_T’>X/
N || A
E E*

Let x* € E*. Then the measure defined as (mg, x*) is absolutely continuous with respect
to u (Proposition 1.1(2)). Observe that mys(A) = mp+.s (A) = R* (mg (A)), by the continuity
of R* and the order continuity of the Banach function space L! (mg), we obtain that

fgdm(R*oS’) =R*(f gdms’)r geLl(mg).
Q Q

Letbe fe Xand ge Ll(mS/). Then we have that ngdmsl € E*, and hence
(r.[ game)=(r. [ gdmaosy)=(r.0°( [ gams))

:<Rf,f gdm5/>:<f fdmR,f gdms,>
Q
dimn g dms) dlme, Jo g dms)
Consequently

d , dmg
fgme,: (mg, [ogdmg)

R ! /).
d geL (mg)

|

Remark 3.2. In particular, under the assumptions of the lemma above for X and Y, we
have the trivial factorization T =Idy o T. If T’ is u-determined, then

d<mT,g> ,
dm Y’
fg du g€
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since (Idy)’ =1dy, and so [, gdmId =1dy(g) = g for every g € Y'. If in addition X and
Y are Fatou and T is y-determined, then T" = T, which implies that

ffd d(mT/ f>, f€X=X”.

Let us now consider a Banach space E and an operator T: X — E defined on an order
continuous Banach function space X over y. Let us define the map Dy, : E* — (L' (m7))’
as
d{mr,x")

ap
which is well defined since [{m7,x*)| < ||[mr| < p and the Radon-Nikodym derivative

DmT(x*) =

exists. Note that D, is linear and continuous. Let us show that D, is in fact the adjoint
operator of Ip,,. Let f € L'(m7) and x* € E*, then

d ,x* " *
(ImTf.x*)=f fd(mT,x*>=f f—<mT o >d,uz[ D, (x")Ydp=(f, D (x7)),
Q Q du Q

and thus Dy, = (I;n,)'.

Remark 3.3. Let X be an order continuous Banach function space over a finite measure p
and let E be a Banach space. Let T: X — E be an operator. It is called inclusion/quotient
map, the operator [i]: X — L'(my) defined by [i1(f) := [f]m,, where f € X. The map
[i] depends on u and mr, but these measures are not in general equivalent. Observe
that for different Rybakov measures v of m, we can obtain different representations of
[i]': (L'(m7))’ — X'. For such v, for f € X and g € (L' (m7))’ we have

d
(f,11(g) =<, 8 = f[l (NHgdv= f[z (f)g—dy <[i](f)’gd_;>'

Let us denote this adjoint map [i]’ by “—;/”. The following diagrams always hold

x—T . F T
Im Imp)*
g T ' ! l iy
LY(mr) (LY(m7p))

DIAGRAM 3.1. Factorization through the inclusion/quotient map

3.2. Optimal range theorem

In this section we obtain a representation of the optimal Fatou Banach function space
in which the range of a given operator is included. Let us start by some examples of oper-
ators that satisfy that their adjoint maps are p-th power factorable for some p > 1.
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Example 3.4 (Hardy type operator). Let s > 0 and consider the kernel operator H; with
kernel function K(x,y) := %X[O,x] (. flsu<svandlsv< %, the kernel operator
H,: L¥[0,1] — L"[0,1] is well defined (and continuous). We have that

1 1 1 1 X
Hs(f)(x)=f0 K(x,y)f(y)dy=f0 Ff(Y)X[O,x](J’)dJ/Z ;fo fydy.

Since for x,y € [0,1], ¥{0,4 () = X[y,1] (%) the adjoint map (H)": L"'[0,1] — L* [0,1] is given

by
1
(Hs)’(g)(y)=fo ;X[o,x](y)g(x) dx.

Ifge L"'[0,1], using Minkowski’s integral inequality (1.8) and Ho6lder-Rogers inequality,
we obtain

1 1
”(Hs)l(g)”Lu' = (j; “/(; X10,x] (y) g(f) dx

X

!

u dy)u,/ Sfol(fol)([&ﬂ (y)‘gg)

! 1-s 1-5 v-q 5"
_ — — _ v
= fo gLl dx < 15 Dywiar Nl = (75— =) 7 18y,

u dy)l/u’ dx

Thus, (Hy)' is g-th power factorable for 1 < g < v'(2 - s).

The case Hy gives the Volterra operator. It is well known when this operator is p-th
power factorable for 1 < p < u (see [79, Ex. 5.9]). We have shown in this example when
this condition holds for the adjoint map (Hp)'. See Example 3.14 for information about its
optimal range. (|

Example 3.5 (Convolution operator). Let G be a compact Hausdorff abelian group with
normalized Haar measure p defined on the Borelian sets of G (%(G)). Let A be a regular
measure on B(G). We say that A is a LY -improving measure (g = 1) if there exists r € (g,00)
such that f * A € L"(G) for all f € L9(G). It is well known that there is a direct relation
between L7-improving measures and p-th power factorable convolution operators (see
[79, Sect.7.5]). If h € L' (G) we can always consider the measure pj,(A) := [, hdy. For this
kind of measures, the fact that /& belongs to a particular L*(G)-space determines if it is L9-
improving, and also that the corresponding convolution operator is p-th power factorable
for a certain p.

Let 1 < p < oo and consider the convolution operator C;lp i LP(G) — LP(G) given by
C;lp ) (f) := f * uy, that is continuous, and the reflection measure of A defined by RA(A) :=
A(—=A). Note that for measures A(A) := [, h(x) du we always have RA(A) = [, h(—x) dp.
Using Fubini’s Theorem, we obtain that the adjoint operator (Cl(f ))’ : L”’(G) — L"”(G) is
given by (C;lp N g) = g * Ruy,. Thus, we can apply [79, Prop. 7.96] taking into account that
all L¥(G) are rearrangement invariant: for h € L’ (G)\L” (G) (1 < r < p') and u € (1, p’) such
that i + % = % +1, (C;Lp))’ is (p'/ u)-th power factorable. O

The following provides an example of p-th power factorable kernel operator with g-th
power factorable adjoint operator.
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Example 3.6 (Degenerate or separable kernel). Let (Q, Z, u) be a finite measure space. Let
X and Y be Banach function spaces defined over . The separable kernel is defined by

n
K(x,y):=) ai()bi(y), forxyeQ,
i=1
where a; € Y and b; € X' for i = 1,..., n, then the associated kernel operator Tx maps X
into Y (see [108, p. 210 and Ch. 13, §95] where this kernel operator is called a kernel oper-
ator of finite rank). These kernels are useful, for instance in the Tikhonov approximation
of the solutions of integral equations (see e.g. [57]).

Let1< p,q,r,s<ocobesuchthatl<p<randl<g<s'. Let0< k; € L¥[0,1] and
0<kp € LY[0,1], where u:= (s'/q)" and v:= (r/p)’. Let us define the kernel function

K(x,y):= ki (0)kz(y) € L'(10,1] x [0, 1]).

On one hand, thanks to the comments above, the kernel operator associated with K is
Tx: L”'[(),l] — L"[0,1]. On the other hand, since r/p < r, we have that v’ < r, thus
L[0,1] < LV'[0,1]. Also, since q < s' we have s < ¢’, and so s < (s'/g)’ = u, which implies
that L¥[0,1] < L5[0,1].

Now, let us consider Tx: L"[0,1] — L°[0,1] be the operator associated with K. Let us
see that Tk is p-th power factorable and T}, is g-th power factorable.

Let feL'[0,1]and g€ L [0, 1]. By the Holder-Rogers inequality we have

1 1 s 1/s
1tcfl=( [ || koo ay] ds)
< Kl £l < sl 1T < DIl < 00,

1 1 r' 1/r"
I T8l = fo | fo kg dx| ay)

< Ikl lkiglly < lkzllylikills gy 8llg g < DIgNg g <00,

where D :=| k|, |l k2]l , and so we establish the statement. O

The idea of the main theorem in this chapter is to dualize the diagram of a p-th power
factorable adjoint operator. This scheme will allow us to compute in some cases the smaller
Banach function space where a given operator takes its values.

Theorem 3.7. Let1 < p <oo. Let X be a Fatou Banach function space over a finite measure
u such that X' is order continuous. Let T: E — X be an operator from a Banach space E to
X with p-th power factorable adjoint. Then T factors through (L (mr))'. Furthermore, if
there is a Banach function space Z such that

) T(E)cZ<X,
(ii) Z is Fatou, Z' is order continuous and
(iii) the (range) restriction S: E — Z of T has p-th power factorable adjoint,
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then (L’”(mT/))’ nd il Z.

PROOE. Since T’ is p-th power factorable, there is a constant K > 0 such that for every
X€E,

KT(x), &)1 =< KlixlElgllxn,,

forall x € E and g € X'. Since X’ is order continuous, this implies that the Kéthe adjoint
map T factors as follows

X' L E*

x %’]

(X))

where i[p, is the natural continuous inclusion and (7")(,) is the extension of T’. The order
continuity of X’ gives also that the expression mz (A) = T'(x4), A € Z, defines a vector
measure. Applying Proposition 1.8 we can assert that

X' T E*

.

L‘D(mTI)

DIAGRAM 3.2. Optimal domain for the adjoint operator

where [i] is the inclusion/quotient map and I, , is the integration map (see [79, Sect. 5.2]
and also [13, Prop. 4] for the case when [i] is not injective). Dualizing this last factorization
diagram, taking into account that X"* = X" = X, we obtain the following diagram,

Th*
E—E¥ @ X.

(LP (m7n)

These arguments give the factorization through (L” (my))’. For the second assertion, by
hypothesis, the range of T lies in Z € X. Then T’ factors through Z’ and by hypothesis S’
is p-th power factorable. This implies that S’ factors through L? (mg). But note that mg =
my. Consequently, by Proposition 1.8, [i](Z) € LP (my), this bring us to the conclusion
that (Lp(mT!))’ ndTil Z” =Z. O

The following result provides some structure information for the space (L (m))’
without any assumption on the p-th power factorability of T”.
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Corollary 3.8. Assume that X is a Fatou and order continuous Banach function space over
a finite measure, such that X' is order continuous. Consider T: E — X an operator. Then
(LP(mp)) <=y (XP)'. Moreover, the optimal range in the sense of Theorem 3.7 of the
(range) extension T: E — X — (XP)' of T is the space (L (m))’.

PROOFE. Notice that the requirement of that X” to be a Banach function space is ful-
filled, since X has weak order unit (see [71, Prop. 2] and [13, p. 90]). By Proposition 2.8,
TP: XP — E* is p-th power factorable, then X? —;; LP (mp) = LP (mq) since mrr = mp
(Proposition 1.8). Dualizing this inclusion/quotient map we obtain the first assertion. By
[12, Prop. 3.3(a) and (b)] we have that X7 is Fatou. Then X? = (X?)", in this way we have
that TP = T': (XP)" = XP — X' z E*, thus ms, = my. Therefore (L” (m4,))" = (L” (m7))’,
which is the optimal range of T’ (in the sense given in Theorem 3.7). ]

Remark 3.9. If we rewrite Theorem 3.7 for p = 1, we do not assume any condition for the
adjoint map. In such case, we have an optimal range for continuous operators. It can be
formulated as follows. Assume X is a Banach function space with the Fatou property such
that X’ is order continuous. Let T: E — X. Therefore T factors through (LY(mqp)), if the
range of T lies into a Banach function space Z < X such that Z has the Fatou property and
7' is order continuous, then (L' (my1)) —;» Z. If T is a u-determined operator we obtain
a natural inclusion, as we seen in Remark 3.3 there is h = g—; such that Mh(L1 (mp)H) e Z.

3.2.1. Applications of the optimal range theorem. In order to find applications let
us “approximate”, in some sense, the optimal range for operators from an AM-space into
a Banach function space. We also compute the optimal range for operators that has com-
pact associated integration map [79, Sect. 3.3], always assuming that the adjoint operator
is p-th power factorable.

Let (Q, %, 1) be ameasure space. Let A € 2, let us define the restriction (QN A, 2|4, ul 4)
to A of this measure space, where Z| 4 := {Bn A: B € X} which is a o-algebra on A and also
let the measure p ,(B) := (B n A), where B € Z| 4. Hence, given a Banach function space
X over u, we define X| 4 the space of restrictions to A of functions in X. We will say that a
Banach function space X is almost an L -space if for every € > 0, there exists a measurable
set A; € Z such that u(A,) < € and such that the restriction X|q\ 4, [79, Prop. 4.28] is order
isomorphic to an L”-space.

Theorem 3.10. Let p > 1. Consider (0, Z, 1) a finite measure space, a Banach function
space F(u) and an operator T: L*°(v) — F, where v is a o -finite measure. Assume that F
has the Fatou property and F' is order continuous, T' is a positive p-th power factorable
operator such that T'(F') € L'(v). Then the (optimal) range (L? (m1))' of T is almost an
L’ -space.
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PROOE. Since F' is order continuous, so is T': F' — L' (v) and m is a countably ad-
ditive vector measure. Then, by Proposition 1.8, T’ can be factored through the space
LP(mq+) by means of a inclusion/quotient map [i] (as we showed when we started the
chapter, see also [13, Prop. 4] and [79, Ch. 5]) as follows

r I'v)

i 4

LP(my)

F/

Step 1. The integration operator I, , is a positive map (since T' is positive and [i](F') is
dense in the p-convex space L” (my+))). Moreover L' (v) is p-concave for every p = 1, hence
Im,, is p-concave (see [66, Th. 1.d.9] and comments below it). By applying the variant of
the Maurey-Rosenthal’s Theorem given in [79, Th. 6.41(iii)], this implies that there exists
Lo, a Rybakov measure for my, such that T’ can be extended to LP () as T' = Spo i where
So is the extension of the integration map. This gives an extension of I,,, to L? (uo) as

L'(v)

i %

LP (ko)

L”(mT/

Step 2. Let us now show that a restriction of Sy to the complementary of a set as small in
measure as we want is p-th power factorable. For doing this, just take into account that
the vector measure mg, coincides with my. In particular, it is positive and 1-concave.
Again the variant of the Maurey-Rosenthal’s Theorem quoted above gives (for p = 1) that
So: LP(ug) — L!(v) can be extended to the space Ll(n), where 7 is a Rybakov measure for
ms, and so for mp. More precisely, by definition of the norm (1.5), it can be factored
through the inclusion map L!(msg,) — L!(n). In fact we extend the integration map of the
measure msg,).

P, Ll(v) LU Yo

[

LP(mT/)Q LP (o) ——= L'(ms,)

DIAGRAM 3.3. Characterization for the optimal range
In consequence there is the Radon-Nikodym derivative h = ;_;70 such that for every
feLP (up)

IS0 f N 10y = 1S0© j o [i1 £l 11 vy < ISoMllF(TE1 ) 1

3 S Up| p)lip P
S||So||fQ|f|dTl—||50|||||h| LA PN oy
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The function  is integrable with respect to i, then |h|*P € LP () < L (110). Since this
is a Rybakov measure for my», by definition of semivariation (1.1), it is equivalent to the
semivariation ||mq||. Fix € > 0. Thus, since | k| 1p g integrable with respect to py, in partic-
ular it is yg-measurable, then we have that there is a constant K, such that |m[|(Af) <&,
where A, := {we Q:|h(w)|''P > K,}. Then

1/p, £ l/p,P < 1/p P
WL 00 = KeMLT P10

where AS := Q\ A, i.e. the restriction of S to this set is p-th power factorable, i.e.
So: Lp([,L0|Ag) —1i] LP(WLSO|A5) - L',

(notice that ||my| is equivalent to y, so the condition [mq](As) < € can be written in
terms of y). The arguments in Theorem 3.7 on the optimal domain for T’ can then be
applied. As we said, my = mg, and Sy is pp-determined, then

LP (myrl a¢) € LP (ol ag) < LP (ms, | ac) = LP (mgr] a0).

So for every € > 0 there exists A, € T such that (L”(mTr|A§))' =LV (Hol 4¢). O

The next theorem shows, for p = 1, that the optimal range is exactly an L*-space.

Theorem 3.11. Consider a finite measure space (0, 2, ), a Banach function space F(u) and
an operator T: L*°(v) — F, where v is a o-finite measure. Suppose that F has the Fatou
property, F' is order continuous, T' is positive, u-determined and T'(F') < L'. Then the
optimal range of T is L™ (1).

PROOE. The proof is the same as in the previous theorem, but the second step in the
proof is not needed. In this case we obtain

LY (mp) € LY (uo) € L' (ms,) = L' (m).

Taking into account that u and g are equivalent, the optimal range (L' (m))’ given by
Theorem 3.7 coincides with L*(u). (]

Proposition 3.12. Let1 < p < oco. Let us consider an operator T: X(u) — Y (v) between
Banach function spaces, where Y'(v) is order continuous. Suppose that

H:={T'(g): g€ By and sup| T (gxa)lly- <1} < X*
AeX

is a relatively compact and that T' is p-th power factorable. Then the optimal range in the
sense of Theorem 3.7, LP (mr+)' is order isomorphic to an L -space.

PROOE. Since Y’ is order continuous, the operator T': Y’ — X* defines a countably
additive vector measure and simple functions are dense in both Y’ and L!(m). This,
together with the condition on H implies that the integration map I, : LY(mp) — X* is
compact (recall (1.6) the equivalent norm || - || ;7 () for the spaces L” (m)). In this case, it
is well known that the space LY(my) is order isomorphic to the space LY(lmp|) (182, Th. 1
and 4] or [79, Prop. 3.48]), where |m | is the variation measure of m . Since by Theorem
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3.7 the optimal range of T with the p-th power requirement for the dual map is the space
LP(my1)', we obtain that the optimal range is order isomorphic to LP (Imp)). ]

Observe that in the proof of the previous proposition, the main step is to prove that
the integration map associated with the Koéthe adjoint of the given operator, is compact. A
result due to Rybakov (see [78, Cor. 10]) provide us some examples of this compact inte-
gration maps. Notice that compactness of the integration map I, , implies that LY(myp) is
an Ll-space and so an AL-space ([82, Th. 1 and 4]). Other conditions to obtain that LY(m)
is an AL-space can be found in [16].

Corollary 3.13. Let E be a Banach lattice and F be a Banach space, such that E* has order
continuous norm. Let T: E F be an operator such that m+ is a vector measure and has
o -finite variation. Then 17 mr* is a compact operator for somelevery1 < p < oo.

PROOE. E* is order continuous, then E does not have a lattice subspace isomorphic to
/1 (see e.g. [73, Th. 2.4.14]). By hypothesis mr+ has finite o-finite variation. Applying [79,
Lem. 3.53(iv)] we conclude that 22 (mr+) is relatively compact, now [79, Prop. 3.56(I)(iii)]
gives the result. ]

3.2.2. The optimal range for the Volterra operator. The spaces of p-integrable func-
tions with respect to the Volterra measure (i.e. the one defined by the Volterra operator) are
nowadays well known. The reader can find information about in [79, Ex. 3.76]. It provides
the optimal domain space for this operator. In this subsection we analyze the structure of
the optimal range for this operator.

Example 3.14 (Volterra operator). Let V: LP[0,1] — L9[0,1] be the Volterra operator for
1 < g < p <2which adjoint operator is r-th power factorable, r = 1. Note that V = Hy in the
Example 3.4, so this condition holds for r < ¢’. From Theorem 3.7 we have the following
factorization diagram

LP[0,1] —>~L’7[0 1].

(Imv,)\\ /

L9 (my))

DIAGRAM 3.4. Optimal range for the Volterra operator

Let 1 be Lebesgue measure in [0, 1] and denote by v the measure v := (0,1}, my").
This measure v is given by

1 1
v(A) = <x[o,u,V’(xA)>=f0 )c[o,u(y)fo X100 xalx)du(x) du(y)

1 pl 1
:[) ﬁ X[y’l] (x)XA(x) d[.t(x) d,u(y) :L M([x’ 1] mA) du(x), A€ Z
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Obviously v is a Rybakov measure v for my defined by the element yo,1; € LP[0, 1]. (See
Example 6.46 in [79] for the corresponding Rybakov measure for the case of the Volterra
operator). We denote by / the Radon-Nikodym derlvatlve Observe that by Remark 3.2
we have that h(x) = (V(x[0,1))) (%) = [y dy = x, since the Volterra operator is y-determined
(see [79, Ex. 4.9]). Recall that L9/ "(my) is a Banach function space over the measure v
(and so is (Lq’/r(mv/))’). The measure v has the same null sets as p. Then, as we pointed
out in Remark 3.3, [i]’ is given by [i]'(g)(x) := h(x) - g(x) € L]0, 1], where g € (Lq//r(mv/))’
and x € [0, 1]. This allows to write the inclusions

V(LP10,17) € My ((L9"7 (my)') < L710,1],

and (L9 "(my))' is the optimal range space, in the sense that was explained. Let us give
more information about this space.

We know that (Lq’/’(mvr))’ is (¢'/r)'-concave, since rdlr (my~) is '/ r-convex (see [79,
Ch.2]). Now we assume that r = 1 satisfies that (¢'/r)’ < p. On one hand, taking into
account that the integration map associated with the Volterra operator is again given by
the same kernel, and the adjoint map is given by the dual kernel of the Volterra kernel
we have that (Imv,)’ is positive. On the other hand, since LP[0,1] is p-convex and thus
(¢g'/7r)'-convex, we have that (Imv,)’ is (¢'/r)'-convex (see [66, Th. 1.d.9] and comments
below it). Using the instance of the Maurey-Rosenthal Theorem 1.3, we have the following
factorization diagram

!

)
P10,1] ———— (L' (my))’

\/

L(q Iry )

DIAGRAM 3.5. Factorization through an Lf-space for the adjoint of the
integration map (I, ,,)’

where R is a continuous operator and 0 < gg € (Lq/’r(mvl))ql/r (seeing this space over the
control measure v, see [12, Lem. 3.7]). Therefore,
V(LP[0,1]) € My.g, (R(LP[0,1)) € My (L7 (my1))'),

and My, ((L"'/ "(my))') is the optimal range satisfying the r-th power factorability require-
ment on the adjoint operator. O






CHAPTER 4

(p,q)-TH POWER FACTORABLE OPERATORS

In this chapter we study the class of (p, g)-th power factorable operators. They are
characterized by a combination of Theorem 3.7 and Theorem 1.7 on optimal domains via
p-th power spaces. The main result in this chapter is Theorem 4.7, that gives characteri-
zations of (p, q)-th power factorable operators by means of general different factorization
schemes.

4.1. The (p, q)-th power factorable operator

A p-th power factorable operator can be easily characterized by means of a factoriza-
tion diagram, as has been shown in [79, Lem. 5.3] for the case of a y-determined operator
or in Proposition 1.8 for a more general case. In this chapter we provide a square factoriza-
tion scheme for a new class of p-th power factorable operators with g-th power factorable
adjoint. For the sake of clarity all along in this chapter we will write the results for opera-
tors between Banach function spaces over the same measure. However, these results work
also for Banach function spaces over different measures.

Definition 4.1. Let 1 < p,q < oco. Let X and Y be two Banach function spaces based on
finite measures such that X and Y’ are order continuous. We say that an operator T: X —
Y is (p, q)-th power factorable if there exist a Banach space E and operators R: X — E and
S: E— Y suchthat T = SoR, R is p-th power factorable and the Kéthe adjoint operator of
S,S: Y'— E* is gq-th power factorable.

Notice that from the Definition 1.6 of p-th power factorable operator, the spaces X
and Y' are implicitly assumed order continuous, however for the aim of clarity we include
these requirements in this definition. Now let us show a relevant example of this class of
operators.

Example 4.2 (Hardy type operator). Let s = 0 and consider the kernel operator H; with
kernel function K (x, y) := %X[O,xl (), i.e.

1 1 1 1 X
(Hs f)(x) = fo Koy f() dy = fo O r0a My = — fo Fody.

Note that by Holder-Rogers inequality the operator Hg: L*[0,1] — L"[0,1] is always well
defined and continuous for 1 < v < u when s < % - % < 1 (in fact, it is continuous in more

37
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cases, see for instance [8, Ch. 3 Th. 3.10]). Under these restrictions for u, v and s we
can consider the following factorization. For h(x) = x~5 € L¥[0, I]LU[O'I] and the Volterra
operator V: L*[0,1] — L*[0, 1], we can write

H,= My, oV: L*10,1] -% 14[0,1] 2% 1¥[0,1].

It is known that V is p-th power factorable for all 1 < p < u (see [79, Ex. 5.9]). On the
other hand, observe that (Mj)' = Mj,: L'[0,1] — L* [0,1] and for g € L*[0, 1] we have that
Mj,(f) € LY[0,1]. Take then an index 1 < g < v’ such that s < % - % < % - § = %—%t
(so these requirements are compatible with the restrictions on the indexes written above).
Then a direct computation using Hélder-Rogers inequality gives the continuity of the map
My,: LV ¥ e, (Mjy)' is g-th power factorable. Consequently, H; is (p, q)-th power
factorablefor 1< p<uand1<gq<v'(} -5s). ]

Remark 4.3. Note that the assumption on the p-th power factorability of a non trivial op-
erator T: X — E together with the order continuity of X implies that (X[;))* is nontrivial.
Certainly, the composition of the extension Tjj) of T with a functional x* € E* produces a
continuous functional z* on the quasi-normed space Xipp -1l X[p])- Let us see this with a
commutative diagram

X—T>E;>R

. Tip) .
iip) | z

DIAGRAM 4.1. Duality for the p-th power space

Observe that the dual spaces (X; p])’ and ((Y’ )[q])’ of the quasi-Banach function spaces
Xip) and (Y")4) are non-empty. These last spaces appear implicitly in the Definition 4.1.

4.1.1. Characterizations for (p, g)-th power factorable operators. The following re-
sult gives the a first characterization for (p, q)-th power factorable operators. Hereafter
we use the following notation for inclusion and inclusion/quotient maps: ijp): X — Xp],
Jig1: Y — (Y'){4) and, when T'is (p, q)-th power factorable, X — ;) LP (mg), Y' —j L9(mg),
where T = So R, Ris p-th power factorable and S’ is g-th power factorable.

Theorem 4.4. Let1 < p,q <oo. Let X and Y be Banach function spaces such that X and
Y’ are order continuous and Y is Fatou. Let T: X — Y be an operator. Then T is (p, q)-th
power factorable if and only if there exists an operator

Tip,q1: Xipy — (Y

such that T = (jig)) o Tip,q1 © ifp)-

PROOE. Assume that there exists Tjp,q1: X(p) — (Y')(g)) such that T = (jig))' © Tjp,q) ©
iip), where ijp): X — X, and jig: Y’ — (Y')(4 denote the inclusions. Then, by definition,
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Tip,q1 © ifp) is p-th power factorable and ((Y')4))’ is a Banach space since it is the dual of a
quasi-Banach space (see [55, p. 1102]). Directly we have that (Y")4  ((Y")4))". Moreover
Y' is order continuous. Therefore, (ji4)": Y' — (Y'(4))" factors through the inclusion map
Y'— (Y')4), and so it is g-th power factorable.

For the converse, suppose that T is (p, q)-th power factorable. Then consider E the
Banach space, so that T = So R where R: X — E is a p-th power factorable operator and
S: E — Y issuch that ' is g-th power factorable. Then, by definition we have an extension

as R

X————EF

Xip)

On the other hand, we have a factorization for S’ as

Y’ E*
k A]

(Yiq

By dualizing and taking into account the properties of the spaces involved, we can obtain
the following factorization scheme.

\/

i[p] E(» E”H< (j[q]),
\/ *
((S)[q_L

Rp g
Xip) ————— (Y’

DIAGRAM 4.2. Characterization I for (p, g)-th power factorable operators

where R = ((S')(4))* © Ryp) plays the role of T, ). Since (jig))" = jiq), we got the result. [

This scheme of factorization allows us to obtain the following result about the Kothe
adjoint of a (p, q)-th power factorable operator.

Corollary4.5. Letl < p,q <oo. Let X andY be Banach function spaces such that X and Y’
are order continuous and X and Y are Fatou. Let T: X — Y be a (p, q) -th power factorable
operator. Then the Kothe adjoint T': Y' — X' is (q, p)-th power factorable.

PROOE. Thanks to Theorem 4.4, there is an operator Tp,q): X;p) — ((Y")(4)'. Thus we
consider the following restriction (T[p,q])’l(y,)[q] : (YN ig — (YN = Xipp)' = (X))
since X is Fatou. Moreover X" = X is order continuous and so is Y'. So, applying again
Theorem 4.4 to T': Y' — X’ we have that T" is (g, p)-th power factorable. O
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Example 4.6. Classical factorization theorems provide easy examples of (1,1)-th power
factorable operators. Suppose that we have a weakly compact operator T: X — Y, where
X and Y’ are order continuous. Thus T factors through a reflexive Banach space (see e.g.
[31, Cor. VIIL.4.9]), we can find a factorization for T: X LY F 3 Y, where F is a reflexive
Banach space. In particular, R can be extended to its optimal domain L'(mp) and the
same holds for §': Y’ — F* to the corresponding space L! (mg). Consequently, T is (1,1)-
th power factorable, and the factorization space is reflexive. O

The following theorem gives a factorization for (p, q)-th power factorable operators
involving spaces LP(m) for a vector measure m. Roughly speaking they are a class of
operators which allow factorization diagrams through an operator between L”(m;) and
L9(my)’. Observe that, if m; and m; are scalar measures and ¢’ < p, this setting gives well
known square factorization schemes for operators between Banach function spaces satis-
fying certain domination assumptions of concavity type for the associated bilinear form
(see [25, Th. 3.2], see also [23, Th. 2]).

Theorem 4.7. Let1 < p,q <oo. Let X and Y be two Banach function spaces over the same
finite measure, so that X and Y' are order continuous and Y is Fatou. Let T: X — Y be an
operator. Then the following statements are equivalent:

(1) T is(p, q)-th power factorable.
(2) There exists some K > 0 such that

@.1) KT 1<Kl I8l feX geY'.
(3) There exists an operator Tip,q): X(p) — (Y'14) such that the following diagram is
commutes T
X——Y

iip) f J(jm])’
T

lp.ql
Xip) — (Y'ig))

(4) There exist two operators F: X — (Y')(4)) and G: Y' — (Y')4) and an operator
H:LP(mp) — (L9(mg))' such that the following diagram commutes

X—T1 vy
7] l T Wl
H !
LP(mp) — (L9(mg)
(5) There exist an operator H, a Banach space E and two operators R: X — E and
S: E— Y such that T = So R such that the following diagram commutes

X—I vy

[i]l T[]’]’

LP(mp) —2 (L9 (mg))’

DIAGRAM 4.3. Characterization II for (p, g)-th power factorable operators
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PROOF. (1) < (3) was proved in Theorem 4.4. For (2) = (3) we will prove that the
operator T is (]| - IIX[,,]—H . ||((y,)lq])/)-continuous. Let s be a simple function. By hypothesis
we have that [(T(f), s)| < KIIfIIX[p] ||S||(y!)[q], for all f € X. In consequence, for all simple

function s € B(Y!)[q] we have that (T (f), s)| = Kllfllx[m, ie.

sup (T(f), ) = Kllfllx,,

where the supremum is taken over all the simple functions in the ball By . Density of
simple functions in (Y')(4), since Y’ is order continuous, and the continuity of T allows us
to extend this inequality to all g € B(y,, hence we obtain for every f € X,

I Tf”((y/)[ql)l = sup KT(),gl= K”f")([pJ .
g€B(y/)[q]

T(X)< (Y" [q])’, then we can extend T to X|p) since X is dense in X[p) and T is continuous.
In other words, there exists Tjp,q: Xip) — ((Y")[4))" such that T = (jig))' © Tip,q) © ifp) where
ip) denotes the inclusion of X into X, and ji, the inclusion of Y into (Y") (4.

(3) > (2) Let fe X and g€ Y'. Then

KT (), &) =KUg)' o Tip,q1© iy (), )1 = K Tip,q1 0 i1 (), Girg))” (@)1
<l Tip.gt Il 1) P x| Gitgd)" @ v gy < K I L, gy,
where K = || Tip,q1 1 igp 1 Girg) "Il
(3) = (4) Let us define the Banach space E := ((Y')(4))’ (see e.g. [55, p. 1102]). Consider
the p-th power factorable map F := Tjp 4 o ip) : X — E and the g-th power factorable
map G := ji4 given by the inclusion of Y’ into (Y')4. Using the order continuity and
Fatou properties of the involved spaces and the characterization given in Proposition 1.8
we obtain the factorization

X Y

Nk

LP(mp) —— E —— L9(mg)’
I(.D) (I(q))/
F G

where H:=(I0) o I}V,

Note that the proof of the previous implication gives in fact also (3) = (5), for E =
(Y)g)' and S=G'. (4) = (5) is evident. For (5) = (1), by hypothesis X —;; L” (mg) and
also Y’ —;; L9(mg). By Proposition 1.8 we have that R is p-th power factorable and S is
g-th power factorable and so the result is obtained. (|

Remark 4.8. Let 1 < p,q < oo be such that ¢’ < p. Let T: X — Y be a positive (p, g)-th
power factorable operator. In virtue of the Maurey-Rosenthal Theorems 1.3 and 1.4 we
always have the following scheme
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Lp
X — LP(my) d (L9(my)) — Y
L7 (1)

DIAGRAM 4.4. Maurey-Rosenthal factorization applied to a (p,q)-th
power factorable operator

where f € X9 and g € (Y’)”’l, U; are scalar measures, m; are vector measures and 7; are
operators, for i = 1,2. This provides a first estimation for the optimal domain and the
optimal range, namely My (L (m;)) € L7 () and Mg (LP (1)) € (L (my))'.

Remark 4.9. Under the hypothesis of Theorem 4.7,1let T: X — Y be an operator. A neces-
sary condition for (p, g)-th power factorability is that T to be p-th power factorable and T’
to be g-th power factorable. This follows immediately from [79, Lem. 5.4], since T = So R,
thus Tip) = So Ry and (T')[q] =R*o (S’)[q].

4.1.2. Another related result. In the definition of (p, g)-th power factorable operator
(Definition 4.1) we need a previous factorization of the operator. If we do not have such
prior factorization, we have another condition in order to obtain a square factorization.

Proposition 4.10. Let1 < p,q <oo. Let X and Y be Banach function spaces over the finite
measure y, such that X and Y' are order continuous and Y is Fatou. Let T: X — Y be a
w-determined operator such that T' is also p-determined. Then the following statements
are equivalent:

(1) There exists K > 0 such that
(4.2) KT(f), = K”f”LP(mT) IIglqu(mT,), feX, geY'.

(2) There exists an operator IPD . LP(m7) — (L9(mp))' such that the following dia-
gram is commutative

X—T>Y

pras JA J Unb )’
p.q)

LP (my) ——= (L9 (myp))’

DIAGRAM 4.5. Square factorization through L (mr) and L9 (my)’
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PROOE (1) = (2). Let s be a simple function. By hypothesis we have that [{T(f), s)| <
KW ogmpy ISl Lagm,ey, for all f € X. In consequence, for all simple functions s € Bragmn,.)
we have that [(T(f), s)| < KIIfIIL,,(mT), ie. sup(T(f), s < KIIfIIL,,(mT), where the supre-

N

mum is taken over all the simple functions in the ball B4, ). Density of simple functions
in L9(m7+), since it is order continuous, and the continuity of T allows us to extend this
inequality to all g € Bra(m,,), hence we obtain

I Tf”(L‘?(mT/))’ = sup KT(NH,gl=< K”f”Lp(mT) .

8€Bran )

Then we extend T to LP (mr) and T(X) < (L9(m7))’. In other words, there exists an opera-
tor 19 : LP(my) — (L9(my)) such that T = (]mT;(q))/O 1'P9 o J,,..P) where J,,, denotes
the inclusion of X into L” (mr) and Jy,,, the inclusion of Y’ into L9 (my), recall that both
T and T’ are u-determined.

(2) = (1). An standard argument for 7 = (]%)T,)’ o [P o ﬁ,’f;, by applying the continuity of
the operators involved and the inclusion L9 (my) < L9(my)"” we obtain the result, i.e.

KT, @)1 =< (CHPPNLE TS I 1 181 £ gy

forevery f€ X andeveryge Y'. O

Remark 4.11. Observe that in the proof of the implication (2) = (1) of the previous propo-
sition, one can remove the requirements of p-determination.

The following example presents a class of kernel operators that always satisfies the
condition (4.2) of Proposition 4.10.

Example 4.12. Let us consider the set [0, 1], as usual with the Lebesgue measure, which
we will denote by dx and dy for two different variables. So dx ® dy is the (Lebesgue)
product measure for the product set [0,1] x [0,1]. Letn: Z® £ — [0,00) be a probabil-
ity measure such that n < dx ® dy. Thanks to the Radon-Nikodym Theorem there ex-
ists a function K;; € LYdx®d ) such that n(A) = [ 1Ky (x,y)dx ® dy, for every measurable
set A< [0,1], ie. dn= Kydx®dy. This function K;: Q x Q — [0,00) is a positive ker-
nel function. Let 1 < p,q,s < oo be such % = %+ %. Assume that T;: X[0,1] — Y[0,1]
is the kernel operator associated with Ky, so that it is p-th power factorable and its ad-
joint is g-th power factorable. Let us define the function (g ® f)(x, y) := g(x) f(y), then
g® f=(g®¥1011) (X101 ® f)- Let f € X(dx) and g € (Y (dx))'. Applying Hoélder-Rogers in-
equality, Fubini’s Theorem, Proposition 1.1(1), the conditions on power factorability and
(1.6), we obtain

1/s
|<Tn(f),g>|=f[ |g®f|KndX®dy5C(f |g®f|5d77)

0,1]%[0,1] [0,1]1x[0,1]

1/p 1/q
sC(f |X[0,1]®f|pKr,(x,y)dx®dy) (f |g®x[0,1]|‘7Kn(x,y)dx®dy)
[0,1x[0,1] [0,11x[0,1]

1/

Sc(folﬁao,u (fol |fNIPKy(x,y) dy) dx)l/p(fol)c[o,u (follg(x)lqK,,(x,y) dx)dy)
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So following this computation we can conclude that

1 p 1/p 1 , q 1/q
(g =c( [ @ rmax) ([, agay)

= C||(Tn)[p](|f|p)||i/1’(7dx) T3y, 0819 ”;?dy)

=CD [Ty, 111 1T, 01D :éfdyn/
/ /

= CD gy Uy Wy 081D 1

<CD |||f|||Lp(an) H|g|||Lq(mT,’,) <CDM ||f||Lp(an) ”g”Lq(mTT;) .

Thus T;, satisfies (4.2). a

4.2. The non finite measure case

As a consequence of the definition of (p, g)-th power factorable operator, we have
been considering finite measure spaces, since otherwise the inclusion X < X, does not
make sense. Our construction depends strongly on the finite measure requirement. For
example Rybakov measures for vector measures need to be finite, since vector measures
on o-algebras are always bounded. Otherwise, a vector measure can only be defined on
the 6-ring of the measurable sets of finite measure, and the factorization by means of the
inclusion/quotient map do not hold (see [13] and references therein for the use of §-rings
in the context of the factorization of operators between Banach function spaces).

However, by means of multipliers that define isometric maps it is possible to extend
our results to the case of o-finite measures. Let us present a standard construction. Con-
sider a Banach function space X over the o-finite measure pu. Then there is a weak order
unit 2 € X. Take a norm one element 0 < ¢ € X'. Let us now define the measure 1 by
1(A) := [,phdp, where A€ X. Note that i(Q) = [ @hdp < |kl x|l x, and so 1 is finite.
Let us define the Banach ideal of classes of y-measurable functions

Xn:={fel’(w: fhe X},

with the lattice norm || f|| X, = I fRllx, f € X Letus see that X}, is a Banach function space
over . Clearly, for each A€ Z, IIXAIIXh =|lxahlx < lhllx < oo, and so y 4 € Xj. Moreover,
each function f € Xj, is integrable since

fQIfIdﬁS IRl - l@lx =1£lx, - llelx <oo.

This also proves that X;, — L'(1), and so X}, is a Banach function space over the finite
measure . Let us also note that the map f ~» hf defines an isometry X, — X.

Lemma 4.13. Let X and Y be two Banach function spaces over a o -finite measure . Let
T: X — Y be an operator. Then there are measurable functions h and w and an operator
To: Xy — Yy such that T factors through the following scheme
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Xx— oy

Ml/hl ]Mw
Tt

0
Xh I Yw,

DIAGRAM 4.6. Factorization through Banach function spaces defined
over finite measures

where My, and M, are the multipliers associated with 1/ h and w, respectively. Moreover,
h and w can be chosen to be equal and such that X, and Y,, are Banach function spaces
over the same finite measure L.

PROOE. For the proof it suffices to define the operator Ty by To(g) :=1/w-T(gh), g€
Xp, where h and w are defined as has been explained above. Notice also that if # and
w are weak order units for X and Y, respectively, the measurable function i A w is also
a weak order unit in both spaces. The same can be done by considering ¢; A ¢, as the
element ¢ appearing in the construction above, where 0 < ¢1 € X’ and 0 < ¢, € Y’ are the
corresponding functions in the definition of the finite measures. So just take hy:= h A w,
@:=pi1Aprand u(A) = [, hopdp, A€X. O

Taking into account this result, we can adapt Theorem 4.7 to the non finite measure
case as follows.

Corollary 4.14. Let1 < p,q <oo. Let X and Y be Banach function spaces over the o -finite
measure 1. Suppose that X and Y' are order continuous and Y is Fatou. Let T: X — Y be
an operator. Then the following statements are equivalent:

(1) There are a p-integrable function h and a finite measure p such that T factors
through a (p, q)-th power factorable operator Ty: X, — Yy, where X, and Yy, are
based on [i.

(2) There are a u-integrable function h, a finite measure 1 and a constant K such that

(G- T ). &) < KIfll,, 180wy, FE€Xn g€¥n),

where X, and Yy, are based on
(3) Therearea y-integrable function h, a finite measurei and Tip,q1: Xn(p) — (Yn)'(g))
an operator, such that the following diagram is commutative

T
X—>Y
i[p]°M1/h|: Mpo(jig)'
Tip,g
Xnip) (V) 1))

where X;, and Yy, are based on [i.
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(4) There are a pu-integrable function h, a finite measure {1, an operator H, a Banach
space E and two operators R: Xy, — E and S: E — Y}, such that H = So R and
T = (Myo[jl') o Ho([i]o My,p,) and that the following diagram is commutative

x—I vy

[i]oMl/hl/ TMIP[]]'

LP(mp) —2> (L9 (mg))'.

DIAGRAM 4.7. (p, q)-th power factorization for non finite measure based spaces
where X;, and Yy, are based on .

The proof is a simple consequence of the factorization given in Lemma 4.13 when
applied to Theorem 4.7, just taking into account the easily verifiable facts that if Xj is a
Banach function space based over a finite measure isometric to a Banach function space
X based over a o-finite measure with the Fatou property, then X}, has the Fatou property
and the same happens regarding order continuity.

Example 4.15. Take the discrete kernel type operator T: £? — ¢? given by

n

T((A) = (L Y Al

n2" ;3 n=1"

[e )

Take now #, ¢ and @ in the development above as the ones given by
hi=172"2,  @=0/2"H%,  and  @A):=) 1/2, AcN.
i€eA
Notice that for every (1;)32, and (7;)72,, we have the inequality

=(L57) (£ 5

00 2n/2 1 noAs
no1 2 An2" 52 i=1 n=l

Consequently, the operator T factors through a (2,2)-th power factorable operator. O



CHAPTER 5

APPLICATIONS OF (p, gq)-TH POWER FACTORABLE OPERATORS

In order to develop further the theory of (p,q)-th power factorable operators we select
two subjects to study. So applications to interpolation (Section 5.1) and independently to
kernel operators (Section 5.2)are studied in this chapter.

A classical problem in interpolation theory is to study which properties are inherited
by some interpolation method. We consider here the first complex interpolation method
defined and studied by Calderén [14]. One of the properties inherited by complex inter-
polation spaces is weak compactness. The classes of p-th and (p, g)-th power factorable
operators are, for 1 < p < oo, subsets of the ideal of weakly compact operators (see [63, Cor.
4.3]). In the first part we analize the behavior of our class of operators under the complex
interpolation method.

Our second topic in this chapter is the study of p-th and (p, q)-th power factorability
of kernel operators. We provide some criteria —related to the classical Holder’s inequality
and to the Hille-Tamarkin operators— for a kernel operator to be p-th or (p, g)-th power
factorable. A few examples of concrete kernel operators are given.

5.1. Complex interpolation for operators

In the present section we prove that, under some natural conditions of order con-
tinuity and p-determination of the operator, the p-th and (p, q)-th power factorization
properties are invariant under the complex interpolation method. So in order to apply the
complex interpolation method we assume that all the spaces considered are complex. In
this case the definitions of p-th and (p, q)-th power factorable operator (Definitions 1.6
and 4.1 respectively) should be considered for complex Banach function spaces. Observe
moreover, that the proof of Theorem 4.4, that has been used in the present section, can be
used for the complex case, since the lattice structure used in such proofs is defined by the
modulus of the functions.

5.1.1. Definitions and notation. First we give some basic definitions and their first
consequences for complex interpolation of operators. See [8, Ch. 3 Sect. 1], [9, Ch. 2] and
[66, Sect. 2.g] for main results and terminology about the complex interpolation method.

47
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A pair (Xp, X1) of Banach spaces is a compatible pair or simply a pair if there is a Haus-
dorff topological vector space & where both X; and X are continuously embedded. A
compatible pair (Xp, X;) of Banach spaces is a regular pair if the intersection Xy n X; is
dense in both X; and X;. Observe that if X, and X; are order continuous Banach func-
tion spaces, then the pair (Xp, X;) is always a compatible and regular pair, since they are
continuously embedded into L° and both contains the simple functions that are dense in
both X and Xj.

It is said that X is an intermediate space of a compatible pair (X, X;) if it is continu-
ously embedded between Xy N X; and X + X3, i.e. Xon X3 € X € X+ X;.

Let (Xp, X1) and (Yp, Y1) be two compatible pairs. We denote by T': (Xp, X;) — (Yo, Y1)
a linear operator T: Xy + X7 — Yy + Y such that the restrictions Ty := T|x,: Xo — Yy and
Ty := Tl|x,: X1 — Y1 are continuous. Thus, we call T an admissible operator with respect
to such pairs. Conversely, let us note that if Tp: Xy — Yp and 77: X; — Y are continuous
operators, then we can define an admissible operator T: Xo+ X; — Yo+ Y1 by T(fo + f1) :=
To(fo) + T1 (f1) whenever Ty(f) = T1(f) for every f € Xon X; (see [8, Ch. 3 Prop. 1.6]).

For a compatible pair of Banach function spaces (Xy, X;) and 0 < 0 < 1, the Calderén-
Lozanowskii product space X(}‘GXf' (see [14, 67]) is

(5.1) XXV = (feLl:1fI=1fI""° A%, for some fy € Xp and fi € X3},
This space is a Banach space when endowed with the norm given by
1 £l x1-0 50 := inf{l follg, AN, 11 < 1Al 1AL, fi € Xi,i = 0,1},

In general X&‘BX{’ does not have the interpolation property with respect to (X, X1), see
[67].

However, under generic hypothesis on (Xp, X;), the Calderén-Lozanowskii product
space coincides with the first Calderon complex interpolation space [Xp, X11;9;. We only
cite here the following properties that relates both spaces for each 0 <6 < 1.

(1) XonXi € [Xo, X1lg) € X379 X?Y < Xo + X;. In addition we have that

||f||Xé—9X16 =1 f lixo, X110y

forall f € [Xo, Xilg)-
(2) If one of the spaces Xj or X is order continuous then X(}’BX{’ is also order con-
tinuous ([61, Th. 1.14]) and the equality [Xg, Xi]{9) = Xé‘HXf holds isometrically.

Recall that if X is a Banach function space over a finite measure space (Q2,%, ), Eis a
Banach space and T: X — E is an order continuous (and continuous) u-determined oper-
ator, then we have an associated vector measure my: £ — E, defined by m7(A) := T(x ),
such that X < L!(my) is an injective inclusion and the integration operator, I, (f) :=
fome for f € L'(m7) is an extension of T, i.e. T(f) = I, (f) forevery fe X. If X
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is order continuous or has the Fatou property, then every continuous operator T defined
on E is order continuous.

Let us consider now a compatible pair of Banach function spaces (Xy, X;) (over the
same finite measure), a compatible pair of Banach spaces (Ey, E1) and an admissible op-
erator T: (Xo, X1) — (Ey, E1). Observe that if the restrictions Tp: Xo — Eg and T7: X3 — E;
are order continuous and p-determined operators, then for every 0 < 8 < 1 the interpo-
lated operator Ty: [Xo, X1l(g; — [Eo, E1lg) is order continuous and p-determined too. De-
note by mg, m; and mg the vector measures associated with Ty, T and Ty respectively. Let
us note that my(A) = my(A) = mg(A) = T(ya) for every Ae X and 0 < 0 < 1. That is, the
measures mgy,0 < 6 < 1 bring the same values as my and m;, and their range is included
in Egn E;. However the associated spaces L” (mg) would not be the same for all measures
since the range space [Ey, E1](g; of each measure may differs from each other.

The technique that we will use consists in interpolating the extensions of the p-th
power factorable operators, then we prove that the domain of the interpolation of these
extensions coincides with the extended domain of the interpolation of the original do-
mains.

5.1.2. Interpolation for p-th power factorable operators. Let us show that the p-th
power space of the Calderén-Lozanowskil product is the Calderén-Lozanowskii product
of some p-th power spaces. We note that the p-th power space of a Banach function space
may be a quasi-Banach function space, e.g. L%p] =LVP (p>1).

With the same definitions as given for a pair of Banach function spaces, if we con-
sider a pair (Zy, Z1) of quasi-Banach function spaces, it is very easy to obtain that, for ev-
ery 0 < 6 < 1, the product space ZOI’GZIB is a quasi-Banach space when endowed with
the quasi-norm | - || 210 70> see [44, 54]. If the quasi-norms of 7, and Z; are continuous
then || - || 21020 is also continuous for every 0 < 8 < 1. Note that this is the case for a pair
(Zo, Z1) = (Xogper X11p1]) where each space is a p-th power of a Banach space since for ev-
ery Banach space X and every 0 < p < oo, the functional |- || Xipl is a continuous quasi-norm
for which X, is complete (see previous comments to the Proposition 1.5). Observe that
(Xogpy, X11p)) is @ compatible pair, since the p-th power space is continuously embedded
into L°. For 0 < p < 1, the p-th power space Xp) is still a Banach function space. Other-
wise, for 1 < p < oo, Xy is a Banach function space, when endowed with | - ||X[p], if and
only if X is p-convex with constant one (see [79, Prop. 2.23(i)(ii)]). Given 0 < pg, p1 < 00
and 0 < 0 < 1, denote by pg and py the numbers such that

1 1-6 6 1 1-60 6

—_— =t — and —_—=—t—,

Po Po p1 Po p1 Po
respectively. Hence - + L = L 4 L,

Po  Po P1 po
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Lemma 5.1. Let (X, X1) be a pair of Banach function spaces. If0 < p, po, p1 < oo and 0 <
0 <1, then

M (XI_HX?)[pl = (Xop)' 0 X)),

@ ( po]) _Q(Xllpll)ez(xéfaX{l) where a :=

9[]1
[Pal (1-0)po+6p1 *
PROOE (D). Let f € (X}70XY),), and let f; € (X))*,i = 0,1 be such that |f|V/P < f170£0,
and this happens if and only if | f| < (f0 Pyl G(flp)e if and only if | f| < g, 1- Hgf, where for
i=0,1,g:= fl € Xi(p)- So the following equalities hold

1-0) £ 10 1/ 1/
62 (IHIETIAIG) =g 1%) ™ (s P1%, ) = leoll 0 gl
where |f| < (fop)l—e(flp)e and also |f]| = go‘ gl, for g; := fl € Xi[p), i = 0,1 Thus, taking
the infimum in (5.2) among such values, we obtain

1/p
”f”(Xé_eXf)[ - "lfl ”Xl [;Xg ”f”(XOlp])l_e(Xl[p])g’

forevery f € (X, ~0x9) . Conversely, the same result holds for each f € (X, p])l‘e (X1 p])e .

[p]

(2). Let us note that for the given a :
is, we have the following equality

—(1 Dporop W have that py = (1 -6) pg + 6 p;. That

1 _1-a N a
1-0po+0p1  po  p1’
Thus apy =0p; and also (1 — a) py = (1 —0) pg. Obviously, if pg = p; then a =0 and this is

the case considered in the assertion (1).

Let f € (Xogpy) ' 0 (X1 (p,))? and let g; € (Xi(p,)* (i = 0,1) be such that |f| < g3 ¥g?.
Observe that g; € Xiip) if and only if f; := gl.”p" € X; (i =0,1), in this case we have that
|fI<1fol 40P f10P1 = | fo| 1= @Pa| fy|9Pa, e | fI1Pe < | fo| 29| f1]9. Then

1/p

Igolkl I8l = (18" 15) (g,
-0) 0 ) —

=1follS, VP NAISE =1/l “P AN = (161 1 A1E,)P,

where |f| < g5~ 0¢% and | f|V/Pa < |f0|(1‘“)|f1|“. Finally, taking the infimum we obtain the
equality of the quasi-norms. If f € (X(}‘“Xf‘)[pa , we can follow the reverse way. ]

VPR

Several approaches has been considered to extend the complex interpolation method
to the setting of quasi-Banach spaces, see for example [22, 44, 54, 84, 91, 102]. Complex
interpolation of p-convex spaces has been considered in [91].

Remark 5.2. Notice that if in a pair (Xp, X1) of Banach function spaces, at least one of the
spaces is order continuous then the product spaces (Xo| ,,0])17‘9 (X [pl])g are order contin-
uous for 0 < 0 < 1 and we can apply [44, Th. 3.3] to obtain the equality

1-6 0
[Xotpeh X11p1] 19y = (Koipel)  (Xuipn1)”-
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In particular, for pg = p1 = p we have [[XO,XI][B])[p] = [Xo[p],Xl[p]][m.

Let us recall that if Z is an order continuous Banach function space, then the bounded
measurable functions are densein Z. If f € Zand f,, := fya, with A, := {w € Q: | f ()| < n}
then (fy),, converges to f in Z[;) for every 1 < p <oo.

Theorem 5.3. Let (Xy, X1) be a pair of order continuous Banach function spaces over the
finite measure u, and let (Ey, E1) be a pair of Banach spaces. Let T: (Xo, X1) — (Eo, E1) be a
u-determined operator. Then, foreach1 < p <oo andeach0<6 <1

(LP (mg), LP (m1)] g < LP (mg),

where the vector measures my, my and my are respectively the ones associated with Ty, T,
and Ty : [Xo, X11j9) — [Eo, E1lg)-

PROOE. In virtue of Proposition 1.1(3), for i =0,1 and 0 < 8 < 1, the integration maps
Iy, L'(m;) — E; and Iy LY(my) — Ej are the unique extensions of T; and Ty respec-
tively. Let f € L' (mp) n L' (m), then there exists k € Nand f; := fx, where Ay :={w € Q:
|f(w)| < k} such that 2|| Ly, ||| f - Jill 1,y <€ for i =0, 1. Therefore

W (F) = Ty (D) gy, < W g (F = Fill gy + 1oy (F = fi) g, <.

Then I, and I, coincide in the intersection of their domains, and so one can define
the interpolation operator. On the other hand, since X; < L'(m;), it is easy to check that
[Xo, X1l10) 15 (mo),L1 (m1)]}g;. If we denote Iy the interpolation of the integration maps
In;, we have the following diagrams

Te T9
(X0, X119y —— [Eo, E1ljg (X0, X119y ——— [Eo, E1ljg)
Iing lj /
L (mp) [L!(mp), L' (m1)] g

DIAGRAM 5.1. Applying of the optimal domain theorem to the interpo-
lation operator

Now, by the optimal domain Theorem 1.2 we have that [L! (my), L' (m1)],9; < L! (my).
So by this and by Remark 5.2 we obtain
[LP (mo), LP (m1)] g, = [Ll(mo)[l/ple(ml)[l/p]][9]

= ([L (mo), L' (mD] ),y S L' (o)1) = L (mg).

And the proofis completed. O

Without the assumption of y-determination, but with other requirements, we can ob-
tain a p-th power factorization for the interpolated operator.
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Proposition5.4. LetT: (Xy, X1) — (Eo, E1) be an operator from a pair (Xo, X1) of order con-
tinuous Banach function spaces over a finite measure into a pair of Banach spaces (Ey, E).
If the restrictions Ty and T\ are p-th power factorable for some 1 < p < oo, then the interpo-
lated operator Ty : [Xo, X1]j9) — [Eo, E1l1g) is p-th power factorable for every 0 <0 < 1.

PROOE Step 1. Since the restrictions Ty: Xo — Ep and T;: X; — E; can be extended to
Xorp and Xj ) respectively, we are going to prove that these extensions allow us to de-
fine an operator Xo[p,) + X1 — Eo + E1 such that its restrictions to Xy, and X, are the
operators that extend Ty and T; respectively.

By definition of p-th power factorable operator, for i = 0,1, T; = Tj(p) © jip), Where jip
denotes the inclusion X; € X; [, and Tj,: Xj[p — Eo is the extension map. It is straight-
forward to prove that Ty, and Ti(p) coincide on Xg(,) N Xi(p). Denote by M;, i = 0,1 the
quasi-norm of Tjp : Xjj,) — E;. Let us take f € Xo(, N Xy and € > 0. Since Xy, and
X)p) are order continuous we can obtain k € N such that

€
and [ f = fillxy ) < 57

€
p— < _—
I1f = fiell xo,, 5 oM,

My

where fi := fya, with Ay := {w € Q:|f(w)| < k}. Hence, having in mind that T;,, (f) =
T; (fi) = T(fi), i = 0,1, we have

1 Topy (F) = Tagp) (D Eg+ 5y = 1 Topp () = T(fidllg, + 1 T(fi) = Tam (Dlg, <é.

Thus we have that T()[p] (f) = Tl Ipl (f) and so To[p]|X0[,,]mX1[p] = Tl[p] |X0[p]ﬁX1[p]'

Step 2. Let us now define the map

T: XO[p]+X1[p] — Ey+E;
fot i — Top(fo) + Tapp (A1)

Let us see that it is well defined. Assume we have two representations of an element in
Xop + X11pp, 6. o+ 81 = fo+ fi where f;,8; € X;p,) for i =0,1. Thus, Topp(g0 — fo) =
Ty 1) (fi - 81) since go — fo = g1~ fi € Xo(p) N X1y}, hence by linearity of T; ), T(go+81)=
T(fo+ f1). Moreover if fy+ f1 € Xo + X3, we have that T'(fo + f1) = To(fo) + Th (f1) = T(fo) +
T(fi)=T(fo+ f1). Itis easy to check that this map is linear and continuous, since Tj [ is.

From these arguments, T| Xijp = Tip) for i =0, 1, so we obtain the interpolation map
(Do (X0, X1lig)) ) — [Eo, Exljay,

since [Xolp],Xl[p]][g] = ([X(),Xl][g])[p] (see Remark 5.2). Moreover (T)0|[X0.X1][B] = Ty, since
(T)p and Ty are restrictions of T and T respectively, and [Xo, X1];g; S Xo + Xj. Therefore,
we have an extension of Ty to its p-th power space, which is the definition of p-th power
factorable operator (see comments below from the Definition 1.6). (]
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For the case in what T and T are respectively, po-th and p;-th power factorable for
Po # p1, we can assume an inclusion between the codomains Ey and E; in order to obtain
a factorization for the interpolated operator.

Proposition 5.5. Let T: (Xy, X1) — (Eo, E1) be an operator from a pair (Xo, X1) of order con-
tinuous Banach function spaces over a finite measure into a pair of Banach spaces (Ey, E1).
If the restrictions Ty and T, are respectively py-th and p: -th power factorable with1 < pg <
p1 < oo, and Ey S E1, then the interpolated operator Ty: [Xo, X1]j9) — [Eo, E1lig) is pe-th
power factorable for every 0 <0 < 1.

PROOF. Since pg < p;, we have a := 0py/pg < 6. Hence Ey < [Ep, E1l{o) S [Eo, E1ljg) S
E,, since Ey € E; (see [9, Th. 4.2.1]).
Step 1. Since the restrictions Tp: Xo — Ep and T : X; — Ej can be extended to Xo1po] and
X11p,) TEspectively, we are going to prove that these extensions allow us to define an oper-
ator Xo[p,) + X1[p;] — Eo + E1 such that its restrictions to Xg,, and X, are the operators
that extend Ty and T respectively. This step is like the Step 1 of the previous proposition,
but in this case we obtain that Ty, iXO[pO]ﬁXI o = Tlip |X0[p0]ﬂX1 o

Step 2. Let us now define the following map
T: Xo[po]+X1[p1] — Ey+E;
fot i — Topa(fo) + Tapp, (1)
It is simple to show that this map is linear, continuous and well defined. On one hand,

from these arguments T|X,-[,,.] = Tippy for i = 0,1, so for every 0 < § < 1 (in particular for
0 =0py/ pg) we obtain the interpolated map

Ts: [Xoipol» X11py1] 15y — [Eo, E1lsy-
On the other hand, in virtue of Lemma 5.1(2) and order continuity of X, and X; we have

(X0, X1Ji01) 11 = [Xotpor X11p11] (g

where a = 0po/pg. Now, since a < 0 and Ey € E; we have that [Ey, E1]q) < [Eo, E1]g), thus
the following diagram holds

Ty
(X0, X1ljgg — [Eo, E1ljgg =<—[Eo, E1l g
A
(T9) pp) TT(,

iipg) :
([XOrXI][G])[pB] = [XO[,UO]'XI[Pl]][a] .

DIAGRAM 5.2. pg-th power factorization for the interpolated operator Ty

By definition of T, Ty = Toi|p,) = Tqoi|p,), by uniqueness of the extension (Ty),,; and
we have that Ty is pg-th power factorable. g
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Remark 5.6. Observe thatifin the proposition above we assume p; < pg and E; < Ey, then
we obtain the same conclusion. Thus if Ey = E; one may consider every pair of indexes
1 =< po, p1 <oo. If pg = p1, then a := Opy/ pg = 0 and therefore [Ey, E1](g) = [Eo, E1]{4), as in
Theorem 5.3.

5.1.3. Interpolation for (p, g)-th power factorable operators. Let us now study the
case of a (p, q)-th power factorable operator. First, when the indexes of factorization of the
operators coincide, and then when they differ. In the first case we does not need any spe-
cial hypothesis, however if the indexes of factorization are different in the two operators,
we need to assume some restriction on the indexes.

Theorem 5.7. Let T: (Xy, X1) — (Yo, Y1) be an operator between two pairs (Xo, X1) and
(Yo, Y1) of order continuous Banach function spaces over a finite measure. Assume that Yy
and Y, are Fatou and that YO’ and Yl’ are order continuous. If the restrictions To and T, are
(p, q)-th power factorable and (Yo’)q and (Y{ )9 are order continuous for some 1 < p, q < oo,
then the interpolated operator Ty: [Xo, X1li9) — [Yo, Y1110 is (p, q)-th power factorable for
every 0<0 <1.

PROOF. Let us first note that for each i =0, 1, since T; is (p, g)-th power factorable, we
have that T; is p-th power factorable and T" is g-th power factorable (Remark 4.9). Thus
(Xi)1p) and (Y})[4) are nontrivial for i = 0,1 (see Remark 4.3).

From Theorem 4.4, for i = 0,1 there exist operators T;(,, 4 : Xi[, — ((Y])[4) that ex-
tend T;. By applying the argument used in Step 1 of the previous theorems we obtain that

Topp,q) |X0[mﬂX1[p] =Tpq |X0[p]nX1 e

Now the operator T: Xop)+X1 () — (Yg)1g1)'+((Y]) () defined by T(fo+ f1) := To(p,q (fo)+
T11p,q1(f1), is well defined. From these reasons we can write that T'x, | = Tjp,q fori =0,1
and obtain the interpolated map Tg: [Xo[p],XI[p]][g] — [((Y()’)[q])', ((Yl’)[q])/] 01-

We now are going to relate the domain and codomain of Ty with ([Xo, X11jg;);,, and

!
(Yo, v3] [9])[q]
Xip), by Remark 5.2 we have that ([Xo, X1)ig)) ) = [Xoip1 X111 ;-

[p]
)' respectively. Since both Xp and X; are order continuous, so are Xo[,) and

We claim and show that
(5.3) [((Yo')[q])', ((Yll)[q])’][g] c [(Yé)[q], (Yl')[q]]'[el .

Observe that by hypothesis, for i =0, 1, we have (Yi’ )7 is order continuous, thus ((Yl.’ KD Ol
((Yi’)[q])’ is also order continuous (recall Proposition 1.5(5) and (11)). Thus the bounded
functions are dense in both ((Yy)(4)’ and ((Y{)(4))’, consequently so is the intersection of

these spaces. Now we can apply [9, Th. 4.3.1 and Th. 4.5.1] in order to satisfy the second
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inclusion of the following two inclusions
[ g1, WDiar] gy € [ 100", (FDigD)" ]9 € (Vi) (YD) g, -
Applying Proposition 2.4(3) for p = 1, we obtain (5.3).
Thanks to Lozanowskii duality and order continuity of ¥; and Yl.’ , we deduce that
[Yo, il = (Y 0%)) = v )’ = 15, Yl
Thus, from order continuity of ¥ and Y}, applying again Lemma 5.1(1) we have that

(Yo, Yaligy) ) = (Y0, Yilign) ) = (V)1 (W] -

lq]
Finally, since Y, and Y; have the Fatou property, taking duals in the last equality and by
(5.3) we obtain that

(5.4)
[(OQ1aD" (g gy < (V) 10 D11y, = (Yo, Yiligy) )’

< [Yo, Yiljp; = (% )" = ()"0 ()’ = ¥ 0 = (Y0, iy

Diagram 5.3 below clarifies the situation.

Ty
[Xo, X1ljg) ——— [Yo, 1ljp

(X0, Xl iey) y = o (1Yo, 1) )

[Xotpn X111 19— [((¥1a)s (YT

DiAGRAM 5.3. Interpolation for extensions of (p, g)-th power factorable operators

In consequence it is obtained the operator
Toip,q1 (X0, Xilig)) = (1Y, Yiljg)), )"

Moreover, from the order continuity and Fatou hypothesis for the Banach function spaces
involved and by the Lozanowskii duality we have that [X, X1]}g; and [Yp, Yl]l[@] are order
continuous and that [Yp, Y1]jg (is order continuous and) has the Fatou property. This im-
plies, thanks to Theorem 4.4, that Ty is (p, g)-th power factorable. (|

The last theorem uses the same technique to interpolate the extension maps and
shows the most general result that we reach in this section.
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Theorem 5.8. Let T: (X, X1) — (Yo, Y1) be an operator, such that (X, X1) and (Yy, Y1) be
two pairs of order continuous Banach function spaces over a finite measure. Assume that
Yy and Y1 are Fatou and YO’ and Yl’ are order continuous. If the restrictions Ty and T, are
respectively (po, qo)-th and (p1, q1) -th power factorable and (Y;) % and (Y)) T are order con-
tinuous for 1 < py, p1, qo, g1 < co with det(’,;g Z}) = 0, then the interpolated operator Ty is

(po, qe) -th power factorable for every0 <0 < 1.

PROOE. As in the previous theorem X; and Yl.’ are order continuous and we deduce
that X;,,; and Yl.’[qi] are non-trivial for i = 0,1, since T;: X; — ¥; and T}: Y] — X are p;-
th and g;-th power factorable for i = 0, 1. By hypothesis Tj is (po, go)-th power factorable,
so by Theorem 4.4 there exits To(p,,q01 : Xo(po] — ((Yy)(go1)', and the same for T1, there exists
Tiipyqus Xiipy = (Fig)-

We now are going to prove that the map
T (Xotpon X11pn1) = (%10 (Vig11)').

defined by T(fo + f1) := To1po,q01 (o) + T1(py,q11 (1), is well defined. To this we only need to
prove that Ty, 01 (f) = T1(py,q1 () for every f € Xorp N X1 (p,1-

Let f € Xo[py) N X1[p,- As in the previous theorem Xo N X; is dense in Xo(p, N Xi(p,),
then there exists a sequence (fy),, = Xo N Xp such that f, — fin Xo(p,) N Xq(p,1. By conti-
nuity we have that T;, 4.1(fn) = Ti(p; ¢, (f) for i =0,1. On the other hand, again as in the

previous theorems, we know that To[po, and so

%]'XOOX] = Tllm.ql]’xonxl’
0= (To[po'qo] - Tl[l?l,thl)(fn) - (To[pquo] - Tl[m,ql])(f) =0.

Therefore To[po, Then T is well defined (linear and

ol iXo[pol”Xl o Tipua |Xo[pm”Xllml
continuous), and so we may consider the interpolation operator T, for a@ € (0,1). The
next step is to identify the domain and codomain of T, with the domain and codomain
. . . . _ / /
respectively of the hypothetic extension (Tp) 4,1 (1Xo, X1][9])[p9] (1Yo, Y11 [9])[%]) .

In virtue of Lemma 5.1(2) and order continuity of Xy and X; we obtain that

(X0, X1Ji01) 11 = [Xotpor X1 1p11] (g

for a := Opy/ py. Again as in the theorem above we apply Lozanowskii duality and order
continuity of ¥; and Yl.’ to obtain that [Yp, YI]EG] =Yy, Y/ o)+ We now apply Lemma 5.1(2),

which gives that ([Y, Yl]fﬁl)[qg] = [(YO’)[qo]’ (Yll)[qll][m’ where 8 :=0qo/qg. By taking duals

and having in mind that (YO’)q0 and (Yl’ )9 are order continuous, we use the same argu-
ments that prove (5.3) of the previous theorem with [9, Th. 4.5.1 and Th. 4.3.1], and so we

have
!

[ o) (D] < ([(YOI)[!ZO]’(Yl/)[qll][ﬁ]), = (Yo, Yalg)) ) -

Observe that since Yy and Y; are Fatou, [Yy, Y1]}g; is Fatou.



5.2. (p, q)-TH POWER FACTORABLE KERNEL OPERATORS 57

Let us show that a = 8. For 0 < 6 < 1, developing g in this equality, we obtain £ = L

Po  qo
if and only if
p16 _ 0o
Po(1-0)+p10  go(1—6)+q6’
i.e. 0(1-0)(p1go— poq1) =0, thatis det (% ') = 0, which is our hypothesis.

Summarizing, if we define Ty, 4,1 :=i° T, we have the following extension map

To1pg.a9)
—— s (Yo, Yally)

)!

(1X0, Xa) lﬁl)[m

L

a

T,
[Xotpo1 Xtipui] g — D 1a0) (X140 ] -

Finally, in virtue of Theorem 4.4, the interpolated operator Ty: [Xo, Xil{g; — [Y0, Y1]jg) is
(pg, g9)-th power factorable. 0O

[qge]

Remark 5.9. Finally we note that the technique of interpolate the extensions maps can be
applied to other factorizations as for example Maurey-Rosenthal, one only needs to verify
if the interpolation of convex/concave spaces is convex/concave in the same sense. Also
we can try to interpolate using the real method using known results for the K-functional of
p-convexifications (see e.g. [70]). The second complex method does not seem to give us
more information since for the interpolation of p-integrable function spaces with respect
to a vector measure, both methods coincide to each other (see [40]).

5.2. (p, q)-th power factorable kernel operators

The statements provided in this section give tools for the study of the optimal do-
main and optimal range of a kernel operator, that are sometimes called Hille-Tamarkin
operators. Recall that a kernel operator Tx: X — Y between Banach function spaces is a
Hille-Tamarkin operator if ||| K| x' 4, ||y < oo (see Section 1.2.2).

An important fact is that most of the usual kernel operators are defined in sets of in-
finite measure and so the main requirement regarding the measure in this work is not
fulfilled. The results that have been obtained are for finite measure spaces. However no-
tice that, as was explained at Section 4.2, Lemma 4.13 and Corollary 4.14 allow to adapt
them to the case of o-finite measures, obtaining in this way canonical factorizations for
operators as the one that is shown in the last example of this section. For other studies on
kernel operators from the point of view of the optimal domain and factorization we cite
[29,17, 28].

Hereafter, (Q, %, u) will be a finite measure space. Clearly, the map A~ [ WKduedu,
A € 2 ® X defines a measure denoted by 1 (see Example 4.12). So we have the product
measure space (Q2 x Q,Z ® X,1). We will use the notation described in Section 1.2.2.



58 5. APPLICATIONS OF (p,q)-TH POWER FACTORABLE OPERATORS

5.2.1. Holder’s type inequality. Under the requirements of Theorem 4.7, assuming
some power factorability of the adjoint and the operator itself, the next results show that
a Holder’s type inequality implies (p, g)-th power factorability. We follow the notation of
Example 4.12, namely if f, g are real valued functions defined on Q, then (f ® g) (w1, w2) :=
flw1)g(wz).

Theorem 5.10. Let X and Y be Banach function spaces. Assume that X and Y' are order
continuous and Y is Fatou. Let K € L' (u® ) such that its associated kernel map Tx: X — Y
is continuous. Suppose that for some 1 < p, q < oo, the following conditions are satisfied:

(i) Tx is p>-th power factorable.
(ii) T} is g*-th power factorable.
(iii) There exists C > 0 such that forevery fe X and ge Y’,

(5.5) ||g®f||L1(,7) = C”XQ ®f”Ll’(n) ”g@XQ”Lq(n) ,
wheredn:=Kdue®dp.

Then Tx is (p, q) -th power factorable.

PROOE. For the aim of clarity we write dx and dy instead of du(w;) and du(w,). In
consequence, by hypothesis and Fubini’s Theorem, for f € X and g € Y’ we have that

|<T1<(f),g)|=Uﬂ(fﬂf(y)l((x,y)dy)g(x)dx’:|fQXQf(y)g(x)dn

= ||g®f||L1(m = C||X9®f||Lp(n) ||g®7m||m(m.

Let us now estimate the last two factors. Again by Fubini’s Theorem and the fact that Tk is
p?-th power factorable, we have

a® Wy = [ oo frkaxedy= [ ([ 170Ky dy)ratods

< lixally: sup | ( fQ [FOIPK, » dy)ux)dx = Ixally: sup I(Te(f1),w)

uEByr uEByr

2
= Ixally Tk QFI)Ny < Ixaly QAP 1% = lxaly QuIfIR, -

Analogously, since T}, is g*-th power factorable, we obtain

2
lg® xalfaq, = fm 8@ xal?dn = lxalx Q8" 17, = Ixalx Q2 l8If, -

Finally Theorem 4.7 implies that Ty is a (p, q)-th power factorable operator. ]

Holder-Rogers inequality and Theorem 1.9 provide us the following corollary.

Corollary 5.11. Let X and Y be Banach function spaces over the finite measure |. Let
K € L'(u® ) be a positive kernel such that the associated kernel operator Tx: X — Y is
p-determined. Assume that X and Y' are order continuous and Y is Fatou. Suppose that
1 < p, g < oo are such that the following conditions are satisfied:
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M +z=<L
(i) Ty is p?-th power factorable.
(iii) Ty is g*-th power factorable.

Then Tk is (p, q)-th power factorable. Moreover, if % + % =1, then Tk factors through LP -
spaces of scalar measures, i.e. the following diagram commutes

Tk
X—>Y

]

T,
LP (1) —— LP (up)

DIAGRAM 5.4. Factorization through L”-spaces for kernel operators

where ) and 1, are positive finite scalar measures.

PROOE. The first statement is simple since % +1 <1, hence taking into account that
g® f=(g®xa)(xa® f), Holder-Rogers inequality yields immediately the condition (5.5)
of Theorem 5.10, which gives the result.

For the second statement, by Theorem 5.10 and Theorem 4.7(5) we obtain Hg, an
extension of Tk from LP (mg) into (L9(mg))’, where R and S are operators such that T =
SoR. In fact, the proof of Theorem 5.10 makes clear that R and S’ can be chosen to be
positive. On the other hand, since Tk is a positive operator, so is Hx, and we obtain by [66,
Prop. 1.d.9], for every set of functions fj, ..., f;, € LP (mp),

”(ilIHK(ﬁ)I”)UpH < Ikl H(imw)”’””

This implies by Theorem 1.9 the factorization diagram for two measures y; and p that are
Rybakov measures for mg and mg, respectively. ]

(L9 (mg)’ LP(mp)’

Remark 5.12. Let1 < p <oo. Let K: Q xQ — [0,00) be a kernel function. Let Tx: X — Y
the kernel operator associated with K, where X and Y are Banach function spaces. Let
dn = Kdu® du be the measure defined above. For a given f € X,

fQTK(Iflp)(wl)du(x)=fQ)(Q(w1)fQIf(wz)l”K(wl,wz)du(wz)du(an)=f

Qx

lxa® fI”dn.
Q

Therefore yo ® X := {yo ® f: f € X} = L” (1) if and only if Tx (X)) < L' (1), understanding
this last expression as the kernel operator applied to functions of the p-th power space. It
happens for example when Tk is p-th power factorable, since Tx(X(p) € Y < L'(u). The
same argument for Y’ brings us to that Y’ ® yq := {g® ya: g € Y'} < L9(n) if and only if
T (YNg) € L' (u), with the same abuse of notation.
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5.2.2. Hille-Tamarkin operators. Let us now present another condition concerning
the boundedness for the kernel function which implies with other natural assumptions the
(p, @)-th power factorability of the corresponding kernel operator. The following results
can be applied for instance in the case of Hille-Tamarkin operators.

We start with a proposition that gives sufficient conditions for the factorization of ker-
nel operators through the adequate power space. Recall that all along this section every
Banach function space is based over a finite measure.

Proposition 5.13. Let (Q,%, ) be a finite measure space and let 1 < r, s, p, g < oo be such

that 1 = % +1 and let K be a kernel function such that || K|l g0, ||, < oo, i.e.

sir

rls

K101 du@)” " dun)” <oo.
(0L )

Then the kernel operator associated with K, Tx: L” (u) — L9(u) is r-th power factorable.

PROOE. Since r < p, LP < L. Let f be a simple function. We will use dx and dy in-
stead of d(w1) and du(wy). Then, using Minkowski'’s integral inequality (1.8) and Holder-
Rogers inequality we obtain

(I TKf”q)l/r _ (fQUQK(x’y)f(y) dy‘qu)ll(qr) (158) (fg(fgIK(x,y)f(y)lqu)l/qdy)m
= ([ ron( [ wepiras) an)” = ([ ronkigmmar)”

1/p 1/s
<([rrorray) ([ iz, may) = 10Kgo) 10,

Using that simple functions are dense in LP, these inequalities prove that there is a con-
1/
stant C := || [||K||q,w1) rHS such that | Txgll4 < Cll IgII/rII;J =Cliglir,, forall g e LP(u).

Thus we have that Tx: L”(u) — L9(u) is r-th power factorable. O
Example 5.14 (The Volterra operator). The Volterra operator V),: LP[0,1] — LP[0,1] (p >
1) has kernel function K(x, y) := X0, (3), hence for r, s > 1 such that % = % + % we have

8gonllr = ([ ([ womoirax)™ ay)™ = ([([ mocorax)"" ar)™
1 1 siqr rls 1 rls
() (J, )™ )" =( [ a-prar
y 0
= (fol (star dt)r/s _ (t(;rq;)? ;)”S _ (q:}:s)r/s.

Then by Proposition 5.13, V), is r-th power factorable for r € [1, p], see [79, Ex. 5.9].

Proposition 5.15. Let X and Y be Banach function spaces over the Lebesgue measure on
[0,1] such that X and Y' are order continuous and Y is Fatou. Suppose that X < ’ [0,1]
andY' < qu[O, 1]. Let1 < p,q < oo and let Tg: X — Y be a kernel operator with kernel
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function K: [0,1] x [0,1] — [0,00) such that ||IIK|l ., ||q, < oo. Then Tk is (p, q)-th power
factorable.

PROOF. By hypothesis, X, < L”[0,1] and (Y');4) <€ L9[0,1]. Let f € X and g€ Y".
Applying the Holder-Rogers inequality twice, we obtain

1 1 1 1
I<T1r<f,g>|=’f0 fo K(x,y)f(y)g(x)dydx‘Sfo Ig(x)lf0 K, ) f(»)ldydx

1
< fo 18CONK N, L Fll p A2 < 1K Wt a5, | 1811 1£1p < CNIK | 11 x,, 18 e

lq) "

Now, since || 1Kl 0, || 7 < oo we can apply Theorem 4.7 in order to finish the proof. O

Example 5.16 (Hartley kernel). Let us show that the Hartley transform, when applied to
certain Orlicz spaces over finite measure, is always (p, q)-th power factorable for every
p,q > 1. This transform was proposed in 1942 [51] as an alternative to the Fourier trans-
form with the advantage that it maps real valued functions into real valued functions. It
has applications to some current transmission problems and it has the form

N
fN(cos(xy)+sin(xy))f(y)dy, feL'[-N,NI.

Since we are working in the context of finite measure and positive kernel operators we will
use the so called absolute kernel K(x, y) := |cos(xy) + sin(xy)|, for x,y € [-N, N], which
is always positive (see [108, Ch. 13 §94] for the relation between kernel operators and
absolute kernel operators). Since | cos() +sin(#)| < v2, we have that | K| ., < V2@N)VP
for every 1 < p < oo, this implies that

11Kl = V2I@NP 1 = V22N PV < oo,

for every 1 < g < co. Let us consider an Orlicz space L?[—N, N] such that LY[-N,N] <
L”’2 [-N, N] (it suffices that Iul”2 < Cep(u)). We also consider an Orlicz space LY [N, N]
such that (LY [-N, N])’ c L9 [=N, N] (in this case it suffices that |u|9° < D sup {2uv-y():
v> O}, see [12, Rem. 6.8]). Suppose that Tx: LY[-N,N] — LY[-N, N], the operator asso-
ciated with K, is continuous (see [60, Th. III.15.1 and Lem. III.15.1] for the existence of
the Orlicz functions ¢ and v). Finally by applying Proposition 5.15 for the interval [- N, N]
instead of [0, 1], we obtain that the absolute Hartley kernel operator is (p, g)-th power fac-
torable for every 1 < p, g < co. (|

The following proposition is a version of Proposition 5.13 for (p, q)-th power factorable
operators. It represents the canonical example of this class of operators.

Proposition 5.17. Let (O, 2, ) be a finite measure space and let1 < s <2 <r < oco. Let
Tx: L™ () — L°(w) be a kernel operator with kernel function such that || 1Kl g 0, ” , <00, le.

K0 dutn) duws)'’" <oo.
U ) )
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Then there is C > 0 such that

KTk f, )l <CIlflllgls, feL (w, ge le(u).
Thus, Ty is (r — 1,s' — 1)-th power factorable.

PROOE. Let fe L" and g € LY. As usual we write dx and dy instead of du(w,) and
du(w»). Applying Fubini’s Theorem and Holder-Rogers inequality twice, we have

|<TKf,g>|sf |f(y)|(f |K(x,y)g(x)|dx)dy=f FOIIK- gl o, () dy
Q Q Q

= IIgllsfQ [fFIK s () dy <INl n 1Kl s, ||r
Since ﬁ =1 and S—S’ > 1 we can write L” = (LN and L = (LS')[Sr,S], therefore Theorem

4.7 implies that T is (r/r’, s'/s)-th power factorable. O

The last corollary in this chapter allows us to obtain a (p, g)-th power factorable kernel
operator whose adjoint is a Hille-Tamarkin operator by means of the dual relation between
their kernels.

Corollary 5.18. Letl <s<2<r <oo. Let K: [0,1] x [0,1] — [0,00) be a kernel function,
andletK'(x,y) := K(y, x) beitsdual kernel. Let Tg: L"[0,1] — L*[0, 1] be the kernel operator
associated with K. If the kernel operator Ty : L°[0,1] — L"[0,1] associated with K’ is Hille-
Tamarkin, then Tx is (r — 1,5’ — 1)-th power factorable. If in addition r' < s, then Ty is
Hille-Tamarkin.

PROOF. Tgs: L°[0,1] — L"[0,1] is Hille-Tamarkin, thus |[IKlly, [, = [ 1K I 5w, ], <
oo. By Proposition 5.17, T is (r — 1, s’ — 1)-th power factorable. For the second statement
we use the Minkowski’s integral inequality in his form with norms (1.9), which we will be
able to apply since r’ < s. Observe also that 7’ < r and s < ¢/, thus L'[0,1] < L" [0,1] and
L°'[0,1] < L*[0, 1]. Therefore we have
1K s < 1K 0 L 2 K e < Q1 [ Wi, < Q1Q5 1K g ], < 00,

where Qp, Q2 > 0. Thisimplies that Tx: L"[0,1] — L°[0, 1] is a Hille-Tamarkin operator. []



CHAPTER 6

AN OPTIMAL DOMAIN FOR THE LAPLACE TRANSFORM

We finish the work with a construction of the optimal domain for the Laplace trans-
form assuming that it takes values on a particular weighted LP-space based on a finite
measure. In general, given a kernel operator that takes values on a o-finite based L” space,
namely L”[0,00), we define an isometric map towards L (hdx), a finite based space by a
weight function A, so that My, by the LP (hdx)-valued vector measure associated with the
kernel operator is well defined. By means of this vector measure we have that the kernel
operator can be extended to the canonical optimal domain L' (mp,p), in fact we obtain a
bound of the operator norm for the restrictions to L9(m,, ;) that can be taken as small as
we want depending on the selected weight from a concrete family of weights. Finally we
apply Theorem 6.9 to modulate this optimal domain and weighted codomain in order to
provide a repertory of spaces where the kernel operator is well defined.

6.1. Introduction

In order to obtain the optimal domain as has been described above we will study when
the Laplace transform is (p, g)-th power factorable when considered between two given
Banach function spaces that we will construct. Concretely, we will compute the double
norm of the Laplace kernel in such spaces in order to apply the preceding results. We will
show that it is sufficient this double norm be finite in order to have a factorization in our
sense. An important fact is that in general the usual kernel operators are defined in sets of
infinite measure (see e.g. [10, 47, 48] for the Laplace transform case). This is the reason
for that, in order to apply our results, we will make use of a weight function that brings to
a finite measure the infinite Lebesgue measure. The Laplace transform is often defined to
be of complex variable, but here we will study the real variable case. It is defined as the
following improper integral

iff(x)::fo fye™dy, xel0,00).

The convergence of this transform has been widely studied ([74], [109], [104] among a
lot of others). The associated kernel function is K¢ (x, y) := e™*Y for (x, y) € [0,00) x [0,00).
We will show that the kernel of the Laplace operator satisfies a condition for being (p, g)-th
power factorable in the adequate context. If the operator defined by a kernel satisfies some
conditions, the theory of vector measures provide us the so called optimal domain —the

63
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space of integrable functions— L' (m) where m is a concrete vector measure depending on
the kernel operator (see [79, Ch. 4] and references therein). In order to be precise, m(A) :=
ZL(x) for all A€ X. All along this chapter we are working with three integral norms, in
order to distinguish them we use || - | Lr ), Il - | Lr i) and || - || , for the norms corresponding
to a finite measure p, a vector measure m and the Lebesgue measure, respectively (p €
[1,00]).

Regarding the Laplace transform, as far as we know no systematic study of the optimal
range/domain has been done, although there are several recent results in this direction
where they approach the problem from several points of view but for other kernel oper-
ators (see e.g. [17, 19, 28, 29, 30, 75, 80, 81, 79]). In this work we center our attention in
the case when the range space is a weighted L” space, that appears in a natural way (see
[10]), but now using vector measure techniques for describing the optimal domain as an
L' (m) for a particular vector measure m (see [31] for a description of this space). We prove
several results on the structure of such space, mainly the continuous inclusion of L0, 00)
spaces in it.

In Theorem 6.7 we fix a concrete space of integrable functions as the set where the
functions that are representable as Laplace transforms may belong. In the next step we
analyze conditions to obtain the vector measure associated with the Laplace transform
taking values in that space, in order to use the description of its optimal domain. This
provides a bigger order continuous space where the Laplace transform works. Finally, in
Example 6.15, we factorize the Laplace kernel operator so we find spaces of integrable
functions with respect to scalar measures where the Laplace transform is continuous.

Let us remark that the classical study of the Laplace transform is oriented to find con-
ditions for representing a function as a Laplace integral or to analyze the inverse problem.
In [105, Ch. VII] it was shown that the Laplace transform maps LP[0,00) (for p € [1,00])
into a subset in C*°(0,00), (see e.g. [5] for more information about this representation of
real and vector-valued functions). These results are based in the Post’s conditions [89, Th.
XXI] for a Laplace representation of real valued functions. Other points of view can be
found in [72] and [7].

6.2. The vector measure

Let us consider the o-finite measure space of the set [ 0, 00) with the Lebesgue measure
and the o -algebra of Lebesgue measurable sets of [0,00). Let us denote by K¢ (x, y) := e™*V
the Laplace kernel and let 1 < p < co be a fixed value. Recall that [;° e™ " dx = % fora>0.
Then we choose h € L[0,00) N L (%), and so we have the following condition

(e o] (e ] _ p l/p
10K el g = ([ ([ e ) neoax)

(6.1) (foo@dx)up i e
0o xP — N (4) '
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Observe that this is the Hille-Tamarkin condition for kernel operators (see Section 1.2.2).
Then we can rewrite this condition saying that the Laplace transform is continuous from
L*°[0,00) into LP (hdx). Taking this domain and range as starting point, the next step is to
obtain some other domains and ranges. Therefore, if 0 < h € L'0,00)nL! (%), we define
the scalar positive, finite measure pj,: £ — [0,00) by pj,(A) := [, hdx and so duy, denotes
hdx.

Foragiven 1= p <ooand he L'[0,00)n L' (%), let us consider p < r <oo. Since p<r
by the Minkowski’s integral inequality (1.8) we have

62 1K1l Le (g || < 00

It is provided by a simple application of the Minkowski’s integral inequality and (6.1). Tak-
ing into account that g < p, we obtain

oo o] / 1/r
” I Kp Il 17 ), “r = (f f (e= )P h(x)dx)’ de)

(f f (e )" dy) h(x)d) "’

plr Ip 1/r 1/
(e nooan)™ = iy = G <oo,

where C > 0 depends on r and p. Then we obtain the measure A € X ~~ fA IKg IIZ,,(M‘) o dt
(see e.g. [45, Sect. 31]). For the aim of simplicity we have assumed that # is continuous,
but it can be chosen piecewise continuous almost everywhere.

IA

IA

Example 6.1. For g € [p,00), the function h(x) := x9¢™* > 0 in [0,00), is continuous and
belongs to L'[0,00) N L' (&), a

Theorem 6.2. Let1 < p <oo. Let 0< he L'[0,00)nL! (%) be a continuous function (which
depends on p) and let uy, be the measure defined above. Then the set function mpp: X —
LP(uy,), defined by mpy,n(A) 1= £L(x 4), is a vector measure.

PROOF. Let us first verify that m, ,(A) € LP (uy,), for all A € Z. Applying (6.1) we have
that m,, j, is well defined, since

1 (AN = fo | (A) ()P () dx = fo (fA e‘”dy)ph(x)dx

Sfoo(fooe_xydy)ph(x)dxzf @d
o \Jo 0

We continue the proof by showing that m,, , is o-additive. Obviously m,, ;, es finitely ad-
ditive. Let (Ax); < X be a pairwise disjoint sequence. We define B, := U]'_, A for each
0<neNand A:=UjZ, Ak. Let us prove that for each x > 0 it is truth that

Z(xB,)(x) = ZL(xa) (x).

Clearly, for each y >0
e Vxp, () — e xay).
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Since for every x,y > 0 we have that e™Vyp () < e *ya(y) then, taking into account
that the function eV y4(y) € L'[0,00) for each x > 0, by the Lebesgue’s Dominated Con-
vergence Theorem we obtain

ZL(xp,)(x) = fo ey, (Ndy — Ly x) = fo e Vya(y)dy.

Thatis £ (yp,) converge to £ (y 4) pointwise. Thus, it converges in measure for the finite
measure (i, by the Egoroff’s Theorem. Since for each 0 < n € N we have that 0 < Z(yp,) <
L (xa) € LP (up), the sequence (£ (xs,)),, is uniformly integrable with respect to p,. If we
apply the Vitali’s Convergence Theorem ([33, Th. III.15]) we have that £ (yp,) converges
to L(x4) in LP (uy,), or in other words Mp,p, is countably additive. O

For the following corollary see [79, Th. 4.14].

Corollary 6.3. Let 1 < p < co. Under the same hypothesis of Theorem 6.2, the integration
map associated with my, y, is in fact the Laplace transform defined on its optimal domain,
Imp,h = %: Ll(mp,h) — LP(up), with respect to every order continuous Banach function
space X over a Rybakov measure for my, j, such that £: X — L (up,).

6.2.1. An embedding property. Now let us see some properties of this vector mea-
sure. Notice that by definition, the measure associated with the Laplace transform de-
pends on the parameter p = 1 and the function h.

Proposition 6.4. Let 1 < p < oo and let a continuous function h € L'[0,00) N Ll(%). Let
mp,p:  — LP(uy) be the vector measure defined in Theorem 6.2. The following statements
hold:

(1) The measure my, j, is equivalent to iy, and also equivalent to the Lebesgue measure
in %, i.e. they have the same null sets.

(2) L910,00) = L'(m, ) for everyl < g < oo.
3) L9[0,00) < Lr(mp,h)for everyr < q < oo.
PROOE (1). It is clear that uj has the same null sets as the Lebesgue measure. Let

A € X be such that has Lebesgue measure zero, then fg’o x5 dx=0forall B< A, then we fix
B, hence

mp,p(B) = Z£(xB) =f0 ree Ydy=0

for all x € [0,00) and all B < A, since the Laplace kernel is strictly positive. Then thanks to
[79, Rem. 3.4(i)] we can conclude that A is m,, ,-null.
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(2). We consider 1 < g <oo. Let f € L9(0,00) andlet0< g€ L (1). Applying Holder-
Rogers inequality we have that

fo L(fNgdun= fo fo IfWle™dy gx)dpn(0) < Ifllg 1Kl g0, 8 11,

g g
=||f||q(?) Ix “g(X)IILl(#h)SIIfIIq(;) 1T N1 1€

By definition of ,, we have that x™! € LP (uy,), thus x V9" € LP9 (up,) < LP (up). If g = 1,
then ¢’ = oco and (|| Ky IIqr‘wz)(x) =sup,5 eV =1 for every x > 0. Hence, the bound is

(0] (0] (0]
fo Z(fhgdup :fo fo lfle Y dyg(x)duy(x)
< U K loows €]l 1y = 1 1118 X 10,000 121

1/p
< 1F 101000 | oy 181 1y < IF I IR P €N -

Therefore, by the computations above, we can write the following inequality

(e 9) (e 9)
lm,0= s ([ 171dmngm)= sw ([ 7151a0m,lgu)

€B
27 () EEE L0

(e 9]
= sup ([ zufvigiam)=cifiy,
gEB / 0
LP (up)

1/q'

where C = (#) llx‘”"’ lLp(y,) Wwhen1l < g <oo,and C = IIhII}/p when g = 1. Therefore

L7[0,00) € L' (my, ).
3). Let 1 =1 < g, thus L7[0,00) = (LY'"[0,00))1/r] € (LY (mp p)) 11171 = L (M p). |

Remark 6.5. Clearly, for 1 < p < oo, the spaces LP(uy) and LP[0,00) are isometric by
means of the operators Mj,ip: LP(up,) — LP[0,00) and Mj,-1/p: LP[0,00) — LP(uy) (recall
that i > 0 almost everywhere). Then, for 1 < g < co, we have obtained the continuous and
linear map £, ,: L710,00) — LP[0,00) defined by

(L 8) () = P () fo gy e dy,

where 0 < he L'[0,00)nL! (%) is a continuous function.

6.2.2. An estimate for the norm. Let us obtain a convenient lower estimate for the
norm of the space of p-integrable functions with respect to the vector measure associated
with a given operator.

Remark 6.6. Let ([0,00),Z, ) be a finite measure space, X is an order continuous Banach
function space over y, and E is a Banach function space. Let T: X — E be a positive op-
erator, then my: £ — E defined as mr(A) := T(y4) is a positive vector measure (see [79,
p. 184]). Let us now make a little calculation in order to obtain a convenient bound from
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below for the norm of L” (my), where p = 1. Let 0 < g € E' and let f := Y, akxa, bea
simple function. For each k =1,..., n we have that

foooxAdemr,gH: )<foooxAkme,g>)

:)fOOOmT(Ak)gdy’:‘fOOOT()(Ak)gdy .

Using this, we obtain

o0 n o0
fo |f|”d|<mr,g>|=2|ak|’”f0 a, diimr, g)|
(6.3) kzl 0o 0o
=Z|ak|p|f T(xAk>gdu|=)f TUfIP) gdul.
k=1 0 0

Let us assume that E' is a norming subspace of E*, i.e. | x| = sup{l{f,&|: ¢l g < 1} for
every x € E. If E is order continuous, then E’' = E* is trivially norming (see e.g. [66, Prop.
1.b.18] or [68, Th. 1.1.4] for a characterization for norming Kéthe dual spaces). Therefore
the norm in L” (mr) can be bounded from below in the following way

oo 1/p
I fllzr gny) = sup (fo |f|pd|(mT,g)|)

gEBEr
00 1/p
(6.4) > sup (f |f|'”d|<mT,g>|)
0<geBy \JO
oo 1/p
= sup (ngng})f T(Ifl’”)gdun .
O<geFE' 0

Having in mind that the simple functions are dense in L” (m7), we have the same formula
forany f € LP(mr).

The following outcome is an immediate consequence of Theorem 6.2. We have de-
fined the Laplace transform as an operator from L” (m,, 5) into L? (1), where the function
0< helL'l0,00)n L} (%) is continuous. In fact, this result can be extended to all positive
kernel operators that satisfy condition (6.1), as can be easily seen after reading the proof.
Observe that LP (my, ) = (L' (mp,n));, ) is the optimal domain for the Laplace transform
among the LP(uy)-valued extensions that are p-th power factorable (see [79, Th. 5.11]).
Note that the following result is related to [96, Th. 3.3 and 3.4]. We will denote by || T'll x,y
the norm of T as operator from X into Y.

Theorem 6.7. Let1 < p < oo, and let a continuous function 0 < h € L'[0,00)NL! (%). Then
VLN 1m0y < NIK 21, |1 -

PROOE. Recall that mp,p(A) = ZL(x4) and that pp(A) := fAh(x) dx. Thus, we have
that [5° gdup = [;° g(x) h(x) dx whenever the integrals exist for g € L°[0,00). An standard
density argument leads to the solution. We define the function 0 < g := (L(ya)” ! =
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(mp,h(A))p_l € L”’(,uh)_ Then

_ oo N (p-1)p’ 1y
”g”Ln’(ph):(fo (fAe Yd ) h(x )dx)

e} () y p l/p'
s(fo (fo e dy) h(x)dx) = 1K, | 7o, < 00

thanks to (6.2) which is a consequence of (6.1). Let f:= Y.} | axy 4, be a simple function.
Then define A:=Uj_, A, and let g be defined as above for this set A. So thanks to Holder-
Rogers inequality, for every x > 0, we obtain

(LHIP < (kgl akak xydy] kam —xydy‘ |f —xydy‘”’?)
S(é'“’“'p’f e g |p/p)p/p(k } _xydy|p/p)p/p
= (kilmm)fA e-xydy|)(2 |fAk e ay)"”
(Z akl”|f ~dyl) )f “ray|” = (2070 g,

Finally we apply (6.4) and the above computations

o 1/p 00 _ 1p
12 F s = ([ 12017 nax) s(f zuﬂp)ghdx)

~ 'p
=igh,;  sup (Igly,, f 201" ghdx)
0<g€LP (1)

< 1K I, |11 1 om0

This, thanks to the order continuity of L” (m,, ;) and the continuity of £, implies the de-
sired bound. O

Remark 6.8. We proved that the Laplace transform can be defined from the p-convex Ba-
nach function space L”(m,, ;) into the p-concave Banach function space L (uy). Then,
the Laplace kernel operator Z: L”(mpyh) — LP(uy) is g-convex and also p-concave (see
[66, p. 55]). On the other hand we know that it is a positive kernel operator (see [108,
Th. 93.1()]). The Maurey-Rosenthal’s Theorem allows us to provide two factorizations,
the first one through LP (uy,) as £ = Mg o R (which indeed is non relevant), and the second
one through LP(v) as & = So My, where v is a Rybakov measure for m,,j, R and S are
operators and Mg and My are positive multipliers of g, f in L%(uy) and L°(v) respectively,
(see [23, Cors. 2 and 5]). This yields the factorization scheme of the Diagram 6.1 below,
where the operators R and S are actually the compositions of the Laplace transform with
the inverse of the multipliers, M1, and M, ¢, respectively. See Remark 4.8.
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M _LP(v) _

/g\
~ 7

LP(my, ) LP (up)

R Lp(ﬂh) Mg

DIAGRAM 6.1. Maurey-Rosenthal factorization applied to the Laplace transform

6.3. Factorization and optimal domain

Let us recall that given a Banach function space X over a finite measure, the p-th
power space X[, for 1 < p < oo is a Banach function space whenever X is p-convex with
constant 1. In the equality (X|,))" = (X”)(p], we note that X" is p-convex with constant 1
(see [12, Th. 5.1] or [97, Prop. 3.1]), then (XP)(p is a Banach function space as we can see
in [79, Prop. 2.23(iii)]. However, if X is not p-convex we cannot assure that Xip) is again
a Banach function space, in consequence it may happens that (X p])’ = {0}. This does not
necessarily imply that (XP)) # (X()’, e.g. LP (W) = LP'4(u) has trivial dual when p < q
and u is the Lebesgue measure. In this case (LP(u))? = {0} and so its g-th power space
is also trivial. But if we assume that X is p-convex with constant 1 we always have that
(Xip))' = (XP)p) isometrically for p € [1,00).

6.3.1. The (p, q)-th power factorization. Next result is the main tool of this section.

Theorem 6.9. Let u and A be finite measures on (,%). Let1 < u,v < oco. Let X(u) and
Y (A) be order continuous Banach function spaces, so that Y (A) is Fatou and v' -concave
and Y (L) is order continuous. Assume that X (u) < L*" (1) and Y (A1)’ < LVS(A) for some1 <
s, r<oo. LetKeL'(A® W) be a positive kernel and let T := Tx: X(u) — Y (A) the associated
kernel operator. If

(6.5)

|| ”K”Ls’ A),w1 Lr’(u) <oo,

then T is (u, v)-th power factorable.

Notice that this result can be applied to a broad class of Banach function spaces as
Banach sequence spaces, Lebesgue, Lorentz, Nakano or Orlicz spaces among others.

PROOF. Byhypothesis H 1K s < 00, and also Y (1) is v’-concave, then Y (1)’

(), ||Lr’<m
is v-convex. From Proposition 1.5(11), we know that ((Y’)[y])' = ((Y"")[y), the comments
in the beginning of this section justify this equality. Thus for h € ((Y’ )[,,])', we can rewrite
its norm in the following way

IRl gy = MRl yney,, = N0 = (sup{ll g 1RIY vy : g € Byr}).
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This with the Hélder-Rogers inequality and Y (1)’ € L"? justify the following inequalities
for fe X(w)

v
1/v
sup (” |g|U|Tf| ”Ll(/l)) )

v
I Tf”((yf)[v])’ =\ sup ||g|Tf|1/v"Lv(,1)) = (
gEBy/

gEBy/
14

v
1/ 1
sup IIIgl”IILS(”A)IITfIILQ”(M <| sup lglpseqny| N1Tfle
gEBy/ gEBy/

IA

g s 1/s'
<| sup Cligly | NTF I -
g€By/

;175
By Minkowski’s integral inequality (1.8), || [T f|* ||L1§A) < || KN ¢
in integral notation,

(fm’me(x,y)f(y) du(y)]s' dr)" Sf
0 0 b

As final step we use that || - [ zr () < DIl -l x;,,, which is true because X (u)(,,; < L" (u) since
X(u) < L¥" (). So we have that

IT fllrny < CTFIKN ey a1

= Cv ”f”LV(”) “ "K"Ls’ A),w1 L”(p)
<C"D|IKl w1 ”Lr’(u) 10X -

Mo ”Ll(u)' Writing this

[e.o]

0 / 1/s'
(fo IK(x,y) fI° dxl(x)) ’ du(y).

Consequently there exists Tjy,v): Xju — (Y'(y))" so that T = j{,, © Tju,p) © i[u). Theorem 4.4
gives that T is (u, v)-th power factorable, and the proof is finished. OJ

As a final application, we present the (p, g)-th power factorization for the Laplace
transform. Recall from the previous section that (p, g)-th power factorability provides
an extension operator that can restrict its range to a space embedded into the original
codomain. Consider X a Banach function space over [0,00) with the Lebesgue measure.
Let us show first a formula for the integral of a function f € X* with respect to the scalar
measure (1, ), when m: £ — Y (p) is defined by a positive kernel operator T: X — Y (u)
and g € (Y (uw)")*. By the barycentric formula (1.4) and Proposition 1.1(1) where have that

* d{m, = foo d ,
[ roameum=(([" ramjor.gm),
(6.6) =f0 T(H) gy du(y)

=f0 ([0 FOK(Y, 0 dt)gy)duy) =(Tf,g).

Theorem 6.10. Let1< g<2< p<oo,andlet 0<he L'[0,00)N Ll(%) be a continuous
function. Then £: LP(my, ) — L9(uy) is (u, v)-th power factorable for u € [p/2, p) and
vell,q'/2l.
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PROOF. We will see that the Laplace transform %: L (mp,n) — L9(uy,) satisfies the
hypothesis of Theorem 6.9. The following argument says that if g > 0 pj-almost every-
where and belongs to L™ (uy,) < L4 (1p), then it defines a Rybakov measure for the vector
measure 1, ;. Let A € X be such that

mp p(A) =L (xa) = fooo e Vyandy=0
a.e., since e”*Y > 0 for all x, y € R, necessarily y 4 = 0 almost everywhere, then
(Mp,py &y, (A) = fooogff(xA) hdx=0.
The converse is analogous.

Now we find, for a suitable 1 < s < oo, a bound for the s-integral of K¢ with respect
to [{myp,n, &) = (mp p, g, where 0 < g € L>(uy,). Since p = 2, by Proposition 6.4(3) we can
choose s € [2,00) such that L°[0,00) € LP (m,, ;). Recall that m,, j, is a positive measure and
that e € L5[0,00) < L”(mp,h). Hence, using (6.6) for T = % and K(x, y) = e*Y for every
X,y > 0, we obtain the following

fe‘xysd(mp,h,g)ﬂh(y)zf (f e‘me‘ytdt)g(y)h(y)dyz g)
0 o \Jo 0

Since s = 2, let us now assume that s = 7' for some 1 < r <2, i.e. % + % =1,thusr <r'.
Then the following computation is straightforward using the Minkowski’s integral inequal-
ity and the calculation above with g := y[0,00) (Observe that g € L*(uy,)).

K2 () 01 ||Lr’(|<mp,h,g>|)

(fo‘” (fo"" e hix) dx)r’/rd<mp,hr7([0,oo)>(.)’))

0 0 , rir'
fo (fo Pl d(mp,h,)([o,oo))(y)) h(x) dx)

6.7) o oo 1 i 1/r
S
o oo rir 1/r
f (f Mdy) h(x) dx)
0 0 y

o0 l/r’ o0 1/r
s(f wdy) (f h(x)dx) <00,
0 y 0

by hypothesis h € L'[0,00) N L! (%), thus it satisfies (6.1), i.e.

* h(y) > h(y) 1p
[y Uit = B =[5 ) " <

Then we conclude that condition (6.5) is satisfied. In addition notice that

1/r

1/r

IA

IA

LP(mp,p) € LP (KM, @)D < LYV (Kmyp 1, 1),
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for a € [1, p]. Analogously
Lq’(ﬂh) c L(b/r')r’ (1n)

for b € [1,q']. Moreover LP(m,, ,), L9(uy) and L7 (up) are order continuous and L7 (up,) is
Fatou. Also L7(uy,) is g’ concave since g < ¢’ (recall that g € (1,2]), and we can apply The-
orem 6.9, taking X := L”(mp,h) and Y := L9(uy). So & is (alr, b/r')-th power factorable.
We have assumed that r < 1/, hence r’ € [2,00) and r € (1,2]. In consequence a/r € [p/2, p)
and b/r’ € (0, g'/2], recall that for a well defined factorization it is necessary that b/r’ = 1
and a/r = 1, which is truth thanks to that 1 < g <2 < p < co. Therefore we can conclude
that T is (u, v)-th power factorable for u € [p/2, p) and v € [1,4'/2]. U

6.3.2. Final remarks and example.

Remark 6.11. Thanks to the symmetry of the Laplace kernel, the adjoint of the Laplace
transform from a Banach function space X into another one Y is the Laplace transform
too but from Y into X'.

Remark 6.12. Observe that Theorem 6.10 do not include the basic cases Ll(mp, n) and
Ll(,uh), since their duals are not order continuous and so Theorem 6.9 does not work.
However, since the measures are finite, we always have the standard embeddings of the
spaces of p-integrable and g-integrable functions into spaces of integrable functions. Thus,
when & is (u, v)-th power factorable—for 1< g <2< p<oo, u€ [p/2,p)andve[l,q'/2])—
we have the following diagram

LP (mpy )= L' (myy ) = L up)

g(p)

[u,v]

P/ (my, ) ——— = L ()

DIAGRAM 6.2. (p, g)-th power factorization for the Laplace transform

where £P): LP (my, ) — L9 (uy,) is the restriction of £.

Remark 6.13. In Theorem 6.10 we also have proved that %’ is a Hille-Tamarkin operator
(see Section 1.2.2) from L*(up,) into L*(|(m, g)|) for a suitable 2 < s < oo, see equation (6.7).
Then, by [94, Th. 2.3], it is an order continuous compact operator, but in addition, thanks
to the Schauder’s Theorem (see [93]), its adjoint operator is also compact, we can conclude
that the Laplace transform is compact as operator from L’ (|{m, g)|) into L" (u,) for some
r=s"€l1,2].

Remark 6.14. Once we have defined the Laplace transform between spaces of integrable
functions L”' (1) and L7 () with respect to positive, finite scalar measures, another point
of view can be used. Observe that considering the bilinear form associated with the Laplace
transform we can set that

KL= ClF o I1El
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for suitable positive and finite measures A and 7, i.e. for suitable u, v = 1 the Laplace trans-
form is (u, v)-th power factorable (see Theorem 4.7 and Proposition 5.13). The techniques
used in [50] would be applied in order to obtain this type of inequalities for Calderén-
Zygmund operators. In consequence, results related with the (p, g)-th power factorization
(see Section 5.2) would be obtained.

Example 6.15 (A factorization for the Laplace transform). To finish this thesis we present
as an example a concrete factorization for the Laplace transform. This exercise will allow
us to realize how far the techniques presented here can be used. For example, we may
define the Laplace transform between Hilbert spaces of functions or spaces of integrable
functions, giving the concrete finite measures where they are defined.

Let 1 < g <2 < p < oo and let the function & of the Example 6.1, i.e. h(x) := x*e™* for
k € [p,00) N Z, which is continuous and it is easy to check that 0 < h € L'[0,00) N L} (4¥). In
that case Theorem 6.10 says that £: Lp(mp,h) — L9(uy) is (u, v)-th power factorable for
uep/2,p)and ve|[l,q'/2]. Onone hand p/u€ (1,2], (¢'/v) € [g,2] and g < 2, hence we
can choose ug € [p/2, p) and vy € [1,¢' /2] so that p/ug < (q'/ vo)', then LU/ () is p/ ug-
concave. On the other hand, since the kernel of the Laplace transform is positive, by [66,
Th. 1.d.9], it follows that I,(ff;ll:‘)) = % is p/up-concave. Therefore [79, Rem. 6.42(i)and(ii)]
implies that we have an extension of £ to LP/ “((mp,p, 8, i.e. we obtain the following
commutative diagram for adequate up, vy and g € L7 (1n)

<
LP (my, ) ——— L9 (uy,)

|(,\ z[uo,z/o]

LP/uo (Mp,p) ——— L(li'/vo)’(’uh)

|

LP'"((my p, 8))
DIAGRAM 6.3. Example of (p, q)-th power factorization for the Laplace transform

(o0}
Let A be a countable union of disjoint open intervals, i.e. A= U (a;, b;), then
i=1

mp,h(A)=.5€()cA)=Le*xydy

f io: b; i e Xai _ e—xb,—
= | e Vdy= f eVdy=) ———.
U lai,bi) i=1Ja; i=1 X

Now we need a Rybakov measure for m,, ,, namely v which is defined by a function be-
longing to LP (uy)' wr (ur))q)- Take for instance g(x) := x. Proposition 6.4(1) ensure us

that {mp p, g, is a Rybakov measure, since it has the same null sets as my, ,,. Recall that
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h(x):= xke™ for k € [p,00) N Z, thus
0 pXai _ e—xb

V(A) = (Mpp, (A=), | x——————h(x)dx
=170 x

[e.e]

e % p(x) dx—f e i h(x)dx
0

1 1
M8 T8
0\8 S—

o0
ok g xai+) dx—f ok g2+ )
0

(L") (a+1) - (LR b +1).

I
18

Il
—_

Now we can write that
x 1

A)=k! - .
v(4) l:Zi (ai+1)k+1 (bi+l)k+1

Observe that this measure acts as a “contraction” of any set in [0,00) to a set in the interval
[0,1] of finite Lebesgue measure, so it is easy to realize that such series really converges.

At the end, by Diagram 6.3 and the comments above it, we have obtained that
LU W) — L (% dx),
for1<r<s<2,where L' (m),;) € L' (v). Taking the adjoint operator we obtain the Laplace
transform from the space LS/(Je‘—fdx) into L" (v) € (L"(mp,p) where r <2< s <1’ <oo.
This result is related to Theorem 1.9, however the techniques used here are quite differ-
ent. Finally observe that thanks to the (u, v)-th power factorization, we have obtained a
set of spaces of integrable functions with respect to a concrete Rybakov measure where

the Laplace transform is well defined. For example if r = s = 2, then we obtain a Laplace
transform between Hilbert spaces. This factorization has been studied in [88]. O
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