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Abstract

Academic underachievement is a concern of paramount importance in Eu-
rope, and particularly in Spain, where around of 30% of the students in
the last two courses in high school do not achieve the minimum knowledge
academic requirement. In order to analyse this problem, we propose a math-
ematical model via a system of ordinary differential equations to study the
dynamics of the academic performance in Spain. Our approach is based on
the idea that both, good and bad study habits, are a mixture of personal
decisions and influence of classmates. Moreover, in order to consider the un-
certainty in the estimation of model parameters, a bootstrapping approach
is employed. This technique permits to forecast model trends in the next few
years using confidence intervals. Unfortunately, the obtained results do not
suggest improvement in academic performance for the coming years.

Keywords: Academic underachievement, Modelling, Transmission
dynamics, Uncertainty, Bootstrapping, Prediction.

1. Introduction

During the last years Spanish authorities have carried out several changes
in the educational laws looking for an improvement in academic results [1, 2].
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These legislative measures have been focused on the educational levels of
Compulsory Secondary Education (in the Spanish terminology, Educación
Secundaria Obligatoria (ESO)) and the last two courses of high school (in
the Spanish terminology Bachillerato) that correspond to students between
12–16 and 16–18 years old, respectively. Despite of these efforts, the rates
of academic underachievement in these educational stages are still at very
worrying levels, about 30% of the pupils [3]. Although less pronounced,
these figures are also alarming in many other countries of the European
Union [4, 5, 6, 7].

The concern about the high level of academic underachievement in Spain
is completely justified, not only by the high rates but also by the negative
effects on the country’s economic development [8], especially in the unem-
ployment and its serious consequences. This issue is of primer importance in
the current context of economic crisis affecting particularly Spain.

Nowadays, the job opportunities of people depend on their qualification,
their ability to acquire, use and interpret the information, including their
skills to adapt the new knowledge to a very demanding and competitive so-
ciety in constant change. In order to acquire them, students go to schools
first and high schools later, learning the contents determined in the cur-
rent legislation. In Spain, the end of the high school courses corresponds to
Bachillerato and it represents a key-point as we will see later [9].

The access to this academic educational level takes place after finishing
the Compulsory Secondary Education (ESO). According to the legislation
currently into force [1], the main objective of the academic level of Bachiller-
ato is to provide 16–18 years old Spanish students a proper educational train-
ing to consolidate the intellectual maturity of the pupils, increasing their
specific knowledge as well as boosting the development of abilities that help
them to join up either the labor market or higher studies. For all these rea-
sons, this educational level is considered a milestone to students because it
represents a period to make important decisions about academic and profes-
sional future.

In Spain, students can especialise in three different Bachillerato branches:
Arts; Sciences and Technology; Humanities and Social Sciences (see Figure
1). In September, a student of First Stage of Bachillerato will transit into
the Second Stage of Bachillerato if she/he has passed successfully all the
subjects except, maybe, at most two out of a total of ten. In order to
get the Bachillerato degree, it is necessary to pass all the subjects of both
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Bachillerato Stages [2].

Caption Figure 1
Structure of the Spanish educational system for students aged 12-18.

Most of the students follow the academic path ESO + Bachillerato.

According to the different learning theories [1, 1], in particular, the Vygot-
skian perspective [1, 1, 1] and the recent studies published [1], habits and be-
havior may be socially transmitted, in particular, academic and study habits.
Taking into account this approach, in this paper we propose to model the evo-
lution of the academic performance in the educational level of Bachillerato
in Spain using modelling techniques in mathematical epidemiology. Some
examples of analogous situations using type-epidemiological mathematical
models are encountered in public health, obesity [1, 1], alcoholism [1], drug
abuse [2], shopaholism [2], spread of ideas [2], evaluation of law effects on
societies [2], and so on.

A first paper following this approach has been published in [2]. In this
contribution, bad academic habits are considered as behavior susceptible
to be transmitted among students, mainly between students in the same
academic level, on a gender–structured model.

In this paper, we propose a gender–and–course–structured model where
we consider, apart from the spread of bad academic habits, the spread of good
ones (positive transmission) from students belonging to the promotable group
to the non–promotable one. Notice that this additional issue is based on
pedagogical strategies that consider mixing groups of students with bad and
good academic results in order to induce improvement of them (Educational
Inclusion) [2]. Furthermore, we include the estimation of the abandon rates.
Abandon is an important aspect still under debate in the pedagogical area
which quantification is difficult. We have made a decision in order to include
this issue in the model and this is to consider abandon when, during the
academic year, the student leaves the academic system.

Once the model is stated, we will be able to monitor the promoted and
graduated students. Other new contribution is the introduction of uncer-
tainty in the obtention of the value of the parameters of our model which
will allow us to predict the evolution of the academic performance in specific
confidence intervals.
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The proposed approach will allow us to understand better the mechanism
behind the academic performance as well as to predict how things will evolve
in the Spanish Bachillerato over the next few years and this way, to provide
relevant information to make appropriate decisions to policymakers.

This paper is organised as follows. In Section 2, we build and introduce
the model. Once the model is stated, unknown parameters are estimated.
We present the parameter estimation procedure in Section 3. In Section
4, uncertainty in model parameters is introduced using bootstrapping tech-
nique and predictions over the next few years about academic performance
in Bachillerato are presented. Section 5 deals with the quantification and
analysis of abandon. Conclusions are given in Section 6.

2. The epidemiological-mathematical model

2.1. Available data

The available data that we have considered in this paper correspond to
the academic results belonging to the students of the First and Second Stage
of Bachillerato during the academic years from 1999− 2000 to 2008− 2009,
in both, state and private high schools all over Spain. For each academic
year, Table 1 collects [2]:

Caption Table 1
The available data corresponding to the First and Second Stage of Bachiller-
ato, in both, state and private high schools all over Spain from academic
year 1999 − 2000 to 2008 − 2009. Each row shows the percentage of Girls
and Boys who promote (Gi | Bi) and do not promote (Gi | Bi) for each level
i = 1, 2 over the total Spanish Bachillerato students.

• The percentage of girls|boys who promote (Gi|Bi), that is, girls and
boys with study behavior good enough to promote to the Second Stage,
if they are in the First Stage (i = 1), or to obtain the Bachillerato
degree, if they are in the Second Stage (i = 2), at the end of each
course.

• The percentage of girls|boys who do not promote (Gi|Bi), i.e., girls and
boys with study habits that do not allow them to reach the minimum
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knowledge academic requirement to promote to Second Stage, if they
are in the First Stage (i = 1), or to obtain their Bachillerato degree if
they are in the Second Stage (i = 2), at the end of each course.

2.2. Model building

We build our mathematical model following an epidemiological approach
considering as main idea that the academic performance of a student, Girl
(G) or Boy (B), is a mixture of her/his own study habits and the study
habits, good or bad, of their classmates. In our model, we assume that the
transmission of good and bad academic habits is caused by the social contact
between students who belong to the same academic level [1, 1, 1, 2].

The subpopulations of the model will be (time t in years):

• Gi = Gi(t) is the number of girls who are in condition to promote at
time instant t, for i = 1, 2.

• Bi = Bi(t) is the number of boys who are in condition to promote at
time instant t, for i = 1, 2.

• Gi = Gi(t) is the number of girls who are not in condition to promote
at time instant t, for i = 1, 2.

• Bi = Bi(t) is the number of boys who are not in condition to promote
at time instant t, for i = 1, 2.

Furthermore, we consider the following assumptions to build the model:

• Let us assume homogeneous population mixing, i.e., each student can
contact with any other student [2].

• Negative autonomous decision: For each Bachillerato academic level
i = 1, 2, students belonging to the promotable groups Gi or Bi, may
change their personal habit towards the study and this change may
lead the students to obtain bad academic results, moving to Gi or Bi.
We assume that this transition is proportional to the number of pupils
in Gi and Bi, and it is modeled by the linear terms αGi Gi and αBi Bi.
According to educational experts, it is assumed that the academic at-
titude is different in the same educational level depending on gender:
girls are usually more responsible for their academic performance than
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boys in both the First and Second Stage of Bachillerato [2]. This leads
us to suppose the following restrictions:

αG1 < αB1 , α
G
2 < αB2 . (1)

In addition we will assume that:

αG1 > αG2 , α
B
1 > αB2 , (2)

because students in the Second Stage are more mature than their mates
in the First Stage [2].

• Negative habits transmission: For each Bachillerato academic level i =
1, 2, students in Gi or Bi may move to the non–promotable group, Gi

or Bi respectively, due to the negative influence transmitted in the
encounters between students (girls and boys) in the non–promotable
group in the same academic level. Hence, these transitions are modeled
by the nonlinear terms βGGi GiGi +βGBi GiBi and βBGi BiGi +βBBi BiBi,

where βGGi , βGBi , βBGi and βBBi are the corresponding transmission rates
where the first letter in the superindexes denotes the group susceptible
to acquire the bad study habit and the second one denotes the group
that transmit the bad study habit, i = 1, 2, at time t. All specific
factors and social encounters involved in the transmission of the bad
academic habits are embedded in β parameters.

• Positive autonomous decision: For each Bachillerato academic level
i = 1, 2, students belonging to the non–promotable group Gi or Bi,
may change their personal behavior towards their study habits and
this change may lead the students to improve their academic results,
moving to Gi or Bi. We assume that this transition is proportional
to the number of pupils in Gi and Bi, and it is modeled by the linear
terms γGi Gi and γBi Bi.

• Positive habits transmission: For each Bachillerato academic level i =
1, 2, students in Gi or Bi may move to the promotable group, Gi or Bi

respectively, due to the positive influence transmitted in the encounters
between students (girls and boys) in the promotable group in the same
academic level. Hence, these transitions are modeled by the nonlinear
terms δGGi GiGi + δGBi GiBi and δBGi BiGi + δBBi BiBi, where δGGi , δGBi ,
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δBGi and δBBi are the corresponding transmission rates where the first
letter in the superindexes denotes the group susceptible to acquire the
good study habit and the second one denotes the group that transmit
the good study habit, i = 1, 2, at time t. All specific factors and social
encounters involved in the transmission of the good academic habits
are embedded in δ parameters.

• Passing courses and graduation: According to the Spanish educational
law, all the students in G1 and B1, in September, transit automati-
cally to G2 and B2, respectively. Analogously, all the students in G2

and B2 will graduate in September. These transitions are modeled by
εG1, εG2, εB1, εB2, where

ε =

{
1 if

9

12
+ j ≤ t ≤ 10

12
+ j,

0 otherwise,

where j = 0, 1, . . . , 9 correspond to academic years 1999–2000, 2000–
2001, . . ., 2008–2009, respectively.

• Abandon: As we said previously, this new formulation of the model
considers non–completion of Bachillerato. For each Bachillerato aca-
demic level i = 1, 2, a proportion of the students in Gi or Bi with bad
academic results may leave the studies by autonomous decision. This
situation is modeled by the linear terms ηGi Gi and ηBi Bi. We also as-
sume that these transitions are proportional to the number of pupils in
Gi and Bi.

• Access : New students enter into the Bachillerato in the month of
September in the promotable group, both girls and boys. It is modelled
by the functions

σG =

{
τG if

9

12
+ j ≤ t ≤ 10

12
+ j,

0 otherwise,

σB =

{
τB if

9

12
+ j ≤ t ≤ 10

12
+ j,

0 otherwise,
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where j = 0, 1, . . . , 9 correspond to academic years 1999–2000, 2000–
2001, . . ., 2008–2009, respectively, and τG and τB to be determined.

Thus, under the above assumptions we build the nonlinear system of ordi-
nary differential equations (3) in order to describe the dynamics of Bachiller-
ato students academic performance, where the unknown functions are Gi =
Gi(t), Bi = Bi(t), Gi = Gi(t) and Bi = Bi(t) (t denotes time in years).
For the sake of clarity, each equation is written in three lines, in the first
one the linear terms, in the second one the non-linear terms related to the
transmission of bad study habits and in the third line the non-linear terms
related to the transmission of good study habits.

G′
1(t) = σG − εG1(t)− αG

1 G1(t) + γG1 G1(t)

− βGG
1 G1(t)

G1(t)
T (t)

− βGB
1 G1(t)

B1(t)
T (t)

+ δGG
1 G1(t)

G1(t)
T (t)

+ δGB
1 G1(t)

B1(t)
T (t)

,

G
′
1(t) = αG

1 G1(t)− γG1 G1(t)− ηG1 G1(t)

+ βGG
1 G1(t)

G1(t)
T (t)

+ βGB
1 G1(t)

B1(t)
T (t)

− δGG
1 G1(t)

G1(t)
T (t)

− δGB
1 G1(t)

B1(t)
T (t)

,

G′
2(t) = εG1(t)− εG2(t)− αG

2 G2(t) + γG2 G2(t)

− βGG
2 G2(t)

G2(t)
T (t)

− βGB
2 G2(t)

B2(t)
T (t)

+ δGG
2 G2(t)

G2(t)
T (t)

+ δGB
2 G2(t)

B2(t)
T (t)

,

G
′
2(t) = αG

2 G2(t)− γG2 G2(t)− ηG2 G2(t)

+ βGG
2 G2(t)

G2(t)
T (t)

+ βGB
2 G2(t)

B2(t)
T (t)

− δGG
2 G2(t)

G2(t)
T (t)

− δGB
2 G2(t)

B2(t)
T (t)

,

B′
1(t) = σB − εB1(t)− αB

1 B1(t) + γB1 B1(t)

− βBG
1 B1(t)

G1(t)
T (t)

− βBB
1 B1(t)

B1(t)
T (t)

+ δBG
1 B1(t)

G1(t)
T (t)

+ δBB
1 B1(t)

B1(t)
T (t)

,

B
′
1(t) = αB

1 B1(t)− γB1 B1(t)− ηB1 B1(t)

+ βBG
1 B1(t)

G1(t)
T (t)

+ βBB
1 B1(t)

B1(t)
T (t)

− δBG
1 B1(t)

G1(t)
T (t)

− δBB
1 B1(t)

B1(t)
T (t)

,

B′
2(t) = εB1(t)− εB2(t)− αB

2 B2(t) + γB2 B2(t)

− βBG
2 B2(t)

G2(t)
T (t)

− βBB
2 B2(t)

B2(t)
T (t)

+ δBG
2 B2(t)

G2(t)
T (t)

+ δBB
2 B2(t)

B2(t)
T (t)

,

B
′
2(t) = αB

2 B2(t)− γB2 B2(t)− ηB2 B2(t)

+ βBG
2 B2(t)

G2(t)
T (t)

+ βBB
2 B2(t)

B2(t)
T (t)

− δBG
2 B2(t)

G2(t)
T (t)

− δBB
2 B2(t)

B2(t)
T (t)

.

T (t) = G1(t) +G1(t) +B1(t) +B1(t) +G2(t) +G2(t) +B2(t) +B2(t)

(3)

The flow diagram, associated to the model, is plotted in Figure 2.

Caption Figure 2
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Flow diagram of the epidemiological-mathematical model for dynamics
of Bachillerato academic performance in Spain. The boxes represent the
students depending on their sex, stage and academic results. The arrows
denote the transits of students labeled by the expressions and parameters
governing these transits.

2.3. Scaling the model

Data in Table 1 is in percentages meanwhile model (3) is referred to
number of students. It leads us to transform (scaling) the model into the same
units as data in order to fit the data with the model. To do that, we follow
the ideas developed in [3, 3] about how to scale models where the population
is varying in size. Here, we are not going to show the process and the scaled
model because it is a technical transformation, the resulting equations are
more complex and longer and does not provide extra information about the
model. Moreover, the scaled model has the same parameters as the non-
scaled model (3) with the same meaning. Now, in order to avoid introducing
new notation, we are going to consider that the subpopulations G1(t), G1(t),
B1(t), B1(t), G2(t), G2(t), B2(t), B2(t) correspond to the percentage of Girls
and Boys in the promotable and non–promotable groups, in the First and
Second course of Bachillerato.

3. Deterministic parameter estimation and prediction over the next
few years

This section is addressed to estimate the parameters of model (3). This
task has been performed by fitting the scaled model in the mean square sense
to the available data collected in Table 1. Computations have been carried
out with Mathematica 8.0 [3]. The model (3) has been built using epiModel
software [3]. epiModel facilitates the implementation all the equations in
Mathematica saving developing time. Then, with a simple Mathematica al-
gorithm, the model built by epiModel is scaled.

The system of differential equations (3), in its scaled version, is numer-
ically solved by taking as initial conditions the data of the academic year
1999-2000 (corresponding to t = 0), i.e., according to Table 1, G1(0) = 19.68,
B1(0) = 15.24, G1(0) = 9.75, B1(0) = 9.33, G2(0) = 16.21, B2(0) = 11.64,
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G2(0) = 9.52 and B2(0) = 8.63. Tables 2 and 3 collect the estimation of the
model parameters.

In Table 2, we show these values for both, negative and positive au-
tonomous decision and abandon rates. In Table 3, we show the corresponding
values for negative and positive transmission rates.

Caption Table 2
Estimation of positive and negative autonomous decision and abandon rates.

Caption Table 3
Estimation of positive and negative transmission parameters.

Now, once the model is stated and the parameters estimated, we are able
to give predictions of each subpopulation over the next few years by comput-
ing the solutions of the model for values of time t in the forthcoming future.
In Table 4 we can see the model output for t = 1999−2000, . . . , 2014−2015.
Note that from 2009-2010 the obtained values are the model predictions.

Caption Table 4
The model output corresponding to the First and Second Stage of Bachiller-
ato, in both, state and private high schools all over Spain during academic
years 1999 − 2000 to 2014 − 2015. Each row shows the percentage of girls
and boys who promote (Gi | Bi) and do not promote (Gi | Bi) for each
level i = 1, 2. It can be compared the model output values for t = 1999 −
2000, . . . , 2008− 2009 to the data values in Table 1 to verify the goodness of
the fitting. Graphically, it can be seen in the left-hand side of the graphs in
Figure 3.
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4. Introducing uncertainty in the model parameters and predicting
the next few years

Uncertainty is a key part of the real world and it should be considered
in modelling, to be precise, in the data and the model parameters. There-
fore, the assumption that parameters always are constant or the parameter
estimation does not contain errors is not appropriate. Thus, it is natural to
consider that the model parameters contain uncertainties. Hence, the de-
terministic prediction can give us an idea about the future trends but the
obtained values may not be as accurate as expected.

Thus, we propose forecasting future evolutions using confidence intervals.
In order to calculate these confidence intervals, let us use the technique called
bootstrapping. Bootstrapping is a sophisticated and efficient method for
determining a non–parametric probabilistic estimation of model parameters
[3, 3, 3].

Specifically, the probabilistic estimation of the parameters is performed
using a residual bootstrapping approach. In order to do it, and considering
the general procedure published [3], we are going to follow the next steps:

Step 1 Compute the error terms for the estimated parameters (deterministic
parameters) and analyse and resample these error terms using boot-
strapping.

Step 2 Obtain new perturbed data by adding the resampled error (obtained in
Step 1) to output data collected in Table 4 for t = 1999−2000, . . . , 2008−
2009.

Step 3 For each new data perturbation calculated (in Step 2), we compute the
parameters that best fit the model (in the mean square sense).

Step 4 For each set of parameter values obtained by fitting the model with the
perturbed data, we solve the model with these parameters and compute
the outputs in the required time instants.

Step 5 Taking 95% confidence interval (of each output) from each subpopula-
tion by percentile 2.5 and percentile 97.5 we will be able to conclude
the percentage of students who promote/do not promote.
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4.1. Error term analysis

In order to analyse the error terms, we have followed the next steps:

• We compute the output of the model with the parameters in Tables 2
and 3 at the time instants t = 1999−2000, . . . , 2008−2009 and compute
their differences (errors) with the corresponding data from Table 1. Let
us denote these errors by eG1(t), eG2(t), eB1(t), eB2(t), eG1

(t), eG2
(t),

eB1
(t), eB2

(t) for each subpopulation. The results are shown in Table
5.

Caption Table 5
Differences between the real data in Table 1 and the output model in
Table 4 corresponding to the First and Second Stage of Bachillerato,
both state and private high schools all over Spain during academic
years 1999− 2000 to 2008− 2009, for Girls|Boys who promote (Gi|Bi)
and do not promote (Gi | Bi) for each level i = 1, 2.

• We analyse if the error terms in Table 5 are correlated. Pearson corre-
lation coefficient was used. The results obtained indicate that the set
of all pairs of errors were correlated (see Table 6).

Caption Table 6
Matrix of Pearson correlation coefficients for the error terms.

• Taking into account the Box-Ljung test [3], we also analyse if each
error term is autocorrelated. Note that this non-parametric test can
be used to check the hypothesis that the elements of a sequence are
mutually independent. In this case, the results for girls in First Stage
of Bachillerato are: p− value = 0.853, p− value = 0.853, p− value =
0.555, p − value = 0.753, p − value = 0.878, p − value = 0.937,
p − value = 0.940 and p − value = 0.965. None of the test statistic
values is statistically significant (p− value > 0.05), therefore the claim
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that there is autocorrelation should be rejected. For the rest of the
groups we obtain similar results, i.e., there are not autocorrelation in
any of them.

• The normality of the distribution of errors is determined by using a
non-parametric test. Taking into account that our error terms are cor-
related, E-statistic (Energy) Test of Multivariate Normality is applied
[3]. In our case, this test has a p-value equal to 0.9963. Therefore,
we can accept that errors eG1(t), eB1(t), eG1

(t), eB1
(t), eG2(t), eB2(t),

eG2
(t) and eB2

(t) present a multivariate normal distribution. To be
precise, we accept that

e(t) =
(
eG1(t), eG1

(t), eB1(t), eB1
(t), eG2(t), eG2

(t), eB2(t), eB2
(t)
)
,

where
e(t) ∼ N8 (µe,Σe) , (4)

being the components of vector µe the expectations of each component
of vector e(t) and Σe its variance-covariance matrix. These parameters
have been estimated using the errors in Table 5:

µe = (0.0014,−0.0008,−0.0033, 0.0011,−0.0002,−0.0018, 0.0027, 0.0010) ,

Σe =


1.3464 10−4 · · · −4.5276 10−5

2.8025 10−5 · · · −1.1065 10−5

...
. . .

...
−4.52763 10−5 · · · 1.9350 10−5

 .

4.2. Generating new output perturbed data

The process carried out to generate new output perturbed data has been
the following. For each one of the 1000 random error terms following the
multivariate normal distribution given by the expression (4) assumed by E-
statistic (Energy) Test of Multivariate Normality :

• We add these error terms (1000 times) to data in Table 4 for t =
1999 − 2000, . . . , 2008 − 2009, obtaining a new set of perturbed data.
Note that we obtained 1000 sets of output perturbed data.
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• And we compute the parameters which best fit the model with the set
of perturbed data (in the least square sense) and store them, using the
same procedure we used to estimate the parameters in Tables 2 and 3.
Note that this procedure allows us to have 1000 sets of values for the
parameters of the model.

4.3. Obtaining confidence intervals for model outputs

Finally, the confidence intervals are obtained as follows:

• For each one of the 1000 set of parameters, we solve the system of
differential equations (3) in order to compute the model output for
each subpopulation of students and t = 2009− 2010, . . . , 2014− 2015.

• For each t and each subpopulation, we have a set of 1000 model output
values. Then, we compute the mean, median and the 95% confidence
interval by percentiles 2.5 and 97.5. These confidence intervals give us
the non–parametric probabilistic prediction of the evolution in the next
few years. The obtained results can be seen in Table 7.

Caption Table 7
The 95% confidence interval prediction corresponding to the First and
Second Stage of Bachillerato, in both, state and private high schools
all over Spain during academic years 2009− 2010 to 2014− 2015. Each
row shows the percentage of girls/boys who promote (Gi/Bi) and do
not promote (Gi/Bi) for each level i = 1, 2.

Thus, in Figure 3 we can see graphically, for each subpopulation, the
data from Table 4 (red points), the deterministic model prediction (line),
the 95% confidence intervals (error bars). The points in the middle of the
confidence intervals are the median of the 1000 outputs for each subpopula-
tion at each time instant where we have data about the academic results of
Spanish Bachillerato students. These median values are the ones appearing
in Table 7. Also, we can observe that there is a slight decreasing in the non–
promotable groups. However, the sum of the students in non–promotable
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groups is around 30% which is unacceptable in a modern society. Further-
more, we can see how uncertainty increases in the predictions for the two
Stages of promoted girls and the First Stage of promoted boys.

Caption Figure 3

Real data (red points on the left side of vertical axis) and prediction
(line) with confidence intervals (on the right side of vertical axis) of the aca-
demic performance of Bachillerato Spanish students over the academic years
1999−2000 to 2014−2015. Smaller confidence intervals, represent less uncer-
tainty in the predictions, the points in the middle of the confidence intervals
are their medians. The square black point represents the last academic re-
sults published recently corresponding to the academic year 2009− 2010. A
good prediction is done if the black point lies inside the 95% confidence in-
terval.Notice that each graph has its own scale.

As time goes, new academic results have been published, in particular, the
academic results of students of Bachillerato in the academic year 2009−2010,
data that could not be used initially to fit the model because they were not
available at that time. These new data allow us to compare the obtained
predictions from our model with the new real data.

In Figure 3, we also include, for each subpopulation, the obtained aca-
demic results during the academic year 2009 − 2010 (square black points).
These values are the ones appearing in Table 10. Except for the non-
promoted students of Second Stage of Bachillerato, we can see that prob-
abilistic predictions by confidence intervals provide good results.

We can see that probabilistic predictions by 95% confidence intervals
provide good results (the black points lie inside the confidence intervals)
for all the Stages except the non-promotable groups in the Second Stage
of Bachillerato where the distances between the black points and the lines
(model predictions) are in each graph around 1% of the total students.

This 1% decreasing of non-promoted students in the Second Stage of
Bachillerato seems to come from academic courses 2007 − 2008. This may
be explained by:
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• According to [3], the perception of the economical crisis motivates the
improvement of the student qualification (future workers), especially,
in the Second Stage of Bachillerato because at the end, students obtain
the degree.

• Furthermore, in the academic course 2009 − 2010 the Spanish Educa-
tion law passed in February 2010 [4] to adapt the university access to
Bologna Plan permits the students in the course 2009-2010 had less
restrictions to choose the subjects in this academic level. It made that
the students could choose subjects traditionally with higher success
rates (Earth Sciences rather than Physics or avoiding Mathematics in
Social Sciences branch) to achieve a better academic results to access
the university.

However, we consulted with educational experts and they consider that
the decreasing of the non-promotable groups in Second Stage of Bachillerato
(around 2% of the total Bachillerato students) is not significative.

Caption Table 10
The 95% confidence interval prediction and the real academic results corre-
sponding to the First and Second Stage of Bachillerato, in both, state and
private high schools all over Spain during the academic year 2009 − 2010.
Each row shows the rate of girls/boys who promoted (Gi/Bi) and did not
promote (Gi/Bi) for each academic level i = 1, 2.

5. Abandon analysis

One of the most difficult aspects in academic performance is the study
and analysis of the abandon, because there are not much available data and
the experts still do not agree with the right definition [4]. In fact, we have
made a decision in order to include this issue in the model and this is to
consider abandon when, during the academic year, the student leaves the
academic system. The student may resume her/his studies in the future,
but our model will consider her/him as a new student. Thus, the model
allows us to quantify the number of students who leave yearly the system by
computing
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∫ t+1

t

(ηG1 G1(s) + ηG2 G2(s) + ηB1 B1(s) + ηB2 B2(s)) ds,

where t = 2009− 2010, . . . , 2013− 2014. The results are collected in Table 8.

Caption Table 8
Estimation of the percentage of abandon in Spanish Bachillerato during the
academic years from 1999–2000 to 2014–2015.

Moreover, taking advantage of the bootstrapping analysis carried out in
the previous section, we can predict the evolution of abandon rate in the
next few years by means of 95% confidence intervals. The obtained results
are shown in Table 9.

Caption Table 9
Descriptive analysis of the percentage of abandon in Spanish Bachillerato
during the academic years from 2009–2010 to 2014–2015.

In both tables we can see a slight decreasing in the number of students
who leave the high school.

6. Conclusion

In this paper we propose a dynamical model to study the students’ aca-
demic performance in high school in Spain, taking into account sex, stages
and academic results. The main idea behind our approach is to consider
that academic performance depends on both student own study and their
classmates’ habits. The abandon is a crucial issue to analyse school failure
that has also been contemplated in the model. To make more realistic our
approach, we have considered uncertainty in the study. This fact allows us
to predict the students’ academic performance in the next few years through
confidence intervals. The model predictions for 2009− 2010 have been com-
pared with the recently available data with good predictions for most of the
student groups.
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The results tell us that there is a slight decreasing of the number of
students in the non–promotable groups and who leave the high school, and
it seems to reach a stationary situation. The current and predicted scenarios
are very worrying because around 30% of the students have bad academic
results.

We would like to point out that we have built a model using few data
with respect to the number of model parameters and including hypotheses
appearing in the literature that rarely are quantified. In spite of this, we
have obtained good predictions for most of the student groups. We also
would notice that one of the major inconveniences we have found during
this research is the obtention of reliable data, because the Administration is
reluctant to facilitate these kind of data due to it is, in Spain, a sensitive
political concern. In our opinion, the availability of a good data set, we are
still working on, is crucial to disaggregate the factors involved in each model
parameter and quantify them.

Finally, we would like to say that the modelling technique presented in
this paper can be used in other educational levels in any region or country.
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First Stage (Girls | Boys) Second Stage (Girls | Boys)

Academic % Promote % Non–Promote % Promote % Non–Promote

year (G1 | B1) (G1 | B1) (G2 | B2) (G2 | B2)

1999–2000 19.68 | 15.24 9.75 | 9.33 16.21 | 11.64 9.52 | 8.63

2000–2001 22.65 | 17.54 9.91 | 10.12 14.07 | 10.04 8.24 | 7.43

2001–2002 19.23 | 14.23 8.61 | 9.10 17.86 | 13.06 9.32 | 8.59

2002–2003 18.87 | 14.19 8.36 | 8.51 19.14 | 13.97 8.76 | 8.20

2003–2004 19.93 | 15.06 7.74 | 7.88 19.19 | 13.80 8.44 | 7.96

2004–2005 20.11 | 15.14 7.65 | 7.94 18.90 | 13.92 8.39 | 7.95

2005–2006 20.07 | 15.39 7.64 | 7.93 19.14 | 13.97 8.08 | 7.78

2006–2007 20.06 | 15.34 7.67 | 7.87 19.14 | 14.29 7.98 | 7.65

2007–2008 20.25 | 15.82 7.57 | 7.66 19.37 | 14.61 7.60 | 7.12

2008–2009 20.72 | 16.57 7.28 | 7.43 19.43 | 14.86 7.05 | 6.66

Table 1: The available data corresponding to the First and Second Stage of Bachillerato,
in both, state and private high schools all over Spain from academic year 1999− 2000 to
2008 − 2009. Each row shows the percentage of Girls and Boys who promote (Gi | Bi)
and do not promote (Gi | Bi) for each level i = 1, 2 over the total Spanish Bachillerato
students.

Negative autonomous decision Positive autonomous decision Abandon

Gender Parameter Value Parameter Value Parameter Value

Girls αG
1 0.04501 γG1 0.08685 ηG1 0.07480

αG
2 0.00366 γG2 0.00385 ηG2 0.06431

Boys αB
1 0.04610 γB1 0.11643 ηB1 0.02676

αB
2 0.01208 γB2 0.04163 ηB2 0.00232

Table 2: Estimation of positive and negative autonomous decision and abandon rates.
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Negative transmission Positive transmission

Gender Parameter Value Parameter Value

Girls βGG
1 0.00002 δGG

1 0.03699

βGB
1 0.11093 δGB

1 0.09793

βGG
2 0.08939 δGG

2 0.00607

βGB
2 0.09837 δGB

2 0.06962

Boys βBG
1 0.08700 δBG

1 0.01881

βBB
1 0.02852 δBB

1 0.04922

βBG
2 0.01837 δBG

2 0.11703

βBB
2 0.11679 δBB

2 0.07805

Table 3: Estimation of positive and negative transmission parameters.
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First Stage of Bachillerato (Girls | Boys) Second Stage of Bachillerato (Girls | Boys)

Academic % Promote % Non–Promote % Promote % Non–Promote

year (G1 | B1) (G1 | B1) (G2 | B2) (G2 | B2)

1999–2000 19.68 | 15.24 9.75 | 9.33 16.21 | 11.64 9.52 | 8.63

2000–2001 19.94 | 15.29 9.24 | 9.07 16.73 | 12.13 9.16 | 8.44

2001–2002 20.14 | 15.34 8.80 | 8.82 17.18 | 12.61 8.85 | 8.26

2002–2003 20.29 | 15.38 8.43 | 8.56 17.58 | 13.07 8.60 | 8.09

2003–2004 20.39 | 15.42 8.11 | 8.31 17.94 | 13.51 8.39 | 7.93

2004–2005 20.46 | 15.46 7.84 | 8.07 18.25 | 13.93 8.21 | 7.78

2005–2006 20.49 | 15.50 7.60 | 7.83 18.54 | 14.35 8.06 | 7.63

2006–2007 20.49 | 15.53 7.40 | 7.60 18.79 | 14.75 7.94 | 7.50

2007–2008 20.47 | 15.57 7.22 | 7.37 19.02 | 15.14 7.84 | 7.37

2008–2009 20.44 | 15.60 7.06 | 7.15 19.22 | 15.51 7.76 | 7.26

2009–2010 20.38 | 15.63 6.92 | 6.94 19.40 | 15.88 7.69 | 7.15

2010–2011 20.31 | 15.67 6.80 | 6.73 19.57 | 16.43 7.64 | 7.05

2011–2012 20.22 | 15.70 6.69 | 6.53 19.72 | 16.58 7.60 | 6.96

2012–2013 20.13 | 15.72 6.59 | 6.34 19.86 | 16.92 7.56 | 6.87

2013–2014 20.03 | 15.75 6.50 | 6.16 19.99 | 17.25 7.54 | 6.79

2014–2015 19.91 | 15.78 6.42 | 5.98 20.10 | 17.57 7.52 | 6.72

Table 4: The model output corresponding to the First and Second Stage of Bachillerato,
in both, state and private high schools all over Spain during academic years 1999− 2000
to 2014− 2015. Each row shows the percentage of girls and boys who promote (Gi | Bi)
and do not promote (Gi | Bi) for each level i = 1, 2. It can be compared the model output
values for t = 1999 − 2000, . . . , 2008 − 2009 to the data values in Table 1 to verify the
goodness of the fitting. Graphically, it can be seen in the left-hand side of the graphs in
Figure 3.

First Stage of Bachillerato (Girls | Boys) Second Stage of Bachillerato (Girls | Boys)

Academic % Promote % Non–Promote % Promote % Non–Promote

year eG1
(t) | eB1

(t) eG1
(t) | eB1

(t) eG2
(t) | eB2

(t) eG2
(t) | eB2

(t)

2000–2001 (t=1) -0.02699 | -0.02250 -0.00660 | -0.01048 0.02657 | 0.02091 0.00919 | 0.01009

2001–2002 (t=2) 0.00901 | 0.01107 0.00194 | -0.00293 -0.00678 | -0.00454 -0.00465 | -0.00331

2002–2003 (t=3) 0.01418 | 0.01191 0.00072 | 0.00054 -0.01556 | -0.00907 -0.00160 | -0.00112

2003–2004 (t=4) 0.00462 | 0.00372 0.00373 | 0.00435 -0.01251 | -0.00294 -0.00053 | -0.00033

2004–2005 (t=5) 0.00347 | 0.00321 0.00189 | 0.00131 -0.00645 | 0.00013 -0.00181 | -0.00175

2005–2006 (t=6) 0.00419 | 0.00099 -0.00038 | -0.00097 -0.00604 | 0.00377 -0.00019 | -0.00147

2006–2007 (t=7) 0.00434 | 0.00195 -0.00273 | -0.00270 -0.00353 | 0.00458 -0.00041 | -0.00151

2007–2008 (t=8) 0.00225 | -0.00241 -0.00351 | -0.00286 -0.00357 | 0.00526 0.00239 | 0.00255

2008–2009 (t=9) -0.00284 | -0.00968 -0.00217 | -0.00276 -0.00204 | 0.00653 0.00707 | 0.00598

Table 5: Differences between the real data in Table 1 and the output model in Table 4
corresponding to the First and Second Stage of Bachillerato, both state and private high
schools all over Spain during academic years 1999 − 2000 to 2008 − 2009, for Girls|Boys
who promote (Gi|Bi) and do not promote (Gi | Bi) for each level i = 1, 2.
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eG1 (t) eB1 (t) eG1
(t) eB1

(t) eG2 (t) eB2 (t) eG2
(t) eB2

(t)

eG1 (t) Pearson correlation coefficient 1 0.744 -0.968 -0.851 0.957 0.783 -0.945 -0.887
P-Value 0.022* 0.000* 0.004* 0.000* 0.012* 0.000* 0.001*

eB1
(t) Pearson correlation coefficient 0.744 1 -0.811 -0.791 0.803 0.880 -0.860 -0.775

P-Value 0.022* 0.008* 0.011* 0.009* 0.002* 0.003* 0.014*
eG1

(t) Pearson correlation coefficient -0.968 -0.811 1 0.771 -0.897 -0.900 0.939 0.819

P-Value 0.000* 0.008* 0.015* 0.001* 0.001* 0.000* 0.007*
eB1

(t) Pearson correlation coefficient -0.851 -0.791 0.771 1 -0.951 -0.661 0.851 0.978

P-Value 0.004* 0.011* 0.015* 0.000* 0.053* 0.004* 0.000*
eG2

(t) Pearson correlation coefficient 0.957 0.803 -0.897 -0.951 1 0.735 -0.961 -0.940
P-Value 0.000* 0.009* 0.001* 0.000* 0.024* 0.000* 0.000*

eB2
(t) Pearson correlation coefficient 0.783 0.880 -0.900 -0.661 0.735 1 -0.813 -0.710

P-Value 0.012* 0.002* 0.001* 0.053* 0.024* 0.008* 0.032*
eG2

(t) Pearson correlation coefficient -0.945 -0.860 0.939 0.851 -0.961 -0.813 1 0.836

P-Value 0.000* 0.003* 0.000* 0.004* 0.000* 0.008* 0.005*
eB2

(t) Pearson correlation coefficient -,887 -,775 ,819 ,978 -,940 -,710 0.836 1

P-Value 0.001* 0.014* 0.007* 0.000* 0.000* 0.032* 0.005*
* P-Value statistically significative to 95%

Table 6: Matrix of Pearson correlation coefficients for the error terms.
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Caption Figure 1
Structure of the Spanish educational system for students aged 12-18.

Most of the students follow the academic path ESO + Bachillerato.

Caption Figure 2
Flow diagram of the epidemiological-mathematical model for dynamics

of Bachillerato academic performance in Spain. The boxes represent the stu-
dents depending on their sex, stage and academic results. The arrows denote
the transits of students labeled by the expressions and parameters governing
these transits.

Caption Figure 3
Real data (red points on the left side of vertical axis) and prediction

(line) with confidence intervals (on the right side of vertical axis) of the aca-
demic performance of Bachillerato Spanish students over the academic years
1999−2000 to 2014−2015. Smaller confidence intervals, represent less uncer-
tainty in the predictions, the points in the middle of the confidence intervals
are their medians. The square black point represents the last academic re-
sults published recently corresponding to the academic year 2009− 2010. A
good prediction is done if the black point lies inside the confidence interval.
Notice that each graph has its own scale.

31



Group Time (t) Mean Median Confidence interval

G1 2010 0.20238 0.20414 [ 0.17993 , 0.21227 ]

G1 2010 0.06855 0.06866 [ 0.06512 , 0.07041 ]
B1 2010 0.18888 0.19092 [ 0.16987 , 0.19554 ]

B1 2010 0.07850 0.07875 [ 0.07564 , 0.08020 ]
G2 2010 0.16059 0.15807 [ 0.15286 , 0.18575 ]

G2 2010 0.06848 0.06834 [ 0.06574 , 0.07340 ]
B2 2010 0.16161 0.16099 [ 0.15632 , 0.17254 ]

B2 2010 0.07099 0.07097 [ 0.06852 , 0.07391 ]
G1 2011 0.20158 0.20346 [ 0.17870 , 0.21222 ]

G1 2011 0.06723 0.06734 [ 0.06333 , 0.06920 ]
B1 2011 0.19030 0.19241 [ 0.16938 , 0.19734 ]

B1 2011 0.07791 0.07816 [ 0.07471 , 0.07969 ]
G2 2011 0.16121 0.15852 [ 0.15283 , 0.18840 ]

G2 2011 0.06640 0.06624 [ 0.06346 , 0.07173 ]
B2 2011 0.16542 0.16470 [ 0.15965 , 0.17752 ]

B2 2011 0.06994 0.06991 [ 0.06728 , 0.07287 ]
G1 2012 0.19997 0.20220 [ 0.17673 , 0.21202 ]

G1 2012 0.06612 0.06630 [ 0.06179 , 0.06830 ]
B1 2012 0.19085 0.19355 [ 0.16803 , 0.19898 ]

B1 2012 0.07748 0.07770 [ 0.07392 , 0.07949 ]
G2 2012 0.16261 0.15924 [ 0.15291 , 0.19165 ]

G2 2012 0.06447 0.06430 [ 0.06137 , 0.07001 ]
B2 2012 0.16942 0.16870 [ 0.16287 , 0.18219 ]

B2 2012 0.06902 0.06899 [ 0.06613 , 0.07221 ]
G1 2013 0.19750 0.20043 [ 0.17223 , 0.21172 ]

G1 2013 0.06515 0.06536 [ 0.06044 , 0.06749 ]
B1 2013 0.19047 0.19409 [ 0.16952 , 0.20041 ]

B1 2013 0.07719 0.07760 [ 0.07322 , 0.07948 ]
G2 2013 0.16490 0.16126 [ 0.15361 , 0.19406 ]

G2 2013 0.06271 0.06247 [ 0.05941 , 0.06848 ]
B2 2013 0.17365 0.17278 [ 0.16616 , 0.18630 ]

B2 2013 0.06826 0.06826 [ 0.06513 , 0.07170 ]
G1 2014 0.19516 0.19850 [ 0.17036 , 0.21135 ]

G1 2014 0.06421 0.06444 [ 0.05934 , 0.06691 ]
B1 2014 0.19019 0.19112 [ 0.16989 , 0.20172 ]

B1 2014 0.07691 0.07736 [ 0.07242 , 0.07916 ]
G2 2014 0.16697 0.16410 [ 0.15372 , 0.19705 ]

G2 2014 0.06102 0.06072 [ 0.05772 , 0.06713 ]
B2 2014 0.17770 0.17656 [ 0.16943 , 0.19088 ]

B2 2014 0.06756 0.06760 [ 0.06426 , 0.07116 ]
G1 2015 0.19383 0.19730 [ 0.16837 , 0.21089 ]

G1 2015 0.06321 0.06351 [ 0.05798 , 0.06610 ]
B1 2015 0.19100 0.19262 [ 0.16786 , 0.20304 ]

B1 2015 0.07650 0.07694 [ 0.07180 , 0.07888 ]
G2 2015 0.16782 0.16442 [ 0.15377 , 0.19860 ]

G2 2015 0.05933 0.05898 [ 0.05586 , 0.06554 ]
B2 2015 0.18127 0.17994 [ 0.17236 , 0.19516 ]

B2 2015 0.06680 0.06685 [ 0.06333 , 0.07060 ]

Table 7: The 95% confidence interval prediction corresponding to the First and Second
Stage of Bachillerato, in both, state and private high schools all over Spain during academic
years 2009−2010 to 2014−2015. Each row shows the percentage of girls/boys who promote
(Gi/Bi) and do not promote (Gi/Bi) for each level i = 1, 2.
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Academic Total
year Percentage of abandon

1999–2000 1.58
2000–2001 1.51
2001–2002 1.46
2002–2003 1.41
2003–2004 1.37
2004–2005 1.33
2005–2006 1.30
2006–2007 1.27
2007–2008 1.25
2008–2009 1.22
2009–2010 1.21
2010–2011 1.19
2011–2012 1.17
2012–2013 1.16
2013–2014 1.15
2014–2015 1.13

Table 8: Estimation of the percentage of abandon in Spanish Bachillerato during the
academic years from 1999–2000 to 2014–2015.

Academic Year 2009–2010 2010–2011 2011–2012 2012–2013 2013–2014 2014–2015

Mean 1.25 1.23 1.21 1.19 1.18 1.16
Median 1.25 1.23 1.21 1.19 1.18 1.16
Percentile 2.5 1.20 1.17 1.15 1.13 1.12 1.10
Percentile 97.5 1.30 1.27 1.25 1.23 1.23 1.21

Table 9: Descriptive analysis of the percentage of abandon in Spanish Bachillerato during
the academic years from 2009–2010 to 2014–2015.
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Group Time (t) Real data Confidence Interval Predicted

G1 2010 0.20923 [ 0.17993 , 0.21227 ]
G1 2010 0.07005 [ 0.06512 , 0.07041 ]
B1 2010 0.17037 [ 0.16987 , 0.19554 ]
B1 2010 0.07485 [ 0.07564 , 0.08020 ]
G2 2010 0.19525 [ 0.15286 , 0.18575 ]
G2 2010 0.06399 [ 0.06574 , 0.07340 ]
B2 2010 0.15286 [ 0.15632 , 0.17254 ]
B2 2010 0.06340 [ 0.06852 , 0.07391 ]

Table 10: The 95% confidence interval prediction and the real academic results corre-
sponding to the First and Second Stage of Bachillerato, in both, state and private high
schools all over Spain during the academic year 2009–2010. Each row shows the rate of
girls/boys who promote (Gi/Bi) and do not promote (Gi/Bi) for each level i = 1, 2.
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