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Abstract

For a set of primes 7, a group X is said to be m-decomposable if X = X x X
is the direct product of a w-subgroup X, and a n’-subgroup X,., where
7’ is the complementary of 7 in the set of all prime numbers. The main
result of this paper is a reduction theorem for the following conjecture: “Let
m be a set of odd primes. If the finite group G = AB is a product of
two m-decomposable subgroups A = A, X Ay and B = B, X B/, then
A;B; = B;A,; and this is a Hall m-subgroup of G.” We establish that a
minimal counterexample to this conjecture is an almost simple group. The

conjecture is then achieved in a forthcoming paper.
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1. Introduction

All groups considered in this paper are finite. In the framework of fac-
torized groups the well-known theorem of Kegel and Wielandt, which states
the solubility of a group which is the product of two nilpotent subgroups,

*Corresponding author
Email addresses: ~ kazarin@uniyar.ac.ru (L. S. Kazarin), anamarti@mat.upv.es
(A. Martinez-Pastor ), dolores.perez@uv.es (M. D. Pérez-Ramos)

Preprint submitted to Journal of Algebra January 8, 2013



has been widely extended from several points of view. For instance, by con-
sidering the situation when the factors are m-decomposable groups, for a set
of primes 7. A group X is said to be m-decomposable if X = X x X, is the
direct product of a m-subgroup X, and a 7’-subgroup X,/, where 7’ stands
for the complementary of 7 in the set of all prime numbers. X, will always
denote a Hall o-subgroup of a group X, for any set of primes o.

In this paper we take further the study of products of w-decomposable
groups carried out in [12] and [13]. Motivated by the previous development,
in the second reference we stated the following conjecture:

Conjecture. Let m be a set of odd primes. Let the group G = AB be the
product of two mw-decomposable subgroups A = A; X Ay and B = By X By.
Then A;B; = B A, and this is a Hall w-subgroup of G.

This conjecture was also announced in [14] and mentioned in [4]. As
a first approach, we had proved in [12] that the conjecture holds in the
particular case when one of the factors is a m-group.

Theorem 1. [12, Theorem 1, Lemma 1] Let m be a set of odd primes. Let
the group G = AB be the product of a w-decomposable subgroup A = Az x Ay
and a m-subgroup B. Then Ar = Or(A) < O(QG).

Equivalently, G possesses Hall m-subgroups and AB = BA, is a Hall
w-subgroup of G.

Afterwards, in [13], other progress were achieved and the conjecture
was settled when either the factors have coprime orders or they are soluble
groups. More concretely, the following results were obtained:

Proposition 1. [13, Proposition 1| Let m be a set of odd primes. Let the
group G = AB be the product of two w-decomposable subgroups A = Az X A
and B = By X Bp. Assume in addition that (|Ay|,|Br|) = 1. Then
A;B; = B;A,.

Theorem 2. [13, Theorem 2] Let 7 be a set of odd primes. Let the group
G = AB be the product of two w-decomposable soluble subgroups A = A, X
A and B = By X By, Then AxB; = B, A, and this is a Hall w-subgroup
of G.

Examples in [12] and [13] show that analogous results to Theorems 1,
2 and Proposition 1 do not hold in general if the set of primes 7 contains
the prime 2. Nevertheless, for this case, related positive results have been
obtained in [13].



Our results extend previous ones of Berkovich [5], Arad and Chillag [3],
Rowley [17] and Kazarin [10], where products of a 2-decomposable group
and a group of odd order, with coprime orders, were considered. Moreover,
we obtained some w-separability criteria for products of w-decomposable
groups in [12] and [13], which can be seen as extensions of the above men-
tioned theorem of Kegel and Wielandt.

The purpose of this paper is to establish a reduction theorem which
shows that a minimal counterexample for the above conjecture must be an
almost simple group. That is, we reduce our study to a question concerning
simple groups. Then, in a forthcoming paper [15], a case-by-case analysis
will be carried out in order to conclude that no finite almost simple group
can be a counterexample, showing that our Conjecture is true.

The layout of the paper is the following. In Section 2 we present some
preliminaries that will be necessary in the paper, mainly referring to arith-
metical properties of finite simple groups. In Section 3 we will reduce the
structure of a minimal counterexample to our conjecture to the case of an
almost simple group. Along the paper, if n is an integer and p a prime num-
ber, we will denote by n, the largest power of p dividing n and by 7(n) the
set of prime divisors of n. In particular, for the order |G| of a group G we
set m(G) = m(|G]). Also, Syl,(G) will denote the set all Sylow p-subgroups
of G.

2. Preliminaries

We need specifically the following results on factorized groups, which
will be freely used throughout the paper, usually without further reference.

Lemma 1. [1, Corollary 1.3.3] Let the group G = AB be the product of the
subgroups A and B. Then for each prime p there exist Sylow p-subgroups
Ay, of A and B, of B such that A,B, is a Sylow p-subgroup of G.

Lemma 2. [1, Lemma 1.3.1] Let the group G = AB be the product of two
subgroups A and B. If x,y are elements of G, then G = A*BY. Moreover,
there exists an element z of G such that A® = A* and BY = B*.

Next we gather some arithmetical lemmas, which will be applied later
on in the paper. The proof of the following result is straightforward.

Lemma 3. Let p be an odd prime and ¢ = p®. If & = 0 (mod 2*) with
A>1, then g—1 =0 (mod 2*2). (Note that the last congruence holds also



when A =0 and ¢ =1 (mod 4).) In any case it holds that (¢—1)(¢g+1) =0
(mod 23).

The book [7] can be taken as a general source about finite non-abelian
simple groups. In particular, in this paper we will make extensive use of
the detailed knowledge of the orders of the finite simple groups and of their
automorphisms groups. This information can be found in [7] or in [6], and
also in [16, Table 2.1] where it is perfectly collected for our purposes.

We will need the following lemmas on groups of Lie type.

Lemma 4. Let L be a simple group of Lie type defined over a finite field
GF(q) of characteristic p. If |L|, = p" and |Out(L)|, = p°, then either
n > 3(6 + 1) or one of the following assertions holds:

(i) [m(L)| <5;

(i) either L = L3(q) or L = Us(q), with ¢ =p > 7 in both cases;

(i1i) L = Lo(q) with either q € {25, 28, 3%, 5°} or q=p and |7((¢ —1)(q+

)| = 4;

(iv) either L = L3(2%) or L = Us3(24).

Note that in all cases (i)-(iv), we have that n > § + 1.

Proof. Denote by [ the Lie rank of L and t = log,(q) = tpt,y. By checking
|L|, for all simple groups of Lie type we can deduce that n > lt. Now by
checking |Out(L)|, we can distinguish two cases:

e Case |Out(L)|, = (log,(q))p = t, and so § = log,(t;).

Note that in this case ¢ is odd except for the cases L = Ls(q), L
PSpam(q),m >3, L =2By(q) or L =22F(q).

It is easy to prove that t, > log,(t;) + 1. Moreover, equality holds only
in the cases t, = 1 and ¢, = 2 = p. We can consider now the following
subcases:

>~

— 1> 3. We have n > It > 3t > 3t, > 3(log,(t,) + 1) = 3(d + 1).

— | = 3. Possible exceptions to the fact n > 3(6 4+ 1) could appear
when t, =1ort, =2=p. If t, =1, then 0 = 0, and we can see that
|L|, = p" > p? for all groups of Lie type with rank 3, so n > 3 and we
are done. Now, if t, = 2 = p, the only possibility is L = PSps(q) and
in this case |L|, = ¢°, so the inequality n > 6 = 3(J + 1) holds again.



— | = 2. In this case it can be proved that 2t > 3(log,(t,)+1) whenever
t > 8, and so n > 2t > 3(log,(t,) + 1). Hence it remains to consider
the cases t < 8.

First assume that ¢, = 1, that is, 6 = 0. By checking the orders of
the Sylow p-subgroups in the groups of Lie type of rank 2 we can see
that the only exception to the fact n > 3 = 3(J + 1) appears when
L = Ls(q) for g =p > 7 (case (ii)).

Therefore we can assume now that ¢, > p > 1 and ¢ < 8, which means
that ¢, € {2,3,4,5,6,7}. Again by computing |L|, when L is a simple
group of Lie type of rank 2, we can prove that n > 3(log,(t,) + 1) in
all possible cases.

— | = 1. If either L ¢ Us(q) when ¢ = p or L % Ly(q), it can be seen
that the inequality n > 3(d + 1) holds. Since the case L = Us(q) with
q = p > 71is excluded in (ii), and the case L = Us(q) with g =p < 7
is excluded in (i), we may assume that L & Ly(q), ¢ = p'. Note that
|L|, = p' and t > 3(log,(t) + 1) > 3(log,(t,) 4+ 1) if ¢t > 10. Moreover,
the cases 5 < t < 10, which do not satisfy ¢ > 3(log,(t,) + 1), are
excluded by case (i). So we need only to check the cases ¢t < 5.
Exceptions to the fact that n > 3(log,(t,) +1) with |7(L)| > 5 appear
when p =2 and ¢t € {6,8}, or p =3 and t =9, or p =5 =t. Also
when t = t, = 1, that is, § = 0, it can occur that |7(L)| > 5 when
|7((¢ —1)(g¢ + 1))| > 4. This provides the exceptions in (iii).

e Case |Out(L)|, = p(log,(q)), = ptp and then § = log,(t,) + 1.

This is the case only when p = 2 or p = 3. Moreover in all possible cases
we have n > 3t, so it is enough to prove t > log,(t,) + 2.

If p = 2, then this inequality does not hold only when ¢ = t3 = 2 or
t = t9 = 4. Moreover, it holds that n > 4t for t =t =4 and n > 4t + 1
for t =ty = 2, except for L3(4), Us(4), L3(16), U3(16) and PSp4(4). Hence
the possible exceptions to the fact that n > 3(d + 1) with |7(L)| > 5 are
those appearing in (iv).

If p = 3, then the inequality ¢ > log,(t,) + 2 does not hold only when
t =t3 = 3. But in all these cases n > 9 = 3(log,(t,) + 2).

Note that in all exceptional cases a direct calculation shows that n > § + 1.
Therefore the lemma is proved. O

Lemma 5. Let L be a simple group of Lie type over a finite field GF(q) of
odd characteristic p. If |L|s = 2" and |Out(L)|s = 2°, then n > 6 + 1.



Proof. Let log,(q)2 = 2. Clearly, A < §. We consider first the following
cases:

o Lth(Q)7t22

(i) t odd. In this case § = A+ 1 and n > (¢t — 1)(\ + 2), applying
Lemma 3. Son > 6+ 1.

(ii) ¢t even. Let d := (t,q—1) and k := logy(t). Here 6 < A+14logy(d) <
A+ 1+ k. Note also that logy(q — 1)/logs(d) < 1. Therefore, by
Lemma 3, we can deduce that n > (A+k+2) + (¢t —3)(A+2) + 1.
Hence, if t > 4, we get n > 0+ 1. If t = 2, then § = A+ 1 and
n > A+ 2, so we are also done.

.L%Ut(Q)atZ'g

(i) t odd. Here § = A+ 1 and n > 51 (A +3) — 1. Since t > 3 we get
n>d+ 1.

(ii) ¢ even. Let d := (t,q+1) and k :=lo
A+ 1+ k. Moreover, logy(q + 1)/log,
can deduce that n > (A +k + 2) + (152
n >0 + 1, and we are done.

0g5(t). Here § < A+1+logy(d) <
(d ) < 1. Applying Lemma 3 we
2)(XA + 3). Since t > 4, we get

Now, if L is a simple group of Lie type, L % L(q),t > 2, and L %
Ui(q), t > 3, then a case-by-case checking shows that n > § + 1 and the
result is proved. O

Next we state some arithmetical property of the symmetric groups used
later on.

Lemma 6. Let G be the symmetric group of degree k and let s be a prime.
If sV is the largest power of s dividing |G| = k!, then N < %

Proof. The order and structure of a Sylow subgroup of the symmetric group
is well-known (see, for example, [8, Section 5.9] ). If we write k in base s,
k=ay+ais+ azs® + -+ asst, where 0 < a; < s and some a; # 0, then:

N=ay+ay(s+1)+az(s® +s+1)+--ar(s" L7245 4+1)

s—1 s2—1 s3—1 st—1
5—1)+a2(s—1)+a3(s—1)+'”+at(s—1)_

(a0+a15+a252+'--+atst)—(ao+a1+'-'+at) < k—1
s—1 ~s—1

= ay(




We end this section with the following particular result on finite simple
groups.

Lemma 7. Let L be a non-abelian simple group. Then there exists a prime
s > 5 such that s € w(L) and s ¢ m(Out(L)).

Proof. This follows from an exhaustive and straightforward checking of the
orders of all finite simple groups and of their automorphism groups, which
can be found in [16] Table 2.1, pages 18-20, as mentioned before. For simple
groups of Lie type see also [16, 2.4. Proposition B]. ]

3. The minimal counterexample: Reduction to the almost simple
case

We obtain in this section detailed information about the structure of a
minimal counterexample to our Conjecture and, in particular, we show that
it is an almost simple group.

Hence, from now on we assume that G is a counterexample of minimal
order to the Conjecture, that is, we assume the following hypotheses:

(H1) 7 is a set of odd primes.

(H2) G is a group of minimal order satisfying the following conditions:

1. G = AB is the product of two w-decomposable subgroups A =
A7r X Aw/ and B = B7r X BW/,
2. AxBr # BrAx.

For such a group G the following results hold:

Lemma 8. ([13, Proposition 2]) G has a unique minimal normal subgroup
N = Ny Xx---xXN,, which is a direct product of isomorphic non-abelian simple
groups Ni,...,N.. Moreover, G = AN = BN = AB, (|Ayx|,|Bx|) # 1,
AN By =1and AN B is a w-group. In particular,

IN||AN B| =|G/N||N N A||N N B|
and neither A nor B is a w-group or a @ -group.
Lemma 9. Assume that S < X and S is an s-group for X € {A, B} and

a prime number s € o, with o € {m,7n'}. Then n(|X : Cx(S)|]) C o. In
particular, Cx(S) is not an s-group.



Proof. The first part is clear since X, < Cx(S). Consequently, if Cx(S)
were an s-group, X would be a o-group, a contradiction. O

Lemma 10. 7(G) = 7w(N)

Proof. We have |N||AN B| = |G/N||N N A||N N B|. Hence |G: AN B| =
IN|?/IN N A||N N B and |G : AN B is coprime with any ¢ € m(G) \ 7(N).
Since 7 is a set of odd primes and AN B is a w-group, it is a soluble group.
Let mp = 7(G) \ 7(N). Then AN B contains a Hall mp-subgroup, say Q.
Since Ay is a soluble group we can choose some Hall (- -subgroup of A, say
A, such that A, = A =Q. Let A:=A; x Ay and G := AN. Consider now
B, := B,NG = B,NA;N and B := B, x B,, . Since A,N = BN and Br
also contains @) we can deduce that B, = B;NA;N = Q( ﬂﬂA N) B:Q
and B; is a Hall mj-subgroup of B;. Moreover AN By = A, N B;. Since
(1Ql, INNA[) =1 = (|Q[,|N N BJ) it is easy to see that G| = |G|/|1Q| =
\ABQ]/\Q] |A||B|/|AzNB,| = |AB| and so G = AB is a subgroup of G. If
G < G, then by the choice of G we deduce that A, B, = B A, is a subgroup.
Therefore A, B, = Q/LTBW = QBWLLF = B, A, is also a subgroup, which is
a contradiction. This implies that my = () and the assertion follows. O

Corollary 1. |7(N)| > 5. In particular, |7(N;)| > 5 fori=1,---,r

Proof. By Theorem 2 either A,/ or B, is non-soluble. Hence |7'N7(G)| > 3.
On the other hand, |7 N 7(G)| > 2 by Lemma 1. So |7(N)| = |x(G)| > 5
and we are done. O

The remainder of the section is devoted to prove that N is a simple group
and G is then almost simple.

We introduce some notation and facts which will be used in this section,
related to the action by conjugacy of the subgroups A and B on the set
Q= {Ny,---,N,}. The subsequent results lead to the desired conclusion
that r = 1.

Notation and facts on the action by conjugacy of A and B on the
set Q={Ny,---,N,}.

The following facts will be often used: A and B act transitively on €,
A=A; x Ay, B= B X By and |[N||AN B|=|G/N||N N A||N N B]|.
Set {o,0'} = {m, 7'}

(i) The orbits of Ay and the orbits of B, are the same.
This is clear since B,N = A,N and N normalizes each N;, for i =
1,...,7r.



(i)

(viii)

Let Ny be an orbit of A, on Q of minimal length. Since N, =
A" = NGY for any a € Ay and any v € Ay, we deduce that N,
and also Ny N A,V are orbits of A,. But the choice of /\, having
minimal length implies that Ny N AV is either empty or coincides
with Ny, for each v € A,. Hence there is a partition of Q) of the form

Q=~AN1U...UAy,

where /\; = NG for some v; € Ay, fori=1,...,k, and v, = 1.

In particular, N1, ..., N\ are the orbits of Ay, and the orbits of By,
on ) and they all have the same length.

Note that Ayr, and also By, act transitively on the set {A1,..., Ak},
It follows from (ii) that r = km, where k > 1 and m > 1 are divisors
of r, and m is the length of any orbit of Ay on .

The length of an orbit of Ay on Q is k. In particular, m is the number
of different orbits of Ay on , and (k,m) = 1.

Denote by © an orbit of A, on €. Clearly |©] > k and |©] divides
r = km. Now, since o N ¢’ = () and the length of an orbit of A, on Q
divides |A,| it follows that |©| divides k. But then the equality holds.
Without loss of generality we may set Ma, = HNieAg,i=1,...,m N;.
Then Ma_ is a minimal normal subgroup of NA,.

Moreover, if R < N, R NA,, there exists a subset {v;,,...,v;,} C
{v1,..., vk} such that R = MZ; X ... X MZZ.

The same assertion is true for B, instead of A,.

With Ma, = Ni X ... X Ny, if m > 1, define the subgroups Fy =
Ny X ... X Ny, and F; = F{" for i =2,... k. Note that, in this case,
the subgroup Fa, = Fi X ... X Fy does not contain any MZZ'U for
i=1,... k.

If m > 1, then Fan, N Ay =1 = Fa_, N By

Observe that Fa, N Ay < E 1= Ngea, (Fan,)* and E < Fa_ is a
normal subgroup of N normalized by A,. Hence FA, NAy = E =1
by (v) and (vi).

Analogously it follows that Fa_ N B, = 1.

If k> 1, then A, OMAJ =1= CAJ(MAU)-

It A,NMa, # 1, since this is an A,/ -invariant subgroup, we have that
for any v;, i =2,...,k, ApNMa, = (AsNMp, )" < Ma, ﬂMXU =1,
a contradiction.

Now, since Ca, (Ma,) = Ca, ((Ma,)?) for every a € A , we deduce
that Ca,(Ma,) < Cg(N) = 1. ]



Lemma 11. Let s € 7(N)No' and let m be the length of an orbit of A, on
Q. Suppose that |N1|s = s and |Out(Ny)|s = s°. Then

k—1

n(m—2)§5+m.

In particular, n(m —2) < § + 1.

Proof. We recall that » = km, with the previous notation. If m = 1, then
the assertion holds. Assume that m > 1. Let A, be a Sylow s-subgroup of
A and Bg a Sylow s-subgroup of B, A; < A, and Bs; < B,. Recall that
the subgroup Fa,_ defined in (vii) above is a normal subgroup of N and
has trivial intersection with N N A,/. Hence [N N Ag| < |N : Fa,|s = s*.
Analogously, |N N By| < s,

On the other hand, from (v) and (viii) above, and replacing o by o', we
have that the subgroup M := Mp , is a normal subgroup of N normalized
by Ayr and Apo "M =1 = CAU’ (M). Hence Ayr = AyC(M)/Cq(M)
Aut(M). We may assume that M = Nj x --- x N and so Aut(M)
[Aut(Ny) x -+ x Aut(Ng)]Sk = Aut(N1) S, the natural wreath product of
Aut(N7) with Sg, the symmetric group of degree k. Since s € ¢’ we deduce
that |As| divides |Aut(M)|s and so s(Otnk g =1 by Lemma 6.

Now denote |G/N|s = s” and recall that |G/N|s = |[AsN/N| = |BsN/N|.
We have that |G|s = |N|s|G/N|s = s™s?. On the other hand, |Bs| =
|N N Bs||Bs/N N By| divides s*"s". Since |G|, divides |A|s|B|s we deduce

S

k-1

Sm"Jr'y < 8(5+n)kss_l s

kn+’y‘
Consequently, rn < 0k + 2kn + % Since r = km we get kn(m — 2) <
6k + E=L that is:

s—17

k—1
k(s—1)
In particular, n(m —2) < § + 1. O

nim—2) <+

Lemma 12. Let s € 7(N) No’. Suppose that |Ny|s = s, |Out(Ny)|s = s°
and assume that n > d + 1. Then the length of an orbit of A, on Q is at
most 2.

Proof. Let m be the length of an orbit of A, on 2. From Lemma 11, if
m > 3, then d +1 > n(m — 2) > n. So the assertion holds. O

Corollary 2. Let |[N1|s = s", where s € m(N1) does not divide |Out(Ny)|.
If s € o/, then the length of an orbit of Ay on § is at most 2.

10



Proof. Note that such a prime exists by Lemma 7. Now the result follows
from Lemma 12. O

Lemma 13. If there exist primes s1 € m N 7(N1) and sy € © N w(Ny) such
that (s182,|Out(N1)|) = 1, then either r =1 or r = 2.

In particular, this is the case when Ni is either a sporadic group or an
alternating group.

Proof. Let m be the length of an A, -orbit on Q and k be the length of an
As-orbit on Q. Since s1 € w, s2 € 7’ and (s152,|Out(Ny)|) = 1, applying
Corollary 2 we have that m < 2 and k£ < 2. But the length of an A -orbit
must be odd since |A| is odd. Therefore, m =1 and r = km =k < 2, by
(iii) and (iv) in the notation above. O

Lemma 14. The case r = 2 is not possible.

Proof. Suppose that r = 2. Then the length of an A, -orbit must be 1 since
|Az| is odd. This means that A, normalizes each N; € Q. Denote by L the
normalizer in G of Ny. It is clear that A;, By < L, |[Ay : LN A | <2, |By -
LN By <2and |G: L| =2, because r = 2. Clearly G = AL = BL = AB,
since N < L. Hence

[L[[AN B

2=|G/L|= "1
IG/L ILNA[LNB

But, since ANB = A, N B, by Lemma 8, we have that ANBNL=ANDKB.
Therefore:

L]
(LAY (LN B)|

Take now any g € G and write ¢ = ba with a € A, b € B. We have
(LNA)N(LNB)Y = (LNA)N(LNB)*=(LNANB)*and so |(LNA)N(LN
B)| =|LNANB|, for any g € G. Hence (LN A)(LNB)|=[(LNA)(LN
B)Y| = |(LN A)g(L N B)| for any g € G, and consequently the number of
(LN A, LN B)-double cosets in L should be 2. If N C (LN A)(LN B), then
(LNA)(LNB)=(LNA)N(LNB) =(LNAN)(LNB) = L, a contradiction.

Hence we may assume that (L N A)Ny(L N B) # (LN A)(L N B) and
(LNA)N1(LNB) = L. Now, since Nj is normal in L, we can consider L/N; =
((LN A)N1/N1)((L N B)Ny/Ny) which is a product of two m-decomposable
groups. By the choice of G we can deduce that K := A;B,N; = (LNA;)(LN
B)N; is a subgroup of G. Set H = (Ar, Bx) < K. By [1, Lemma 1.2.2],
Ng(H) = Nao(H)Np(H) and hence, if Ng(H ) were a proper subgroup of G,
we could deduce that A, B, is a subgroup, a contradiction. So 1 # H <G

2= |G/L| =

11



and N < H. But this means that K = A,B,N; = H < G. Therefore, the
soluble residual K¢ of K is a normal subgroup of G contained in Ny, which
implies that K¢ = 1, that is, K is soluble. But this is a contradiction since
N1 < K. O

Corollary 3. If Ny is either sporadic or an alternating group, then r =1
and G is an almost simple group.

Lemma 15. If N; is a simple group of Lie type defined over the field GF(q)
of characteristic p € o', then the length of an orbit of A, on Q is at most 2.

Proof. Let |N1|, = p" and |Out(N1)|, = p°. By Lemma 4, it holds that
n > § 4+ 1. Then by Lemma 12 and Corollary 1 we have that the length of
an Ag-orbit on €2 is at most 2. O

Lemma 16. Let N1 be a simple group of Lie type. Then the length of an
A-orbit on Q equals 1.

Proof. Let m be the length of an A -orbit. We will prove that m < 2 and
since m divides |A,| and |A;| is odd, we may assume that m = 1.

Let p be the characteristic of the group Ny of Lie type. If p € «/, then
we get the conclusion from Lemma 15. So we may assume that p € 7 and,
in particular, p is odd.

Let |Ni|o = 2" and |Out(Ny)|2 = 2°. Then, by Lemma 5, it holds that
n > 6+ 1. Therefore, we get m < 2, by using Lemma 12 for the prime s = 2,
and we are done. O

Lemma 17. Assume that Ny is a simple group of Lie type of characteristic
p. Ifpem, thenr=1. Ifp &, then ANB =1.

Proof. Assume that p € m. By Lemma 15 the length of an orbit of A,/ on
Q) is at most 2. But since the case r = 2 is not possible and the length of an
Ar-orbit on 2 equals 1 by Lemma 16, we get that A, has orbits of length
1 on Q and then N = Ny, that is, r = 1.

Assume now that p € n’. There exists a Sylow p-subgroup P = A, B,, of
G which is a product of some A, € Syl,(A) and some B, € Syl,(B). Since
AN B is a m-group by Lemma 8, it centralizes each Sylow p-subgroup of
both A and B, and so it centralizes also P. Consequently, AN B centralizes
L # PN Ny € Syl,(N1). But AN B < A; normalizes N by Lemma 16,
which implies that [A N B, N;] = 1, since a Sylow p-subgroup of Nj is
self-centralizing in Aut(N;) by [11, 1.17]. Hence [AN B, N{] = 1 for each
a € Ay, and then AN B < Cg(N) = 1 because A, acts transitively on ;
ie, ANB=1. O
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Lemma 18. Assume that Ny is a simple group of Lie type. If r < 3, then
r=1.

Proof. Assume that » = 3. Hence N = Ny X Ny x N3 and A and B act tran-
sitively on the set Q = {Ny, N2, N3}. Let R := N3_; Ng(N;) the subgroup of
G normalizing every N;. By Lemma 16 the subgroups A, and B, are in R.
Clearly, G/R is isomorphic to a transitive subgroup of S3, the symmetric
group of degree 3, and hence isomorphic either to Ss or Cj.

Let Ag := RNA and By := RNB. Recall that by Lemma 17 we have that
|ANB| =1=|AY N B| for every y € G. Then, since G = RA= RB = AB,

we have that
R[ANB| |R|

[RNA[[RN B[ Aol Bol

On the other hand, the size of a double coset AgyBy, for any y € G, is equal
to |Ao||Bo|/|A§ N Bo| = |Ao||Bo|- Hence |G/R| is equal to the number of
different double cosets in R with respect to the pair (Ag, By).

We claim that there exists a subgroup X = N;Nj, i,j € {1,2,3} (even-
tually, i = j and X = N;), such that A9 X By is a subgroup of G. Assume
this is not true. In particular, Ag/N;N; By # R for each choice of 1 <1i,5 < 3.

We will now count the number of different double cosets with respect to
(Ao, Bp) in R. We will prove first that for each i # j we have AgN;By #
ADNZ‘N]'BO and AgN; By g AQNiNjBO, fort € {1, 2, 3} \ {Z,j}

Indeed, if AgN;By = AgN;N;By, then for t € {1,2,3} \ {i,j} we have
AgN¢N;By = NyAgN;By = NiAgN;N;By = AgNyN;N;By = AoNBy = R.
This is a contradiction. Hence AgN; By # AgN;N; By for each i # j.

Suppose now that AgN;By C AgN;N;By, for t € {1,2,3}\ {i,j}. Then
A()NiNjBO = Ao(NiNj)QBO = NiNjAoNiNjBO D) NiNjAoNtBO = A()NBO =
R. This is also a contradiction.

It follows that AgNV; By contains at least two different (A, Bp)-cosets,
including Ay Byp.

We will prove now that AgN;N; By contains at least 4 different (Ao, Bo)-
cosets. Indeed, if n; € Ny, n1 € AgN2By and ny € No, no & AgN1 By, then
ning € AgN1Bg U AgNoBy. Hence AgN1NoBy # AgN1Bg U AgNoBy. Since
AgN1By U AgN2 By contains at least 3 different (Ag, By)-cosets, it follows
that Ag/N1 N2 By contains at least 4 different (A, By)-cosets. Note that the
sets AgIN1 N2 By and AygN1N3Bg are different and do not contain each other.
Hence the number of double cosets contained in AgN1NoBy U AgN1N3By is
at least 5.

Moreover, AyN2By is not contained in Ag/N1N3By and AyN3By is not
contained in AgN3jN2Bjy. Hence we can choose elements n, € Ny and

= |G/R).
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n% € N3 such that n, & AgN1N3By and nf ¢ AgN1NoBy. We claim that
néng € AgN1N3Bg U AgN1NoBgy. Indeed, if ngng € AgN1N3Byj, then Tl/2 €
AONlNgBo(ng)il - AON1N3BoN3 = AON1N3BO which is not the case. By
the same reason nyny ¢ AgNiN2By.

Hence the set AgN1N3Bg U AgN1NoBg U AgNo N3 By consists of at least
6 different (A, Bp)-cosets. Now we choose elements n/ € N; such that
n! & AoN;jN:By with {i,j,t} = {1,2,3}. As above it is easy to see that
n’l’ngng g AgN1NoBgU AgN1N3By U Ag Ny N3 By. This means that the num-
ber of different (Ag, By)-cosets in R is at least 7, a contradiction (recall that
the number of (Ao, By)-cosets in R is |G/R| < 6). The claim is proved.

Now, if T' = Ay X By is a subgroup of R for some proper normal subgroup
X of N, then T/X = (Ao X/X)(BpX/X) is a product of two w-decomposable
groups and, by minimality, we have that A;B;X/X is a Hall m-subgroup of
T/X. In particular, A; B X is a subgroup of G. Consider now the subgroup
U:=(Az,Bz) <T. If No(U) = Na(U)Np(U) is a proper subgroup of G,
then A;B; is a subgroup, a contradiction. So 1 # U <G and N < U. But
this means that A,B,X = U < G and the soluble residual US of U is a
normal subgroup of G with U® < X. Then U® = 1 and U is soluble. But
this is a contradiction since X < U.

Hence r < 3 and applying Lemma 14 we deduce that » = 1. O

Lemma 19. Assume thatr > 1 and let NZ = H;T:L#i Nj, fori=1,2,---,r
If A, has an orbit on Q of length 1, then A, N N; = 1, for each i <.

Proof. If A, has an orbit on  of length 1, then A,/ acts transitively on
Q. If A, N N; £ 1, then N; contains an A-invariant subgroup, which is a
contradiction. O

Lemma 20. Assume that Ny is a simple group of Lie type. If r > 1, then
TN w(Ny) C 7w(Out(Ny)).

Proof. Let s € 7 N m(N;) and assume that |Ni|s = s” and |Out(Ny)|s = s°.
In particular, n > 1. From Lemma 16 we have that the lenght of an A -orbit
on 2 is m = 1 and so the length of an A,-orbit on 2 is k = r. Hence by
Lemma 11 it follows that (r — 2)n < 6. Now if 6 = 0, that is, s does not
divide |Out(N1)|, we get a contradiction, since we are assuming r > 1 and
so r > 2 by Lemma 14. O

Lemma 21. If N; is a non-abelian simple group of Lie type of characteristic
p, then r = 1.
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Proof. Assume that Ny is a non-abelian simple group of Lie type of charac-
teristic p and r > 1. We recall that 2 ¢ 7 and |7 N 7(G)| > 2 by Lemma 1.
Consequently, there exists s € 7 N 7(G) such that s > 5. Let P be a Sylow
s-subgroup of G. We may write P = AsBs, for some Ag € Syl (A) and some
B, € Syl (B). Since PN N € Syl (N), PN N <P and AN = B;N it
follows easily that P = AsB; = As(PNN) = Bs(PNN).
We know from Lemma 16 that G = RA,/, where NA; < R = N_; Ng(N;).

In particular, A, acts transitively on . Then G/N is isomorphic to a
subgroup, say G, of Out(N1)1S,, the natural wreath product of Out(Ny)
with S,, the symmetric group of degree r. We denote by A, and A/, the
images of A;N/N and Ay N/N in Out(Ny) ! Sy, respectively, and F :=
Ly x Ly X -+ x Ly, where L; = Out(N;) for every i = 1,...,r, the base
group of the wreath product. Set £ = GNF. Then A, < E and FA, NS,
acts transitively on {Li, Lo, ..., L,}. In particular, for each i = 2,...,r,
there exists an element a; € A, such that L‘l“ = L;. We claim that

Ce(Ap) < {yiyt?--yi"|ly1 € L1} = Li. Let z € Cg(Ay). We have
z =1y1y2---yr € F, where y; € L;, for every ¢ = 1,...,r, and this expres-
sion is unique. Then z = yiyo-- -y, = 2% = y{'ys* -+ y%, which implies
that y; = yi*, for every i = 2,...,r. Consequently, z = yjy7?---y{", with
y1 € L1, and the claim follows.

Therefore, A, < Cg(A,), which implies that A,N/N is isomorphic
to a subgroup of Out(Np). In particular, a Sylow s-subgroup of G/N is
isomorphic to an s-subgroup of Out(N;) and has order dividing |Out(Ny)|s.

Let L¢(q), where e = 4, as follows: L} (q) = L,(q), whereas L, (q) =
Un(q). Similarly, let GLS(q), for € = +, as follows: GL}(q) = GLyx(q),
GL, (q9) = GUy(q).

By checking the structure of Out(N7), we distinguish two possibilities:

(i) AsN/N = B;N/N is cyclic, or

(il) AsN/N = B4N/N is metacyclic (non cyclic). This is the case only
when Ny = L7 (q), n > 5, with s dividing (¢ — €1,n,log,(q))-

Note that PONN = (PNNy) x---X(PNN,) and ®(PNN) = ®(PNN;p) X
-+ X ®(PNN,) char PN N <P, where ®(X) denotes the Frattini subgroup
of any group X. We also denote by ~ the corresponding factor subgroups of

P over ®(PNN). In particular, the group U := PN N = (PNN)/®(PNN)
is an elementary abelian s-group. We consider the group

P=P/®(PNN)=UA, =UBs = A,B,.
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If we let o
|PON;| = |(PNN)/®(P NNy =5, t>1,

it is clear that |U| = s™. Moreover, we claim that |[A, N U| < s' and,
analogously, \’BZ NU| < st. Since A, acts transitively on 2, we may assume
that for each ¢ = 2,...,r, there exists an element x; € A,/ such that (PN
Np)* = PN N; and ®(P N Np)% = ®(P N N;). Now, since s € m and
[Ar, Ap] = 1, if we let N; = H;:l,j;éz’ Nj for each ¢ = 1,2,--- ,r, we have
that:

A;NS(PNN)(PNNY) = (A, NB(P NN (P NN <
< (PN N)%(PNN)% < ®(PNN;)N;

for each i = 2,...,r. Therefore:

A~

A;,N®(PNN)(PNNy) <N (®(PNN;)N;) =
=®(PNNy)---®(PNN,) (N N;) = B(PNN)

and so, A;,N®(PNN)(PNN;) = A,N®(PNN). Using this fact, it follows
that

— (A, N N)®(P N N)

o ~ (AN N)®(PNN)(P NN

®(PNN) ®(PNN)(PNNy)

which is isomorphic to a subgroup of

PNN

PﬂNl ~ Ple
o(PON)(PON)  ®(P N Ny)
PﬂNl

where [(P N Np)/®(P N Ny)| = st. So the claim follows.

Observe that A N U is a normal subgroup both of A and U, so it
is normal in P = UAL,. Analogously, Bs NU is normal in P. Hence the
subgroup V := (A N U)(B NU) is normal in P and |V| divides sts' = 52

Consider now the group

PIV = (AV/V)(BV/V) = (U/V)(AV/V) = (U/V)(BV/V).
It follows from [9, Theorem III.11.5] and [2, Theorem 1.3] that:

(i) If A,N/N = B,N/N is cyclic, then the Priifer rank of P/V is at most
2,
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(ii) If AsN/N = BsN/N is metacyclic (non cyclic), then the Priifer rank
of P/V is at most 4. This is the case only when Ny = L, (q), n > 5,
and s divides (g — €1,n,log,(q))-

On the other hand, in any case the Priifer rank of P JV is at least rt — 2t =
(r — 2)t, since |[U/V| > s"2!. Hence we deduce that:

(i) If AsN/N = BsN/N is cyclic, then (r — 2)t < 2.
(ii) If AsN/N = B;N/N is metacyclic, then (r — 2)t < 4.
From now on we will study each case separately:
(i) AsN/N = BsN/N is cyclic.
First observe that the case (r — 2)t = 2 is not possible, because the

cyclic subgroups fIV/ V and /BZV/ V intersect trivially with the normal
subgroup U/V of the metacyclic group P/V. Hence we deduce:

(r=2)t<1
where t > 1. Then r < 3, and so r = 1 by Lemma 18.

(ii) AsN/N = B;N/N is metacyclic (non cyclic).

Recall that this case can happen only if Ny = L¢(g), n > 5, with s
dividing (g — €1,n,log,(q)). Assume that r > 3. We have that U/V
is an elementary abelian group of order at most s*. On the other

hand, A;V/V NU/V is trivial and CANSV/V(U/V) is also trivial. Hence

|AV/V| < [Aut(U/V)|s < |GLa(s)]s. In particular [A,V/V] < s5.
Note also that A;V/V = A;N/N. Hence we have:

|A8| = |ASN/N||AS ﬂN‘ < $6|Ni|s

since A;,NN; =1 by Lemma 19, and so A; NN = (As N N)NZ/NZ <
N/N; = N;.

If we denote by s“ the order of a Sylow subgroup of N;, it follows that:
s"™ < |P| < |As||Bs| < 525,

This implies 4u < ru < 12 + 2u and u < 6.

Now recall that there exists a non-cyclic abelian s-subgroup of GL (q)
of rank at least n with elements of the form diag(A1, A2, ... \,), where
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\i € GF(q) for e = + and \; € GF(q?) for e = —. Since s divides
g — €l this implies that a Sylow s-subgroup of L (q) has an abelian
s-subgroup of rank at least n — 2. Hence it follows that n —2 < u < 6,
that is n < 8.

Therefore in this case we can deduce that either » < 3 or n < 8. This
latter case can be discarded since we may choose s € m N w(Out(Ny))
(by Lemma 20), s > 5, such that s does not divide (n,q — €l,log,(q)).
Hence r < 3 and we deduce that r = 1, applying Lemma 18.

O]

From Corollary 3 and Lemma 21 we conclude that » = 1 and then N is
simple and G is an almost simple group, as desired.

We gather in the next result the gained information about the structure
of our minimal counterexample G.

Theorem 3. Assume that G is a counterexample of minimal order to our
Conjecture, that is:

(H1) 7 is a set of odd primes.

(H2) G is a group of minimal order satisfying the following conditions:

1. G = AB is the product of two m-decomposable subgroups A =
Aﬂ- X A7r/ and B = B, x BW/,
2. AxBr # BrAx.

Then G is an almost simple group, i.e., G has a unique minimal normal
subgroup N, which is a non-abelian simple group; in particular, N <G <
Aut(N).

Moreover, the following properties hold:

(i) G = AN = BN = AB; in particular, [IN||ANB| = |G/N||[NNA||NNB|.
(ii) (|Ax|, |Bar|) # 1, A N B =1 and AN B is a w-group.

(i1i) Neither A nor B is a w-group or a 7' -group.

(iv) m7(G) = w(N) > 5.

(v) If, in addition, N is a simple group of Lie type of characteristic p and
pém, then ANB =1.
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